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Notations, definitions, and
prerequisites

We employ the usual notations from set theory: €, C,U,N. The complement of
a subset B of a set A is denoted A\ B. The cardinality (or power, or number
of elements) of a set A is written card(A); if A is a group, we speak of the order
of A.

We assume that the reader is acquainted with the notions of group, ring,
field and vector space, as well as with the elementary theory of vector spaces
(also called “linear algebra”). In this book, with the exception of 5.7, “ring”
(respectively, “field”) means commutative ring (respectively, field) with unit ele-
ment.

Given a finite group G and a subgroup H of G, we recall that card(H)
divides card(G). The quotient card(G)/card(H) is called the index of H in G
and is denoted (G : H). Given two subsets A and B of an additive group G, we
write A + B for the for the set of sums a+ b, a € A, b € B.

Given a ring A, we write A[X] or A[Y] (capital letter) for the ring of poly-
nomials in one variable over A; we write A[X,...,X,,] for the polynomials in
n variables and A[[X]] for the ring of formal power series.

By convention, a subring A of a ring B contains the unit element of B.
Given a ring B, a subring A of B, and an element x € B, we write A[x] for the
subring of B generated by A and =z, i.e. for the intersection of all subrings of B
which contain A and z; it is the set of all sums of the form ag+a1x+- - +anx™
(a; € A); we write Alxq, ..., z,] for the subring of B generated by A and a finite
set (z1,...,x,) of elements of B.

A ring A is called an integral domain if A contains more than one element

and if the product of any two non-zero elements of A is not zero.
An ideal b of a ring A is a subgroup of the additive group of A such that x € b
and a € A implies ax € b. The whole ring and the set consisting of the element 0
alone (and denoted (0)) are ideals, sometimes called “trivial” ideals. A field has
no non-trivial ideals and this fact distinguishes fields from other rings. Given a
set of elements (b; from a ring A, the intersection of all ideals of A containing
the b;’s is an ideal of A, called the ideal generated by the b;’s; it is the set of
all elements of the form )", a;b;, with a; € A. An ideal generated by a single
element b is said to be principal; notation: Ab or (b).

iii



iv NOTATIONS, DEFINITIONS, AND PREREQUISITES

Let A be a ring and b an ideal of A. The equivalence classes a + b(a € A)
form a ring, called the quotient ring ! of A by b and denoted A/b. The ideals
of A/b are of the form b’/b where b’ runs through the set of ideals of A which
contain b. In order that A/b be a field it is necessary and sufficient that b
be maximal among the ideals of A distinct from A. We say then that b is a
mazimal ideal. An ideal p is said to prime if A/p is an integral domain.

Let A and A’ be rings with unit elements e and e¢’. A homomorphism f: A —
A’ is a mapping f of A to A’ such that:

fla+b) = f(a)+ f(b), [f(ab) = f(a)f(b), and f[f(e) =

Let A be a ring. An A-algebra is a pair consisting of a ring B and a homo-
morphism ¢: A — B. If A is a field, ¢ is injective, and we often identify A with
its image p(A) (which is a subring of B).

Given a field L and a subfield K of L, we often say L is an extension of K.

Usually the unit element of a ring A will be denoted by 1.

The notion of module over aring A (or A-module) is the direct generalisation
of the notion of vector space over a field. An A-module M is an abelian group
(the operation is addition) provided with a mapping A x M — M (written as
multiplication) such that a(z + y) = ax + ay, (a + b)z = ax + bz, a(bx) =
(ab)x, 1z = z, (a,b € A,z,y € M). There are notions of submodule and
of quotient module. Given two A-modules, M and M’ a homomorphism (or
A-linear mapping) of M to M’ is a mapping f: M — M’ such that

flet+y)=f@)+ fly) and flar) =af(z) (a€Ax,ye M)

Given a homomorphism f: X — X’ (of groups, rings, or modules), we call the
kernel of f and write ker(f) for the inverse image under f of the neutral element
of X’. It is a normal subgroup (or an ideal, or a submodule) of X. In order
that f be injective it is necessary and sufficient that ker(f) consist of only the
neutral element of X. We call the image of f the subset f(X) of X’; it is a
subgroup (or subring, or submodule) of X".

Let X and X' be sets. A mapping f of X to X’ is often denoted f: X — X',
When a mapping f: X — X'’ is described by the value it takes at an arbitrary
element © € X, we use the notation « — f(x). Thus the sine function, sin: R —

R, can be defined by
2n+1

e Z Roreyi
We shall employ the usual notations for the following mathematical objects:
N: set of natural numbers (0,1,2,...,n,...) (N for “numbers”).
Z: ring of rational integers (natural numbers and their negatives) (Z for “Zahlen”).

Q: field of rational numbers (quotients of elements of Z) (Q for “quotients”).

IThe transcriber believes residue class ring is a better terminology.



R: field of real numbers (R for “reals”).
C: field of complex numbers (C for “complexes”).

F,: finite field with ¢ elements (F for “finite” or “field”)
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NOTATIONS, DEFINITIONS, AND PREREQUISITES



Chapter 1

Principal ideal domains

Remark 1.0.1 (by the transcriber). The content of this chapter is, with a possi-
ble exception of Theorem 1.7.6, covered nowadays in most textbooks on modern
algebra. But at the publishing of the original text, the situation was quite dif-
ferent, which explains the reason why the original authour often cites Bourbaki
“Eléments de Mathématique” as reference. For the record the transcriber left
out, most citation on Bourbaki.

1.1 Divisibility in principal ideal domains

Let A be an integral domain, K its field of fractions,  and y elements of K.
We say that x divides y if there exists a € A such that y = ax. Equivalently, we
say x is a divisor of y, y is a multiple of z; notation x | y. This relation between
the elements of K depends essentially on the ring A; if there is any confusion
possible, we speak of divisibility in K with respect to A.

Given z € K we write Ax for the set of multiples of z. Thus we may write
y € Az, or Ay C Az in place of = | y. The set Az is called a principal fractional
ideal of K with respect to A; if x € A, Ax is the (ordinary) principal ideal of A
generated by . As the relation of divisibility, = | y, is equivalent to the order
relation Ay C Az, divisibility possesses the following two properties associated
with order relations.

x|x; ifz|yandy|z, then x| z. (1.1.1)

On the other hand, if # | y and y | , one cannot in general conclude that x = y,
one has only that Az = Ay, which (if y # 0) means that the quotient xy~! is
an invertible element of A; in this case x and y are called associates; they are

indistinguishable from the viewpoint of divisibility.

Ezample 1.1.2. The elements of K which are associates of 1 are the elements
invertible in A; they are often called the units in A; they form a group under
multiplication, and we shall denote this group A*. The determination of the
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units in a ring A is an interesting problem which we shall treat in the case where
A is the ring of integers in a number field (see Chapter 4). Here are some simple
examples:

(a) If Ais afield, A* = A\ (0).
(b) f A=7Z, A* ={+1,-1}.

(¢) The units in the ring of polynomials B = A[Xy,...,X,], A an integral
domain, are the invertible constants; in other words B* = A*.

(d) The units in the ring of formal power series A[X;,...,X,] are the formal
power series whose constant term is invertible.

Definition 1.1.3. A ring A is called a principal ideal domain (PID for short)
if it is an integral domain and if every ideal of A is principal.

We know that the ring Z of rational integers is a PID. (Recall that any ideal
a # (0) of Z contains a least integer b > 0. Dividing « € a by b and using the
fact that Z is Euclidean, one sees that x is a multiple of b.) If K is a field we
know that the ring K[X] of polynomials in one variable over K is a PID (same
method of proof: take a non-zero polynomial b(X) of lowest degree in the given
ideal a # (0) and make use of the fact that K[X] is a Euclidean ring, i.e. the
remainder under division of an arbitrary element of a by b(X) must be of lower
degree than b(X) or zero, which implies zero). This general method shows that
any “Euclidean ring” is a PID. If K is a field, it is easy to see that any non-zero
ideal in the ring of formal power series A = KJ[[X]] is of the form AX™ with
n > 0, so that A = K[[X]] is a PID too.

Divisibility in the field of fractions K of a PID A is particularly simple. We
shall review it briefly.

I. Two arbitrary elementsu, v of K have a greatest common divisor (ged), i.e.,
an element d for which the relations

“r|uand z |v" and “x|d’

are equivalent. This means the same thing as the assertion that Au and
Awv have a least upper bound in the partially ordered set of fractional ideals.
This least upper bound is Au + Av, which is itself a principal fractional
ideal, since the ring A is a PID (all this is clear for u,v € A; one may
reduce to this case by multiplying v and v by a common denominator).
We obtain more than the existence of a ged (“the identity of Bezout”) there
exist elements a,b € A such that the ged of u and v may be written in the
form

d=au+bv (1.1.4)

The greatest common divisor of  and v is obviously unique up to multi-
plication by units in A.



1.2. ANEXAMPLE: THE DIOPHANTINE EQUATIONS X24Y? = Z2 AND X*+Y* =Z7*3

II. Two arbitrary elements u,v € K have a least common multiple (lcm), i.e.
there is an element m € K for which the relations

“ulxzand v |2” and “m|a”

are equivalent. This one can see from the fact that sending ¢ — ¢t~ in K
reverses divisibility. So the proof of the existence of least common multiples
reduces to the proof of the existence of greatest common divisors. From
the relation

lem(u,v) = ged(u™ o™ )™ (u,v #0)

we easily obtain the following well-known formula
ged(u,v) - lem(u, v) = wo.

We may also proceed as in (I) to remark that the existence of lem(u,v)
is equivalent to the existence of a greatest lower bound for Au and Av in
the partially ordered set of principal fractional ideals. The greatest lower
bound for Auand Av is Aun Av.

ITI. Two elements a,b of A are said to be relatively prime if ged(a,b) = 1. Let
us recall the important

Lemma 1.1.5 (Euclid). Let a,b,c be elements in a PID A. If a divides
bc and is relatively prime to b, then a divides c.

Here is a quick proof:

Proof. By Bezout (1.1.4) there exist a’,b" € A such that 1 = d’a + b'b;
whence ¢ = a’ac+b'be. Since a divides both terms on the right-hand, side,
a divides c as well. O

IV. Finally there is unique factorisation into products of primes.

Theorem 1.1.6. Let A be a PID and let K be its field of fractions. There
exists a subset P C A such that any x € K may be uniquely expressed in

the form
Tr=u H p”ﬁ(w)’
peP

where u is a unit in A and where the exponents v,(x) are elements of Z,
all zero except for a finite subset among them.

1.2 An example: the diophantine equations X? +
Y?=7%and X'+ Y* =27

One of the most attractive parts of number theory is the study of diophantine
equations. One considers polynomial equations P(X7,...,X,) = 0 with coeffi-
cients in Z (respectively, in Q) and one seeks solutions (z) in Z (respectively, in
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Q). One can replace Z (respectively, Q) by more general rings A (respectively,
fields K). We will give an example later (1.6).
We are going to study here two special cases of Fermat’s famous equation:

X" 4Y" = 2" (1.2.1)

Fermat claimed to have shown that, for n > 3, this equation has no non-trivial
integer solution (x,y,z). His proof has never been found. Numerous math-
ematicians have since Fermat’s time worked intensively on this problem, and
Andrew Wiles gave a proof for Fermat’s claim in 1995.

(As Wiles made in his proof an extensive use of results in algebraic geometry
and number theory that were not available to Fermat, present-day opinion holds
that, in his “proof”, Fermat made a mistake. However, in a retrospect, that
mistake is worthy of a first-class mathematician. For example he might have
conceived the idea (ingenious for his time) of working in the ring of integers of
a field containing nth roots of unity; he may have believed that such a ring is
always a PID. In fact, we know how to prove Fermat’s claim for any exponent
n for which the ring of nth roots of unity is a PID. However, this is not the case
for all n. For n prime, this ring is a PID for finitely many values of n.)

For n = 2, equation (1.2.1) has integer solutions, e.g. (3,4,5). One can give
a complete description of all the integer solutions of (1.2.1).

Theorem 1.2.2. If x,y, z are positive integers such that x> + y?> = 22, then
there ewxists an integer d and two relatively prime integers u and v such that
(except, possibly, for a permutation of x and y):

r=du?—v?), y=2duw, and z=d(u®+v?). (1.2.3)

Proof. An easy calculation shows that formula (1.2.3) gives solutions for X2 +
Y2 = Z2. Conversely, let z,y, and z be positive integers such that 22+ y? = 22.
After dividing x, y, z by their greatest common divisor, we may assume that the
three numbers are relatively prime. It follows that they are pairwise relatively
prime as well; for example, if  and z have a common prime factor p,, then p
divides y? = 22 — 22 and, therefore, also y. In particular, two of the numbers
x,y, z are odd; the third is necessarily even. The numbers x and y cannot both
be odd, for, if they were, we would have 22 = 1mod 4,y?> = 1 mod 4, and
2?2 = 2 mod 4, which contradicts the fact that z? is a square. We have, then,

after possibly switching « and y:
z odd, yeven, and zodd. (1.2.4)

Note that
2 2

=22 -2’ =(z—x2)(2 +x).
Since the greatest common divisor of 2z and 2z is 2, and since 2z = (2 + x) —
(z —x),2z2 = (2 4+ z) + (2 — z), the greatest common divisor of z — x and z + «
can only be 2. Put y = 2y',2 +x = 22/, 2 — v = 22/, where /', 2’ , and 2’ are
integers (since y,z + z, and z — x are even by (1.2.4)). We have y'? = 2’7/
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Since 2’ and 2z’ are relatively prime, we see that 2’ and 2’ are squares u? and
v?; in fact any prime factor of y’? appears, with an even exponent, either in
the prime factorisation of z’ or in that of 2/, but not in both. We thus have
242 =2u? 2z —x =202 and y? = 2u? - 20%; whence, x = u? —v%,y = 2uv, and
z = u2+v?. Here u and v are relatively prime, since otherwise z, vy, z would have
a common prime factor. Multiplying through by the greatest common divisor

of x,y, z, call it d, we obtain (1.2.3). O

Theorem 1.2.5. The equation X* 4+ Y* = Z? has no solution in positive inte-
gers x,y, z.

Proof. If there is a solution (z,y,z), where z,y, and z are positive integers,
then there is such a solution in which z is minimal. In this case, z,y, and z are
pairwise relatively prime; if for example x and y have a common prime factor
p, then p* divides 22, so p? divides z and (x/p, y/p, z/p?) would be a solution,
contradicting the minimality of z. The two other cases are analogous and even
easier. As our equation may be written as (X?2)2 + (Y2)? = Z2, we may apply
Theorem 1.2.2 to it. After possibly permuting = and y we see that there are
positive relatively prime integers u and v such that

2?2 =u? —v?, y? =2uwv, and z=u®+4 % (1.2.6)
Since 4 | y2, the relation y? = 2uv implies that one of the two numbers u and v is
even; the other is necessarily odd. Thus, u even and v odd entails ©u? = 0 mod 4
and v? = 1 mod 4, whence 22 = u? — v? = —1 mod 4, an impossibility. So u is
odd and v = 2v’. The relation y? = 4uv’ and the fact that u and v’ are relatively
prime implies that u and v? are squares a? and b?>. We apply Theorem 1.2.2
once more, this time to the equation 22 + v? = u? (cf (1.2.6)). Since x and u
are odd, v even, and x, v, and u pairwise prime, we obtain two relatively prime
positive integers ¢ and d such that

r=c—d* wv=2cd, and u=c*+d~. (1.2.7)

Now, fromv = 2v' = 2b?, it follows that cd = b?, so that ¢ and d are again
squares z'? and y'? (they are relatively prime). Since u = a2, (1.2.7) may be
rewritten as

2 = o't 4yt
which is of the same form as the original equation. On the other hand, by
(1.2.6), z = u? +v? = a* + 4b* > a*, whence z > a, which contradicts the

minimality of z, proving Theorem 1.2.5. O

1.3 Some lemmas concerning ideals; Euler’s -
function

Let n > 1 be a natural number. We write ¢(n) for the number of integers
4,0 < g < n, such that ¢ and n are relatively prime (since 0 and n are divisible
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by n, it is equivalent to take 1 < ¢ < n — 1 for any n > 1; set p(1) = 1). The
function ¢ so defined is called Euler’s p-function (or Euler’s totient function).
If p is a prime number, then clearly:

op)=p—1

For n = p*, a power of a prime, the integers relatively prime to n are those
integers which are not multiples of p. There are p*~! multiples of p between 1
and p°. Therefore,

o) =p"—p* =p"p—1). (1.3.1)

Now we intend to calculate ¢(n) by making use of the fact that n may be
expressed as a product of powers of primes. For this purpose we need some
properties of ¢(n) and we need some lemmas concerning ideals. These lemmas
will be useful later.

Proposition 1.3.2. Let n > 1 be a natural number. The value o(n) of Euler’s
p-function equals the number of elements of Z/nZ which generate this group. It
also equals the number of units in the ring Z/nZ.

Proof. Let us recall that each congruence class mod nZ contains a unique integer
q such that 0 < ¢ < n — 1. For such an integer ¢ we write g for its residue class
mod nZ. It suffices to prove the following implications: ¢ relatively prime to
n = ¢ a unit in the ring Z/nZ = q generates the additive group Z/nZ = q
relatively prime to n. If ¢ is relatively prime to n, Bezout’s identity (1.1.4)
implies that there are integers z and y such that gz 4+ ny = 1; whence gz = 1,
$0 ¢ is a unit in Z/nZ. Writing x for an integer such that g-= = 1, we
see that @ = @ - T - ¢ (in the ring Z/nZ), where @ is an arbitrary element of
Z/nZ(0 < a <n). It follows that @ = (ax)-g (in the additive group Z/nZ), so q
generates the group Z/nZ. Finally, if § generates Z/nZ, there is an x such that
xq = 1, thus such that zy = 1 mod n; thus there exists an integer y for which
xq—1 =yn, so 1 = xq — yn. This is an instance of Bezout’s identity, which
shows that ¢ is relatively prime to n. O

Lemma 1.3.3. Let A be a ring, a and b ideals of A such that a+b = A. Then
anNb = ab and the canonical homomorphism ¢: A — A/a x A/b induces an
isomorphism [0: A/ab — AJa x A/b.]

Recall that the homomorphism ¢ sends any = € A into the pair consisting
of the class of  mod a and the class of z mod b.

Proof. We know that, in general, ab C a and ab C b, so ab C anb. Let € anb.
Since a + b = A, there are elements a € a and b € b such that a + b = 1. Thus
T = ax + xb is a sum of two elements of ab, whence a € ab and aNb C ab.
Therefore ab = anNb.

Clearly a N b is the kernel of ¢. Since aNb = ab, ¢ is constant on each
residue class mod ab. Thus, we obtain a mapping §: A/ab — A/a x A/b, which
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is obviously a homomorphism. Since ¢ =1(0) = ab,671(0) = (0), so € is injective.
It remains to show that 6 is surjective.

We have “passed to the residue class ring” in the course of the above argu-
ment. Henceforth, we shall be much more brief in explaining analogous argu-
ments.

In order to show that 6 (or, equivalently, ¢) is surjective, we have to find,
for any pair y € A and z € A, an element a € A such that  + a = y + a and
r+b=24+b. Take a € a and b € b such that a +b = 1. Set x = az + by.
Modulo a,z =by = (1 — a)y = y — ay = y; similarly, 2 = 2z mod b. O

Lemma 1.3.4 (Chinese remainder theorem). Let A be a ring and (a;)1<i<r,
a finite set of ideals of A such that a; + a; = A for i # j (such ideals are
said to be coprime). Then there is a canonical isomorphism of A/ay - - - a, onto

HLl Ala;.

Proof. Lemma 1.3.3 is the case r = 2 of Lemma 1.3.4. We proceed by induction
onr. Put b = ay---a,. Let us show that a; + b = A. For i > 2 we have
a; +a; = A, so there are elements ¢; € a; and a; € a;, such that

.,
citai=1, 1=[J(ci+a)=ct+aza,
i=1

where c¢ is a sum of terms each of which contains at least one ¢;, as a factor.
Therefore, ¢ € a;. As as---a, € a, it follows that a; +b = A.

By Lemma 1.3.3, A/a;b is isomorphic to A/a; x A/b. According to the
induction hypothesis A/b = A/ay---a,, which is isomorphic to A/ag X -+ x
A/a,. The lemma follows by composing these isomorphisms. O

Let us apply these lemmas to Z.

Proposition 1.3.5. Let n and m be relatively prime integers. Then the ring
Z/nmZ is isomorphic to the product ring Z/nZ x Z/mZ.

Proof. This is a special case of Lemma 1.3.3, the hypothesis nZ +mZ = Z being
Bezout’s identity. O

Corollary 1.8.6. Ifn and m are relatively prime positive integers, then p(nm) =
p(n)p(m).

Proof. p(nm) is the number of units in Z/nmZ (Proposition 1.3.2) which is
isomorphic to Z/nZ x Z/mZ. Now an element («, §) of a ring product is invert-
ible if and only if each of its components «, 3 is invertible. Thus our assertion
follows from Proposition 1.3.2. O

Corollary 1.3.7. Let n be a positive integer and let n = p{* - - - p&~ be its prime
factorisation. Then o(n) =n(l—1/p1)---(1—1/p.).

Proof. By Corollary 1.3.6 p(n) = @(p$*) - - - 0(p27). By (1.3.1) o(p2*) = p&* ' (pi—
1) = pi*(1 — 1/p;). Multiplication gives our formula. O
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1.4 Some preliminaries concerning modules

Before studying modules over a PID, we make some remarks concerning modules
over arbitrary commutative rings.

Let A be a commutative ring and let I be a set. Let A) denote the set of
sequences (a;);er indexed by I, of elements of A such that a; = 0 except for a
finite number of indices i € I. Thus AU) is a subset of the cartesian product
set A%, and also a submodule of AT — if one provides A — I with the A-module
structure defined by componentwise addition and scalar multiplication.

If I is finite, then AU = AT,

For j € I, the sequence (9;;);cr such that 6;; =1 and 6;; = 0 for i # j is an
element e; of A). Every element (a;);c; of AY) has a unique expression as a
(finite) linear combination of the e;. More precisely,

(aj)jer = Y aje;

jel

(note that, in the summation on the right, all the terms are zero except for a
finite number, so that the summation makes sense).

We call (e;);er the canonical basis for AU).

Let A be aring, M an A-module, and (x;);c; a family of elements of M. To
everv element (a;);er of AW let us associate the element >, aix; of M (as before,
the summation makes sense). Thus we obtain a mapping ¢: AT — M, which
is obviously linear. If (e;);c; is the canonical basis for AY), then p(e;) = x; for
any i € I. The equivalence of the following statements is immediate:

(z)ier is a linearly independent set < ¢ is injective.

(zi)icr geneates M < ¢ is surjective.

If ¢ is bijective, (z;);es is called a basis for M. This means that every element
of M has a unique expression as a linear combination of the elements (x;);c;.
A module M which has a basis is called a free module.

Remark 1.4.1. In contrast to the case of vector spaces over a field, a module
over a ring need not have a basis. For example, the Z-module Z/nZ does not
have a basis for n # 0 or 1. In the ensuing discussion we shall show that certain
modules are free. This type of result is seldom trivial.

A module is said to be of finite type if it contains a finite generating set. The
following theorem is basic for the study of the properties of Noetherian rings
and modules. We develop this topic further in Chapter 3.

Theorem 1.4.2. Let A be a ring and M an A-module. The following conditions
are equivalent.

(a) Every non-empty family of submodules of M contains a mazimal element
(with respect to inclusion).
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(b) Every ascending sequence (My)n>0 (again with respect to inclusion) of sub-
modules of M is stationary (i.e. there exists ng such that M, = M,, for
all n > ngp).

(c) Every submodule of Mis of finite type.

Proof. (a) = (c): Let E be a submodule of M and let ® be the collection con-
sisting of all submodules of finite type of E. Then ® is not empty, since (0) € ®.
By (a) ® contains a maximal element F. For z € E, F 4+ Ax is a submodule
of finite type of F (it is generated by the union of {z} and any finite set of
generators for F'). Thus F + Az = F, since F + Az D F and F is maximal.
Therefore, x € F,E C F,F = F, and F is of finite type.

(¢) = (b): Let (M,)n>0 be an ascending chain of submodules of M. Then
E = U,>0M,. is a submodule of M. By (c) it contains a finite set of generators
(w1,...,14). For every i there is an index n(i) such that x; € M,,(;). Let ng be
the largest of the n(i)’s. Then x; € M,, for all i, so E C M,, and E = M,,.
For n > ng the inclusion relations M,, C M, C E and the equality M,, = E
imply that M,,, = M,. Thus the sequence (M,) is stationary beyond ng.

(b) = (a): This is concluded as a special case of Lemma 1.4.3 concerning par-
tially ordered sets that proves a stronger result (a) < (b). O

Lemma 1.4.3. Let (T, =) be a partially ordered set. The following statements
are equivalent:

(i) Every non-empty subset of T contains a mazimal element.
(ii) Every ascending chain (t,)n>0 of elements of T is stationary.

Proof. (i) = (ii): Let t; be a maximal element of the ascending chain (¢,).
Then, for n = g,t, = t, (the chain ascends), so t,, = ¢, (maximality).

(ii) = (i): We will show the contrapositive. Suppose (i) does not hold, thus
there exists a subset S of T" which does not contain a maximal element. Then,
for any x € S, the set of elements > z of S is nonempty. By the axiom of choice
there exists a mapping f: S — S such that f(z) = « for all z € S. Since S is
not empty, one may choose to € S and define by induction the chain (¢,)n>0
by setting t,+1 = f(t,). The chain is strictly ascending; it is therefore not
stationary. Thus (ii) does not hold, so (ii) = (i) is established. O

Corollary 1.4.4 (to Theorem 1.4.2). In a PID A, every non-empty family of
tdeals contains a mazximal element.

Proof. If one considers A as a module over itself, its submodules are its ideals.
As all ideals are principal, they are A-modules generated by a single element,
thus of finite type. The corollary follows from the implication (¢) = (a) of
Theorem 1.4.2. O
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1.5 Modules over PIDs

Let A be an integral domain and let K be its field of fractions. A free A-module
(isomorphic to an AU for some I) may be injected into a vector space over
K (K™ in the case of A(). Tt follows that the same thing is true for any
submodule M of a free A-module. The dimension of the subspace generated
by M is called the rank of M. If M is itself free and admits a basis having n
elements, then the rank of M is n.

Theorem 1.5.1. Let A be a PID, M a free A-module of rank n, and M’ a
submodule of M. Then:

(a) M’ is free of rank ¢,0 < g < n.

(b) If M’ # (0), there exists a basis (e1,...,en) of M and non-zero elements
ai,...,aq € A such that (a1e1,...,aqeq) is a basis of M’ and such that a;
divides a;41,1 <i < q—1.

Proof. The theorem is trivial for M’ = (0), so we may assume M’ # (0).
Let L(M,A) be the set of linear forms on M. For w € L(M,A),u(M’) is a
submodule of A, an ideal of A. We may write u(M’) = Aa,, with a, € A, since
the ideal is principal. Let u € L(M, A) be such that Aa, is maximal among the
Aay,(v € L(M, A)) (Corollary 1.4.4). Let us take a basis (z1, ..., 2,) of M, which
identifies M with A™. Let Pr; M — A be the projection on the i’th coordinate,
ie. Pri(xz;) = d;;. Since M’ # (0), for at least one 7,1 < ¢ < n,Pr;(M’') is
not (0). Thus a, # (0). By our construction there exists ¢/ € M’ such that
u(e’) = ay. Let us show that for every v € L(M, A),a, | v(e/). Indeed, if
d = ged(ay,v(e’)), then d = ba, +cv(e’) with b,c € A, whence d = (bu+cv)(e’).
Since bu + cv is a linear form on M, Aa,, C Ad C u(M'). The maximality of Aa
implies that Ad = Aa,, so a, must divide ve’).

