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Notations, de�nitions, and

prerequisites

We employ the usual notations from set theory: ∈,⊂,∪,∩. The complement of
a subset B of a set A is denoted A \ B. The cardinality (or power, or number
of elements) of a set A is written card(A); if A is a group, we speak of the order
of A.

We assume that the reader is acquainted with the notions of group, ring,
�eld and vector space, as well as with the elementary theory of vector spaces
(also called �linear algebra�). In this book, with the exception of 5.7, �ring�
(respectively, ��eld�) means commutative ring (respectively, �eld) with unit ele-
ment.

Given a �nite group G and a subgroup H of G, we recall that card(H)
divides card(G). The quotient card(G)/ card(H) is called the index of H in G
and is denoted (G : H). Given two subsets A and B of an additive group G, we
write A+B for the for the set of sums a+ b, a ∈ A, b ∈ B.

Given a ring A, we write A[X] or A[Y ] (capital letter) for the ring of poly-
nomials in one variable over A; we write A[X1, . . . , Xn] for the polynomials in
n variables and A[[X]] for the ring of formal power series.

By convention, a subring A of a ring B contains the unit element of B.
Given a ring B, a subring A of B, and an element x ∈ B, we write A[x] for the
subring of B generated by A and x, i.e. for the intersection of all subrings of B
which contain A and x; it is the set of all sums of the form a0 +a1x+ · · ·+anx

n

(ai ∈ A); we write A[x1, . . . , xn] for the subring of B generated by A and a �nite
set (x1, . . . , xn) of elements of B.

A ring A is called an integral domain if A contains more than one element
and if the product of any two non-zero elements of A is not zero.
An ideal b of a ring A is a subgroup of the additive group of A such that x ∈ b
and a ∈ A implies ax ∈ b. The whole ring and the set consisting of the element 0
alone (and denoted (0)) are ideals, sometimes called �trivial� ideals. A �eld has
no non-trivial ideals and this fact distinguishes �elds from other rings. Given a
set of elements (bi from a ring A, the intersection of all ideals of A containing
the bi's is an ideal of A, called the ideal generated by the bi's; it is the set of
all elements of the form

∑
i aibi, with ai ∈ A. An ideal generated by a single

element b is said to be principal ; notation: Ab or (b).
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iv NOTATIONS, DEFINITIONS, AND PREREQUISITES

Let A be a ring and b an ideal of A. The equivalence classes a + b(a ∈ A)
form a ring, called the quotient ring 1 of A by b and denoted A/b. The ideals
of A/b are of the form b′/b where b′ runs through the set of ideals of A which
contain b. In order that A/b be a �eld it is necessary and su�cient that b
be maximal among the ideals of A distinct from A. We say then that b is a
maximal ideal. An ideal p is said to prime if A/p is an integral domain.

Let A and A′ be rings with unit elements e and e′. A homomorphism f : A→
A′ is a mapping f of A to A′ such that:

f(a+ b) = f(a) + f(b), f(ab) = f(a)f(b), and f(e) = e′.

Let A be a ring. An A-algebra is a pair consisting of a ring B and a homo-
morphism ϕ : A→ B. If A is a �eld, ϕ is injective, and we often identify A with
its image ϕ(A) (which is a subring of B).

Given a �eld L and a sub�eld K of L, we often say L is an extension of K.
Usually the unit element of a ring A will be denoted by 1.
The notion of module over a ring A (or A-module) is the direct generalisation

of the notion of vector space over a �eld. An A-module M is an abelian group
(the operation is addition) provided with a mapping A ×M → M (written as
multiplication) such that a(x + y) = ax + ay, (a + b)x = ax + bx, a(bx) =
(ab)x, 1x = x, (a, b ∈ A, x, y ∈ M). There are notions of submodule and
of quotient module. Given two A-modules, M and M ′, a homomorphism (or
A-linear mapping) of M to M ′ is a mapping f : M →M ′ such that

f(x+ y) = f(x) + f(y) and f(ax) = af(x) (a ∈ A, x, y ∈M).

Given a homomorphism f : X → X ′ (of groups, rings, or modules), we call the
kernel of f and write ker(f) for the inverse image under f of the neutral element
of X ′. It is a normal subgroup (or an ideal, or a submodule) of X. In order
that f be injective it is necessary and su�cient that ker(f) consist of only the
neutral element of X. We call the image of f the subset f(X) of X ′; it is a
subgroup (or subring, or submodule) of X ′.