In particular, a, | Pr;(¢’), so let Pr;(¢/) = a,b; with b, € A. Put e =
i bix;. Then € = aye. Since u(e') = a, = a,, - u(e), it follows that u(e) =1
(note that a, # 0). Let us show that

(1) M = ker(u) + Ae
(2) M’ = (M'Nnker(u)) + A’ ((where ¢’ = aye),

the sum being direct.

(1): For every x € M,z = u(z)e + (x — u(x)e). We see that u(x — u(x)e) =

u(z) —u(z)u(e) = 0, since u(e) = 1, so x — u(x)e € ker(u). This shows that

Ae + ker(u) = M; obviously Ae Nker(u) = (0).

(2): For y € M',u(y) = ba, with b € A, so y = baye + (y — u(y)e) = be’ +

(y —u(y)e). Again it is clear that y — u(y)e € ker(u) and also that y — u(y)e =

y—be € M, ie. y—u(y)e e M'Nker(u) and be’ € Ae’ C Ae. This entails (2).
Now we prove (a) by induction on the rank g of M’. If ¢ = 0, M’ = (0) and

there is nothing to prove. If ¢ > 0, M’ Nker(u) is of rank ¢ — 1 according to (2),

and is therefore free according to the induction hypothesis. As, in (2), the sum
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is direct, we obtain a basis for M’ by adding e’ to a basis for M’ Nker(u). Thus
M’ is free and (a) is true.

To prove (b) we argue by induction on the rank n of M. Again the case
n = 0 is trivial. By (a), ker(u) is free and of rank n — 1, since, in (b), the
sum is direct. We apply the induction hypothesis to the free module ker(u)
and to its submodule M’ Nker(u) : if M’ Nker(u) # (0), there exists ¢ < n,
a basis (e, ...,e,) of ker(u), and there are non-zero elements as,...,aq, of A
such that (ages,...,aq€q) is a basis for M’ Nker(u) and such that a; divides
a;+1,2 < 1 < g — 1. Keeping the same notations as above, we set a; = a,
and e; = e. Then (e e9,...,e,) is a basis for M (according to (1)), and
(a1e1,...,aqeq) is a basis for M’ (according to (1)) and the fact that e’ = ajeq).
It remains to prove that a; | az. Let v be the linear form on M defined by the
relation v(e;) = v(ez) = 1 and v(e;) = 0 for ¢ > 3. Then a; = a,, = v(aye1) =
v(e') € v(M'), so Aa, C v(M’'). By the maximality of Aa, we may conclude
that v(M') = Aa, = Aa;. Since as = v(agzes) € v(M’), we see that as € Aay,
ie. a1 | as. O

Remark 1.5.2. The ideals Aa; of Theorem 1.5.1 are called the invariant factors
of M’ in M. One can show that they are uniquely determined by M and M’.

Corollary 1.5.3. Let A be a PID. Let E be an A-module of finite type. Then
E is isomorphic to a product (A/ay) x (A/ay) x -+ x (A/ay), where the a’s are
ideals of A such that a1 D as D -+ D a,.

Proof. Let (x1,...,2,) be a finite set of generators of E. According to the
beginning of 1.4, there is a surjective homomorphism ¢: A™ — FE, such that F is
isomorphic to A™/ ker(¢). By Theorem 1.5.1, there is a basis (e, ..., e,) of A™,
an integer ¢ < n, and nonzero elements a1, . .., aq of A such that (aieq,...,aqeq)
is a basis of ker(¢) and such that a; divides a;41 for all i,1 < i < g— 1. Put
ap, =0 for g+ 1 < p < n. Then A™/ker(p) is isomorphic to the product of
the Ae;/Aa;e;, (1 < i < n), and Ae;/Aa;e; is isomorphic to A/Aa;. Putting
a = Aa;, we obtain the corollary. O

We shall say that a module E over an integral domain A is torsion free if
the relation ax =0, (a € A,z € E) implies a = 0 or z = 0.

Corollary 1.5.4. Quer a PID A, every module E of finite type which is torsion
free is free.

Proof. We make use of Corollary 1.5.3: E = (A/a;) x---x (A/a,). Suppressing
the factors which are zero, we may suppose that a; # A for all i. If a; # (0),
if a is a non-zero element of a;, if 21 is a non-zero element of A/a; and if
x = (21,0,---,0), then ax = 0 contradicting the fact that F is torsion free.
Thus a; = (0),a; = (0) for all ¢ (since a; C a1), and F is isomorphic to A™. [

Remark 1.5.5. The hypothesis that E is of finite type is essential: for example
Q is a torsion free Z-module which is not free.
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Corollary 1.5.6. Over a PID A, every module E of finite type is isomorphic
to a finite product of modules M;, where each M; is equal to A or to a quotient
A/Ap® with p prime.

Proof. We make use of Corollary 1.5.3 and we decompose each factor A/Aa
where a # 0, by means of Lemma 1.3.4: if a = up(* - - - pi~ is the prime factori-
sation of a, A/Aa is isomorphic to the product of the A/Ap:*. O

Corollary 1.5.7. Let G be a finite commutative group. There exists x € G
whose order is the least common multiple of the orders of the elements of G.

Proof. A commutative group is a Z-module (the operation being addition). Ac-
cording to Corollary 1.5.3

GXZ/Z X -+ X L]a,Z

where a1 | az | -+ | a,. We have a; # 0 for all i; otherwise G would be infinite.
We write y for the residue class of 1 in Z/a,,Z and we put = (0,...,0,y). The
order of z is obviously a,. For z = (z1,...,2,) € G, we have a,z = 0, since
a; divides a,, for all i. Therefore a,, is a multiple of the order of z and z is the
element sought. O

1.6 Roots of unity in a field

Theorem 1.6.1. Let K be a field. Every finite subgroup G of the multiplicative
group K* consists of roots of unity and is cyclic.

Proof. According to Corollary 1.5.7, there exists z € G whose order n is such
that y™ = 1 for every y € G. Since a polynomial of degree n over a field (for
example X™ — 1) has at most n roots in the field, the number of elements of
G is at most n. Now, inasmuch as z has order n,G contains the n elements
z,%22,...,2" = 1, which are all distinct. Thus G is comprised of these elements
and is cyclic. O

If a field K contains n nth roots of unity, they form a cyclic group of order
n (isomorphic to Z/nZ). A generator of this group is called a primitive nth
root of unity, every nth root of unity is thus a power of such a primitive root.
According to Proposition 1.3.2, the number of these primitive roots is ¢(n).

1.7 Finite fields

Let K be a field. There is a unique ring homomorphism ¢: Z — K (defined by

p(n)=14+14---+1for n >0 and by ¢(—n) = —p(n)). If ¢ is injective, it
identifies Z with a subring of K; then K also contains the field of fractions Q,
of Z. In this case we say that K is of characteristic 0. If  is not injective, its
kernel is an ideal pZ where p > 0; then Z/pZ is identified with a subring of K;
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thus Z/pZ is an integral domain (in fact, a field) from which it follows that p is
a prime number. We say, in this case, that K is of characteristic p. From here
on, we write F,, for Z/pZ.

Remark 1.7.1. The subfield, Q, or F,, of K is the smallest subfield of K; it is
called the prime subfield of K. For every prime number p there exist fields of
characteristic p, e g. IFp.

Proposition 1.7.2. If K is a field of characteristic p # 0, then pr = 0 for
every x € K and (z 4+ y)? = 2™ + y" for every x,y € K.

Proof. For x € K, we have p-xz = (p-1) -2 =0-2 = 0. On the other hand, the
binomial formula gives

p—1
(x+y)? = 2P +yP + Z (?)xjyp_j.

j=1

The binomial coefficient (¥) is an integer; its value is p!/[j!(p — j)!]. Inasmuch
as the prime p appears in the numerator but not in the denominator, (;’) is a
multiple of p for 1 < j < p — 1. The intermediate terms in the expansion of
(z 4 y)? thus vanish in a field of characteristic p. O

By induction one sees that (z + y)?" = 2P" + y?" for every n > 0.
Theorem 1.7.3. Let K be a finite field. Set ¢ = card(K). Then:

(a) The characteristic of K is a prime p, K is a finite dimensional vector space
of dimension s over IFp, and ¢ = p°.

(b) The multiplicative group K> is cyclic of order ¢ — 1.
(c) 2971 =1 for every x € K*; 29 = x for every r € K.

Proof. (a): Since Z is infinite, K cannot be of characteristic 0. Thus K contains
F,, p prime; in fact K is a vector space over F,,, whose dimension s must be finite
— otherwise K would be an infinite field. As a vector space, K is isomorphic
to (Fp)®, so K contains p® elements.

(b); Follows from Theorem 1.6.1.

(¢): An immediate consequence of (b). O

Ezample 1.7.4. Let us interpret (b) for the case of F,, p prime. There exists an
integer x € Z such that 0 < x < p — 1 and such that every integer y which is
not a multiple of p is congruent modulo p to a power of x. Such an z is called
a primitive root modulo p. The problem of finding primitive roots modulo p is
by no means trivial. For instance there are ¢(6) = 2 roots primitive modulo 7;
they are 3 and 5 (one sees that 12 = 62 = 1 mod 7 and 2% = 4% = 1 mod 7, 3
and 5 are the only other possibilities).
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Remark 1.7.5. (a) and (c) imply that a finite field K with ¢ elements is the set of
roots of the polynomial X7 — X (which has exactly ¢ roots). One can show that
two finite fields with ¢ elements are isomorphic. We write F,, unambiguously
for a field with g elements.

As an exercise we are going to digress in order to prove the following elegant
theorem which concerns diophantine equations over a finite field.

Theorem 1.7.6 (Chevalley). Let K be a finite field and let F(Xy,...,X,) be
a homogeneous polynomial of degree d over K. Suppose d < n. Then there
exists a point (x1,...,x,) € K™ distinct from the origin (0,...,0) such that
F(zq,...,2,) =0.

Proof. Let us write ¢ for card(K) and p for the characteristic of K (so g = p®).
Let V' C K™ be the set of zeros of F, i.e. the points (z1,...,2,) € K™ such that
F(z) = 0 (we use, hereafter, the symbol z to stand for a point (x1,...,z,) €
K™). According to Theorem 1.7.3, (c), F(2)?" ! =0 for z € V and F(z)?71 =1
for x € K™\ V. Thus the polynomial G(x) = F(x)?"! is the characteristic
function of K™\'V with values in F),. The number modulo p of points of K™\V
will thus be given by the sum ) .. G(x). We are going to calculate this sum
and show that it is zero. It will follow that card(K™ \ V) is a multiple of p;
inasmuch as card(K™) = ¢" = p™® is also a multiple of p, card(V) will also
have to be a multiple of p. Certainly V' contains the origin, so if p | card(V'), V
necessarily contains other points, p > 2. Thus, to prove Theorem 1.7.6 it suffices
to show that 7 .. G(z) = O € F,. Now, to calculate ) .. G(x), wc
observe that the polynomial G is a linear combination of monomials M, (X) =
Xt X2, To determine ) . G(2) it suffices to calculate

Y Mala)= ) aftapr = Q) (o ann).

TEK™ reK"

The problem reduces to that of calculating sums of the form Y~ _, 2°, (8 € N).

(a) For =0, 2% =1for all z € K. Consequently, > 2’ =3 _,1=¢q=
0.

(b) For 8 > 0, the term 07 is 0, so the sum reduces to > _ex 2°. K* is a
cyclic group of order ¢ — 1 (Theorem 1.7.3 b). Let w generate K*. Then
Y perx 27 = Y975 wP which is the sum of a geometric progression. Thus:

(i) If w? # 1, i.e. if B is not a multiple of ¢ — 1, then
q—2 1
Zwﬁj: wBla=1) _q 0
wh —1 ’

Jj=0

since w9~ = 1.
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(ii) If w® = 1, i.e. if B is a multiple of ¢ — 1, then
q—2
Zwﬁj =q-—1.
§=0

If follows from (a), (bi), and (bii) that ) _,n 27" --- 25 vanishes unless all the
a;’s are non-zero and multiples of (g—1)n. However, since G = F', G has degree
(¢g—1)d and (¢—1)d < (g—1)n by assumption. Thus ) __xn My (x) = 0 for every
monomial M, (X) which appears in G with a non-zero coefficient. Therefore,
Y wexn G(x) = 0. We have seen that this relation implies the theorem. O

Remark 1.7.7. Let us remark that it would have been sufficient, in place of the
assumption that F' was homogeneous, to have considered F' with no constant
term. Naturally, the strict inequality d < n between the degree and the number
of variables is essential. For example, the norm of Fg» to Iy, (cf. Section 2.6) is
a homogeneous polynomial of degree n in n variables over F,, with no non-trivial
Zero.

Example 1.7.8. A quadratic form in three variables over a finite field “represents
zero” (i. e. has a non-trivial zero). Passing from K3 to the projective plane
Py(K), this means that a conic over K contains a point rational over K (i.e.
whose coordinates may be chosen in K). The example of the conic X2 + Y2 +
Z? = 0 over R (respectively X2 + Y2 — 322 = 0 over Q; in order to see that
X2 +Y? —32Z?% = 0 has no non-trivial solution in Q, it suffices to consider the
case where x,y, z are relatively prime integers and then to reduce mod 4) shows
that we are not dealing with a property common to all fields.
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Chapter 2

Integral elements over a ring;
algebraic elements over a field

Among the complex numbers those which will concern us in this book are the
so-called algebraic numbers, that is, those which satisfy an equation of the form

~1
" +ap_12" "+ +ar+ap=0,

where the coefficients are rational numbers. When the coeflicients are integers
(a; € Z) the algebraic number x is called an algebraic integer. Thus /2, v/3,
i, e27/5 are algebraic integers. It is not a priori clear that sums or products of
algebraic numbers (respectively algebraic integers) are again algebraic numbers
(respectively algebraic integers). Consider, for example, x = v/2++1/3. Squaring,
one obtains z? = 2+3+2+/6 adding and shifting across the equal sign gives 2 —
5 = 2/6: again a squaring operation yields (22 —5)? = 24, which shows that z is
an algebraic integer. The reader will have to exert himself to show that /5-+ /7
is an algebraic integer and will be convinced that the sequence of steps which
leads to a proof that this number is algebraic may not be easily generalised.
In order to overcome this difficulty the algebraists of the nineteenth century,
Dedekind in particular, had the idea of “linearising” the problem, which means
that they introduced the notion of module. We will begin with some results
concerning modules. Considering modules over commutative rings (rather than
over Z or Q) will not require an extra effort and will be quite useful later.
We will begin with the general case of integral elements over a ring and then
specialise to algebraic elements over a field.

2.1 Integral elements over a ring

Theorem 2.1.1. Let R be a ring, A a subring of R, and x an element of R.
The following statement are equivalent:

17
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(a) There ezist ag, . ..,an € A such that
"4 an 12" P+ taxtag=0 (2.1.2)
(i.e. x is a root of a monic polynomial with coefficients in A).
(b) The ring Alz] is an A-module of finite type.

(¢) There exists a subring B of R which contains A and x and which is an
A-module of finite type.

Proof. (a) = (b): Call M the A-submodule of R generated by 1,z,...,2" — 1.
By (a) 2" € M. Multiplying (2.1.2) by 27, we obtain 2"/ = —qa,,_j2" T ~1 —
-+ —apx’. In fact, induction on j implies that 2™*/ € M, for all j > 0. As A[z]
is the A-module generated by the z*(k > 0), we see that A[z] = M.

(b) = (c): Thiis clear.

(c) = (a): Let (y1,...,yn) be a finite set of generators for B as a module over
A, ie. B= Ay, +---+ Ay,. Since z € B and since B is a subring of R, it
follows that xy; € B for all i = 1,...,n. Therefore,

n
xyi:Zaijyjzo, forany i=1,...,n, a; €A, 1<4,j<n.
j=1

This means that

(5¢jx—aij)yj :O’ 7 = 1,...,71.
1

n
j:
Consider this system of n homogeneous linear equations in (y1,...,y,). Write
d for the determinant det(d;;z — a;;). The calculation leading to Cramer’s rule
shows that dy; = 0 for all 7. This means that db = 0 for all b € B; in particular,
d-1=0,s0d=0. But d is clearly a monic polynomial in z, since the highest
order term appears in the expansion of the product [~ (z — a;;) of the entries
on the principal diagonal. Thus (c) implies (a). O

Definition 2.1.3. Let R be a ring and let A be a subring of R. An element
x of R is said to be integral over A if it satisfies the equivalent conditions (a),
(b), and (c) of Theorem 2.1.1. Let P € A[X] be a monic polynomial such that
P(z) = 0 ((a) implies that such a polynomial exists). The relation P(z) = 0 is
called an equation of integral dependence of x over A.

Ezxample 2.1.4. The element = = V2 of R is integral over Z. The relation
22 — 2 = 0 is an equation of integral dependence.

Proposition 2.1.5. Let R be a ring, A a subring of R, and let (z;)1<i<n be a
finite set of elements of R. If, for all i, x is integral over Alxy,...,xn_1] (in
particular if all the x;’s are integral over A), then Alxy,...,x,] is an A-module

of finite type.
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Proof. We argue by induction on n. For n = 1, we have a repeat of assertion (b)
of Theorem 2.1.1. Assume that B = A[zy,...,2,-1] is an A-module of finite
type. Then B = Zle Ab;. The case n = 1 implies that Afz1,...,2,] = Blz,]
is a B-module of finite type. Write Blz,J = >.{_, Bcj. Then

Alzy,..xn) =Y Bep =Y (> Abj)ex =Y _ Abjcy.

k=1 k=1 j=1 .k
Thus (bjcy) is a finite set of generators for A[z,...,z,] as a module over A. O

Corollary 2.1.6. Let R be a ring, A a subring of R, x and y elements of R
which are integral over A. Then x + vy, x — vy, and xy are integral over A.

Proof. Clearly x + vy, © — y, and zy € A[z,y]. According to Proposition 2.1.5
Alz,y] is an A-module of finite type. According to part (c) of Theorem 2.1.1,
z +y, r —y, and xy are integral over A. O

Corollary 2.1.7. Let R be a ring and let A be a subring of R. The set A’ of
elements of R which are integral over A is a subring of R which contains A.

Proof. Corollary 2.1.6 implies that A’ is a subring of R. We have A C A/,
since, if a € A, a is a root of the monic polynomial P(X) = X — a, which has
coefficients in A. O

Definition 2.1.8. Let R be a ring, A a subring of R. The ring A’ of elements
of R which are integral over A is called the integral closure of A in R. Let A
be an integral domain and let K be its field of fractions. The integral closure
of Ain K is called the integral closure of A. Let B be a ring and A a subring
of B. We say that B is integral over A if every element of B is integral over A
(i.e. if the integral closure of A in B is B itself).

Proposition 2.1.9 (Trausitivity). Let C be a ring, B a subring of C, and A
a subring of B. If B is integral over A and if C is integral over B, then C is
integral over A.

Proof. Let x € C'. Then x is integral over B, so there is an equation of integral
dependence x,, + b,_12" '+ --- +by = 0 with b; € B,i = 0,...,n — 1. Put
B’ = Albo,...,bn—1]. Then z is integral over B’. As B is integral over A,
the b; are integral over A. Therefore Proposition 2.1.5 implies that B'[z] =
Albg,...,bp—1, 2] is an A-module of finite type. By part (c) of Theorem 2.1.1,
x is integral over A. Thus C' is integral over A. O

Proposition 2.1.10. Let B be an integral domain and A a subring of B such
that B is integral over A. In order that B be a field it is necessary and sufficient
that A be a field.

Proof. Suppose that A is a field and let b € B,;b # 0. Then A[b] is a finite
dimensional vector space over A (part (b) of Theorem 2.1.1). On the other
hand y — by is an A-linear transformation of A[b]. It is injective since A[b] is
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an integral domain and since b # 0. Therefore, it is surjective. There exists
b € A[b] such that b’ = 1. This means that, for any b € B\ (0), b is invertible
in B, so B is a field !.

Conversely, suppose that B is a field. Let a € A\ (0). Then a has an inverse
a~! € B which satisfies an equation of integral dependence

a "4 ap_1a "+ taa a9 =0, a; €A

Multiplying by a”~!, we obtain
a = —(an_1+---+a1a"? 4+ apa™t),
which shows that a=! € A. Thus A is a field. O

2.2 Integrally closed domains

Definition 2.2.1. A ring A is said to be integrally closed if it is an integral
domain and if it is its own integral closure.

In other words, A is integrally closed if every element x of the field of fractions
K of A which is integral over A belongs to A.

Ezample 2.2.2. Let A be an integral domain and let K be its field of fractions.
Then the integral closure A’ of A (i.e. the integral closure of A in K) is integrally
closed. This follows from the fact that the integral closure of A’ is integral over
A’, therefore over A (Proposition 2.1.9). It therefore equals A’.

Ezample 2.2.3. Every PID is integrally closed.

Proof. By definition a PID is an integral domain. Let = be an element of the
field of fractions of A which is integral over A. Let

2" +ap 12"+t ar+ag=0 (as € A) (2.2.4)

be an integral dependence equation for x over A. Write = a/b with a and b
relatively prime elements of A. Substitute in (2.2.4) and multiply through by
b™ to obtain

a” 4 blap_1a" "t + - arab” " +agh" ) = 0.

Thus b divides a™. As b is relatively prime to a, repeated application of Euclid’s
lemma shows that b divides a. Therefore, b is a unit in A. Thus, x = a/b € A
and A is integrally closed. O

Remark 2.2.5. One may observe that only the multiplicative properties of PID
have been used (relative primeness, Euclid’s lemma). The same argument thus
shows that every UFD is integrally closed.

IThe same reasoning, involving the mapping y +— by, allows one to conclude that any finite
integral domain is a field.
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2.3 Algebraic elements over a field. Algebraic
extensions

Definition 2.3.1. Let R be a ring and K a subfield of R. An element z € R
is said to be algebraic over K if there exist elements ag, - ,a, € K, not all of
which are zero, such that a,x™ +--- 4+ a1x + ag = 0.

Equivalently, the monomials (z7);cn are linearly dependent over K. An
element of R which is not algebraic over K is called transcendental over K i.e.
x is transcendental over K if and only if the monomials (27 )jen are linearly
independent over K.

In the relation of Definition 2.3.1, we may assume that a,, # 0. In this
case ;! € K; multiplying through by a,! we obtain an equation of integral
dependence. Therefore:

Over a field, algebraic = integral. (2.3.2)

We may thus apply the theory of integral elements. For example, for K C R
and z € R, Theorem 2.1.1, (b) asserts:

x algebraic over K & [K|[z] : K] finite. (2.3.3)

We say that a ring R containing a field K is algebraic over K if every element
of R is algebraic over K. If R is a field, then R is called an algebraic extension
of K.

Given a field L and a subfield K of L, we call the dimension [L : K] the degree
of L over K. In this context Theorem 2.1.1, (c) has the following interpretation:

If the degree of L over K is finite, L is an algebraic extension of K. (2.3.4)

Any extension field of finite degree over Q, is called an algebraic number field
(or simply a number field).

Proposition 2.3.5. Let K be a field, L an algebraic extension of K, and M an
algebraic extension of L. Then M is an algebraic extension of K. Furthermore,
[M: K] =[M: L|[L: K] (“multiplicativity of degrees”).

Proof. The first assertion is a special case of Proposition 2.1.9. Moreover, if
(i)ier is a basis of L over K and (y;)ics is a basis for M over L, then
(2:Y;) (i, jyerx s is a basis for M over K. As in Proposition 2.1.5 we see that
(w3yj)i,j)erxs generates M over K. A relation ) a;;zy; = 0 with a; € K
entails Y (> a;jz;)y; = 0, whence > a;;x; = 0 for all j (since > a;;x; € L),
and consequently a;; = 0 for all (i,7) € I x J. This proves that [M : K] = [M :
L][L : K]. O

Proposition 2.3.6. Let R be a ring and K a subfield of R. Then:

1. The set K' of elements of R algebraic over K is a subring of R containing
K.
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2. If R is an integral domain, K' is a subfield of R.

Proof. (1) is a special case of Corollary 2.1.7, and (2) follows from Proposition
2.1.10. O

Now we study the elements algebraic over a field in greater detail. Let R be
aring, K a subfield of R, and let x be an element of R. Write K[X] for the ring
of polynomials in one variable over K. There exists a unique homomorphism
¢: K[X] — R such that ¢(X) = z and such that ¢(a) = a for all a € K. The
image of ¢ is K[x]. The definition of algebraic element may be reformulated as
follows:

An element x is algebraic over K < ker(p) # (0). (2.3.7)

Proof. If x is transcendental over K, then obviously ker(p) = (0). In any case
the ideal ker(¢) is a principal ideal (F(X)) (since K[X] is a PID). In the case
that x is algebraic over K, it is generated by a non-zero polynomial F(X). O

We may assume that F(X) is monic, since K is a field. F(X) is then
uniquely determined by K and z; we call it the minimal polynomial of x over
K. Its properties are as follows:

Let F(X) be the minimal polynomial of x over K. Let G(X) € K[X].
G(z) = 0 if and only if F(X) divides G(X) in K[X]. (2.3.8)

Passing to the residue ring, we obtain a canonical isomorphism:
K[X]/F(2)K[X] = K|z]. (2.3.9)

With the same notations, suppose now that x is algebraic over K and let
F(X) be its minimal polynomial. Applying (2.3.8) and Proposition 2.1.10, we
obtain the equivalence of the following statements:

K[X] is a field < K[x] is an integral domain < F(X) is irreducible.
(2.3.10)
On the other hand, if K is a field and F(X) € K[X] is irreducible, then
K[X]/F(X)K[X] is a field containing K and, writing « for the projection of
X € K[X] into this field, we have F(z) = 0. Thus X — x divides F'(X) in the
field K[z]. More generally:

Proposition 2.3.11. Let K be a field and let P(X) € K[X] be a nonconstant
polynomial. There exists an algebraic extension of finite degree K' of K such
that P(X) factors in K'[X] into a product of polynomials of degree one (linear
polynomials).

Proof. We argue by induction on the degree deg P. There is nothing to prove
in the case degP = 1. Let F(X) be an irreducible factor of P(X). We
have just seen that there exists an extension K’ of finite degree over K (e.g.
K[X]/F(X)K[X] ) containing an element = such that X — z divides F(X) in
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K"[X]. Thus P(X) = (X — 2)P1(X) with P1(X) € K"[X]. According to the
induction hypothesis P;(X) factors into a product of linear polynomials in an
extension K’ of finite degree over K. By Proposition 2.3.5, K" is of finite
degree over K, and P(X) is a product of linear polynomials in K'[X]. O

Remark 2.3.12 (Algebraically closed fields). A field K is said to be algebraically
closed if every non-constant polynomial P(X) € K[X] may be expressed as a
product of linear factors, all lying in K[X]. For this, as follows by induction
on the degree of the polynomial, it suffices that even non-constant polynomial
have a root in K. Extending Proposition 2.3.11 by means of Zorn’s lemma, one
may show that any field is imbeddable in an algebraically closed field (Steiniz’s
theorem).

One may prove, by means of the techniques of mathematical analysis and in
many different ways, that the field C of complex numbers is algebraically closed
(Fundamental theorem of algebra). We will give in Appendix A a more algebraic
proof, which will involve no analysis beyond the most elementary properties of
the real numbers. We shall not need more than this.

2.4 Conjugate elements, conjugate fields

Given two fields L and L’ both containing a field K we call K-isomorphism of
L on L' any isomorphism ¢: L — L’ such that ¢(a) = a for all « € K. In
this case we say that L and L’ are K-isomorphic, or (if they are algebraic over
K) we say that they are conjugate over K. Given two extensions L and L’ of
K, we say that two elements x € L and 2’ € L’ are conjugate over K if there
exists a K-isomorphism ¢: K(z) — K(z') such that ¢(z) = z’. Such a ¢ is,
of course, unique. The existence of a ¢ means that either x and 2’ are both
transcendental over K or both are algebraic over K with the same minimal
polynomial (cf 2.3.8).

Ezample 2.4.1. Let F(X) be an irreducible polynomial of degree n over K and
let 1,--- ,x, be its roots in an extension K’ of K (Proposition 2.3.11). Then
the x;’s are pairwise conjugate over K (2.3.9), and the fields KJx;] are also
pairwise conjugate.

Lemma 2.4.2. Let K be a field of characteristic O or a finite field, let F'(X) €
K[X] be a monic irreducible polynomial, and let F(X) = []"_ (X — x;) be its
decomposition into a product of linear factors in an extension K' of K (Propo-
sition 2.3.11). Then the n roots xy1,--- ,x, of F(X) are distinct.

Proof. We resort to contradiction. Suppose F'(X) has a root in common with its
derivative F’(X), thus FI(X) divides F'(X) (2.3.7). Since deg F’ < deg F, this
means that F’'(X) is the zero polynomial. However, F(X) = X" +a, 1 X ' +
---ap, (a; € K) and

F'(X)=nX""14+(n—1)a, 1 X"2 - +ai.
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Thusn-1=0,j5---a,j=1,---,n— 1, which is impossible in characteristic 0.
In characteristic p # 0, these relations imply that p divides n and that a; = 0
for all j not divisible by p (recall that p is a prime number). Thus F(X) is of
the form

F(X)=XP 4 b, X0DP ... XP 4By (b € K).
If each b; is a pth power, i.e. b; = ¢! with ¢; € K, then
F(X)=(XT4+b, 1 XT 4 4P (1.7.2),

and F(X) is not irreducible. But, if K is a finite field with its characteristic
p # 0, the mapping « — zP of K into K is injective (since 2P = yP implies
aP —yP =0, so (z — y)? = 0 which implies x — y = 0); it is thus surjective, since
K is finite. Therefore, F/(X) is not irreducible and we have a contradiction. [

Remark 2.4.3. The fields K of characteristic p # 0 for which = — 2P is sur-
jective (i.e. for which every element of K is a pth power) are called perfect
fields. We have just shown that finite fields are perfect. By convention, fields
of characteristic 0 are also considered perfect. The preceding lemma is true for
K any perfect field (and our proof works in this more general case). The field
F,(T') of rational functions in one variable over F,, is not perfect, inasmuch as
the variable T' is not a pth power in F,(T).

Theorem 2.4.4. Let K be afield of characteristic 0 or a finite field, let K’ be
a finite extension of K of degree n, and let C' be an algebraically closed field
containing K. Then there exist n distinct K-isomorphisms of K’ into C.

Proof. Our assertion is true for any extension field K’ of K which is of the form
K|[z] with z € K'. In fact, the minimal polynomial F(X) of 2 over K is then of
degree n. It has n roots x1,...,z, in C, all of which are distinct according to
Lemma 2.4.2. For any ¢ = 1,...,n we have then a K-isomorphism o;: K’ — C
such that o;(x) = z;.

We continue by induction on the degree n of K’. Let x € K’ and consider
the fields K C K[z] C K’ and put ¢ = [K[z] : K]. We may assume ¢ > 1. We
have seen that there are ¢ distinct K-isomorphisms o1,...,04 of K[z] into C.
As Klo;(x)] and KJz] are isomorphic, it is possible to construct an extension
K| of K[o;(z)] and an isomorphism 7;: K’ — K which extends o;. Clearly
K[o;(z)] is a field of characteristic 0 or a finite field. Since

mgK@@m:mumm=g<m
the induction hypothesis implies that there are ¢ distinct Ko (2)]-isomorphisms
6;; of K/ into C. Therefore, the n composed mappings 6;; o T provide ¢ - % =n

K-isomorphisms of K’ into C. They are distinct since for ¢ # ¢’ and 6,; o 7 and
;5 o 7] differ on K[z] if i # 4/, and, if i =4/, 6;; and 6,;, differ on K. O
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Remark 2.4.5. Theorem 2.4.4 extends to the case of a perfect field K. One
shows that any algebraic extension of a perfect field (in particular Ko;(x)]) is
a perfect field. The rest of the proof remains unchanged.

Corollary 2.4.6 (Primitive element theorem). Let K be a finite field or a field
of characteristic 0. Let K' be an extension of K of finite degree n. Then there
exists an element x of K' (called a primitive element) such that K' = K|x].

Proof. If K is finite, K’ is finite and its multiplicative group K’* is comprised
of the powers of a single element x (Theorem 1.7.3, (b)). Thus K’ = K|[x].
Suppose that K is of characteristic 0 and thus an infinite field. According
to Theorem 2.4.4 there are n K-isomorphisms o;, of K’ into an algebraically
closed field C' containing K. For i # j the equation o;(y) = o,(y)(y € K')
defines a subset V;; of K’, which is clearly a K-subspace of the vector space K’
and which is distinct from K’ since 0; # ;. Since K is infinite, linear algebra
shows that the union of the V;; is strictly contained in K’. Take z outside
this union: = € K’ \ (UV;;). The o;(x) are then pairwise distinct, so that the
minimal polynomial F'(X) of x over K has at least n distinct roots (the o;(x))
in C. Therefore, deg F > n, i.e. [K[z] : K] > n. Since K[x] C K’ and since
[K': K] = n, we conclude that K’ = K|[x]. O

2.5 Integers in quadratic fields

We pause a moment from the development of the general theory to give an
example.

Definition 2.5.1. Any extension field of degree 2 over the field Q of rational
numbers is called a quadratic field.

If K is a quadratic field, any element x € K \ Q, is of degree 2 over Q, thus
is a primitive element of K (i.e. K = Q[z] and (I, z) is a basis of K over Q). Let
F(X)=X?+bX +c (b,c € Q) be the minimal polynomial of such an element
x € K. Solving the quadratic equation 22 4bx+4c = 0 gives 2z = —b++/b2 — 4c.
Thus K = Q(v/b? — 4c) ? Now b®—4cis a rational number % = ¢ with u,v € Z.
One sees that K = Q(v/uv) with u,v € Z. In fact, one sees that it is possible to
write K = Q(v/d) where d is a square-free integer (d is plus or minus a product
of distinct primes). Thus we have proved:

Proposition 2.5.2. Every quadratic field is of the form Q(v/d), where d is a
square-free integer.

The element v/d is a root of the irreducible polynomial X2 —d. This element
Vd has a conjugate in K, namely —v/d. There exists an automorphism o of K
which sends v/d to —v/d (2.4). Any element of K is of the form a + bv/d with
a,b € Q. We have

o(a+bVd) = a—bVd. (2.5.3)

2By Vb2 — 4c we mean one of the two elements of K whose square is b2 — 4c.
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Let us study the ring A of integers of K, i.e. the set of z € K which are integral
over Z (Corollary 2.1.7). If x € A, o(x) is a root of the same equation of integral
dependence as z, so o(x) € A. We have then that +o(z) € A and z-0(z) € A.
But, if z = a + bv/d with a,b € Q, then, according to (2.5.3),

r+o(z)=20€Q and x-o(z)=da®>—db* € Q.
Since Z is a PID and hence integrally closed (Example 2.2.3), we see that
20 €7 a*—dv’ €. (2.5.4)

The conditions (2.5.4) are necessary in order that 2 = a + bv/d be integral over
Z; they are also sufficient since x is a root of

X2 —2aX +a® —db? = 0.

According to (2.5.4), (2a)? — d(2b)? € Z. Since 2a € Z, we have d(2b)? € Z too.
On the other hand, d is square-free, so, if 2b were not an integer, its denominator
would have to include a prime factor p. This prime factor would have to appear
as p? in the denominator of (2b)?, and the multiplication by d would fail to send
it into Z. We may conclude that 2b € Z.

In brief, we may take a = §,b = § with u,v € Z. Condition (2.5.4) becomes:

u? — dv? € 47. (2.5.5)

If v is even, (2.5.5) shows that u is even too. In this case, a,b € Z. If v is odd,
then v? = 1 mod 4. The possibilities of u? mod 4 are 0 and 1 (write down the
table of squares mod 4 to be sure); since d is square-free, it is not a multiple of
4. Necessarily u? = 1 mod 4 and d = 1 mod 4. We have proved the following:

Theorem 2.5.6. Let K = Q(\/d)) be a quadratic field with d € 7 square-free
(therefore #£ 0 mod 4).

(a) If d =2 or d = 3 mod 4, the ring A of integers of K consists of all elements
of the form a + bv/d with a,b € Z.

(b) If d = 1 mod 4, A consists of all elements of the form %(u + vV/d) with u
and v € Z of the same parity.

In the case that d = 2 or 3 mod 4, (1,V/d) is a basis for A as a Z-module.
If d = 1mod 4, (1,%(1 + V/d) is a Z-module basis for A. Indeed, by (b), 1 and
(1 + V/d) belong to A. Conversely, to show that & (u +vv/d) (with u,v € Z of
the same parity) is a Z-linear combination of 1 and %(1 ++/d), one may reduce

the problem to the case where v and v are even by subtracting %(1 +v/d). In

this case
v

2
Wec conclude with some terminology. If d > 0, we say (@(\/&) is a real quadratic
field (for there exists a subfield of R conjugate to Q(v/d) over Q). If d < 0, then
we say Q(v/d) is an imaginary quadratic field.

1 U 1
§(u+vv\/g)=(§ ).14_1}.5(14_\/&),
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2.6 Norms and traces

(a) Review of linear algebra

Let A be a ring, E a free A-module of finite rank and let v be an endomor-
phism of E. In linear algebra one defines the trace, the determinant, and the
characteristic polynomial of u. If a basis (e;) of E has been chosen and if (a;;)
is the matrix for u with respect to this basis, then the trace, determinant, and
characteristic polynomial of a are, respectively,

Tr(u) = Z ai;, det(u) =det(a;), and det(X -Ip —u) = det(Xd;; — ai;).
i=1

(2.6.1)
Remark 2.6.2. NB. These quantities are independent of the choice of basis.
The formulas (2.6.1) imply:

Tr(u + ') = Tr(u) + Tr(u'),
det(uu') = det(u) det(u'), (2.6.3)
and det(XTp —u) = X" — (Tr(u)) X" ! 4 + (=1)" det(u).

(b) Norms and traces in an extension

Let B be a ring and let A be a subring of B such that B is a free A-module of
finite rank n (for example, A can be a field and B a finite extension of degree n
of A). For x € B, multiplication m; by z (i.e. y — zy) is an endomorphism of
the A-module B.

Definition 2.6.4. We call trace (respectively, norm, characteristic polynomial)
of x € B, relative to B and A, the trace (respectively, determinant, characteristic
polynomial) of the endomorphism m, of multiplication by x.

The trace (respectively, norm) of z is denoted Trp /4 () (respectively, Nmp, 4 (x)),
or Tr(x) (respectively, Nm(x)) when there is no fear of confusion. They are
elements of A. The characteristic polynomial is a monic polynomial with coef-
ficients in A.

For z,2' € B and a € A we have my + my = Mgz, Mg © Myr = Mgy
and mg,; = am,. Furthermore, the matrix of m,, with respect to any basis for
B over A, is the diagonal matrix in which all the diagonal entries are a. From
formulas (2.6.1) and (2.6.3) we obtain:

Tr(z + ') = Tr(x) + Tr(z"), Tr(ar) =aTr(x), Tr(a)=n-a
Nm(zz') = Nm(z) Nm(z'), Nm(a) =da", and Nm(az)= a" Nm(zx).
(2.6.5)

Proposition 2.6.6. Let K be a field of characteristic O or a finite field, let L
be an algebraic extension of degree n of K, let x be an element of L, and let
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Z1,...,&, be the roots of the minimal polynomial of x over K (in a suitable
extension of K; cf. Proposition 2.3.11), each one repeated [L : K[x]] times.
Then Trp g (x) = o1 + -+ 4+ 2, Nmg/g(2) = x1---2,. The characteristic
polynomial of x, relative to L and K is (X —x1) -+ (X — xp)-

Thus the characteristic polynomial is the [L : K[z]]th power of the minimal
polynomial of z over K.

Proof. Let us first treat the case where z is a primitive element of L over K (cf.
Corollary 2.4.6). Let F(X) be the minimal polynomial of x over K. Then L
is K-isomorphic to K[X]/F(X)K[X]) (formula 2.3.9), and (1,2,...,2" 1) is a
basis for L over K. Let us put F(X) = X" +a, 1 X" ' +---+a; X +ap. The
matrix of the endomorphism m, with respect to this basis is

00 ... 0 =—a
10 ... 0 -a
01 ... 0 :

0
. ... 0 —ap—o
_0 0o ... 1 —Qn—1]

The determinant of X - I;, — m,, is therefore

X 0 0 Qo i
-1 X 0 ay
0 -1 ... 0 :
det
. . X Anp—2
L 0 0 oo —1 X—|—Cl,n,1_

Expanding this determinant as a polynomial in X, we obtain the characteristic
polynomial of x, which is equal to the minimal polynomial F(X) of . By
(2.6.3) Tr(z) = —ap—1 and Nm(z) = (—1)"ag. Since z is primitive, F(X) =
(X —21) -+ (X — ), equating coefficients we see that

Tr(z) =21+ - 42, and Nm(z) =z z,.

Consider now the general case, and put r» = [L : K[z]]. It suffices to show that
the characteristic polynomial P(X) of x with respect to L and K is equal to the
rth power of the minimal polynomial of « over K. Let (y;);=1,... 4 be a basis for
K|z] over K, and let (z;)j=1,..., be a basis for L over K[z]; then (y;z;) is a basis
for L over K and n = gr (Proposition 2.3.5). Let M = (a;;) be the matrix for
multiplication by x in K[z]| with respect to the basis (y;): thus zy; = >~ ainys-

We have then
yzz] Z azhyh Zj = Z Aip thg
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Ordering lexicographically the basis (y;2;) of L over K, we see that the matrix
M; for multiplication by z in L with respect to this basis takes the form of
diagonal “tableau” of matrices

M 0 ... O

0 M ... O
M, =

o 0 ... M

The matrix X - I — M; thus consists of r diagonal blocks, each of the form
X -I,— M. Consequently, det(X - I,, — M) = (det(X - I, — M))". The left-hand
side of the preceding equation is P(X), and det(X - I, — M) is the minimal
polynomial of x over K, according to the first part of the proof. O

In conclusion we present a result regarding traces and norms of integral
elements.

Proposition 2.6.7. Let A be an integral domain, K its field of fractions, L an
extension of finite degree of K, and x an element of L integral over A. Assume
K has characteristic 0. Then the coefficients of the characteristic polynomial
P(X) of = relative to L and K, in particular Trp x(x) and Nmp g (x) are
integral over A.

Proof. We make use of Proposition 2.6.6. We have P(X) = (X—x1) -+ (X —2,);
the coefficients of P(X) are thus, up to a sign, sums of products of the z;’s. It
suffices to show that the z;’s are integral over A (Corollary 2.1.6). But each
x; is a conjugate of x over K (Section 2.4), and there is a K-isomorphism
0;: K[z] — K|xz;] such that o;(z) = ;. Applying o; to an equation of integral
dependence of z over A, we obtain an equation of integral dependence for z;
over A. O

Corollary 2.6.8. Suppose, further, that A is integrally closed. Then the co-
efficients of the characteristic polynomial of x, in particular Trp k(x) and
Nmy, g (), are elements of A.

Proof. By definition these coefficients are elements of K. By Proposition 2.6.7
they are integral over A. O

Remark 2.6.9. We remark that the quantities 4+ o(z) and = - o(x) used in the
discussion of quadratic fields (2.5) are the trace and the norm of z. We proved
there (2.5.4) a special case of the above corollary.

2.7 Discriminant

Definition 2.7.1. Let B be a ring and let A be a subring of B such that B is a
free A-module of finite rank n. For (z1,...,z,) € B™ we call the discriminant
of the set (x1,...,2,) the element of A defined by the relation

disc(w1,...,2,) = det(Trp s (zi15)). (2.7.2)
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Proposition 2.7.3. If (y1,...,yn) € B™ is another set of elements of B such
that y; = Z?Zl a;jx; with a;; € A, then

disc(y1, . .., yn) = (det(a;;))? disc(z1, . . ., ).

Proof.

Tr(ypyq) = Tr()  apiaggmizs) = Y apiag; Tr(wiz;).
¥ ¥

This gives the matrix equation: (Tr(ypy,)) = (api)(Tr(z;x;)) - “(aq;) (where ‘M
denotes the transpose of the matrix M). To complete the proof it suffices to
take determinants. O

Proposition 2.7.3 implies that the discriminants of bases for B over A are
associates in A; i.e. the matrix (a;;) which expresses one basis in terms of
another has an inverse with entries in A. Therefore both det(a;;) and det(a;;)~*
are units in A. We may thus formulate the following definition :

Definition 2.7.4. Under the hypotheses of Definition 2.7.1 we call the prin-
cipal ideal of A generated by the discriminant of any basis of B over A the
discriminant of B over A. We denote it Dp /4.

Proposition 2.7.5. Suppose that ®Dp,4 contains an element which is not a
zero-divisor. Then, in order that a set (x1,...,x,) € B™ be a basis for B over
A, it is necessary and sufficient that disc(z1,...,x,) generate D/ 4.

Proof. Necessity has already been proved. Suppose that d = disc(xy,...,2,)
generates D/ 4. Let (e1,...,e,) beabasis of Bover A. Put d’ = disc(ey,...,e,)
and z; = Z?Zl aije; with a;; € A. Then d = det(a;j)?d’. By hypothesis
Ad = D4 = Ad'. Thus there exists b € A such that d’ = bd. Tt follows
that d(1 — bdet(a;;)?) = 0. We know that d is not a divisor of zero, since
otherwise every element of Ad = Dp/4 would be a divisor of zero. Therefore
1 — bdet(a;;)* = 0. This shows that det(a;;) is invertible, so the matrix (a;;)
must be invertible, too. Consequently, (z1,...,z,) is a basis of B over A. [

Proposition 2.7.6. Let K be a field which is finite or of characteristic 0, let L
be an extension of finite degree n of K, and let o4, ...,0, be the n distinct K-
isomorphisms of L into an algebraically closed field C' containing K (Theorem
2.4.4). Then, if (x1,...,2,) is a basis for L over K, we have

disc(w1, ..., 2,) = det(o;(z;))? # 0. (2.7.7)
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Proof. The first equality follows from a simple calculation
disc(z1, ..., zy,) = det(Tr(z;z;)

= det(Y on(x: X))

k
= det(z ok(zi)ok(x;))
k
= det(ox(z;)) - det(ox(z;))
= det (o ()%
It remains to show that det(o;(z;)) # 0. We look for a contradiction. If
det(oi(x;)) = 0, there exist u1, ..., u, € C, not all zero, such that >, u;0:(x;) =
0 for all j. By linearity we conclude that > ; u;0:(x) = 0 for all # € L. This
contradicts the following lemma. O

Lemma 2.7.8 (Dedekind). Let G be a group, C a field, and let oy, ...,0, be
distinct homomorphisms of G into the multiplicative group C*. Then the o;’s
are linearly independent over C' (i.e. Y w;0:(9) = 0 for all g € G implies that
all the u;’s are zero).

Proof. If the ¢;’s are linearly dependent, consider a non-trivial relation El jUio; =
0, (u; € C) such that the number ¢ of the w;’s which are non-zero is minimum.
After renumbering, we may suppose that

u1o1(g) + - +uq04(g) =0 forall geG. (2.7.9)

We have ¢ > 2 since the o;’s are not zero. For g and h arbitrary in G, we see
that

u101(hg) + -+ + uqoq(hg) = uro1(h)o1(g) + -+ + ugoq(h)oq(g) = 0.
Multiply 2.7.9 by o1(h) and subtract. It becomes

uz(01(h) = 02(h))or(g) + - - + ug(o1(h) = g4(h))ag(g) = 0.

As this holds for any ¢ € G and as g has been chosen as small as possible, it
follows that wua(o1(h) — o2(h)) = 0. Thus o1(h) = oa(h) for all h € G, since
uo # 0. But this contradicts the hypothesis that the o;’s are distinct. O

Remark 2.7.10. Under the conditions of Proposition 2.7.6, the relation disc(z1, . .., z,) #
0 means that the bilinear form (z,y) — Trp g (zy) is non-degenerate, i.e.
Trp/k(vy) = 0 for all y € L implies x = 0. Thus the K-linear mapping which
attaches to each z € L the K-linear form s,: y + Trp,x(xy) is an injection
of L in its dual Homg (L, K) (for the structure of vector space over K). As
L and Homg (L, K) are of the same finite dimension n over K, it follows that
T — S is a bijection. The existence of “dual bases” of a vector space and its
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dual implies that, for any basis (x1,...,2,) of L over K, there exists a basis
(Y1, --,Yn) such that

TI'L/K(.’L‘Z‘yj) = 57;j (1 < i,j < n) (2.7.11)
This remark will prove useful.

Theorem 2.7.12. Let A be an integrally closed domain, let K be its field of
fractions, L an extension of finite degree n of K, and A’ the integral closure of
A in L. Suppose K is of characteristic 0. Then A’ is an A-submodule of a free
A-module of rank n.

Proof. Let (z1,...,x,) be a basis of L over K. Each z; is algebraic over K, so,
we have anx?—i—an,lx?*l +---4+ap=0witha; € Afor j =0,...,n. We may
assume a,, # 0 by multiplication by a power of s;; by multiplication by a?~1!,
we see that a,z, is integral over A. Put z} = a,z;. Then (2f,...,2)) is a basis
for L over K contained in A’.

According to the remark preceding this theorem, there is another basis
(y1,...,yn) of L over K such that Tr(zjy;) = d;; (2.7.11). Let z € A’. Since
(Y1,-..,Yn) is a basis for L over K, we may write z = Z;‘L=1 biy; with b; € K.
For any ¢ we have 2}z € A’ (since 2} € A’). Therefore, Tr(x}z) € A (Corollary
2.6.8). Thus,

Tr(a}z) = () bjwjy;)
i
=D b Tr(x})
i
= bidy

= b;.

We may conclude that b; € A for all 4, which implies that A’ is a submodule of
the free A-module 327, Ay;. O

Corollary 2.7.13. Add to the hypotheses of Theorem 2.7.12 the assumption
that A is a PID. Then A’ is a free A-module of rank n.

Proof. A submodule of a free A-module is, under our additional assumption,
free (Theorem 1.5.1, (b)) and of rank < n. On the other hand we have seen in
the course of the proof of Theorem 2.7.12 that A’ contains a basis of L over K.
Therefore, it is of rank n. O

Remark 2.7.14. As an exercise, the reader who is not familiar with the content
of Remark 2.7.10 may want to look for a more computational proof of this
theorem: with the notations defined above, set d = disc(z],...,]) and show
that, if z = )", ¢;z} (¢; € K) is integral over A, then dc; € A (calculate Tr(za’;)

J
and use Cramer’s rule).
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An example of the calculation of a discriminant

Let K be a field which is finite or of characteristic 0, let L = K[z] be an
extension of finite degree n of K, and let F/(X) be the minimal polynomial of x
over K. Then

n(n—1)

dise(l,z,...,2" ") = (=1)" = Ny, x(F'(z)) (2.7.15)

(where F'(X) denotes the derivative of F(X)). Denote by 1, ..., z, the roots
of F(X) in an extension of K; they are conjugates of = (Proposition 2.3.11, and
Section 2.4). We see that

disc(a,z,..., 2" ') = det(o;(¢')* (by Proposition 2.7.6)

= det(z})?
(_1)n(n—1)/2 det(z)? = [H(xl — :rj)]2 (Vandermonde)
=TI ] @i =)
1<j £

(for the F’(x;)’s are the conjugates of F’'(x)). In particular, applying (2.7.15)
to the case where F(X) is a trinomial X™ + aX + b (a and b € K). Putting
y = F'(x), we obtain

y=nz""'4+a=—(n—-1)a—nbr?
(since 2" + ax + b = 0, whence na" ! = —na — nbz~!). We obtain from this
x = —nb(y+ (n—1)a)~!. The minimal polynomial of y over K is the numerator

of F(—nb(Y + (n — 1)a)™1); the result of the computation is
(Y +(n—1a)" —na(Y + (n — 1)a)" ' + (=1)"p" L.
The norm of y is (—1)" times the constant term of this polynomial, i.e.
n"p" "t + (=1)" " (n — 1)"ta".

Thus,

disc(1,z, ..., 2" 1) = [n" + (=1)" Y (n — 1)" e (-1)"*" Ve (2.7.16)
For n = 2 (respectively, 3) we rediscover the well-known expressions 4b — a?
(respectively, —4a® — 27b?).
2.8 The terminology of number fields

We call any finite (and therefore algebraic) extension of Q, an algebraic number
field (or number field). For a number field K, the degree [K : Q)] is called the
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degree of K. A number field of degree 2 (respectively, 3) is called a quadratic
field (cf Section 2.5) (respectively, cubic field). Note that a number field always
has characteristic 0.

The elements of a number field K which are integral over Z are called the
integers of K. They form a subring A of K (Corollary 2.1.7). This ring A is a
free Z-module of rank [K : Q] (Corollary 2.7.13). The discriminants of the bases
of the Z-module A differ by a unit in Z (Definition 2.7.4), a unit which is even a
square in Z (Proposition 2.7.3). This can only be +1, i.e. the discriminant of the
Z-module A is a well-defined element of Z. It is called the absolute discriminant,
or the discriminant of K.

As the nunber field K determines the ring A of integers of K in a unique
fashion, we often make the abuse of language to attribute to K notions which
are defined relative to A. Thus when we speak of ideals (or units) of K, we
mean ideals (or units) of A.

2.9 Cyclotomic fields

We call any number field generated over Q, by roots of unity a cyclotomic field.
Given a prime number p, we write ¢ for a primitive pth root of unity (in C for
example). We are going to study the cyclotomic field Q[¢]. The number ( is a
root of the polynomial X? — 1. Since ¢ # 1, it is also a root of the polynomial
)){;’:11 = XP~1 4 XP=2 1 ... + X + 1, which is called a cyclotomic polynomial.
It is not obvious that this polynomial is irreducible over Q, (i.e. that the field
Q[¢] is of degree p — 1). In order to prove that this is indeed the case we need

the following

Proposition 2.9.1 (Eisenstein’s irreducibility criterion). Let A be a PID, p a
prime element of A, and

FX)=X"+a, 1 X" ' +... a1 X +ag € A[X]

such that p divides a; (0 <i<n—1) and p? does not divide ag. Then F(X) is
irreducible over the field of fractions of A.