Let X and X ′ be sets. A mapping f of X to X ′ is often denoted f : X → X ′.
When a mapping f : X → X ′ is described by the value it takes at an arbitrary
element x ∈ X, we use the notation x 7→ f(x). Thus the sine function, sin : R→
R, can be de�ned by

x 7→
∞∑
n=0

(−1)n
x2n+1

(2n+ 1)!
.

We shall employ the usual notations for the following mathematical objects:

N: set of natural numbers (0, 1, 2, . . . , n, . . . ) (N for �numbers�).

Z: ring of rational integers (natural numbers and their negatives) (Z for �Zahlen�).

Q: �eld of rational numbers (quotients of elements of Z) (Q for �quotients�).

1The transcriber believes residue class ring is a better terminology.
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R: �eld of real numbers (R for �reals�).

C: �eld of complex numbers (C for �complexes�).

Fq: �nite �eld with q elements (F for ��nite� or ��eld�)
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Chapter 1

Principal ideal domains

Remark 1.0.1 (by the transcriber). The content of this chapter is, with a possi-
ble exception of Theorem 1.7.6, covered nowadays in most textbooks on modern
algebra. But at the publishing of the original text, the situation was quite dif-
ferent, which explains the reason why the original authour often cites Bourbaki
�Eléments de Mathématique� as reference. For the record the transcriber left
out most citation on Bourbaki.

1.1 Divisibility in principal ideal domains

Let A be an integral domain, K its �eld of fractions, x and y elements of K.
We say that x divides y if there exists a ∈ A such that y = ax. Equivalently, we
say x is a divisor of y, y is a multiple of x; notation x | y. This relation between
the elements of K depends essentially on the ring A; if there is any confusion
possible, we speak of divisibility in K with respect to A.

Given x ∈ K we write Ax for the set of multiples of x. Thus we may write
y ∈ Ax, or Ay ⊂ Ax in place of x | y. The set Ax is called a principal fractional
ideal of K with respect to A; if x ∈ A, Ax is the (ordinary) principal ideal of A
generated by x. As the relation of divisibility, x | y, is equivalent to the order
relation Ay ⊂ Ax, divisibility possesses the following two properties associated
with order relations.

x | x; if x | y and y | z, then x | z. (1.1.1)

On the other hand, if x | y and y | x, one cannot in general conclude that x = y,
one has only that Ax = Ay, which (if y 6= 0) means that the quotient xy−1 is
an invertible element of A; in this case x and y are called associates; they are
indistinguishable from the viewpoint of divisibility.

Example 1.1.2. The elements of K which are associates of 1 are the elements
invertible in A; they are often called the units in A; they form a group under
multiplication, and we shall denote this group A×. The determination of the

1



2 CHAPTER 1. PRINCIPAL IDEAL DOMAINS

units in a ring A is an interesting problem which we shall treat in the case where
A is the ring of integers in a number �eld (see Chapter 4). Here are some simple
examples:

(a) If A is a �eld, A× = A \ (0).

(b) If A = Z, A× = {+1,−1}.

(c) The units in the ring of polynomials B = A[X1, . . . , Xn], A an integral
domain, are the invertible constants; in other words B× = A×.

(d) The units in the ring of formal power series A[X1, . . . , Xn] are the formal
power series whose constant term is invertible.

De�nition 1.1.3. A ring A is called a principal ideal domain (PID for short)
if it is an integral domain and if every ideal of A is principal.

We know that the ring Z of rational integers is a PID. (Recall that any ideal
a 6= (0) of Z contains a least integer b > 0. Dividing x ∈ a by b and using the
fact that Z is Euclidean, one sees that x is a multiple of b.) If K is a �eld we
know that the ring K[X] of polynomials in one variable over K is a PID (same
method of proof: take a non-zero polynomial b(X) of lowest degree in the given
ideal a 6= (0) and make use of the fact that K[X] is a Euclidean ring, i.e. the
remainder under division of an arbitrary element of a by b(X) must be of lower
degree than b(X) or zero, which implies zero). This general method shows that
any �Euclidean ring� is a PID. If K is a �eld, it is easy to see that any non-zero
ideal in the ring of formal power series A = K[[X]] is of the form AXn with
n ≥ 0, so that A = K[[X]] is a PID too.