Proof. Suppose that F = G - H with G and H € K[X], both G and H monic
polynomials. The roots of F' are integral over A. Any root of G (resp. H) is
a root of F, therefore also integral over A. The coefficients of G (resp. H) are
sums of products of roots of G (resp. H); they are therefore also integral over
A (Proposition 2.1.5). Since A is a PID, it is integrally closed (Example 2.2.3).
Therefore G € A[X] and H € A[X].

Now let F', G, and H be the images of F,G, and H in (A/Ap)[X],so F = GH.
According to the hypothesis on the a;’s we have FF = X™. Since A/Ap is
an integral domain, the factorization X™ = G - H is necessarily of the form
X" = X4. X" 9 (since G and H are monic), thus G = X9 and H = X"~ 9. If
G and H are both non-constant, then p divides the constant terms of both G
and H. Therefore p? divides the constant term ag of F, and this contradicts
the hypothesis. Thus, either G or H is constant, and F is irreducible. O
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Example 2.9.2. The polynomial X3 — 2X + 6 is irreducible over Q (take p =
2,A=17).

Theorem 2.9.3. For any prime number p the cyclotomic polynomial XP~' +
XP=2 4 ...+ X +1 is irreducible in Q[X].

Proof. Put X =Y + 1. Then

X
XP*1+XP*2+...+X+1:X7

Then p divides each of the binomial coefficients (?), but p? does not divide the

constant term (¥) = p. Thus Fy(Y) is irreducible by Eisenstcin’s criterion, so is
the cyclotomic plynomial XP~1 4+ XP=2 +... + X + 1. O

Let ¢ be a primitive pthe root of unity. By Theorem 2.9.3, the field Q[(] is
of degree p — 1; so (1,¢,...,(P72) is a basis of Q[¢] over Q. We are going to
study the ring of integers of Q[¢] and show that it is Z[(].

For this purpose we need to calculate some traces and norms (we write
Tr(z) and Nm(x) in place of Trg()/q(z) and Nmg(¢)/g(z)). Let us note that
the conjugates of zeta over Q are the (7’s (j = 1,...,p — 1) (Theorem 2.9.3).
The irreducibility of the cyclotomic polynomial implies immediately

Tr(() =—1 and Tr(l)=p—1. (2.9.4)
Therefore, Tr(¢?) = —1 for j =1,...,p— 1, and thus
Tr(1-¢) =Tr(1-¢*) =---=Tr(1-¢* 1) =p. (2.9.5)

On the other hand,the calculation done in Theorem 2.9.3 shows that Nm(¢{ —
1) = (=1)?~1p, from which it follows that Nm(1—¢) = p. As the norm of (1—()
is the product of the conjugates of 1 — {, we have

p=01-@~¢)(1-¢"). (2.9.6)

Let us write A for the ring of integers in Q[¢]. Evidently a contains ¢ and its
power. We are going to show that

A1 - NZ=pZ (2.9.7)

We know that p € A(l — ¢) by (2.9.6). Thus, A(1 —{)NZ D pZ. Since pZ is a
maximal ideal of Z, the relation A(1 — () NZ # pZ implies A(1 — ) NZ_Z, i.e.
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that 1 — ( is a unit in A. But in this case the conjugates 1 — ¢/ of 1 — ¢ must
also be units; p must be a unit in AN Z by (2.9.7); and thus p~! must belong
to Z, which is absurd (A§ 2, Example 2.2.3). Let us show that, for any y € A,

Tr(y(1 - () € A(1 - Q); (2.9.8)

Each conjugate y;(1 — ¢?) of y(1 — ¢) is a multiple (in A) of 1 — ¢/, which is
itself a multiple of 1 — ¢, since

1= =01-00+¢+---+7).
Since the trace is the sum of the conjugates, we have

Tr(y(1 = ¢)) € A(L = Q).

Now (2.9.8) follows immediately from (2.9.7), for the trace of an integer belongs
to Z (Corollary 2.6.8).
Now we are ready to determine the ring of integers of Q[(].

Theorem 2.9.9. Let p be a prime number and ( a primitive pth root of unity
in C. Then the ring A of integers of the cyclotomic field Q[(] is Z[(], and
(1,¢,...,CP72) is a basis of the Z-module A.

Proof. Let x = ag + a1{ + -+ + ap—2CP~2 (a; € Q) be an element of A. Then
r(1—¢) =ao(1—C)+ai((— ¢+ +apofCP 2 —¢P7Y).
Taking traces and making use of (2.9.4) and (2.9.5), we obtain
Tr(xz(1 —¢)) = ap Tr(1 — ¢) = agp.
By (2.9.8) pag € pZ, so ag € Z. Since (! = (P71, (71 € A, thus
(—a){ ' =a1+ax(+ - +a, 2P %€ A

By the same argument as before, a; € Z. Applying the same argument succes-
sively, we conclude that each a; € Z O

Remark 2.9.10. The results of this section easily extend to the case of cyclotomic
fields Q[t] where tis a primitive pth root of unity (p prime). Such a field is of
degree p"~!(p — 1), and its ring of integers is Z[t]. The minimal polynomial of
t over Q is

Xr —1
Xpt 17

r—

Xpr_l(Pfl)_’_Xprfl(p_Z)_’_.”_’_XP 1_|_]_:



Chapter 3

Noetherian rings and
Dedekind rings

The reader who wonders why we discuss Dedekind rings can refer to Section
3.4, and read the example and the discussion following Theorem 3.4.2. Noethe-
rian rings, which we first study a minimum properties, are more general than
Dedekind rings. We define Noetherian rings in order to place these properties
in their natural context, as well as because Noetherian rings are of fundamen-
tal importance in other areas of algebra and in algebraic geometry. Finally,
the generalisation of certain results regarding Noetherian rings to the case of
Noetherian modules is another example of “linearisation”, a technique whose
power the reader has already observed.

3.1 Noetherian modules and rings

In Section 1.4, we proved the following;:

Theorem 3.1.1. [= Theorem 1.4.2] Let A be a ring and M an A-module. The
following conditions are equivalent.

(a) Every non-empty family of submodules of M contains a mazimal element.
(b) Every ascending sequence of submodules of M is stationary.

(c) Every submodule of Mis of finite type.

Definition 3.1.2. An A-module M is said to be Noetherian if it satisfies the
equivalent conditions of Theorem 3.1.1. A ring A is said to be Noetherian if,
considered as an A-module, it is a Noetherian module.

We have seen (Corollary 1.4.4) that a PID is Noetherian.

Proposition 3.1.3. Let A be a ring, E an A-module, and E’ a submodule of E.
In order that E be Noetherian it is necessary and sufficient that E' and E/E’
be Noetherian.

37
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Proof. First, we prove necessity. Suppose F is Noetherian. The lattice of sub-
modules of E’ (respectively, E/E’) is isomorphic to the lattice of submodules
of E contained in E’ (respectively, containing E’). Thus E’ and E/E’ are
Noetherian by Theorem 3.1.1 (a) or (b).

Conversely, suppose E’ and E/E’ are Noetherian. Let (F,),>0 be an in-
creasing sequence of submodules of E. As E’ is Noetherian, there is an integer
ng such that F,, N E' = F,,;1 N E’ for all n > ng. As E/E’ is Noetherian, there
is an integer n; such that

(F,+E")/E = (Fuy1 + E')/E for all n > n;.

Therefore, (F,, + E') = (F41 + E’) for n > ny. Take n > sup(ng,ni). We
shall show that F,, = F, 1. It suffices to show that F,,+1 C F,. To see this
take x € Fj,41. Since F,, + E' = F,, 41 + F’, there exists y € F}, and 2/, 2" € E'
such that x + 2’ = y + 2. Thus, x —y = 2/ — 2’ € F,y1 N E’. Note that
F,NE =F, 1NE'. Thus, since x —y and y € F,, v € F, too. We conclude
that F,+1 = F, for all n > sup(ng,n1), thus F is Noetherian by Theorem 3.1.1
(b). O

Corollary 3.1.4. Let A be a ring and let E1, ..., E, be Noetherian A-modules.
Then the A-module product H?:l E;, is Noetherian.

Proof. For n = 2, E1 may be identified with the submodule E x (0) of Ey x Es
and the corresponding residue module is isomorphic to Fy. Our assertion follows
from Proposition 3.1.3. The general case is proved by induction on n. O

Corollary 3.1.5. Let A be a Noetherian ring and let E be an A-module of finite
type. Then E is a Noetherian module (and, therefore, all its submodules are of

finite type).

Proof. By Section 1.4, E is isomorphic to a residue module A™/R (n being the
cardinality of a finite set of generators of F). Corollary 3.1.4 implies that A™ is
Noetherian and this fact, combined with Proposition 3.1.3, implies that A™/R
is Noetherian too. O

3.2 An application concerning integral elements

Proposition 3.2.1. Let A be a Noetherian integrally closed ring (hence a do-
main). Let K be its field of fractions, L a finite extension of K, and A’ the
integral closure of A in L. Suppose that K is of characteristic 0. Then A’ is an
A-module of finite type and a Noetherian ring.

A/

L
K——A



3.3. SOME PRELIMINARIES CONCERNING IDEALS 39

Proof. We know that A’ is a submodule of a free A-module of rank n (Theorem
2.7.12). Thus A’ is an A-module of finite type (Corollary 3.1.5), and therefore
a Noetherian module (ibid.). On the other hand, the ideals of A’ are special
cases of A-submodules of A’. They satisfy the maximal condition (Theorem
3.1.1 (a)), so A’ is a Noetherian ring. O

Ezample 3.2.2. The ring of integers of a number field is Noetherian (take A =
Z,K = Q).

3.3 Some preliminaries concerning ideals

An ideal p of a ring A is said to be prime if the residue class ring A/p is an
integral domain. Equivalently, the relations © € A\p,y € A\p imply zy € A\p,
i.e. A\ p is stable under multiplication.

In order that an ideal m of A be mazimal (i.e. maximal among the ideals
of A distinct from A), it is necessary and sufficient that A/m contain no ideals
besides itself and (0), i.e. that A/m be a field. Thus, every maximal ideal is
prime. The converse is false, as the ideal (0) of Z is prime but not maximal.

Lemma 3.3.1. Let A be a ring, p a prime ideal of A, and let A’ be a subring
of A. Then pN A’ is a prime ideal of A'.

Proof. pN A’ is the kernel of the composition of the homomorphisms A" — A —
A/p, so there is an injective homomorphism A’/(p N A’) — A/p. Clearly, a
subring of an integral domain is an integral domain. O

Given two ideals a and b of a ring A, we define the product of a and b not
as the set of products ab where a € a and b € b (note this set is not an ideal
in general), but as the set of finite sums > a;b; of such products. One sees
immediately that ab is an ideal of A. We have:

abCanb

Remark 3.3.2. The two expressions are not always equal. In a PID the left-hand
side corresponds to the product of ideal generators and the right-hand side to
the least common multiple of generators.

Ideal multiplication is associative and commutative, and A acts as an identity
element in the monoid.

Remark 3.3.3. Given an A-module F, a submodule F, and an ideal a of A, we
define in the same way the product aF'. It is a submodule of F.

Lemma 3.3.4. If a prime ideal p of a ring A contains a product ai,as,...,a,
of ideals, then p contains at least one of the ideals a;.

Proof. If a; ¢ p for any i, then there exists a; € a; such that a; ¢ p for all
i. Therefore, ai---a, ¢ p, since p is prime. But ay---a, € a;---a,, which
contradicts the hypothesis of the lemma. O
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Lemma 3.3.5. In a Noetherian ring every ideal contains a product of prime
ideals. In a Noetherian integral domain A, every mon-zero ideal contains a
product of non-zero prime ideals.

Proof. We are going to make use of a reasoning typical in the theory of Noethe-
rian rings. Let us prove the second assertion (the proof of the first is analogous;
it suffices to delete the word “non-zero” three times). We look for a contradic-
tion. Assume that the collection ® of non-zero ideals of A which contain no
product of non-zero prime ideals is not empty. Since A is Noetherian, ® con-
tains a maximal element b (Theorem 3.1.1, (a)). The ideal b cannot be prime;
otherwise b would contain the product of the family reducing to b, thus would
not belong to ®. Thus, there exist 2,y € A\ b such that xy € b. Then the
ideals b + Ax and b + Ay contain b as a proper subset. Therefore, since b is
maximal, they do not belong to ®. It follows that they both contain products
of non-zero prime ideals:

b+AxrDpr---p, and b+Ay Dqi---q,.
Since zy € b, we have
(b+ Ax)(b+ Ay) C b, whence p1---ppg1---q, Cb,

a contradiction. O

Now let A be an integral domain and let K be its field of fractions. We call
any A-submodule I of K for which there exists d € A,d # 0 such that I C A a
fractional ideal of A (or of K with respect to A). This means that the elements of
I have a “common denominator” d € A. The ordinary ideals of A are fractional
ideals (with d = 1). We sometimes call them integral ideals to distinguish them
from fractional ideals. Any A-submodule I of finite type contained in K is a
fractional ideal. This follows from the fact that, if (z1,...,z,) is a finite set of
generators for I, the z;’s have a common denominator d (e.g. the product of
the denominators d; where x; = a,»d;l. with a;,d; € A), and d is a common
denominator for I. Conversely, if A is Noetherian, any fractional ideal I is an
A-module of finite type, i.e I C d~'A and d~' A being an A-module isomorphic
to A, is a Noetherian module.

We define the product I1' of two fractional ideals I and I’ as the set of finite
sums > x;y; where x; € I and y; € I'. If T and I’ are fractional ideals, with
common denominators d and d’ then the sets

Inr, r+r, 1r
are all fractional ideals. They are clearly A-submodules of K and they have

as common denominators d (or d'), dd’ and dd’, respectively. The non-zero
fractional ideals of A constitute a commutative monoid under multiplication.



3.4. DEDEKIND RINGS 41

3.4 Dedekind rings

Definition 3.4.1. A ring A is called a Dedekind ring if it is Noethenan and
integrally closed (hence is an integral domain), and if every non-zero prime ideal
of A is maximal.

The ring Z, and more generally any PID, is a Dedekind ring. The following
theorem implies that the ring of integers in a number field is a Dedekind ring:

Theorem 3.4.2. Let A be a Dedekind ring, K its field of fractions, L an
extension of finite degree of K, and A’ the integral closure of A in L. Assume
K is of characteristic 0. Then A’ is a Dedekind ring and an A-module of finite
type.

K——A

Proof. The ring A’ is integrally closed by construction. It is Noetherian and
an A-module of finite type by Proposition 3.2.1. It remains to show that every
prime ideal p # (0) of A’ is maximal. For this purpose choose an element
x € p’\ (0) and consider an equation of integral dependence of x over A, the
degree of which is a minimum.

2"+ ap_ 12"+t ar+ag=0 (a; € A). (3.4.3)

Then ag # 0, since otherwise one could factor out an x and obtain an equation of
lower degree. By (3.4.3), we have ag € A’zNA C p’NA. Therefore, p’NA # (0).
Since p’ N A is a prime ideal of A (Lemma 3.3.1), we see that pN A is a maximal
ideal of A and A/(p’ N A) is a field. But A/(p’ N A) may be identified with a
subring of A’/p’, and A’/p’ is integral over A/(p’ N A) (since A’ is integral over
A). Thus A’/y’ is a field (Proposition 2.1.10), so p’ is maximal. O

Remark 3.4.4. Interest in Dedekind rings arises from the fact that the ring of
integers in a number field is a Dedekind ring, but not always a PID.

Ezample 3.4.5. Consider the ring of integers A = Z[/—5] in Q[v/—5] (Theorem
2.5.6). Observe that

(1+V5)(1—V5)=2--3. (3.4.6)
The norms of the four factors are, respectively, 6,6,4, and 9. Note that 1 + /5

can have no non-trivial divisor in A, since the norm of such a divisor would have
to be a non-trivial divisor of 6. This is impossible, because the equations

a®+502=2 and a®>+5b2=3

have no solutions in Z. If A were a PID, the element 1+ v/5, which divides the
product 2 -3 by (3.4.6), would have to divide either 2 or 3. But then, taking
norms, we see that 6 would divide 4 or 9, which is not the case.
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Remark 3.4.7. Historically, the arithmetician Kummer (1810-1893) observed
that the rings of integers in certain number fields were not PIDs (in fact, cer-
tain cyclotomic fields; Kummer observed this in connection with his work on
Fermat’s equation, cf. Section 1.2). In order, at least in part, to get around
this inconvenience, he and Dedekind (1831-1916) introduced the notion of ideal.
Dedekind then studied the rings which now carry his name. The most impor-
tant property of PIDs is unique factorization into products of primes. There is
an elegant generalisation of this property to the case of Dedekind rings. In a
Dedekind ring ideals factor uniquely into products of prime ideals. There are
many interesting consequences of this unique factorisation, which we intend now
to describe precisely and prove.

Theorem 3.4.8. Let A be a Dedekind ring which is not a field. Every mazimal
ideal of A is invertible in the monoid of fractional ideals of A.

Proof. Let m be a maximal ideal of A. Then m # (0), since A is not a field.
Put
m ={reK|zmcC A} (3.4.9)

Clearly, m’ is an A-submodule of K; any nonzero element of m serves as a
common denominator for the elements of m’. Thus m’ is a fractional ideal of A.
It suffices to show that mm’ = A. We see that (3.4.9) implies that mm’ C A;
on the other hand, A C m’ (since m is an ideal), so m = Am C m'm. As m is
maximal and m C m'm C A, either m'm = A or m'm = m. It remains to show
that m’m = m is impossible.

For this purpose take a non-zero element a € m. The ideal Aa contains a
product p1ps - - - p,, of non-zero prime ideals ( Lemma 3.3.5). We may take n as
small as possible. We have m D Aa D pips---py, which means that m D p;,
for some i (Lemma 3.3.4), say ¢ = 1. As p; is maximal by hypothesis, m = p;.
Put b =ps---p,. Then Aa D mb and Aa 5 b, since n was chosen as small as
possible. There thus exists b € b such that b ¢ Aa. Since mb C Aa, mb C Aa,
whence mba~! C A. According to the definition (3.4.9) of m’, this means that
ba~! € m’. But, since b ¢ Aa, ba=! ¢ A. Thus m’ # A. O

Theorem 3.4.10. Let A be a Dedekind ring and let P be the set of non-zero
prime ideals of A. Then

(a) Every non-zero fractional ideal b of A may be uniquely expressed in the form

b= ][ p® (3.4.11)
peP
where ny(b) € Z and, for almost all p € P, n,(b) =0.

(b) The monoid of non-zero fractional ideals of A is a group.

Proof. First we prove the existence of (a), i.e. that any fractional ideal b is a
product of powers (> 0 or < 0) of prime ideals. There exists d € A\ (0) such
that db C A, i.e. such that db is an integral ideal of A, b = (db) - (Ad)~!. We
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may, without loss of generality, prove (a) for integral ideals. Proceeding as in
Lemma 3.3.5, we consider the collection ® of non-zero ideals in A which are not
products of prime ideals. Suppose that ® is not empty. Let a be a maximal
element of ® (A is Noetherian). Then a # A, since A is the product of the empty
collection of prime ideals. So a is contained in a maximal ideal p, which is thus
a maximal element in the collection of non-trivial ideals of A which contain a.
Let p’ be the inverse fractional ideal of p. Since a C p, ap’ C pp’ = A. As
p’ D A, ap’ D a and indeed ap’ # a; in fact if ap’ = a and if z € p’, then za C a,
x2"a C a for all n,z integral over A, and = € A (as in Theorem 3.4.8). But this
is impossible, since p’ # A (otherwise p’ = A and pp’ = p). According to the
maximality of a in @, we have ap’ ¢ ®, so ap’ = py---p,, a product of prime
ideals. Multiplying by p, we see that a = pp; ---p,,. Thus every integral ideal
of A is a product of prime ideals.
Let us consider next the uniqueness of (a). Suppose that

H pn(®) = H P e, H p®)=m) — 4

peP peEP peEP

If n(p) — m(p) # 0 for some prime ideals p € P, we may separate the positive
and negative exponents and write:

where p;,q; € P,ay, 35 > 0,p; # q; for all 4 and j. Thus p; contains q*fl R
p1 D q; for some j (Lemma 3.3.4), say p1 D qi. But p; and g; arc both
maximal, which implies p; = q1, a contradiction. Finally (3.4.12) implies that
[T,cpp ) is the inverse of b and this proves (b). O

Remark 3.4.13. We have just seen that the monoid I(A) of non-zero fractional
ideals of a Dedekind ring is a group. The principal fractional ideals (i.e. those
of the form Az,z € K*) form a subgroup F(A) of I(A) (since (Az) - (Ay)~! =
Azy~1'). The residue class group C(A) = I(A)/F(A) is called the ideal class
group of A. In order that A be a PID, it is necessary and sufficient that C(A)
consist of a single element.

Let us complete this section with some formulas, in which n,(b) denotes
the exponent of p in the factorisation of b into a product of prime ideals (cf.
(3.4.11)).

ny(ab) = ny(a) +n,(b) (proof obvious) (3.4.14)

bCAen,(b) >0 forall peP (3.4.15)

(= seen in the course of the proof of Theorem 3.4.10; < obvious)
aCb<sny(a) >ny(b) forall peP. (3.4.16)
(a C b means the same as ab=! C A. Now apply (3.4.14) and (3.4.15)).

np(a+ b) = inf(ny(a),ny (b)) (3.4.17)
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(a + b is the least upper bound of a and b for ideal inclusion; to complete the
proof use (3.4.16)).
ny(aNb) =sup(ny(a),ny(b)) (3.4.18)

(analogous argument involving greatest lower bounds; again use (3.4.16)).

3.5 The norm of an ideal

In this section, K denotes a number field, n its degree, and A the ring of integers
of K. We write Nm(z) in place Nmg /g ().

Proposition 3.5.1. If x is a non-zero element of A, then |[Nm(z)| = card(A/Ax).

Note that, since z € A, we have Nm(z) € Z (Corollary 2.6.8), so the preced-
ing formula makes sense.

Proof. Wc know that A is a free Z-module of rank n (Section 2.8), and Ax is
a Z-submodule of A. It is also of rank n, since multiplication by z maps A to
Az is a bijection. According to Theorem 1.5.1, there exists a basis (eq, ..., ey)
of the Z-module A together with elements ¢; of N such that (c;eq,...,cneyn) is
a basis of Ax.

Furthermore, the abelian group A/Az is isomorphic to the finite abelian
group [[;~,(Z/c;Z) whose order is cica - - - ¢,. Write u for the Z-linear mapping
of A on Az defined by u(e;) = c;e; fori =1,...,n. We have det(u) = c1ca - - ¢y.
On the other hand (xey,---,xe,) is also a basis for Axz. There is thus an
automorphism v of the Z-module Az such that v(c;e;) = ze;. Then det(v)
is invertible in Z, so det(v) = 1. But v - u is multiplication by z, and its
determinant is, by definition, Nm(z) (Definition 2.6.4). Since det(v-u) = det(v)-
det(u), we may conclude that Nm(z) = +¢jcq - -+ ¢, = £ card(A/Ax). O

Definition 3.5.2. Given a non-zero integral ideal a de A, we call the number
card(A/a) the norm of a and denote it by Nm(a).

Let us observe that Nm(a) is finite. In fact, if a is a non-zero element of
a, then Aa C a, and A/a may be identified with a quotient of A/Aa (by the
first isomorphism theorem). Thus card(A/a) < card(A/Aa), which is finite by
Proposition 3.5.1. On the other hand we saw that, for a principal ideal Ab,
Nm(Ab) = |Nm(b)|.

Proposition 3.5.3. If a and b are both non-zero integral ideals of A, then
Nm(ab) = Nm(a) Nm(b).

Proof. The ideal b factors into a product of maximal ideals (Theorem 3.4.10),
and it suffices to show that Nm(am) = Nm(a) Nm(m) for m maximal. Since
am C a, we have card(A/am) = card(A/a) card(a/am). It thus suffices to show
that card(a/am) = card(A/m). Now a/am is an A-module annihilated by m,
which means it may be considered as a vector space over A/m. Its subspaces
are its A-submodules; and they are of the form q/am, where q is an ideal such
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that am C q C a. But formula (3.4.16) implies that there are no ideals between
am and a. Therefore, the vector space a/am is of dimension one over A/m. This
means that card(a/am) = card(A/m). O
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Chapter 4

Ideal classes and the unit
theorem

The present chapter is devoted to two important finiteness theorems. Some
tools from analysis, (called Minkowsky’s Geometry of Numbers and borrowed
from topology and integration in R™) will be used.

4.1 Preliminaries concerning discrete subgroups
of R"

A subgroup H of R™ is discrete if and only if, for any compact subset K of R™,
the intersection H N K is finite. A typical example of a discrete subgroup of R"
is Z". We are going to show that it is almost the only one:

Theorem 4.1.1. Let H be a discrete subgroup of R™. Then H is generated (as
a Z-module) by r vectors which are linearly independent over R (so r < n).

Proof. Let (eq,...,e,) be a set of elements of H which are linearly independent
over R, where r is as large as possible (again, r < n). Let

P={zeR" |x:2aiei,0§ai <1}, (4.1.2)

j=1

the parallelotope constructed on these vectors. Clearly P is compact, so PN H
is finite. Take € H. From the maximality of the set (ey,...,e,) it follows that
z=Y_, Nie;,\; € R. For j € Z set

T

zp=jr—Y [iXile; (4.1.3)

=1

47
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(where [u] denotes the largest integer less than or equal to 1 € R). Thus,

T

zj =Y (ih = [ix)es,

=1

from which it follows that z; € P and by (4.1.3) ; € PN H. If one notices
that z = z1 + >, [\i]e; one sees that the Z-module H is generated by PN H
and is thus of finite type.

On the other hand, since PN H is finite and Z is infinite, there exist distinct
integers j and k such that z; = ). It follows from (4.1.3) that (j — k)\; =
[7Ai] — [kA:], which implies that the \;’s are rational. Thus the Z-module H is
generated by a finite number of elements which are linear combinations with
rational coefficients of the e;’s. Let d be a common denominator (d € Z,d # 0)
of these coefficients. Clearly, dH C >_!_; Ze;. Thus there exists a basis (f;)
of the Z-module }";_, Ze; and integers a; such that (a1 fi,..., . f,) generates
dH (Theorem 1.5.1). Since the Z-module dH has the same rank as H and since
H > Y, Ze;, the rank of dH is > r. Therefore, the rank of dH equals r and
the a;’s are non-zero. We may conclude that the f;’s are, like the e;’s, linearly
independent over R. The module dH, and consequently H itself, is generated
(over Z) by r vectors linearly independent over R. O

Ezample 4.14. Let t = (04,...,0,) € R™ such that at least one of the 6,’s is
irrational. Write (eq,...,e,) for the canonical basis of R™ and let H denote
the subgroup of R™ generated by (eq,...,en,t). The group H is not discrete;
otherwise the methods employed in the proof of Theorem 4.1.1 would provide us
with an expression for ¢ as a rational linear combination of the e;’s, an absurdity.
Therefore, for any € > 0 there exists a non-zero element of H whose distance
from 0 is smaller than e. Therefore, there exist integers p; € Z,q € N,qg # 0
such that |g8; — p;| < €, which means that

<& forall i=1,...,n.
q

[
q

Let us remark that, simply by picking the multiple n;/q of 1/q nearest 6;, we
would obtain the cruder approximation

i 1
gi_i §%7(ni62) for any ¢ >0

q

The result proved in the last paragraph is a basic theorem in the very rich the-
ory of approximation of irrational numbers by rationals. The reader interested
in learning more about this subject should consult Koksma, “Diophantische Ap-
proximation”, Berlin (Springer), 1936.

Definition 4.1.5. A discrete subgroup of rank n of R” is called a lattice in R".

By Theorem 4.1.1 a lattice is generated over Z by a basis of R™, which is
then a Z-basis for the given lattice. For each Z-basis e = (eq, ..., e,) of a lattice
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H we shall write P, for the half open parallelotope
P, = {Zaiei ‘ 0<a; < 1}.
i=1

Thus every point of R™ is congruent modulo H to one and only one point of
P, for any fixed e (we say, in this case, that P. is a fundamental domain for
H). We shall write p to denote the Lebesgue measure in R™; thus, if S is a
measurable subset of R™, u(S) will stand for its measure (which we will also call
its volume).

Lemma 4.1.6. The volume u(P,) is independent of the basis e chosen for H.
Proof. Let f = (f1,..., fn) be another basis of H. Then

n
fi = Zaijej with a5 € 7.
Jj=1

By calculus we know that p(Pf) = |det(cy;)|pw(Pe). The matrix (c;), being
associated with a change of basis, is invertible with an integer inverse matrix,
so det(ey;) = £1. Thus p(Pr) = p(Pe). O

The volume of the parallelotope P, associated with any basis e of H is called
the volume of the lattice H and is denoted v(H) (the word "volume" is here an
abuse of language since p(H) = 0; would it perhaps be better to speak of the
“mesh” of the lattice H?).

Theorem 4.1.7 (Minkowski). Let H be a lattice in R™ and let S be a measurable
subset of R™ such that u(S) > v(H). Then there exist two distinct points x,y €
S such that x —y € H.

Proof. Let e = (e1,...,e,) be a Z-base of H and let P, be the parallelotope
associated with e. Since P, is a fundamental domain for H, S is the disjoint
union of subsets of the form SN (h+ P.), (h € H). It follows that

u(S) =" ulSN(h+P) (4.1.8)

heH

Since p is translation invariant,
plS N (h+ P.)| = pl(=h + S) N P.].

The sets (—h + S) N P,,(h € H) cannot all be pairwise disjoint, otherwise
w(Pe) =2 3 hem pl(=h+S) N P.], which contradicts (4.1.8) and the hypothesis
w(Pe) = v(H) < p(S). Consequently, there exist two distinct elements h and
h' of H such that P. N (—=h + S)N(=h'+ S) # @. Let = and y be elements
of S such that —h+x = —h"+y. Thenz —y =h—h' € H and x # y, since
h#h. O
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Corollary 4.1.9. Let H be a lattice in R™ and let S be a measurable subset of
R™ which is symmetric with respect to 0 and convexr. Assume that S satisfies at
least one of the following two conditions:

(a) pu(S)>2"v(H) or

(b) u(S) >2™v(H) and S is compact.

Then SN (H\O0) # &.

Proof. In case (a) apply Theorem 4.1.7 to the set

§'= 35 (u(S") =27 u(S) > o(H))

Let y and 2 be distinct points of S’ such that y —z € H. Then y— z also belongs
to S, because y — z = 1(2y + (—22)) and S is both symmetric and convex.
Therefore, y — z € S™(H \ 0). To prove that case (b) also implies the conclusion
of the corollary apply case (a) to (1 +¢)S for € > 0. Thus, (H\0)N(1+¢)S
is a nonempty compact set (it is even finite, since it is compact and discrete).
Furthermore, N.so[(H \ 0) N (1 +¢€)S] # @, since an intersection of non-empty,
nested compact sets is never void. This means that there is a point of H \ 0
which belongs to (1+4¢)S for all € > 0, therefore, since S is compact, it belongs
to S, too. O

Remark 4.1.10. The hypothesis of compactness is needed in (b). Consider, as
a counter-example to (b) with compactness omitted, the open parallelotope

{Z'GR”|£C:Z>\1‘€Z‘, _1<>\i<1}

i=1

built on the basis e = (eq, ..., e,) and the lattice having e as a Z-basis.

4.2 The canonical imbedding of a number field

Let K be a number field and let n be its degree. We have seen (Theorem 2.4.4)
that there are n distinct isomorphisms o;: K — C. There are exactly n, because
the minimal polynomial for a primitive element of K over Q, (Corollary 2.4.6)
has only n roots in C. Let a: C — C be complex conjugation. Then, for any
i=1,...,n, a00; = 05,1 < j<mn,and o; = o; if and only if ¢;(K) C R.
Write 71 for the number of indices such that o;(K) C R. Then n—ry is an even
number 2ry SO we may write

1+ 2ry = n. (4.2.1)

Let us renumber the o¢;’s so that ¢;(K) C R for 1 < ¢ < r and so that
Ojtry(x) = 0j(x) for r1 +1 < j <1y + 7. Then the first r; 4+ rp isomorphisms
(0}s) determine the last r5. For z € K we define

o(x) = (o1(x),..., 00 4r,(x)) € R™ x C". (4.2.2)
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We call o the canonical imbedding of K in R™ x C"2; it is an injective ring
homomorphism. We shall frequently identify R"™ x C" with R"™ (cf. (4.2.1)).
The notations o, K,n,r; and o will be in use for the rest of this chapter.

Proposition 4.2.3. If M is a free Z-submodule of rankn of K, and if (x;)1<i<n
is a Z-basis of M, then o(M) is a lattice in R™, whose volume is given by

o(o(M) =27"| det (oi(a;))

1<4,j<n ‘ '

(4.2.4)

Proof. For fixed i the coordinates of o(x;) with respect to the canonical basis
of R™ are given by

01(Ti)s - Oy (@), R(07y 41 (20), S0, 41(25)) - R(Ory 4r2(@i), %(O’rﬁ(rz (Iz’)))-
4.2.5
Let us calculate the determinant D of the matrix whose ith column is given by
(4.2.5). Making use of the formulas R(z) = 3(z + z) and S(z2) = 5 (z — z) for
z € C and of the linearity of both R and &, we obtain D = £(2i)" det(o;(z;)).
Since the x;’s form a basis for K over Q, det(o(x;)) # 0 (Proposition 2.7.6)
and therefore D # 0. Thus the vectors o(x;) are linearly independent in R™, so
that the Z-module which they generate (call it o(M)) is a lattice in R™. The

calculation of D given above shows that (4.2.4) does give its volume. O

Proposition 4.2.6. Let d be the absolute discriminant of K, let A be the ring
of integers in K, and let a be a non-zero integral ideal of A. Then o(A) and
o(a) are lattices. Moreover,

v(o(A)) =27"2|d|*? and v(o(a)) =27"2|d|"/? Nm(a). (4.2.7)

Proof. We know that A and a are free Z-modules of rank n, so we may apply
Proposition 4.2.3. On the other hand, if (z;) is a Z-basis for A, then d =
det(o;(x;)? (Proposition 2.7.6). This proves the first formula in (4.2.7). The
second formula follows from the first and the observation that o(a) is a subgroup
of o(A) of index Nm(a) (Definition 3.5.2). A fundamental domain for o(a) may
obviously be constructed as the disjoint union of Nm(a) copies of a fundamental
domain for o(A). O

4.3 Finiteness of the ideal class group

Proposition 4.3.1. Let K be a number field, n its degree, r1 and ro the integers
defined in the beginng of Section 4.2, d the absolute discriminant of K, and a a
non-zero integral ideal of K. Then a contains a non-zero element x such that

4

N g(a)] < (W) a2 Nom ). (43.2)
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Proof. Let o be the canonical imbedding of K into R™ x C" (Section 4.2). Let
t be a positive real number and let B; be the set of all elements

(Yiy e vy Yryy 215 v o5 2ry) €E R™ x C™

such that
1 T2
Syl 2 )zl <t (4.3.3)
i=1 j=1

Then By is a set which is compact and convex and symmetric relative to 0 € R™.
By a calculation given in the appendix B

u(By) = 2" (f)rz tn (4.3.4)

2/) nl

Now choose t such that u(B;) = 2"v(c(a)), i.e. such that

ro T
2m (g) ’ — = 2"7"2|d|Y/2 Nm(a) (Proposition 4.2.6)

or such that t" = 2" 17~ "2n!|d|'/2 Nm(a). By Corollary 4.1.9, there exists a
non-zero element x € a such that o(z) € B;. Its norm has absolute value

71 T1+T2
INm(z)| = [Tlow@)| T] los(@).
i=1 j=ri+1
By the fact that the geometric mean never exceeds the arithmetic mean we have
1 r1 9 ri+r2 " n
M) < | S len@l+ 2 S o] < (w(43.3).
i=1 j=ri+1
Consequently,
1
Nm(z)| < —2" "7~ "2n!|d|*/% Nm(a),
n’ﬂ
which combined with the relation 1 4 2r5 = n, yields (4.3.2). O

Corollary 4.3.5. With the same notations, every ideal class of K (Section 3.4)
contains an integral ideal b such that

4\ nl
Nm(b)g() %\dP/Q. (4.3.6)

™

Proof. Let o’ be an ideal of the given class. By multiplying a’ by a principal
ideal we may suppose that a = a’~! is an integral ideal. Take a non-zero element
x € a for which (4.3.2) holds. Then b = za’~! is an integral ideal in the same
class as o/, and Nm(b) satisfies (4.3.6) by virtue of the multiplicativity of norms
(Proposition 3.5.3). O
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Corollary 4.3.7. Let K be a number field, let n be its degree, and let d be its
absolute discriminant. Then, for n > 2,

n—1
T (3T
d > = —
=5 (%)

and n/(log|d|) is majorised by a constant independent of K.

Proof. Since there is always a non-zero integral ideal b in K and Nm(b) > 1,
we obtain from (4.3.6) |d|'/? > (4/m)™n!/n". From 7/4 < 1 and 2ry < n we
conclude that |d| > a,,, where a,, = (7/4)"[n?"/(n!)?]. We observe that

2 2 2n
4y = % and a;bi:l = % (1 + n) = % (14 2+ positive terms)

(by use of the binomial formula), so a,41/an > +37/4. Hence, for n > 2,

72 (3r\" 2
d>—[=—

from which the inequality statement in the corollary is immediate. The uniform
majoration of n/log|d|) follows by taking logarithms. O

Theorem 4.3.8 (Hermite-Minkowski). For any number field K # Q, the ab-
solute discriminant d of K is # +1.

Proof. Using Corollary 4.3.7 we see that |d| > (7/3)(3w/4)"~1. Since 7/3 > 1
and 37/4 > 1, we have |d| > 1. O

Theorem 4.3.9 (Dirichlet). For any number field K the ideal class group is
finite (Section 3.4).

Proof. By Corollary 4.3.5 it suffices to show that, for every positive integer g,
the set of all integral ideals b of K which have ¢ as their norms is a finite set. For
such an ideal b we have card(A/b) = ¢ (Section 3.5). It follows that ¢ € b, since
(by Cauchy-Lagrange theorem) for any group the order of an element divides
the order of the group. Thus our ideals b are among those which contain Agq,
and there can be only finitely many such ideals (formula 3.4.16; or the finiteness
of A/Aq). O

Theorem 4.3.10 (Hermite). In C there are only finitely many number fields
with a given discriminant d.

Proof. By Corollary 4.3.7 the degree of such a field is bounded. We may suppose
n and the integers 1 and ro are given. Let K be such a field.
In R™ x C" consider the following set B:
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(a) If r1 > 0, B is the set of all elements (y1,...,Yr,21,--,2r,) € R™ x C"
such that

—r 1
<2 (3) TR <5 for i=2..m and
2 % (4.3.11)
|z;] < 5 for j=1,... 7.
(b) If 11 > 0, B is the set of all elements (z1,..., z.,) € C™ such that
1—nr 1
-z <2 (3) Y%+ <5 and
(4.3.12)

1
|zj|§§ for j=2,...,79.

Clearly, B is a compact and convex set which is symmetric about the origin in
R™ and which has volume 2"27"2|d|'/2! Writing o for the canonical imbedding
of K (Section 4.2), we obtain by means of Proposition 4.2.6 and Corollary 4.1.9
an integer x # 0 of K for which o(z) € B.

Let us show that x is a primitive element of K over Q.
Case (a): (4.3.11) shows that |o;(z)] < 1/2 for i # 1. Since

INm(z)| = []los(x)|
=1

is a positive integer (Corollary 2.6.8), we may conclude that |oy(x)| > 1, so
o1(z) # oi(x) for all ¢ # 1. However, if  were not primitive, o(x) would
coincide with o;(z) for some i # 1 (Proposition 2.6.8).

Case (b): We see similarly that |oq(z)| = |o1(x)| > 1 so o1(z) # o;(x) when
oj is not o1 or o1. Now (4.3.12) implies that the real part |R(o1(z))| < 1/4.
But this means that o;(z) cannot be real, so o1(x) # o1(x). As in case (a) we
conclude that x is primitive.

Formulae (a) and (b) imply that the conjugates o;(x) of x are bounded.
Therefore the elementary symmetric functions of the o;(x)’s are also bounded.
In other words, the coefficients, as well as the degree, of the minimal polyno-
mial of z are bounded. Since « is an integer, its minimal polynomial is a monic
polynomial with coefficients in Z (Corollary 2.6.8). The degree and the coef-
ficients of the minimal polynomial of x being bounded, there are only finitely
many possibilities for the minimal polynomial of x, consequently only finitely
many possible values for x € C. As x generates K, there are only finitely many
possibilities for K. O

4.4 The unit theorem

Let K be a number field and let A be the ring of integers in K. By abuse
of language we use the expression “units of K” to refer to the units in the

1One may calculate this volume by making use of the observation that B is a product of
intervals, of discs, and of a rectangle in case (b).
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ring A. We remind the reader that in any ring the units form a group under
multiplication. We write A* for the group of units in A.
The following result will be useful.

Proposition 4.4.1. Let K be a number field and let x € K. In order that x be
a unit of K it is necessary and sufficient that x be an integer of K of norm +1.

Proof. If x is a unit of K, then Nm(z) and Nm(z~!) belong to Z. We have
Nm(z) Nm(z~!) = 1, so Nm(z) = +1. Conversely, let z be an integer of K with
norm =+1. Its characteristic equation has the form

24 an_ 12" '+ +axt1=0 with a; €7 (Section 2.6)

Thus, £(z" 1 +a, 12" 2 +---+a1) = 27! and, since 2~ is an integer of K,
T is a unit. O

Theorem 4.4.2 (Dirichlet). Let K be a number field, n its degree, and let r
and ro be the integers defined in Section 4.2. Setr =ri+1re—1. The group A*
of units of K is isomorphic to Z" x G, where G is a finite cyclic group comprised
of the roots of unity contained in K.

Proof. First we shall show that A* is a commutative group of finite type. Then
we shall calculate its rank. Consider the canonical imbedding (Section 4.2)
x> (01(x),...00 4r(x)) of K into R™ x C™ of K and the mapping

x> L(z) = (log|o1(x)], .. ., log|oy +r2(2)]) (4.4.3)
of K* to R™*"2, (4.4.3) is a homomorphism (i e. L(zy) = L(x) + L(y)), called
the logarithmic imbedding of K*. Let B be a compact subset of R" %2, Let us

show that the set B’ of units z € A* such that L(x) € B is a finite set. Indeed,
since B is bounded, there exists a real number a > 1 such that, for all z € B’,

<loi(@)|<a (1=1,...,n).

QI

It follows that the elementary symmetric functions of the o;(x)s are bounded
in absolute value. Since they belong to Z (because x € A), the set of possible
values for the symmetric functions of the o;x’s is a finite set. Therefore, there
are only finitely many possible characteristic polynomials for elements z € B’
and consequently only finitely many possible values for 2. Thus B’ is a finite
set.

The finiteness of B’ implies immediately the following statements:

(a) The kernel G of the restriction of L to A* is a finite group. It consists,
therefore, of roots of unity and is cyclic (Theorem 1.6.1). Clearly, every
root of unity in K belongs to the kernel of L, for the roots of unity in K
are integers and, if z is a root of unity in K, |o;(2)|? = |o;(z9)| = |1] = 1,
so |o;(z)| =1 for any i.
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(b) The image L(A*) is a discrete subgroup of R™*"2 (Section4.1). Conse-
quently, L(A*) is a free Z-module of rank s < 71 + ro (Theorem 4.1.1).
Since L(A*) is free, A* is isomorphic to G x L(A*) = G x Z*. It remains
to show that the rank s of L(A*) equals r; + 19 — 1.

The inequality s < r; + 179 — 1 is easy. Indeed, for z € A*, the relation

n r1 1412
+1 =Nm(z) = Hai(w) = Hoi(x) H oj(xz)o;(z) (Proposition 4.4.1)
i=1 i=1 j=r1+1

implies that the vector L(z) = (y1,-- ., Yr,+r,) lies in the hyperplane W defined
by the equation

1 r1+ra
w2 Y yi=0 (4.4.4)
i=1 j=ri+1

Since L(A*) is a discrete subgroup of W, s <ry + 173 — 1.

Now we show that L(A*) contains » = r; + 7o — 1 linearly independent
vectors. This requires a more delicate argument. Wc are going to show that for
any linear form f # 0 on W, there exists a unit u such that f(L(u)) # 0. As
the projection of W on R" is an isomorphism (by (4.4.4)), we may write, for
any y = (y1,-.,yrp1) € W CR™!

fy)=cayi+...+ ¢y, with ¢ €R. (4.4.5)

Fix a real number « such that

1\
a>2m (> |d|/2.
21

For any set A = (A1,...,\) of r positive real numbers take A1 > 0 such that
1 r1+r2
[Txi I M=o
i=1  j=ri+1

In R™ x C™ the set B of elements
Y15y Yry 1,5 2r,) (i €R and  z; € C)

such that
lyil < Ai, and [z < A

is compact, convex, symmetric about 0, and of volume

T1 T2
H 2)\; H 7r)\§ =2"x"a > 2”2_“|d|1/2.

i=1 j=ri+1
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It follows from Proposition 4.2.6 and Corollary 4.1.9 that there exists an integer
xy of K such that o(x)) € B. This means that |o;(x))| < X; for i = 1,..,n

(putting Ajir,, for j =r1+1,...,71 +r2). Since x is an integer,
n 1 r1+7T2
1 < |Nm(x>\)| = H|O'1(IA)| < H)\i H /\? = Q.
i=1 =1 j=ri+1

On the other hand, for any 4

los(22)| = [Nm(ax)[ [ log (@)~ = TN = A
J7#i JF#i
Now we have \;a™! < |0(Z1ambda)| < Ai for any 4, so that
0 <log A; — log|oi(zy)] < loga. (4.4.6)
Use of (4.4.5) entails

|f(L(zy)) — Zci log \;| < <Z|Cz|> log o (4.4.7)
i=1 i=1

Let 3 be a constant which is strictly larger than the right-hand side of (4.4.7)
and, for every positive integer h, select r positive real numbers \; ,, (i = 1,...,7)
satisfying >_i_, ¢;log \; », = 23h. Put

AR) =M by s Arh)s
and let x5 be the corresponding integer ;). By (4.4.7) we have
|f(L(zn)) = 26R] < B,

S0

(2h —1)B8 < f(L(zp)) < (2h + 1)5. (4.4.8)
It follows from (4.4.8) that the numbers f(L(zp)) are all distinct. On the other
hand, since [Nm(z,)| < a, there are only finitely many distinct ideals of the
form Axy, (cf. the proof of Theorem 4.3.9). Therefore, there exist two distinct
indices h and k such that A,, = A,, and, consequently, a unit v € A such
that xx = uxy,. We may conclude (since f is linear) that f(L(u)) = f(L(zx)) —
f(L(zr)) # 0 and u is the unit sought for. O

Remark 4.4.9. Theorem 1 (called the “unit theorem”) implies that there exist
r(= 11+ ro — 1) units (u;) of K such that any unit v of K may be uniquely
expressed in the form

w=zuy' - upr (4.4.10)

T

with n; € Z and z a root of unity. The set (u;),i = 1,...,r is called a system
of fundamental units of K.

Ezample 4.4.11 (cyclotomic fields). Let p be an odd prime number, let z be a
primitive complex pth root of unity, and let K be the cyclotomic field Q[¢] (cf.
Section 2.9). We know that [K : Q] = p — 1 (ibid., Theorem 2.9.3). Since no
conjugate of ¢ in Cisreal, r; =0and 2ro =p—1,s0r = (p —3)/2.
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4.5 Units in imaginary quadratic fields

Let K be an imaginary quadratic field (Section 2.5). Then r; = 0,2ry = 2,79 =
1, and r; +7r3 —1 = 0. Thus the only units in K are the roots of unity contained
in K (Theorem 4.4.2), a finite cyclic group. With a little calculation we shall
prove this result directly and make it more precise.

Let K = Q[v/—m], where m is a square-free positive integer. Recall that the
units of K are integers of norm +1 (Proposition 4.4.1).

(1) If m = 1 or 2 mod 4, the ring of integers of K is Z + Z+/—m (Theorem
2.5.6). For x = a + by/—m (a,b € Z) we have

Nm(z) = a® + mb® > 0.

In order that 2 be a unit we must have a? +mb? = 1. If m > 2, this implies
that b =0 and a = £1, so x = £1. If m = 1, besides the solution = = +1,
there are the solutions a = 0,b = £1, ie. = 4 (with i = 1).

(2) If m = 3 mod 4, the ring of integers of K is Z + Z (Hi V27m) (Theorem
2.5.6). For v = a+ (b/2)(1 4+ v/—m) (a,b € Z), we have

Nm(z) = (a + b/2)* + mb? /4.

In order that = be a unit we must have (2a + b)? + mb* = 4. If m > 7,
this implies that b = 0, so (2a)? = 4,a = &1, and = +1. If m = 3, the
relations b = +1 and (2a +[)? = +1 entail the additional solutions

1
x = 5(:&1 ++v—3) (the signs £+ being independent).

Summarising, we have proved the following result:

Proposition 4.5.1. If K is a quadratic imaginary field, the group G of units in
K is comprised of the square roots of unity, +1 and —1, except in the following
two cases:

(1) If K = Q[i] (where i> = —1), G is comprised of the fourth roots of unity:
i —1,—i, 1.

(2) If K =Q[v-3|, G is comprised of the sizth roots of unity: (HT\/?)] =
0,1,...,5.

4.6 Units in real quadratic fields
This section is going to be considerably more interesting than the preceding

one. Let K be a real quadratic field. With the usual notations, we have ry = 1
and 7o = 0,80 r =r; + 9 — 1 = 1. The unit theorem (Theorem 4.4.2) implies
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that the group of units of K is isomorphic to the product of Z with the group
of roots of unity contained in K. As K admits an imbedding into R, the only
roots of unity are +£1. Thus, assuming that K has been imbedded into R, we
have:

Proposition 4.6.1. The positive units of a real quadratic field K C R form a
(multiplicative) group isomorphic to Z.

This group contains one and only one generator larger than one, we call it
the fundamental unit of K.

Let K = Q[v/d], where d > 2 is a square-free integer, and let 2 = a + bv/d
(a,b € Q) be a unit of K. The numbers x, =1, —x, and —z~! are units of K and,
since Nm(z) = (a+bvd)(a—bvd) = +1 (Proposition 4.4.1), these four numbers
are +a + bv/d. For = # 41 only one of the four numbers =,z —z, —z ! is
greater than one, and it is the largest of the four. Thus the units greater than
one of K are those of the form a + bv/d with a > 0,b > 0.

(a) Suppose first that d = 2 or 3 mod 4. In this case the ring of integers of K
is Z + Z+/d (Theorem 2.5.6). As the units of K are integers of norm 41
(A§4, Proposition 4.4.1), the units greater than one of K are the numbers
a+ bVd with a,b € Z and a > 0,b > 0 such that

a? —db* = +1. (4.6.2)

We see that the solutions “in natural numbers” (a,b) of equation (4.6.2)
(called the “equation of Pell-Fermat”) are obtained as follows: take the
fundamental unit a; 4+ b1V/d of K, and put

an + bpVd = (a1 + by Vd)"  (n >1). (4.6.3)

The sequence (ay, b, ) provides all the solutions of (4.6.2).

Remark 4.6.4. Tt follows from (4.6.3) that b,.1 = a1b, + b1a,. Since
ay,by,a, and b, are all positive, the sequence (b,) is strictly increasing.
Thus, in order to explicitly calculate the fundamental unit a; + b1V/d, it
suffices to write down the sequence (db?) for b € N,b > 1 and to stop at
the first number db? of this sequence which differs by a square a? from +1.
Then a; + b1V/d is the fundamental unit of K. For instance, if d = 7, the
sequence of (db?) is 7,28,63 = 64 —1 = 82 —1, so, taking b; = 3 and a1 = 8,
we see that 8 +3+/7 is the fundamental unit of Q[v/7]. We see similarly that
the fundamental units of Q[v/2], Q[v/3], and Q[v/6] are 1 ++/2,2 + /3, and
5+ v/6. Using the theory of continued fractions, one can find other, more
rapid, procedures for calculating the fundamental unit.

Remark 4.6.5. If the fundamental unit is of norm one, the sequence (a,,, by,)
gives solutions only for the equation (1’) a? — db®> = 1; in this case the
equation (1”) a? — db?> = —1 has no solution in natural numbers. If the
fundamental unit has norm —1, the solutions of (1’) comprise the sequence
(agn,bay) and those of (1”) the sequence (agni1,bant1). The first case
occurs when d = 3,6, or 7, the second when d = 2 or 1 (3 + /10 is the
fundamental unit in Q[v/10]).
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(b) Assume now that d = 1 mod 4. The integers of K = Q[v/d] are the numbers
%(a + bV/d) with ,b € Z of the same parity (Theorem 2.5.6). Consequently,

if 1(a+bv/d) is a unit of K (Proposition 4.4.1), we must have
a? — db? = +4. (4.6.6)

Conversely, if (a,b) is an integer solution of (4.6.6), then (a + bV/d) is an
integer of K (its trace is a and its norm, by (4.6.6), is £1 and, hence, a unit
of K. As in (a), writing 1(a; + b;V/d) for the fundamental unit of K, we
see that the solutions in pairs of natural numbers (a,b) of (4.6.6) comprise
the values of the sequence (a,,b,) (n > 1) defined by setting

an + bpVd = 27" (a1 + b Vd)". (4.6.7)

The calculation of a; + b1v/d may be accomplished as in (a). For example,
the fundamental units of Q[v/5], Q[v/13], and Q[v'17] are (1 +V/5), 3(3 +
\/ﬁ), and 4 + \/ﬁ; these three units all have norm —1. For the choice of
the sign + in (4.6.6) we have results similar to those obtained in (a).