Divisibility in the �eld of fractions K of a PID A is particularly simple. We
shall review it brie�y.

I. Two arbitrary elementsu, v of K have a greatest common divisor (gcd), i.e.,
an element d for which the relations

�x | u and x | v� and �x | d�

are equivalent. This means the same thing as the assertion that Au and
Av have a least upper bound in the partially ordered set of fractional ideals.
This least upper bound is Au + Av, which is itself a principal fractional
ideal, since the ring A is a PID (all this is clear for u, v ∈ A; one may
reduce to this case by multiplying u and v by a common denominator).
We obtain more than the existence of a gcd (�the identity of Bezout�) there
exist elements a, b ∈ A such that the gcd of u and v may be written in the
form

d = au+ bv (1.1.4)

The greatest common divisor of u and v is obviously unique up to multi-
plication by units in A.
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II. Two arbitrary elements u, v ∈ K have a least common multiple (lcm), i.e.
there is an element m ∈ K for which the relations

�u | x and v | x� and �m | x�

are equivalent. This one can see from the fact that sending t 7→ t−1 in K
reverses divisibility. So the proof of the existence of least common multiples
reduces to the proof of the existence of greatest common divisors. From
the relation

lcm(u, v) = gcd(u−1, v−1)−1 (u, v 6= 0)

we easily obtain the following well-known formula

gcd(u, v) · lcm(u, v) = uv.

We may also proceed as in (I) to remark that the existence of lcm(u, v)
is equivalent to the existence of a greatest lower bound for Au and Av in
the partially ordered set of principal fractional ideals. The greatest lower
bound for Auand Av is Au ∩Av.

III. Two elements a, b of A are said to be relatively prime if gcd(a, b) = 1. Let
us recall the important

Lemma 1.1.5 (Euclid). Let a, b, c be elements in a PID A. If a divides
bc and is relatively prime to b, then a divides c.

Here is a quick proof:

Proof. By Bezout (1.1.4) there exist a′, b′ ∈ A such that 1 = a′a + b′b;
whence c = a′ac+ b′bc. Since a divides both terms on the right-hand, side,
a divides c as well.

IV. Finally there is unique factorisation into products of primes.

Theorem 1.1.6. Let A be a PID and let K be its �eld of fractions. There
exists a subset P ⊂ A such that any x ∈ K may be uniquely expressed in
the form

x = u
∏
p∈P

pvp(x),

where u is a unit in A and where the exponents vp(x) are elements of Z,
all zero except for a �nite subset among them.

1.2 An example: the diophantine equations X2 +
Y 2 = Z2 and X4 + Y 4 = Z4.

One of the most attractive parts of number theory is the study of diophantine
equations. One considers polynomial equations P (X1, . . . , Xn) = 0 with coe�-
cients in Z (respectively, in Q) and one seeks solutions (x) in Z (respectively, in
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Q). One can replace Z (respectively, Q) by more general rings A (respectively,
�elds K). We will give an example later (1.6).

We are going to study here two special cases of Fermat's famous equation:

Xn + Y n = Zn. (1.2.1)

Fermat claimed to have shown that, for n ≥ 3, this equation has no non-trivial
integer solution (x, y, z). His proof has never been found. Numerous math-
ematicians have since Fermat's time worked intensively on this problem, and
Andrew Wiles gave a proof for Fermat's claim in 1995.

(As Wiles made in his proof an extensive use of results in algebraic geometry
and number theory that were not available to Fermat, present-day opinion holds
that, in his �proof�, Fermat made a mistake. However, in a retrospect, that
mistake is worthy of a �rst-class mathematician. For example he might have
conceived the idea (ingenious for his time) of working in the ring of integers of
a �eld containing nth roots of unity; he may have believed that such a ring is
always a PID. In fact, we know how to prove Fermat's claim for any exponent
n for which the ring of nth roots of unity is a PID. However, this is not the case
for all n. For n prime, this ring is a PID for �nitely many values of n.)

For n = 2, equation (1.2.1) has integer solutions, e.g. (3, 4, 5). One can give
a complete description of all the integer solutions of (1.2.1).

Theorem 1.2.2. If x, y, z are positive integers such that x2 + y2 = z2, then
there exists an integer d and two relatively prime integers u and v such that
(except, possibly, for a permutation of x and y):

x = d(u2 − v2), y = 2duv, and z = d(u2 + v2). (1.2.3)

Proof. An easy calculation shows that formula (1.2.3) gives solutions for X2 +
Y 2 = Z2. Conversely, let x, y, and z be positive integers such that x2 +y2 = z2.
After dividing x, y, z by their greatest common divisor, we may assume that the
three numbers are relatively prime. It follows that they are pairwise relatively
prime as well; for example, if x and z have a common prime factor p� then p
divides y2 = z2 − x2 and, therefore, also y. In particular, two of the numbers
x, y, z are odd; the third is necessarily even. The numbers x and y cannot both
be odd, for, if they were, we would have x2 ≡ 1 mod 4, y2 ≡ 1 mod 4, and
z2 ≡ 2 mod 4, which contradicts the fact that z2 is a square. We have, then,
after possibly switching x and y:

x odd, y even, and z odd. (1.2.4)

Note that
y2 = z2 − x2 = (z − x)(z + x).

Since the greatest common divisor of 2x and 2z is 2, and since 2x = (z + x)−
(z − x), 2z = (z + x) + (z − x), the greatest common divisor of z − x and z + x
can only be 2. Put y = 2y′, z + x = 2x′, z − x = 2z′, where y′, x′ , and z′ are
integers (since y, z + x, and z − x are even by (1.2.4)). We have y′2 = x′z′.
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Since x′ and z′ are relatively prime, we see that x′ and z′ are squares u2 and
v2; in fact any prime factor of y′2 appears, with an even exponent, either in
the prime factorisation of x′ or in that of z′, but not in both. We thus have
z+ x = 2u2, z− x = 2v2, and y2 = 2u2 · 2v2; whence, x = u2− v2, y = 2uv, and
z = u2+v2. Here u and v are relatively prime, since otherwise x, y, z would have
a common prime factor. Multiplying through by the greatest common divisor
of x, y, z, call it d, we obtain (1.2.3).

Theorem 1.2.5. The equation X4 + Y 4 = Z2 has no solution in positive inte-
gers x, y, z.

Proof. If there is a solution (x, y, z), where x, y, and z are positive integers,
then there is such a solution in which z is minimal. In this case, x, y, and z are
pairwise relatively prime; if for example x and y have a common prime factor
p, then p4 divides z2, so p2 divides z and (x/p, y/p, z/p2) would be a solution,
contradicting the minimality of z. The two other cases are analogous and even
easier. As our equation may be written as (X2)2 + (Y 2)2 = Z2, we may apply
Theorem 1.2.2 to it. After possibly permuting x and y we see that there are
positive relatively prime integers u and v such that

x2 = u2 − v2, y2 = 2uv, and z = u2 + v2. (1.2.6)

Since 4 | y2, the relation y2 = 2uv implies that one of the two numbers u and v is
even; the other is necessarily odd. Thus, u even and v odd entails u2 ≡ 0 mod 4
and v2 ≡ 1 mod 4, whence x2 = u2 − v2 ≡ −1 mod 4, an impossibility. So u is
odd and v = 2v′. The relation y2 = 4uv′ and the fact that u and v′ are relatively
prime implies that u and v2 are squares a2 and b2. We apply Theorem 1.2.2
once more, this time to the equation x2 + v2 = u2 (cf (1.2.6)). Since x and u
are odd, v even, and x, v, and u pairwise prime, we obtain two relatively prime
positive integers c and d such that

x = c2 − d2, v = 2cd, and u = c2 + d2. (1.2.7)

Now, fromv = 2v′ = 2b2, it follows that cd = b2, so that c and d are again
squares x′2 and y′2 (they are relatively prime). Since u = a2, (1.2.7) may be
rewritten as

a2 = x′4 + y′4,

which is of the same form as the original equation. On the other hand, by
(1.2.6), z = u2 + v2 = a4 + 4b4 > a4, whence z > a, which contradicts the
minimality of z, proving Theorem 1.2.5.

1.3 Some lemmas concerning ideals; Euler's ϕ-
function

Let n ≥ 1 be a natural number. We write ϕ(n) for the number of integers
q, 0 ≤ q ≤ n, such that q and n are relatively prime (since 0 and n are divisible
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by n, it is equivalent to take 1 ≤ q ≤ n − 1 for any n > 1; set ϕ(1) = 1). The
function ϕ so de�ned is called Euler's ϕ-function (or Euler's totient function).
If p is a prime number, then clearly:

ϕ(p) = p− 1.