Remark 4.6.8. In the case d = 1 mod 4 the solutions of the Pell-Fermat equation
a? —db? = +1 (4.6.9)

correspond to units a+bv/d (a,b > 0) which belong to the ring B = Z[/d]. This
ring B is a subring of the ring A of integers of K and the positive units of B
form a subgroup G of the group of positive units of A. Let u = (a+by/f) be the
fundamental unit of K. If @ and b are both even, then a € B, so that G consists
of the powers of u (this is the case, for instance, when d = 17). If a and b are both
odd, then u? € B. (To see this note that 8u® = a(a® + 3b%d) + b(3a> + b*d)V/d.
Since a? —b%d = 44, a® + 3b*>d = 4(b*d £ 1), which is a multiple of 8, since b and
d are odd. Similarly 3a?+b%d = 4(a?41), which is again a multiple of 8 because
a is odd. In this case G is comprised of the powers of u3 (u? ¢ B, otherwise
u = u3/u? € B). This happens, for instance, when d = 5 (respectively, d = 13),
in which case u® = 2 4 /5 (respectively, u® = 18 + 5v/13).

4.7 A generalisation of the unit theorem

Proposition 4.7.1. Let A be a ring which is a Z-module of finite type. Then
the multiplicative group A* consisting of the units of A is a (commutative) group

of finite type.

Remark 4.7.2. For a commutative group G, “of finite type” means “of finite type
with respect to the structure of Z-module of G”. A subgroup of a commutative
group of finite type is of finite type (Corollary 3.1.5). Let us note that A is a
Noethenan ring, for the ideals of A are Z-submodules of A.
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Proof. First we treat the case when A is an integral domain. If its field of
fractions K is of characteristic 0, K is a finite-dimensional vector space over Q,
so K is a number field. On the other hand, A is integral over Z (since it is a
Z-module of finite type, cf. Theorem 2.1.1), and, therefore, A is a subring of B,
the ring of integers of K. Thus A* C B* and, since B* is of finite type by the
unit theorem (Theorem 4.4.2), so is A*. If K is of characteristic p # 0, K is a
finite extension of F,, so K is a finite field and A* is a finite group.

Now let us consider the case in which A is reduced (by definition, this means
that 0 is the only nilpotent element in A). We shall need the following lemma.

Lemma 4.7.3. In a reduced Noethenan ring A, the ideal (0) is expressible as
the intersection of finitely many prime ideals.

Proof. We know that, in a Noetherian ring, any ideal contains a product of
prime ideals (Lemma 3.3.5). (0) is the smallest ideal, so (0) is a product of prime
ideals (0) = p}* -+ pg?. Let € py N---Np,. Then a™ T " € pit...pg7 =
(0), so z™T " = (0. Since A is reduced, this means that x = 0. Therefore,
pLO- N1y = (0). O

Now, returning to the proof of Proposition 4.7.1. We let (0) =p1N---Npg,
the p; being prime ideals. It follows that the canonical homomorphism ¢: A —
¢ | A/p; is injective. An element of a ring product is invertible if and only if
all of its components are invertible, so that ([T, A/p:)”" = [1%,(A/p:)*. By
the integral domain case, each (A/p;)* is of finite type; therefore, [T(A/p;)* is
of finite type and so is any subgroup, e.g ¢(A*) (recall that Z is a Noetherian
ring). Since varphi is injective, A* is of finite type.

Let us finally consider the general case. Observe that the set n of nilpotent
elements of A is an ideal, since 2P = 0,y? = 0, and a € A imply that (z +
y)Pt971 = 0 and (ax)? = 0. On the other hand there exists an integer s such
that n® = (0). (To see this, let (x1,...,2,) be a finite set of generators of the
ideal n in the Noetherian ring A. Assume z;* = 0 for ¢ = 1,...,r. Then, with
s =gq1+--+gq, it is clear that n® = 0.) We proceed by induction on s. The case
s = 1is the reduced case which is already treated. Suppose s > 1 and write ¢ for
the canonical homomorphism ¢: A — A/n*"1. Then ¢(A*) C (A/n*"1)*, so
©(A*) is of finite type. The kernel of ¢ restricted to A* belongs to 1 +n°~!; in
fact, ker(p) = 1+n°"1, because for s > 1, (n*~1)2 C n® = (0), which implies that
any element 1+ € 14+n°"! has 1 —z as its inverse: (1+z)(1—2)=1-2%=1.
To prove that 1+ n®*~! is of finite type we need only observe that the mapping
x — 1+ x of the additive group n*~1"1 to 1 +n®*~! is an isomorphism (n*~!
is of finite type because it is a submodule of A). But this is obvious from the
relation (1+z)(1+y) = 1+x+y for z,y € n°~1. That A* is of finite type now
follows from Proposition 3.1.3. O

Remark 4.7.4. Using arguments borrowed from algebraic geometry, one can
show that, for anv reduced ring B of the form B = Z[x1,...,z,] (i.e. finitely
generated over Z as a ring), the group B* of units in B is of finite type.
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Chapter 5

The splitting of prime ideals
1In an extension field

Let K be a number field, A the ring of integers of K, L an extension of finite
degree of K, and B the integral closure of A in L (i.e. the ring of integers of L).
The ideal Bp, generated in B by a non-zero prime ideal p of A, is not prime in
general.

L——B——Bp

K—A—p

It splits into a product of prime ideals (Theorem 3.4.10), i.e. Bp = [[,B;". In
this chapter we propose to study this splitting. The case in which B is a free
A-module (for example, when A is a PID; cf. Corollary 2.7.13) is particularly
easy. In Section 5.1 we shall show how the general case may be reduced to this
easier case.

5.1 Preliminaries concerning rings of fractions

Definition 5.1.1. Let A be an integral domain, let K be its field of fractions,
and let S be a subset of A\ (0) which is stable under multiplication and contains
1. We call the set of all elements of K which may be written in the form a/s with
a € A and s € S the ring of fractions of A with respect to S (or the localisation
of A by S) and denote it by S—!A.

Clearly S7!'A is a commutative ring (since a/s + a'/s’ = (s'a + sa’)/ss’
and (a/s)(a’/s’) = aa’/ss’) which contains A (since 1 € S). If S = A\ (0),
then S™'A = K. If S contains 1 alone, or if it contains only units of A, then
ST1A = A

63
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Proposition 5.1.2. Let A be an integral domain and let S be a multiplicatively
stable subset of A\ (0) which contains 1. Set A’ = S™1A.

(1) For any ideal b’ of A’, we have (b’ N A)A’ = b’ so the mapping ¥ — b’ N A
is an increasing (as to the inclusion) injection of the set of ideals of A’ into
the set of ideals of A.

(2) The mapping p' — p N A is an isomorphism of the partially ordered set
(under inclusion) of prime ideals of A’ on the partially ordered set of prime
ideals p of A which satisfy p NS = &. The inverse mapping is p — pA’.

Proof. (1): If b’ is an ideal of A’, then b’ N A C b’ and (b’ N A)A’ C b/, since
b’ is an ideal. To prove the reverse inclusion take z € b’. Since z = a/s
(a € Aand s € S), sz € b/ (for A C A’ and b’ is an ideal of A’). Tt follows
that @ € b’ and thus a € b’ N A. Therefore, z = 1/s-a € A'(b' N A), so
b’ C A'(b'NA) and b’ = A’'(b' N A). This formula assures the injectivity of the
mapping ¢: b’ — b’ N A, for there is a mapping 6: b — A’b such that 6o = id.
It is clear that ¢ is an increasing mapping.

(2): If p’ is a prime ideal of A’, then p = p’ N A is a prime ideal of A (Lemma
3.3.1). Furthermore, pNS = &, since, if s € pNS, then s € p’ and 1 = (1/s)-s €
A’p’ = p’, a contradiction. Conversely, let p be a prime ideal of A such that
pNS = @. We are going to show that pA’ is a prime ideal of A’ and that
pA’'N A = p. Note first that pA’ is the set of all elements of A’ which are of the
form p/s with p € p and s € S; any element 2 € pA’ may be written as

i

p; (a; € A;s; €S and p; €p),
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Thus © = p/s with p = > b;p; € p. We may conclude that 1 ¢ pA’, since
pNS = & and since 1 cannot be written in the form p/s with p € p and
s € S. To show that the ideal pA’ is prime, let a/s € A’ and b/t € A’ with
(a/s) - (b/t) € pA’. Then (a/s)(b/t) = (p/u) with p € p and u € S, thus
abu = pst € p. Since pNS = ¢, we have u ¢ p, so ab € p (p is prime), which
implies that either a or b belongs to p. Therefore, either a/s or b/t belongs to
pA’ ie. pA’isprime. Let us show finally that p = pA’NA. Clearly, p C pA'NA.
For the reverse inclusion take = € pA’ N A; then = = p/s (p € p,s € 5), since,
by hypothesis, x € pA’. Thus sx = p € p; since s ¢ p (p NS = &) and since
p is prime, it follows that € p. Now we simply observe that the formulae
p=pA'NAandyp = A(pN A) entail that the mappings ¢: p’ — p’ N A and
0:p’" — pA’ (restricted to the prime ideals p which do not intersect S) are
inverse bijections, since # o ¢ and ¢ o 8 are both identity mappings. O

o
Il

Corollary 5.1.3. If A is a Noetherian integral domain, then every ring of
fractions S™'A is Noethenan.
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Proof. By Proposition 5.1.2, (1) there is an injective mapping of the lattice of
ideals in S~'A to a sublattice of the lattice of ideals in A. Therefore, the lattice
of ideals in S~'A satisfies the maximal condition, so S™'A is a Noetherian
ring. O

Proposition 5.1.4. Let R be an integral domain, let A be a subring of R, let S
be a multiplicatively stable subset of A\ 0 with 1 € S, and let B be the integral
closure of A in R. Then the integral closure of S™'A in S™'R is S™'B.

Proof. Any element of S~!B may be written in the form b/s (b € B, s € S). By
dividing an equation of integral dependence for b on A, e.g.

" 4 ap1b" P ap =0,

by s™ we obtain an equation

b\"  an_1 (b n—l a
O
a s s s
which shows that b/s is integral over S~'A. Conversely, if z/s (z € R,s € S),
an element of ST!R, is integral over S~! A, then there is an equation of the form

n n—1
(E) +2=2 () - +2=0 (weAtes)
s th—1 \s to

Multiplying through by (¢ot1 - - - t,,—1)" shows that xtg - - - ¢,—1/s is integral over
A. Therefore, ztg---t,—1/s € B and z/s = (1/tg--tn_1)(xto - tn_1/3) be-
longs to S~!B. O

Corollary 5.1.5. If A is an integrally closed ring, then every ring of fractions
S~LA is integrally closed.

Proof. Take for R in Proposition 5.1.4 the field of fractions of A. O

Proposition 5.1.6. If A is a Dedekind ring, every ring of fractions S™'A is a
Dedekind ring.

Proof. S~1A is Noetherian (Corollary 5.1.3) and integrally closed (Corollary
5.1.5). Furthermore, since one “loses” some prime ideals in passing from A to
S~1A (Proposition 5.1.2, (2)), every non-zero prime ideal of S~!A is maximal.

O

Proposition 5.1.7. Let A be a Dedekind ring, let p be a non-zero prime ideal
of A, and let S = A\ p. Then ~'A is a PID. More precisely, there exists a
prime p € ST'A such that the only non-zero ideals of ST'A are of the form
(p"),n > 0.
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Proof. Since p is the only non-zero prime ideal of A disjoint from S, the only
non-zero prime ideal of S7!A is P = pS~1A (Proposition 5.1.2, (2)). Since
S~1A is a Dedekind ring (Proposition 5.1.6), its only non-zero ideals are of the
form " (n > 0). Take an element p € P \ P2. The ideal (p) is contained in P
but not in PB2. Therefore, (p) =P and (p)" = P for all n > 0. Thus S~'A4 is
principal and all its ideals are of the form (p)™,n > 0. O

Proposition 5.1.8. Let A be an integral domain, S a multiplicatively stable
subset of A\ (0) containing 1, and let m be a mazimal ideal of A which is
disjoint from S. Then

ST'A/mS™tA= A/m.

Proof. The composition of ring homomorphisms A —> S7*A4 — S~1A/mS— 1A
has kernel mS™'4A N A = m (Proposition 5.1.2 (1)), so there is an injection
p: A/m — S71A/mS~1A. We must show that ¢ is surjective. Take z = a/s €
S='A (a € A,s € S) and let 7 denote its residue class in S~*A/mS~1A. Since
s ¢ m (by hypothesis, m NS = &) and since m is maximal, there exists b € A
such that bs = 1 mod m. Thus

2 b= g(1 —bs) €mSTA,
s s

so ¢(ab) =T. O

5.2 The splitting of a prime ideal in an extension

In this section A denotes a Dedekind ring of characteristic 0, K its field of
fractions, L a finite extension of K of degree n, and B the integral closure of A
in L. We remind the reader that B is also a Dedekind ring (Theorem 3.4.2).

Let p be a non-zero prime ideal of A. Then Bp is an ideal of B and it has
an expression of the form

q
Bp = Hﬁpfl (5.2.1)
i=1
where the B;’s are distinct prime ideals of B, the e;’s are positive integers, and
the product sign denotes multiplication of ideals.

Proposition 5.2.2. The B;’s are precisely those prime ideals Q of B such that
QNA=p.

Proof. For a prime ideal Q of B the relation Q N A = p is equivalent to the
relation Q D pB (— is clear. Leftarrow < follows from the fact that Q N A is
a prime ideal of A and p is maximal). Clearly, Bp = [[{_, B{* implies Bp C B,
foreachi=1,...,¢q, so*P3; appears in the product expression for By if and only
it P, NA=np. O

It is now clear that A/p may be identified with a subring of B/%; for any
i = 1,...,q. Both rings are fields. Since B is an A-module of finite type
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(Theorem 3.4.2), B/B; is a finite dimensional vector space over A/p. We shall
write f; for the dimension of B/, over A/p and call f; the residual degree of
PB; over A. The exponent e; in (5.2.1) is called the ramification index of ; over
A. Let us remark finally that Bpn A = p (D clear. C follows from the fact that,
foreach i =1,...,q, P, N A =p), so B/Bp is a vector space over A/p, also of
finite dimension.

Theorem 5.2.3. With the preceding notations
q

Zeifi = [B/Bp: A/p] = n. (5.2.4)

Proof. The first equality is easy. Consider the sequence of ideals
BOP OPT D - OPT O Py P2 O - O PP O P - Pge = By.

Two consecutive elements of this sequence are of the form B and B%93;. Since
there is no ideal strictly between B and B9;, B/BP; is a vector space of
dimension one B/P; (cf. the proof of Proposition 3.5.3). Thus it is a vector
space of dimension f; over A/p. For a given i there are exactly e; consecutive
elements of the above sequence with associated residue class space of the form
B/BP, i.e. of dimension f; over A/p. The total dimension [B/Bp : A/p] equals
the sum of the dimensions of the residue classes, so it is Y 7_; €; f;.

The second equality is also easy in the case where B is a free A-module, in
particular when A is a PID (Corollary 2.7.13). In this case a basis (z1,...,zy)
of B as an A-module gives, by reduction mod Bp, a basis for B/Bp over A/p.
We are going to reduce the general case to this case by considering the multi-
plicatively stable subset S = A\p of A and the rings of fractions A’ = S~ 4 and
B’ = S7!B. We know that A’ is a PID in which pA’ is the unique maximal ideal
(Proposition 5.1.7), and that B’ is the integral closure of A’ in L (Proposition
5.1.4). By the special case when A is a PID,

[B'/pB' : A’ /pA’] = n.
Now consider the factorisation of the ideal pB’ in the Dedekind ring B’: from
the fact that pB = [, B’ we conclude that pB’ = [[{_,(B"B;)*. Since

PB; N A =p (Proposition 5.2.2), B, NS = & and B’P; is a non-zero prime ideal
of B’ (Proposition 5.1.2, (2)). From the first part of our proof we now obtain

[B'/pB': A'[pA'] =Y e;[B'/B'P; : A'[pA'].
i=1
However,
A'/pA' > A/p and B'/B'B; = B/B; (Proposition 5.1.8)

Therefore,

q
n=[B/pB : A'/pA] = eifi.
=1
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Proposition 5.2.5. With the same notations, the ring B/Bp is isomorphic to
the ring [17_, B/%5".

Proof. *B; is the only maximal ideal of B which contains B;*, so P57 +q3;j =B
for i # j. The proposition now follows from (5.2.1) and Lemma 1.3.3. O

Ezample 5.2.6 (Cyclotomic fields). Let p be a prime number and let ¢ € C be
a primitive p"th root of unity. In this ease, all the complex p"th roots of unity
are of the form ¢/ (j = 1,...,p"). The primitive roots of unity are those for
which j is not a multiple of p. The number of primitive roots is

e ) =p —p " t=p " '(p—1)

(cf. Section 1.6). The primitive p"th roots of unity are the roots of the cyclo-
tomic polynomial

xXr -1 - - .

F(X)= T = XP =) oxp T -2) oy x4 (5.2.7)
We intend to give another proof that [Q[¢] : Q] = p" !(p — 1) i.e. that F is
irreducible (cf. Section 2.9). For this purpose put e = p"~!(p — 1) and let
(1,-..,C be all the primitive p"th roots of unity. Since the constant term of
F(X +1) is p, we have

€

[ -1 ==p.

j=1
LetB be the ring of integers of Q[¢]. Clearly, {; € B and ¢; —1 € B({; — 1) for

all j and Fk, since (; is a power (! of ¢, and

G —1= (G- "+ +Cx+1).

Thus all the ideals B((x — 1) are the same. It follows that Bp = B((; — 1)°.

Now write Bp = [[{_, B, where the ;s are prime ideals of B. The e;’s
must, clearly, all be multiples of e. But we have e > [Q[¢] : Q] (by (5.2.7)),
so e > Y1 e fi (Theorem 5.2.3). From these inequalities (they are really
equalities) we may conclude that ¢ = 1,e = e, f;1 = 1, and [Q[¢] : Q] = e. In
summary:

(a) Q]:Q=e=p"'(p—-1),
(b) B(¢; — 1)) is a prime ideal of B of residual degree 1, and

(c) Bp=B(G— 1)~

5.3 The discriminant and ramification

With the notations of Section 5.2 (let Bp = []7_, B;’) a prime ideal p of A is
said to ramify in B (or in L) if any one of its ramification indices e; is larger
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than one. In terms of the theory of the discriminant (Section 2.7) we are going
to characterise those prime ideals of A which ramify in B. In particular we shall
show that only finitely many prime ideals of A ramify in B. First we need some
lemmas concerning the discriminant.

Lemma 5.3.1. Let A be a ring, let By,--- , By be rings containing A which are
free A-modules of finite type, and let B = [[{_, B; be the product ring. Then
Dp,/a= T, Dp,/a (cf. Definition 2.7.4).

Proof. We formulate our proof for the case ¢ = 2. The general statement follows
by induction on ¢. Let (z1,...,%,) and (y1,...,y,) be bases for B; and By as
modules over A. With the usual identifications of By with B; x (0) and B with
(0) x By, we may consider (21, ..., Zm,Y1,---,Yn) as a basis for B = B; X B over
A. By definition of the product ring structure x;y; = 0, from which it follows
that Tr(z;,y;) = 0. As a consequence the determinant D(z1,...,y1,...,Ys) is
the determinant of the matrix

Tr(x;xq0) 0
0 Tr(y;y;7)

The value of this determinant is
det(Tr(x;xy)) det(Tr(yy;)),

SO
D(wla"'7xm7y1a"'ayn) :D(xla"'7xm)D(y1a"'ayn)-

O

Lemma 5.3.2. Let B be a ring, A a subring of B, and a an ideal of A. Assume

that B is a free module over A with the basis (x1,...,x,). For x € B write T
for the residue class of x in B/aB.
Then (T1,...,T,) is a basis of B/aB over A/a and we have
D(Z1,...,Tn) = D(x1,...,2p). (5.3.3)

Proof. Let x € B. If the matrix for multiplication by x, with respect to the
basis (z1,...,2,) is (ai;) (a;;) € A), then the matrix for multiplication by =

with respect to the basis (Z1,...,%,) is (@;;). Thus, Tr(Z) = Tr(z). Taking
T = x;x;, we obtain

Tr(zi - 7j) = Tr(ziz;),

and (5.3.3) follows by taking determinants. O

Lemma 5.3.4. Let K be afield which is finite or of characteristic 0. Let L be
a finite dimensional (commutative) K-algebra. In order that L be reduced it is
necessary and sufficient that D,k # (0).
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Proof. Suppose first that L is not reduced and let x be a non-zero nilpotent
element of L. Let (21,...,2,) be a basis for L over K such that z = z;. Then
x;x;, is nilpotent and multiplication by x;x; is a nilpotent endomorphism of the
vector space L over K. Thus all the characteristic values of this endomorphism
are zero, so Tr(z;z;) = 0. The matrix (Tr(z;x;)) has a row comprised entirely
of zeroes, which implies that D(x1,...,2,) =0, ie. D/ = (0).

Conversely, suppose that L is reduced. Then the ideal (0) of L is expressible
as a finite intersection of prime ideals, (0) = N’_;B; (Lemma 4.7.3). Since
L/B; is an integral domain and a finite dimensional algebra over K, it is a
field (Proposition 2.1.10). It follows that B; is a maximal ideal of L, and
consequently B; 4+ B; = L for ¢ # j. Therefore L is isomorphic to the ring
product [T, L/%; (Lemma 1.3.3). By Lemma 5.3.1 D1,/x = [17_; D (1/9.,)/k-
But Dz, /q,)/x # (0) since K is finite or of characteristic 0 (Proposition 2.7.6).
Therefore, D,/ x # (0). O

Definition 5.3.5. Let K and L be number fields with K € L and A and B be
the rings of integers of K and L, respectively.

L——B

K——A

The discriminant (ideal) of B over A (or of L over K) is the ideal of A generated
by the discriminants of bases of L over K which are contained in B. Notation:

QB/A or QL/K-

Remark 5.3.6. If (z1,...,2,) is a basis of L over K contained in B, then
Trp/k(zix;) € A (Corollary 2.6.8), so D(xy,...,2,) € A. Thus Dp/u is an
integral ideal of A. It is non-zero by Proposition 2.7.6.

Remark 5.3.7. When B is a free A-module (for example if A is a PID) we have
already defined the discriminant ®p,4 as the ideal generated by D(ey,...,en)
where (ey,...,e,) is an A-module basis for B (Definition 2.7.4). Our old defi-
nition coincides with the one given above, since, given any basis (z;) of L over
K contained in B, one sees that x; = ), a;je; with a;; € A. Therefore, by
Proposition 2.7.3 we have

D(.’I,‘l, ce ,xn) = det(aij)QD(el, ey en)

Theorem 5.3.8. Let the notations be as in Definition 5.3.5. In order that a
prime ideal p of A ramify in B, it is necessary and sufficient that it contain
the discriminant ®p/a. There are only finitely many prime ideals of A which
ramify in B.

Proof. The second assertion follows from the first, since ®p,4 # (0). Let us
prove the first. Since B/pB = [[{_, B/%i¢ (Proposition 5.2.5), the assertion “p
ramifies” is equivalent to the statement “B/pB is not reduced”, i.e. equivalent
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to D (/p,)/(A/p) = (0)” (by Lemma 5.3.4 and the fact that A/p is a finite field).
Now put S = A\ p, A’ = S71A B = S7!B, and p’ = pA’. Then A’ is a PID
(Proposition 5.1.7), B’ is a free A’-module, A/p = A’/p’, and B/pB = B'/p’'B’

(Proposition 5.1.8). Therefore, writing (eq,...,e,) for an A’-module basis of
B', we know that Dp/4 = (0) if and only if D(ey,...,e,) € p’ (Lemma 5.3.2).
If D(ey,...,en) €y’ and if (z1,...,2,) is a basis for L over K contained in B,

then x; = > aj,e; with aj; € A’ (for B C B'), so
D(x1,...,m,) = det(aj;)?D(ey, ... en) €9’

Since p'NA = p (Proposition 5.1.2 (2)), we may conclude that D(xy,...,2,) = p
and Dp/4 C p. Conversely, if Dg,4 C p then D(ey,...,e,) € p’, for one may
write e; = y;/s with y; € B and s € S, for 1 <i < n. Consequently,

D(e1,...,en) =5 >"D(a1,...,2,) € ADpja C Ap=yp
L]

Ezample 5.3.9 (Quadratic fields). Let K = Q and L = Q[V/d], where d is a
square-free integer (Section 2.5).

1. If d = 2 or 3 mod 4, then (1,+/d) is a basis for the ring of integers of L.
As Tr(1) = 2, Tr(v/d) = 0, and Tr(d) = 2d, it follows that D(1,v/d) = 4d.
The prime numbers which ramify in L therefore include 2 and the prime
divisors of d.

2. If d =l mod 4, (1, (1 ++/d)/2) is a basis for the ring of integers of L. We

see that
Tr(l) =2, Tr <1, 1 +2\/a> =1
and )
w((5) ) - (e ) -5
thus

D<1,1+2\/E>=2-d—;1—1:d.

The only prime numbers which ramify in L are the divisors of d.

We remark that a quadratic field Q[\/E] is uniquely determined by its dis-
criminant. In fact,

D =0mod 4 implies d = £ (we must have d = 2 or 3 mod 4),
D =1 mod 4 implies d = D, and

D =2 or 3mod 4 is impossible.
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We also note that the discriminant of a quadratic field is not an arbitrary integer.

Ezample 5.3.10 (Cyclotomic fields). Let p be an odd prime number, let ¢ be
a primitive complex pth root of unity, and let L = Q[¢] be the corresponding
cyclotomic field. We know that (1,¢,...,(P"2) is a Z-basis for the ring of
integers B of L (Theorem 2.9.9), and that the minimal polynomial F' of ¢ over
Q satisfies the relation (X — 1)F(X) = X? — 1 (Theorem 2.9.3). We are going
to calculate the discriminant ® g,z by making use of the formula

D(1,¢,...,¢P72) = (=1)2@=DP=2) N (F/(¢))  (Formula 2.7.15).

By taking the derivative of both sides of the relation (X — 1)F(X) = XP — 1,
we obtain (¢ — 1)F’(¢) = p¢P~! (since F(¢) = 0). We know that Nm(p) =
pP~1, Nm(¢) = £1, and Nm(¢ — 1) = +p (Section 2.9). Therefore,

D(1,(, ..., ¢P72) = 4pP 2 (5.3.11)

Tt follows that p is the only prime number which ramifies in Q[(],

The following result is sometimes useful for determining the ring of integers
of a number field.

Proposition 5.3.12. Let L be a number field of degree n over Q and let
(z1,...,2n) be a Q-basis for L contained in the ring B of integers of L. If
the discriminant D(x1,...,x,) is square-free, then (x1,...,x,) is a Z-basis for
B.

Proof. 1f (e1,...,e,) is a Z-basis for B, then z; = Y7, ajje; with aj; € Z,
whence
D(zy,...,z,) = det(a;;)*D(e1, .., en)-

Since D(x1,...,xy) is square-free, det(a;;) must be £1, so (z1,...,z,) is also
a Z-basis for B. O

Remark 5.3.13. The cyclotomic fields (for p > 5), or quadratic fields, provide
examples which show that the sufficient condition of Proposition 5.3.12 is not a
necessary condition.

Ezample 5.3.14. The polynomial X3 — X — 1 (respectively, X3 + X + 1, X3 +
10X + 1) is drreducible over Q. Otherwise it would have a linear factor, i.e. a
rational root z € Q,. But, the polynomial is monic, so z € Q, implies = € Z.
The constant term of the polynomial is 1, so x = 41 (x has to divide the
constant term). Checking that neither +1 satisfies the polynomial, we may
conclude that the polynomial is irreducible. Now let & be a complex root of the
given polynomial. The field L = Q[z] is a cubic field (i.e. of degree 3). Thus,
(1,2,2%) is a basis for L over Q, and z is, clearly, an integer of L. By formula
2.7.16, D(1,z,2?) = 4 — 27 = —23 (respectively —31, —4027), the negative of a
prime number. Therefore, (1,z,?) is a Z-basis for the ring of integers of L.
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5.4 The splitting of a prime number in a quadratic
field

Let d € Z be square-free, let L be the quadratic field Q[v/d], write B for the
ring of integers of L, and let p be a prime number. We are going to study the
factorisation of the ideal pB into a product of prime ideals of B.

The formula Y7 e;f; = 2 (Theorem 5.2.3) shows that ¢ < 2 and the
following three are possible:

(@) g=2,e1=e2=1fi=fo=1
in this case we say that p splits in L.
(b) q= 1761 = 1af1 :27
in this case we say that f is inert (or remains prime) in L.

(C) g=1e1= 2afl =1
this means that p ramifies in L.

Remark 5.4.1. Before starting the investigation, let us remark that there are
situations in which things work differently according to the parity of the prime
numbers in question. Thus we consider the following two cases separately:

1. the prime p is odd,
2. the prime p = 2.

The case in which p is odd: We know (Section 2.5) that B = Z + Z+/d or
B =7+ Z((1 + v/d)/2) depending upon the value of d. But, if wc pass to the
residue classes of B mod Bp, we see in the second case that a + b((1 + V/d)/2)
(with b odd) is congruent to a + (b+ p)((2+ v/d)/2), which belongs to Z + Z+/d.
Thus for any d, we have

B/Bp = (Z + ZVd) [p(Z + ZVd).
Also we see that

Z+7ZNd = Z[X]/(X? — d)Z[X].
So

B/Bp = Z[X]/(p, X* — d)Z[X]
= (Z[X)/pZ]X))/(X? — d)Z[X]
= Fy[X]/(X? — d)F,[X],

where d denotes the residue class of d mod p. Now the assertion that p splits
(respectively, remains prime, ramifies) in B has the interpretation B/Bp is the
product of two fields (respectively, is a field, contains nilpotent elements) (cf.
Proposition 5.2.5). In other words, the polynomial X2—d € F,[X] is the product
of two distinct linear polynomials (respectively, is irreducible, is a square). This
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happens if d is a non-zero square in F, (respectively, is not a square in I, is
zero in F,). When d is a non-zero square in F,, (respectively, is not a square in
F,), we say that d is a quadratic residue (respectively, non-residue) modulo p.
Let us now consider the case p = 2.
If d = 2 or 3mod 4, then B = Z + Z+/d, so, as above, B/2B = Fy[X]/(X? —
1)Fo[X]. In this case X2 — 2 equals X2 or X2 — 1 = (X + 1), in either case a
square. Thus 2 ramifies in B.
If d =1 mod 4, (1++/d)/2 has X? — X — (d — 1)/4 as its minimal polynomial,
so, as above, B/2B = Fo[X]/(X? — X — §)F3[X], where ¢ is the residue class
mod 2 of (d — 1)/4.
For d =1 mod 8, we have § = 0 and X2 — X — 6§ = X(X — 1), so that 2 splits.
Ford=5mod8, 6 =1and X? — X —§ = X? + X + 2, which is irreducible in
F5[X], so 2 remains prime.
In summary, we have proved the following;:

Proposition 5.4.2. LeT L = Q[/d] the quadratic field associated with the
square-free integer d.

(a) The odd primes p for which d is a quadratic residue mod p split in L. So
does 2 if d =1 mod 8.

(b) The odd primes p for which d is not a quadratic residue mod p remain prime
in L. So does 2, if d =5 mod 8.

(c) The odd prime divisors of d ramify in L. So does 2, if d =2 or 3 mod 4.

Part (c) was proved earlier in Example 5.3.9.

5.5 The quadratic reciprocity law

Given an odd prime p and an integer d relatively prime to p we introduced in
Section 5.4 the statement “d is a quadratic residue mod p” (respectively, “d is
a non-residue mod p”) as meaning that the residue class of d mod p is a square
(respectively, not a square) in F)\. Now we define the Legendre symbol (d/p) as
follows:

<d> B {—f—l if d is a quadratic residue mod p, (55.1)

p
It is understood that (d/p) is defined only for integers d which are relatively
prime to p, i.e. for d € Z\ pZ. The multiplicative group F)’ being cyclic of even
order p — 1 (Theorem 1.7.3), the squares in F)’ form a subgroup F[f2 of index

2, and F; /IF;2 is isomorphic to {+1, —1}. Clearly, the Legendre symbol stands
for the composition of the following homomorphisms

Z\pZ — Fy = Fx [Ff* 5 {+1,-1}.

-1 if d is a non-residue mod p

As a consequence there is the formula:

2)-00)
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Proposition 5.5.3 (Euler’s criterion). If p is an odd prime and if a € 7 \ pZ,

then we have
(a) = aP~1/2 mod p.
p

Proof. Write w for a primitive root mod p (Section 1.7). Then a = w’ mod p,
with 0 < j < p — 2, since the residue class w of w generates . Clearly, a is
a quadratic residue if and only if j is even. Therefore, (a/p) = (—1). On the
other hand, F,; contains only one element of order 2: this element can be written

either as w®~1/2 or —1 as its square is 1. In Z, we have —1 = w®=1/2 mod p.
Thus

(a> 21y = D2 = g D/2 1od
P

O

Now we are going to prove a famous theorem, which provides us with a
relation between the Legendre symbols for distinct odd primes.

Theorem 5.5.4 (The quadratic reciprocity law of Legendre-Gauss). If p and
q are distinct odd prime numbers, then

(§> (Z) = (1)

Proof. Let us consider, in a suitable extension of ), a primitive pth root of
unity w. Since w? = 1, the expression w® is well defined for x € F,. We shall
also consider the Legendre symbol (x/p) as defined on = € F,\, for (d/p) clearly
depends only on the residue class of d mod p. For a € F); consider the “Gaussian

” )= 3 (I) i (5.5.5)

sum
p

ze]F;f

It is an element of an extension field of Iy, Putting ax = y, we have

- X () (5) 5 () orseo

yeFy yEFy
SO

(a) = (;) (1) (5.5.6)
On the other hand, since we are working in a field of characteristic ¢ and since
(z/p) € F, we have 7(1)? = erm (/p)Tw?, so, identifying q with its residue
class mod p, we obtain

T(1)? = 71(q). (5.5.7)

Let us calculate 7(1)%. We have

w5 ()
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Putting y = tz, we see that

Z|0g

teF ) z€Fy

If witt # 1, then Z?;é(w1+t)j = 0 by the formula for summing a geometric
series. Since (w!*?)? =1, we have

S wt ) =1 i W't £

z€F,

If w!tt = 1, then > werpx = P — 1; and this happens if and only if ¢ = —1,
since w is a primitive pth root of unity. Therefore,

-1 t
= (He-n- X (3).
p 4 p
tEFX t#£—1
As there are as many squares as non-squares in mathbbF,*, we have

SORE

teFy

-1 -1 -1
o= (5) o0+ (5)=(5)
(1) pal A CAa Rl ’
Using Euler’s criterion (Proposition 5.5.3), wc obtain

7(1)2 — (_1)(?-1)/2p_ (5.5.8)

Finally, using (5.5.6) and (5.5.7), we see that

Use of (5.5.8) again yields

(Z) - (7(1)2)(q—1)/2 - (_1)(p—1)(q—1)/4p(q—1)/2.
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Since pla=1/2 = (¢/p) (Proposition 5.5.3) and since (p/q) = (p/q)~", we have
proved the quadratic reciprocity law. O

Proposition 5.5.9 (The complementary formulae). If p is an odd prime, then
we have

(@) (52) = ()07
() (2) = (-pe-ors

Proof. Relation (a) is a special case of Euler’s criterion (Proposition 5.5.3). We
need only prove (b). Note first that, since the squares of 1, 3,5, and 7 mod 8 are
1,1,1, and 1, we have p? = 1 mod 8, so formula (b) makes sense. Let us remark
next that, in the group H = {1,3,5,7} of units in the ring Z/8Z, {1,7} is a
subgroup H' of index 2. Put §(z) = 1for x € H and §(x) = —1forz € H\ H’,
so that O(zy) = 0(x)0(y) for x,y € H. Let w be a primitive eighth root of unity
in an extension of F,. As in Theorem 5.5.4 consider, for a € H, the “Gaussian

sum”
7(a) = Z O(z)w™. (5.5.10)

reH

As in Theorem 1 we see that 7(a) = 0(a)7(1) and 7(1)? = 7(p) (identifying p
with its residue class mod 8). From the definition of §(x) we obtain

(1) = w —w® —w® +w" = (a — w?)(w — wd)
=w(l —w?)(1 —w') = 2wl — w?),
since w® = 1 and w* = —1. Consequently,

7(1)? = 4w?(1 — 2w? + w') = —8w* = 8.

As in Theorem 5.5.4 we show that

Next we see that

0(p) = (r(1)2)P~1/2 = g=1)/2 — <8> (Proposition 5.5.3)
p

-(5) =)
P p)’
Therefore (2/p) = 0(p). Now, by a direct calculation involving = 1,3,5,7 (or

more easily, z = 1,3, -3, —1), we haven that §(z) = (—1)(z? —1)/8 and that
(z? —1)/8 depends only on the residue class of z mod 8. O

Ezample 5.5.11 (An application of the reciprocity law). The law of quadratic
reciprocity and the complementary formulae make it possible to calculate the
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Legendre symbol by successive reductions. Let us calculate (23/59) without
computing squares modulo 59.

()-r=(3)=-cr (3
(#)--()--G))
- (3) = (3) - (3) -

Thus 23 is not a square modulo 59.

5.6 The two-squares theorem

We are going to apply Proposition 5.4.2 to the field L = Q[i] where i = —1.
Since —1 = 3 mod 4 the ring B of integers of L is Z + Zi. This ring is called the
ring of Gaussian integers. Its discriminant is —4 Example 5.3.9). If p is an odd
prime number and if u is a generator of the cyclic group F,', then —1 = uwP=1/2,
Therefore, —1 is a square in F,, if and only if (p — 1)/2 is even. We have the
following classification for prime numbers:

e 2 ramifies in Q[i];
e the primes of the form 4k + 1 split; and
e the primes of the form 4k + 3 remain prime
The following result will prove useful.
Proposition 5.6.1. The ring B = Z + Zi of Gaussian integers is a PID.

Proof. We use the full force of an earlier result to prove this easy proposition.
With the notations of Section 4.3, we have n = 2,7y = 0,790 = 1, and d = —4.
Therefore (Proposition 4.3.5), every ideal class of B contains an integral ideal
of norm < 2. 2[4|1/2 = 2 Therefore, every ideal class contains the unit ideal,
B itself, which is the only integral ideal of norm 1 (note that 4/7 < 2). Thus
every ideal of B is equivalent to the principal ideal B -1, so B is a PID. O

Remark 5.6.2 (A sketch of an elementary proof). The points of B may be
identified with Z? ¢ R? = C. With the usual identification of R? with the plane
(the square of Euclidean distance is the norm in Q[i]) the points of Z? become
the vertices of squares covering the plane. A little geometry shows that, for any
x € Q[i], there exists z € B such that Nm(z—2z) = |[z—2]> < (1/v/2)2 =1/2 < 1.
Now in a, a non-zero ideal of B, choose a non-zero element » of minimum norm
(NB. the norm is a positive integer-valued function on Z[i] \ (0)). For any v € a
there is a z € B such that Nm(v/u — z) < 1. Therefore, Nm(v — zu) < Nm(u),
so v—zu = 0 (since v — zu € a). Consequently, v € Bu and a = Bu. The reader
will observe the analogy with the proof that Z is a PID (Section 1.1).
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Proposition 5.6.3 (Fermat). Any prime number p = 1 mod 4 may be repre-
sented as the sum of two squares (i.e. is of the form p = a® + b with a,b € N).

Proof. In fact we have the decomposition Bp = p1ps into a product of distinct
prime ideals. Clearly p> = Nm(Bp) = Nm(p;) Nm(p2) (by Proposition 3.5.3).
As the norms of p; and po are larger than 1, necessarily Nm(p;) = Nm(p2) = p.
Now, p; is a principal ideal B - (a + bi) (where a,b € Z) (Proposition 5.6.1), so
p = Nm(a+ bi) = a? + b2 O

Theorem 5.6.4. Let x be a natural number and let x = prvp(w) be its ex-
pression as a product of powers of primes. For x to be a sum of two squares it
is necessary and sufficient that, for every p = 3 mod 4, the exponent v,(z) be
even.

Proof. In order to prove sufficiency we note that a sum of two squares a? + b>
is the norm Nm(a + bi) of an element of B. By the multiplicativity of norms,
the set S of sums of two squares is itself stable under multiplication. Since
2 =12+ 12 € S and since any square is also an element of S (22 = 2% + 0?),
sufficiency follows from Proposition 5.6.3.

Conversely let z = a2+b% = (a+bi)(a—bi) be a sum of two squares (a,b € N)
and let p be a prime number = 3 mod 4. We have seen that the ideal Bp of B
is prime (Proposition 5.4.2). Let n be the exponent of Bp in the expression for
B - (a + bi) as a product of primes. As Bp is stable under the automorphism
o:u+iv — u—iv of B, and since o(a + bi) = a — bi, the exponent of Bp in the
expression for B(a — bi) is also n. Therefore, in the expression for B(a? + b?),
the exponent for Bp is 2n. As no prime number besides p belongs to Bp (for
BpNZ = pZ), we see that v,(z) = 2n and v,(x) is even. O

5.7 The four-squares theorem

In this section we intend to prove the following theorem:

Theorem 5.7.1 (Lagrange). Every natural number may be represented as the
sum of four squares.

The idea behind this proof is analogous to that of Section 5.6: in place of the
ring of Gaussian integers, we will work in a suitably chosen ring of quaternions.

Let us begin with a definition of quaternions. Given a ring A, we will write
(1,14, §, k) for the canonical basis of the A-module A** and define a multiplication
on A* as follows:

1lis the unit element,
i? ==k = 1. (5.7.2)
ij=—ji=k, jk=—-kj=1, and ki=—ik=]j.

We extend this multiplication to elements a + bi + c¢j + dk of A* by linearity.
Distributivity is then clear. It suffices to verify associativity for elements of the
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basisi, e.g. i(jk) = i> = —1 = k? = (ij)k. The formulae in which 1 appears
being clear, there remain 32 — 1 = 26 formulae to check. The patient and
incredulous reader will reduce the number of formulas by the use of permutations
and check those which remain. Others will accept the author’s claim that the
given multiplication is associative. Provided with this multiplication, A% is a not
necessarily commutative ring, and even an A-algebra, which we call the algebra
of quaternions over A, denoted by H(A) (H in honor of W. R. Hamilton, the
inventor of quaternions).

Given a quaternionz = a+bi+cj+dk over A (we write a in place of a-1), we
define the conjugate quaternion of Z to be the quaternion z = a — bi — ¢j — dk.

Lemma 5.7.3. For any z and 2’ € H(A), we have z + 2/ =z + 2/, 22/ = 2'Z,
and Z = z. In other words, z — Z is an involutive antiautomorphism of H(A).

Proof. The first and the third formulae are clear. By linearity we see that to
prove the second it suffices to check that Ty =3 - T for =,y € {1,4,j,k}. This is
clearifx =1ory=1. If x =y =1, then

7y =11 and 7z = (—i)(—i) =i* = —1.
If x =4 and y = j, then
7y=k=—k and 7T = (—j)(—i)=ji=—k.
The others follow by a permutation argument. O

Given a quaternion z over A, we call the quaternion Nm(z) = 2% the reduced
norm of z.

Lemma 5.7.4. (a) For z = a+bi+cj+dk € H(A), Nm(z) = a® +b*+c? +d?
(four squares!), an element of A.

(b) For z,z' € H(A), we have Nm(zz') = Nm(z) Nm(z').

Proof. (a): We observe that, in the expansion of (a+bi+cj+dk)(a—bi—cj—dk),
the cross-product terms cancel, leaving a? + b% + ¢ + d2.
(b): Observe that

Nm(z2') = 22" - 22" = 22'2'Z = 2 Nm(2')z = 22 Nm(z')

(since Nm(2’) € A and any element of A commutes with every quaternion), so
Nm(zz') = Nm(z) Nm(z’). O

Remark 5.7.5. Lemma 5.7.4 implies that, for a (commutative) ring A, the set
of reduced norms of quaternions, i.e. sums of four squares, is stable under
multiplication.

Now we shall study in greater detail the quaternion algebra H(Q), the non-
commutative subring H(Z), and the subset H of “quaternions of Hurwitz”, i e
the quaternions of the form a + bi + ¢j + dk, where either a, b, ¢, and d belong
to Z or all four coeflicients belong to % + 7.
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Lemma 5.7.6. (a) The set H of Hurwitz quaternions is a non-commutative
subring of H(Q) containing H(Z) and stable under conjugation z — Z.

(b) For any z € H, z+Z € Z and Nm(z) = 2Z € Z.

(¢) In order that z € H be invertible, it is necessary and sufficient that Nm(z) =
1.

(d) Every left ideal (respectively, right ideal) a of H is principal, i.e. of the form
Hz (respectively, zH).

Proof. (a): All assertions are clear except the stability of H under multiplication.
To complete the proof of (a) it suffices to show that, for

1
u:§(1+i+j+k),
we have u-1,u-4,u-j,u-k, and u? € H. We have
1 .
~1:§(1+2+J+k),
1

IS

1
u-jzi(—l—i—kj—!-k), and

1
wek= g (—14i—j+k);

all elements of H. By addition, 2u? = (=2 + 2i + 2j + 2k), so u* € H, too.
(b): Let

1
z = 5+a+(z’+b)z’+(z‘+c)j+(z'+d)k, with a,b,c,d € Z.

Then
z+zZ=1+2a€Z

2 2 2
1 1 1 1 4
Zz= (= - = - S +ZcCLI.
z <2+a> +<2+b>+<2+c> +<2+d) € +Zc

The preceding formula follows from Lemma 5.7.4.
(c) (=): If z is invertible in H and if 2’ = 27!, then

and

Nm(z) Nm(2’') = Nm(2z') = 1.
Since Nm(z) and Nm(z’) are both positive integers (b) and Lemma 5.7.4, (a),
Nm(z)) = 1.
(«): If z € mathbbH and if Nm(z) = 1, then

2Z =%z =Nm(z) =1,
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s0, since Z € H by (a), z is invertible in H. This proves (c).
(d): Take x = a+ bi+ ¢j + dk € H(Q). There exist a’,b’,¢/,d" € Z such that

1 1 1
cb=¥l<g le=dl<g, and Jd-d|<.

M| —

la—d'| <
Put z=d' +bi+ 5+ d'k. Then

Nm(z —2)=(a—a )+ b-b)>2+(c—)V+(d-d)*<4- 1.

1 J—
1=
The inequality is even strict, except when a,b,c, and d all belong to % + Z.
But in this case € H. Thus, for any quaternion z € H(Q), there exists a
Hurwitz quaternion z € H such that Nm(z — z) < 1 (it is precisely because we
must have strict inequality that we work with the Hurwitz quaternions; H(Z)
would not be sufficient). Now let a be a left ideal of H. To show that a is
principal we may assume a # (0). Choose in a a non-zero element u for which
Nm(u) is a minimum (such w exists, since the reduced norm is a positive integer-
valued function on H\ (0), by (b)). Clearly, w is invertible in H(Q) with inverse
uNm(u)~! (this shows that H(Q) is a skew field). For y € a form yu~! € H(Q)
and take an element z € H such that Nm(yu~! — z) < 1. Then, by Lemma
5.7.4, (b), we have

Nm(y — zu) = Nm((yu~" — 2)u) < Nm(u).

Since y — zu € a and since Nm(u) is as small as possible, it follows that y — zu =
0,y € Hu, and a = Hu. O

Now we are ready to prove Theorem 5.7.1. Since the set of elements of Z
which are sums of four squares is multiplicatively stable (cf. Lemma 5.7.4),
Theorem 5.7.1 follows from the following proposition.

Proposition 5.7.7. Any prime number is the sum of four squares.

Proof. Since 2 = 12 4+ 12 4+ 0% 4 02, we may suppose that p is odd. Since p
commutes with any quaternion, the left ideal Hp is two-sided. Consider the
residue class ring H/Hp. Since p is odd, any z € H is congruent mod Hp to an
element of H(Z) (if the components of z all belong to 3 + Z, form z +p- (1 +
i+ j+k)). Therefore, H/Hp is isomorphic to the corresponding residue class
ring of H(Z), i.e. H(F)).

Since the quadratic form a4+ b*+c? + d? represents 0 in F,,, (Theorem 1.7.6;
see the remark below for a direct proof), H(FF,) contains a non-zero element of
reduced norm zero. Such an element is not invertible (Lemma 5.7.4, (b)), so it
generates a non-trivial left ideal. It follows that Hp is properly contained in a
left ideal Hz distinct from H. Consequently, p = 2’z for some z,z’ € H both
non-units. Thus,

p? = Nm(p) = Nm(z) Nm(=)

and, since Nm(z) and Nm(z’) are both integers strictly larger than one (Lemma
5.7.6, (b) and (c)), Nm(z) = Nm(z') = p.
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Put z = a + bi + ¢j + dk (a,b,¢,d € Z or in %—I—Z). If a,b,¢,d € Z,
then p = Nm(z) = a® + b*> + ¢? + d* and we are finished. It suffices to show
that, if a,b,c,d € % + Z, we may make a reduction to the preceding case by
multiplying z by an element of H of reduced norm 1, more precisely by an
element of the form %(:I:l +i+j+k). To see this consider the residue class
n associated with 2z in H(Z)/4H(Z) = H(Z/4AZ). Since Nm(z) € Z, we have
Nm(2z) € 4Z, so Nm(n) = 0 and 7] = 0. We observe that 7 is the residue class
of a quaternion 2’ of the form +1+4+j+ k. Set u = %z’ € H; then u is of
reduced norm 1 and, inasmuch as (2z) - (2u) = 0 mod 4, we have zu € H(Z).
Now p = Nm(z) = Nm(zu), so we are finished. O

Remark 5.7.8. Here is a very elementary proof of the fact that, over a finite
field K, the quadratic form a? + b% + ¢ + d? represents 0 (i.e. has a non-trivial
zero in K*%).

Proof. 1t suffices to take ¢ = 1 and d = 0 and to show that the equation
a?+b%+1 = 0 has a solution in K2. Write this equation in the form b%+1 = —a?2.
In characteristic 2, we may take 4 = 0 and a = 1. If card(K) = ¢ is odd,
there are (¢ + 1)/2 squares in K (0 and the (¢ — 1)/2 non-zero squares). Thus
the set T (respectively, T") of elements of K of the form b? + 1 with b € K
(respectively, of the form —a? with a € K) consists of (¢+ 1)/2 elements. Since
(g+q)/2+(q+2)/2 > q, we have TNT" # &, so b>+1 = —a? has a solution. [
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Chapter 6

(zalois extensions of number
fields

6.1 Galois theory

This section is a supplement to the general theory of commutative fields pre-
sented in Sections 2.3, 2.4, 2.6 and 2.7. Given a field L and a set G of automor-
phisms of L, one sees immediately that the set of all z € L such that o(x) =«
for all o € G is a subfield of L, called the fized field of G, written Fixg(L). It
is also clear that, for an extension L of a field K, the set of K-automorphisms
of L is a group under composition of mappings.

Theorem 6.1.1. Let L be an extension of finite degree n of a field K, where
K is finite or of characteristic 0. The following conditions are equivalent:

(a) K is the fized field of the group G of K -automorphisms of L: K = Fixg(L).
(b) For every x € L, the minimal polynomial of x over K has all its roots in L.
(¢) L is generated by the roots of a polynomial with coefficients in K.

Under the above conditions the group G of K-automorphisms of L is of order
n.

Proof. (a) implies (b): Observe that, for x€ L, the polynomial J] .. (X —
o(x)) = P(X) is invariant under G (since any element of G permutes the fac-
tors).! Therefore, the coefficients of P(X) belong to K. Since z is a root of
P(X) (G contains an identity element), the minimal polynomial of = divides
P(X) (2.3.7). Therefore, (a) implies (b).

(b) implies (c): Take a primitive element « of L over K (Corollary 2.4.6). Its
minimal polynomial over K has all its roots in L by (b). Clearly, these roots
generate L over K (since any one of them does).

1The finiteness of G follows from Theorem 2.4.4.

85
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(c) implies (a): By hypothesis L is generated over K by a finite number of
elements (z',...,27) and by all their conjugates (x}) (Section 2.4). Tt is clear
that any K-isomorphism ¢ of L into an extension of L sends each of these gen-
erators to another element of the same set. Therefore, o(L) C L. Moreover, by
linear algebra, o(L) = L, since a is K-linear and injective. In other words, o
is a K-automorphism of L. It follows from Theorem 2.4.4 that the group G of
K-automorphisms of L has precisely n elements. Let € L be invariant under
G. Then every o € G is a K[z]-automorphism of L. By Theorem 2.4.4 there are
exactly [L : Kz]] K[z]-isomorphisms of L into an extension field of L. Thus,
n < [L : K[z]], from which we may conclude that n = [L : K[z]], K[z] = K,
and x € K. This proves that (c) implies (a). That the order of G is n has been
proved along the way. O

Definition 6.1.2. If the conditions of Theorem 6.1.1 are satisfied, L is called
a Galois extension of K and G is called the Galois group of L over K and
denoted by Gal(L,K). If G is abelian (respectively, cyclic), L is called an
abelian (respectively, cyclic) extension of K.

Corollary 6.1.3. Let K be a finite field or a field of characteristic 0, let L be
an extension of finite degree n of K, and let H be a group of automorphisms of
L such that K is the fized field of H, i.e. K = Fixg(L). Then L is a Galois
extension of K and H is the Galois group of L over K, i.e. H = Gal(L, K).

Proof. For x € L the polynomial [] ., (X — o(x)) = P(X) is invariant under
H. Therefore, P(X) has its coefficients in K. Since z is a root of P(X), the
minimal polynomial of x over K divides P(X). By Theorem 6.1.1, (b) L is a
Galois extension of K. Let G be the Galois group of L over K. We have H C G
and card(G) = n (Theorem 6.1.1). Now let x be a primitive element of L over
K (Corollary 2.4.6) and let P(X) be the polynomial constructed above. Since
n < deg P and deg P = card(H) < card(G) = n, we see that H = G. O

Theorem 6.1.4 (Fundamental theorem of Galois theory). Let K be a field
which is finite or of characteristic 0, let L be a Galois extension of K with G =
Gal(L, K). To any subgroup G' of G let us associate the fized field Fixq (L), and
to any subfield K' of L containing K let us associate the subgroup Aut(L, K') C
G consisting of all K'-automorphisms of L.

(a) The correspondences Fix and Aut are bijections and are inverses of one
another. They are both inclusion reversing on G and on L. The field L is
a Galois extension of any intermediate field K' (i.e. K C K' C L).

(b) In order that an intermediate field K' be a Galois extension of K, it is neces-
sary and sufficient that Aut(L, K') be a normal subgroup of G = Gal(L, K).
In this case we have Gal(K', K) = Gal(L, K)/ Aut(L, K').
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L 1
KA Gal(K', K) 2 Gal(L, K)/ Aut(L, K')
K Gal(L, K)

Proof. (a): For any intermediate field K’ and any 2 € L the minimal polynomial
of z over K’ divides the minimal polynomial of x over K. Thus, all its roots
belong to L by Theorem 6.1.1, (b), so L is a Galois extension of K'; also by
Theorem 6.1.1, (b). K’ is the fixed field of the group Aut(L,K’) of all K’-
automorphisms of L (Theorem 6.1.1, (a)); in other words, Fix ¢, x7) (L) = K'.
Let G’ be a subgroup of G = Gal(L, K). Then G’ is the Galois group of L over
Fixg: (L) (Corollary 6.1.3); this means G’ = Aut(L, Fixg/(L)). The relations
Fixaue(z,x7) (L) = K" and Aut(L,Fixg/(L)) = G" imply that Fix and Aut are
bijections and inverses of one another. It is clear that they reverse inclusions.
This proves (a).

(b): Let K’ be an intermediate field (K C K’ C L). For € K’ the roots of
the minimal polynomial of  over K are the elements of L of the form o(z),
for 0 € G. According to Theorem 6.1.1 (b), in order that K’ be a Galois
extension of K, it is necessary and sufficient that o(z) € K’ for all z € K’
and all ¢ € G, i.e. that o(K’) C K’ for all 0 € G. But, if o(K’) C K/, if
7 € Aut(L,K’), and if 2 € K’, then we have 07 170(z) = 07 1o(z) = z, so
o~ 70 € Aut(L, K'). In other words, “K’ is a Galois extension over K” implies
Aut(L, K') is normal in G. Conversely, suppose that Aut(L, K') is normal in G.
If v € K', 0 € G, and 7 € Aut(L,K'), then 70(z) = oo~ 'ro(x) = o(x), since
o~170 € Aut(L, K’). Thus o(x) is invariant under every element of Aut(L, K'),
so o(z) € K'. Consequently, Aut(L, K') normal in G implies o(K’') C K’ and
so K’ is Galois over K.

Finally, let us determine H = Gal(K’, K), the Galois group of K’ over K.
Since o(K') C K’ for all ¢ € G (and even o(K') = K’ by linear algebra), the
restriction o | K’ of o to K’ is a K-automorphism of K'. Restriction o — o | K’
is a homomorphism of G to the Galois group H = Gal(K’, K). Clearly, its kernel
is Aut(L, K'). Since

card(H) = [K': K] = [L : K][L : K']"* = card(G) - card(Aut(L, K'))™*
= card(G/ Aut(L, K")),

we may conclude that the restriction homomorphism is surjective. Therefore,
H>=G/Aut(L,K'). O

Ezample 6.1.5 (Quadratic extensions). Let K be a field of characteristic 0, and
let L be a quadratic extension (i.e. of degree 2) of K. As in the beginning of
Section 2.5 one sees that L is of the form K[z], where x is a root of a polynomial
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X? —d (d € K and d non-square). Since the other root of this polynomial is
—x, there is a non-trivial K-automorphism o defined by o(z) = —z, i.e.

ola+bzr)=a—bxr (a,b€eK).

Clearly 02 = 1 and K is the fixed field for . Thus L is a Galois extension of
K with the cyclic Galois group {1,0} (by Theorem 6.1.1 and Corollary 6.1.3).

Ezample 6.1.6 (Cyclotomic extensions). Let K be a field of characteristic 0, let
¢ be a primitive nth root of unity in an extension of K, and let L = K((). The
field L is called a cyclotomic extension of K. The minimal polynomial of ¢ over
K divides X™ — 1 (2.3.7), so its roots are nth roots of unity and, consequently,
powers of ¢ (Section 1.6). Thus L is a Galois extension of K by Theorem 6.1.1,
().

Let G be the Galois group of L over K. Any o € G is determined by its
effect on ¢. More precisely (¢) is a power ¢7(9) of ¢ where j(o) is uniquely
determined modulo n. For 0,7 € G one sees that

o7(¢) = 0(¢)@) = o(¢YD = (HI),

s0 j(o7) = j(0)j(7) mod n. In other words o — j(o) defines a homomorphism
G — (Z/nZ)*. Since j(o) uniquely determines o, this homomorphism is injec-
tive, and G is abelian. Thus any cyclotomic extension is abelian. If n is prime,
this extension is even cyclic, for G is isomorphic to a subgroup of (Z/nZ)* = Fx
(Theorem 1.7.3, (b)).

Remark 6.1.7. As any subgroup of an abelian group is normal, any intermediate
field K’ in a cyclotomic extension is a Galois extension (and an abelian exten-
sion) of K (Theorem 6.1.4, (b)). In particular, any subfield of a cyclotomic field
is an abelian extension of Q. Conversely, it can be shown, using (the theorem
of Kronecker and Weber) that any abelian extension of Q is a subfield of a
cyclotomic field.

The reader will observe that, with the preceding notations, the automor-
phism o raises every nth root of unity to its j(o) power, for all the nth roots of
unity are powers of (. Thus o — j(o) is independent of the choice of (.

Ezample 6.1.8 (Finite fields). Let I, be a finite field (¢ = p® with p prime). Any
extension of finite degree of F, is of the form Fyn. Its degree is n (Sectionl.7).
The mapping o: z — z? is an automorphism of Fy» (Proposition 1.7.2) with F,
as its fixed field (Theorem 1.7.3, (c)). For any x € Fy», we have o7 (x) = 27
and o™ = 1, since x € Fy» satisfies the relation #¢" = x (Theorem 1.7.3, (c)).
On the other hand, for 1 < j < n—1, we have ¢/ # 1 since, if j < n, there exists
x € Fyn such that 29" # 2. Thus {1,0,...,0" '} is a cyclic group of order n.
According to Corollary 6.1.3, Fy» is a cyclic extension of degree n of Fy. Its
Galois group has a canonical generator, the mapping r — x?. This mapping is
called the Frobenius automorphism.
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6.2 The decomposition and inertia groups

In this section A denotes a Dedekind ring, K its field of fractions (which is
assumed to be of characteristic 0), K’ is a Galois extension of K of degree n, G
is the Galois group of K’ over K, and A’ is the integral closure of A in K'.

K —A

K——A

By applying o € G to an equation of integral dependence (over A) of an element
x € A, one sees that o(x) € A’. Therefore,

A" is stable under G, ie. o(A)=A" forall oe€G. (6.2.1)

Remark 6.2.2. We have shown only that o(A’) C A’. But we also have 0~ 1(A’) C
A'yso A =007 H(A") C o(A’). From now on we shall leave the details of rea-
soning of this sort to the reader

On the other hand, if p is a maximal ideal of A and p’ a maximal ideal of A’
such that p’ N A = p (i.e. p’ appears in the factorisation of A’p into a product
of prime ideals in A’; cf. Proposition 5.2.2), then, clearly o(p’) N A = p, so
o(p’) also appears in the expression for A’p as a product of prime ideals of A’
and with the same exponent as p’. We shall say that p’ and o(p’) arc conjugate
prime ideals of A’. We are going to show that all the prime ideals in the prime
factorisation of A’p in A’ are conjugate.

Proposition 6.2.3. If p is a mazimal ideal of A, then the mazimal ideals pl/]
of A" which appear in the expression for A'p as a product of prune ideals in A’
(i.e. the mazimal ideals p’ are characterised by the property p' N A = p) are
all conjugate. They have the same residual degree f and the same ramification
index e. Thus A'p = ([19_, p})¢ and n = efg.

Proof. The assertion concerning the ramification index and the residual degree
is obvious, because an automorphism preserves all algebraic relations. The
formula n = efg is thus a special case of the relation ) e;f; = n (Theorem
5.2.3). Now let p’ be one of the p}’s and assume that another of the p}’s, which
we shall denote ¢’, is not conjugate to p’. Since ¢’ and o(p’) (0 € G) are maximal
and distinct, o(p’) ¢ q'. We need the following lemma.

Lemma 6.2.4 (Prime avoidance lemma). Let R be a ring, p1,...,pq a finite
set of prime ideals of R, and let b be an ideal of R such that b ¢ p; for any
index i. Then there exists b € b such that b ¢ p; for any i.

Proof. Without loss of generality we may assume p; ¢ p; for ¢ # j (Just cast
out non-maximal ideals p; from the list pq,...,pq .) Let a;; € p; \ p; for
i # 7,1 <14,57 <gq. Since b ¢C p;, there exists a; € b such that a; ¢ p;. Put
b; = a; H#i x;j. Then b; € b, b; € p; for j # i, and b; ¢ p; (since p; is prime).
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Thus b = by + -+ b, € b\ U p;, since clearly b € b and b = b; mod p; (so
b ¢ p; for any i). O

Returning to the proof of the proposition, we see, from the lemma, that
there is an element = € ¢’ such that x ¢ o(p;) for all 0 € G. Consider the norm
of x, Nm(z) = [[,c¢ 7(z) (Proposition 2.6.6). Since 7(x) € A’ for all 7 € G (by
(6.2.1) we see that Nm(x) € ¢/, so

Nm(z) € ' NA=p.

On the other hand = ¢ 771(p’), so 7(x) ¢ p’ for any 7 € G. Since p’ is prime,
we see that Nm(z) ¢ p’, and this contradicts Nm(x) € p. O

Now let p’ be a maximal ideal of A’ such that p’ N A = p. Those ¢ € G for
which o(p’) = p’ form a subgroup D of G, called the decomposition group of p’.
If g denotes the number of conjugates of p’, then

g = card(G) - card(D)™! or card(D)=n/g = ef. (6.2.5)

For ¢ € D, the relations o(A’) = A’ and o(p’) = p’ imply that o induces
an automorphism & of A’/p’ (xr = y mod p’ entails o(z) = o(y) mod p’). Tt
is clear that @ is an (A/p)-automorphism. The mapping o — 7 is a group
homomorphism, whose kernel is the sub-group I C D consisting of those o € D
which satisfy the relation o(x) —x € p’ for all x € A’. Thus I is a normal
subgroup of D, called the inertia subgroup of p’.

Proposition 6.2.6. With the same notations as above, assume that A/p is
finite or of characteristic 0. Then A’/p’ is a Galois extension of degree f of
A/p, and the mapping o — T is an epimorphism of D on the Galois group of
A'Jp" over A/p. Moreover, card(I) = e.

Proof. Let Kp be the fixed field of D, let Ap = A’N Kp be the integral closure
of Ain Kp, and let pp be the prime ideal p’NAp. According to Proposition 6.2.3
and the definition of D, p’ is the only prime factor of A’pp. Put A'pp = p’¢
and write f’ for the residual degree [A'/p’ : Ap/pp]. According to Theorem
5.2.3, Theorem 6.1.4, and 6.2.5 we have

e f'=|[K'/Kp] = card(D) = ef.

Since A/p C Ap/pp C A'/p’, we have f' < f. Since pAp C pp, we have e/ <e.
Therefore, since €' f' = ef, e = ¢’ and f = f’. Thus

Alp = Ap/pp. (6.2.7)

Now let T be a primitive element for A’/p’ over A/p and let x € A’ be a
representative for 7. Let X" + a,_1 X" ! + .-+ + a9 = P(X) be the minimal
polynomial for z over Kp. We know that a; € Ap (Corollary 2.6.8). The
roots of P(X) arc all of the form &(x) with o € D. The “reduced polynomial”
P(X)=X"+a_1 X" + .- + 7 has its coefficients in A/p (by 6.2.7)) and
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the roots of P(X) are all of the form 7(x) with ¢ € D. Consequently, A’/p’
contains all the conjugates of T over A/p, and A’/p’ is a Galois extension of A/p
(Theorem 6.1.1, (c)). Furthermore, since every conjugate of T over A/p of the
form & (x), every (A/p)-automorphism of A’/p’ is of the form & for some o € D.
Thus, the Galois group of A’/p’ over A/p may be identified with D/I. Since its
order is [A’/p’ : A/p] = f, we have card(D)/card(I) = f, so card(I) = e, by
(6.2.5). O

Corollary 6.2.8. In order that p not ramify in A’ it is necessary and sufficient
that the inertia group I of p’ for any p’ over p (i.e. such that p’ N A =p) be
trivial.

Remark 6.2.9. Write Dy, and I, for the decomposition and inertia groups of
the maximal ideal p’ € A’. For a conjugate ideal o(p’) (o € G)

Doy =0Dyo™ ", Iy =0clyo™". (6.2.10)
To prove (6.2.10) note that, for 7 € D, (), we have

1

oTo O-(p/) = O'T(p/) = 0'(]3,), and O'Dp/0'71 C Dg(p/).

The reverse inclusion follows by an argument analogous to that of the remark
following (6.2.1). Similarly, for 7 € I,y and = € A’, we have

oro Hz) —x=or(07 (z)) — oo (z) = o(r(c7 (x)) — o7 () € a(p’),

SO Ulp/a_l C I, (), the reverse inclusion being proved as before. When K’ is
an abelian extension of K. the groups Dy, (respectively, I,) (0 € G) are
all equal. They depend only on the ideal p of the ring A (Proposition 6.2.3).

6.3 The number field case. The Frobenius auto-
morphism

The preceding will now be applied to number fields and their rings of integers.
This application is possible because number fields are of characteristic 0 and
their residual fields are finite.

Let us keep our earlier notations (K C K’, both number fields, K’ a Galois
extension of K with Galois group G, the respective rings of integers A and A’).

K —A

K——A

Let p be a maximal ideal of A which does not ramify in A’, and let p’ be
a prime factor of A’p. The inertia group of p’ consists of the identity of G
alone (Corollary 6.2.8); its decomposition group D is canonicallv isomorphic
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to the Galois group of A’/p’ over A/p (Proposition 6.2.6). But the Galois

group of A’/p’ over A/p is cyclic with a canonical generator 7: T — Z¢ where

q = card(A/p) (Example 6.1.8). Therefore, D itself is cyclic with a canonical

generator o defined by the relation o(z) = x? mod p’) for any x € A’. This

generator is called the Frobenius automorphism of p’. We denote it (p', K’/ K).
For 7 € G we have, as in Remark 6.2.9.

(r(p),K'/K)=7-(p',K'/K) - 771, (6.3.1)

In particular, if K’ is an abelian extension, (p’, K’/K) depends only on the ideal

p of A. In this case we write (K//K).

Proposition 6.3.2. With the preceding hypotheses and notations, let F' be an
intermediate field (K C F C K') and write f for the residual degree of p' N F
over K. Then

(a) (0',K'/F)=(0',K'/K)’;
(b) if F is Galois over K, the restriction of (p’, K'/K) to F equals (p'NF, F/K).

Proof. (a): Put 0 = (p’, K'/K). By definition o(p’) = p’ and o(x) = 2?2 mod p’
for every x € A’ (here ¢ = card(A/p)). Thus

o)) =y and of(z) =27 modyp’
for all z € A’. By definition of f, ¢/ is the cardinality of the residual field
(A'NF)/(p’'NF). Furthermore, the decomposition group of p’ over F' is obviously
a subgroup of the decomposition group D of p’ over K. It is of order

[A/p" (A NF) /(e F)] = fHA/p" Afp] = f~F card(D),

by (6.2.5). Since D is cyclic and generated by o, the only subgroup of D of
order f~!card(D) is generated by o/. This proves (a)

(b): Suppose F is Galois over K and write ¢’ for the restriction of o to F
(Theorem 6.1.1, (b)). Since o(p’) = p’, it follows that o'(p’ N F) = p’ N F and
o’ belongs to the decomposition group of p’ N F' over K. Moreover, it is clear
that o'(z) = 2?7 mod p’ for all z € A’ N F, with g = card(A/p). O

6.4 An application to cyclotomic fields

We are going to utilise the theory which we have just developed to present a
third proof of the irreducibility of the cyclotomic polynomial (cf. Theorem 2.9.3
and Example 5.2.6).

Theorem 6.4.1. Let  be a primitive complex nth root of unity. Then

(a) No prime number which does not divide n ramifies in Q[(];
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(b) Q[¢] is an abelian extension of Q of degree p(n) and with Galois group
isomorphic to (Z/nZ)*.

Proof. (a): Let F(X) be the minimal polynomial of ¢ over Q, and let d be its
degree (so d = [Q[¢] : Q]). The polynomial F' divides X™ — 1; let X" — 1 =
F(X)G(X). We know that D(1,¢,...,¢% 1) = Nm(F’(¢)) (2.7.15). From the
relation n X"~ ! = F/(X)G(X) + F(X)G'(X), we may prove, by substitution,
n¢" =t = F'(¢)G((). Since ( is a unit of Q[¢], it is of norm +1. Taking norms,
we may conclude that Nm(F’(¢)) divides n?. Finally, since ¢ is an integer in
Q[¢], the absolute discriminant of Q[¢] divides D(1,¢, ..., 2%"!) and, therefore
also, n?. By Theorem 5.3.8, no prime number which does not divide n ramifies
in Q[¢]. This proves (a).

(b): Recall (Example 6.1.6) that Q[(] is an abelian extension of Q, and that
there is an monomorphism j of the Galois group G of Q[(] over Q into (Z/nZ)*.
More precisely, the element o € G raises all the nth roots of unity to the power
j(o). Let p be a prime number which docs not divide n. By (a) the Frobenius

automorphism
(Q[C]/ Q)
p
is defined; denote it o,. Writing A for the ring of integers of Q[(] and p for an
arbitrary prime factor of Ap, we obtain, from the definition of the Frobenius
automorphism, the relation o,(z) = z” mod p for all x € A. In particular,
putting j = j(op, we have ¢7 = (¥ mod p. Recall that

[I @) =PE)=n¢,
0<r<n—1r#p mod n
where P(X) = X" — 1 =[]j<,<, (X — (7). Since n is relatively prime to p,

since p N Z = pZ, and since ¢ is a unit in the integers of Q[(], we may conclude
from the relation P’(¢?) = n¢P™~Y that

1T ("=¢) ¢p.

0<r<n—1r#Zp mod n

The relation ¢/ = 2P mod p thus implies that j represents the residue class
of pmod n. Hence j(G) contains the residue classes mod n of all the prime
numbers p; which do not divide n. But this means that j(G) = (Z/nZ)*, which
proves (b). O

6.5 Another proof of the quadratic reciprocity
law
Let g be an odd prime. Let K be the cyclotomic field generated by a primitive

qth root of unity in C. The Galois group G of K over Q is isomorphic to
Fx (Theorem 6.4.1, (b)); it is cyclic of even order ¢ — 1. There is a unique
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subgroup H of index 2, which corresponds to the subgroup of squares (IE‘;)?
Thus K contains a unique quadratic subfield F' (Theorem 6.1.4, (b)). No prime
number p # ¢ ramifies in F, for, if it did, it would ramify in K; and this would
contradict Theorem 6.4.1, (a). The calculation of the discriminant of a quadratic
field (Example 5.3.9) implies that F' = Q[,/q], if ¢ = 1 mod 4, and F = Q[\/—¢],
if ¢ = 3 mod 4. Putting ¢* = (—1)@~1/2¢, we have, in either case, F = Q[/¢*].

Let p be a prime distinct from g. Write o, for the Frobenius automoiphism

(KT/Q) (cf. Section 6.4). Its restriction to F' is (%) (Proposition 6.3.2, (b)).
It is the identity if o, € H, i.e if the exponent j(o,) = the residue class of
pmod g (cf. Section 6.4) is a square in F)f. Otherwise it is the non-trivial
automorphism of F. In other words, identifying the Galois group G/H of F

over Q with {41, -1}, we have

(29)-()

by definition of the Legcndre symbol (p/q) (Section 5.5).
On the other hand, the results concerning the decomposition of the prime

pin F = Q[/q*] (Section 5.4) give further information regarding (%) By

definition it is the identity if p splits in F', and it is the non-trivial automorphism
if p remains prime. Using Proposition 5.4.2, we may conclude that, if p is odd,

(=)-(5)

Comparing (6.5.1) and (6.5.2) we obtain

0-()-()""6)
(3)-co)

by Euler’s criterion (Proposition 5.5.3). Consequently,

(1)-tcomreon(3)

This completes our second proof of the quadratic reciprocity law (Theorem
5.5.4). To take care of the case p = 2, recall that 2 splits in F' if ¢* = 1 mod 8
and 2 remains prime if ¢* = 5 mod 8 (Proposition 5.4.2). However,

(_1)(112—1)/8:(_1)((1*—1)/8: 1 if q¢* =1 mod 8
-1 if ¢*=5modS8.

Thus,
(E02) = (oo, (653

Putting (6.5.1) and (6.5.3) together, we obtain (2/¢) = (—1)(@~1/8_ This is
the difficult “complementary formula” (Proposition 5.5.9, (b)).



Appendix A

The field of complex numbers
1s algebraically closed

Let K be a field and consider the following statements:

(a) Any polynomial of posiuve degree over K is a product of polynomials of
degree one (linear polynomials).

(b) Any polynomial of positive degree has a root in K.

Clearly (a) implies (b). Conversely, if (b) is true, if P is a polynomial of degree
d>1over K, and if a € K is a root of P, then P is a multiple of X — a, and
induction on the degree d of P shows that (aa is true. A field K which satisfies
the equivalent conditions (a) and (b) is said to be algebraically closed.

We are going to show, by a method essenually due to Lagrange, that C
(= R[i],i? = —1) is algebraically closed. We shall make use of only the following
facts:

1. Any polynomial of odd degree over R has a root in R; this is a special case
of Weierstrass’s theorem on intermediate values.

2. Any quadratic polynomial over C has its roots in C. The elementary “for-
mula” for a root of aX? 4+ bX + ¢ = 0 reduces the question to that of
showing that any z = a +ib € C (a,b € R) has a square root in C. But
(x +iy)? = a +ib (z,y € R) is equivalent to #? — y?> = a and 2zxy = b. It
follows that a? + b* = (22 + y?)? and 22 + y? = Va2 + b2. Clearly, one may
find 22 and y?, hence = and y, satisfying these equations.

3. Given a non-constant polynomial P € K[X], there exists an extension K’
of K such that P factors into a product of linear polynomials in K'[X].
There was an easy proof of this fact in Proposition 2.3.11 (a proof almost
independent of other results in this chapter; it suffices to know that, if F' is
irreducible, K[X]/F(X)K|[X] is a field. Then, use an induction).

95
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4. The relations between coeflicients and roots of a polynomial.

5. The fact that a symmetric polynomial G € K[X1, ..., X,] is a polynomial in
the elementary symmetric functions ) X;, > X;X;,...,> Xi---X,, of the
XZ"S.

Theorem A.0.1. The field C of complex numbers is algebraically closed.

Proof. We shall prove property (b), that any non-constant polynomial has a root
in C. Observing that F(X) = P(X)P(X) (P: the polynomial whose coefficients
are the complex conjugates of the coefficients of P) has roots in C if and only
if P does, we see that we need consider only polynomials with real coefficients.

Now we write the degree of T' (€ R[X]) in the form d = 2"¢ where ¢ is odd.
We argue by induction on the exponent n of 2. For n = 0, d is odd and F has
a root in R (cf (1)). Suppose n > 1. By (3) there exists an extension K’ of C
and z1,...,2q € K’ such that F(X) =[],_, d(X — z;) (assuming, without loss
of generality, that F' is monic).

Let c be an arbitrary element of R and consider the elements y;; = x; +; +
cx;x;, of K/ (i < j). The cardinality of (y;;,1 < i < j <d, is 3d(d+1) =
2"~ 'q(d + 1), where ¢(d + q) is odd. The polynomial G(X) = [[,;(X — vij)
has as coefficients symmetric polynomials in the z;’s with real coefficients. By
(5) the coefficients are polynomials in the elementary symmetric functions of
the z;’s; these polynomials themselves have real coefficients. Therefore, the
coefficients of G are real (by 4)). As its degree is of the form 2"~! x x (x odd),
the induction hypothesis implies that it has a root z. € C. One of the y;;’s, say
Yi(e),j(c) = Ti(e) T Yj(e) T CTi(e)%j(c) is therefore equal to z..

Now, since R is infinite and since the set of pairs (4, j), (i < j) is finite, there
exist two distinct real numbers ¢ and ¢’ such that i(c) = i(c') and j(c¢) = j(¢).
Denote these indices by r and s respectively. Then x, + x5 + cx,xs = 2. € C
and z, + x; + cz,z, = 2 € C. Taking linear combinations, we may conclude
that x, + x5 € C and z,2s € C. Therefore, by 4), z, and z, are roots of a
quadratic equation with coefficients in C. We may conclude that z,, 2z, € C (by
(2)). Thus F) has a root in C and the theorem is proved O



Appendix B

The calculation of a volume

Proposition B.0.1. Let ri,70 € N, n=1r1 + 219, t € R, and let B; be the set
of all elements
(Y1 oo s Yryy 21y -+ 2ry) € R™T X C™2

such that
T ()
D lwil+2) lzl <t (B.0.2)
i=1 j=1
Let p denote the Lebesgue measure in R™. Then
m\"2 t"
wu(By) =2m (5> —  forany t>0. (B.0.3)
n!

Proof. We set u(B;) = V(r1,r2,t) and argue by double induction on 7 and 5.
Clearly V(1,0.t) = 2t (the segment [—t,+t]) and V/(0,1,t) = 7t?/4 (the disc of
radius ¢/2). These results verify (B.0.3) in the special cases considered.

Now assume (B.0.3) gives V (r1,72,t). First we compute V(r1+1,73,t). The
set By C R x R x C"2, which corresponds to 1 + 1 and rs, is defined by the
relation

T1 T2
Yl +D luil +2) |51 <t (yeR)
i=1 j=1
Integrating “in strips” and observing that for |y| > t, B, = &, we see that

+t
Vi(ri+1,7r2,t) = / V(ri,r2,t — |y|)dy.
—t
Use of the induction hypothesis gives
t n n+1
m\"2 (t —y) 1/m\"2 t
Vir +1,ma,t) =2 [ 27 (7) Y g — o+ (,) o
(ri+1rz,1) /0 2 nt Y 2) (n+ D)
which agrees with (B.0.3). It remains to compute V(ry,ra41,t). We keep the
induction hypothesis that V' (ry, 72, t) satisfies (B.0.3). The set By C R x C"2 x
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C which corresponds to r1 and r9 + 1 is defined by the relation
T1 )
D lwil +2> Izl 420zl <t (z2€C)
i=1 j=1

Again integrating in strips, we obtain

Viry,re + 1,1) :/ Vri,re, t — 2|z])du(2),
|z|<t/2

where dyu(z) denotes Lebesgue measure on C. Putting z = pe? (p € R,0 <
0 << 2m), we have du(z) = pdpdf. Use of the induction hypothesis gives

t/2 27 r t—2p)"
V(ri,ra +1,1) :/ / 971 (g) ’ %pdpde
0 0 n:

T\"2 27 t/2
:2’“1(f) —/ t—20)"ndp.
5) i, (t —2p)"pdp

Calculating fot/z(t — 2p)"pdp by putting 2p = z and integrating bv parts, we
find that this integral has the value t"™2/[4(n + 1)(n + 2)]. Thus,

m\T2Hl gnt2
)

V(r,ro+1,t) =27 (f B
(r,m2 +1,7) n+2)!

which agrees with (B.0.3) since r1 +2(ro + 1) =n + 2. O