For n = ps, a power of a prime, the integers relatively prime to n are those
integers which are not multiples of p. There are ps−1 multiples of p between 1
and ps. Therefore,

ϕ(ps) = ps − ps−1 = ps−1(p− 1). (1.3.1)

Now we intend to calculate ϕ(n) by making use of the fact that n may be
expressed as a product of powers of primes. For this purpose we need some
properties of ϕ(n) and we need some lemmas concerning ideals. These lemmas
will be useful later.

Proposition 1.3.2. Let n ≥ 1 be a natural number. The value ϕ(n) of Euler's
ϕ-function equals the number of elements of Z/nZ which generate this group. It
also equals the number of units in the ring Z/nZ.

Proof. Let us recall that each congruence class mod nZ contains a unique integer
q such that 0 ≤ q ≤ n− 1. For such an integer q we write q for its residue class
mod nZ. It su�ces to prove the following implications: q relatively prime to
n ⇒ q a unit in the ring Z/nZ ⇒ q generates the additive group Z/nZ ⇒ q
relatively prime to n. If q is relatively prime to n, Bezout's identity (1.1.4)
implies that there are integers x and y such that qx + ny = 1; whence qx = 1,
so q is a unit in Z/nZ. Writing x for an integer such that q · x = 1, we
see that a = a · x · q (in the ring Z/nZ), where a is an arbitrary element of
Z/nZ(0 ≤ a < n). It follows that a = (ax) ·q (in the additive group Z/nZ), so q
generates the group Z/nZ. Finally, if q generates Z/nZ, there is an x such that
xq = 1, thus such that xy ≡ 1 mod n; thus there exists an integer y for which
xq − 1 = yn, so 1 = xq − yn. This is an instance of Bezout's identity, which
shows that q is relatively prime to n.

Lemma 1.3.3. Let A be a ring, a and b ideals of A such that a+ b = A. Then
a ∩ b = ab and the canonical homomorphism ϕ : A → A/a × A/b induces an
isomorphism [θ : A/ab→ A/a×A/b.]

Recall that the homomorphism ϕ sends any x ∈ A into the pair consisting
of the class of x mod a and the class of x mod b.

Proof. We know that, in general, ab ⊂ a and ab ⊂ b, so ab ⊂ a∩b. Let x ∈ a∩b.
Since a + b = A, there are elements a ∈ a and b ∈ b such that a+ b = 1. Thus
x = ax + xb is a sum of two elements of ab, whence a ∈ ab and a ∩ b ⊂ ab.
Therefore ab = a ∩ b.

Clearly a ∩ b is the kernel of ϕ. Since a ∩ b = ab, ϕ is constant on each
residue class mod ab. Thus, we obtain a mapping θ : A/ab→ A/a×A/b, which
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is obviously a homomorphism. Since ϕ−1(0) = ab, θ−1(0) = (0), so θ is injective.
It remains to show that θ is surjective.

We have �passed to the residue class ring� in the course of the above argu-
ment. Henceforth, we shall be much more brief in explaining analogous argu-
ments.

In order to show that θ (or, equivalently, ϕ) is surjective, we have to �nd,
for any pair y ∈ A and z ∈ A, an element a ∈ A such that x + a = y + a and
x + b = z + b. Take a ∈ a and b ∈ b such that a + b = 1. Set x = az + by.
Modulo a, x ≡ by ≡ (1− a)y ≡ y − ay ≡ y; similarly, x ≡ z mod b.

Lemma 1.3.4 (Chinese remainder theorem). Let A be a ring and (ai)1≤i≤r,
a �nite set of ideals of A such that ai + aj = A for i 6= j (such ideals are
said to be coprime). Then there is a canonical isomorphism of A/a1 · · · ar onto∏r
i=1A/ai.

Proof. Lemma 1.3.3 is the case r = 2 of Lemma 1.3.4. We proceed by induction
on r. Put b = a2 · · · ar. Let us show that a1 + b = A. For i ≥ 2 we have
a1 + ai = A, so there are elements ci ∈ a1 and ai ∈ ai, such that

ci + ai = 1, 1 =

r∏
i=1

(ci + ai) = c+ a2 · · · ar,

where c is a sum of terms each of which contains at least one ci, as a factor.
Therefore, c ∈ a1. As a2 · · · ar ∈ a, it follows that a1 + b = A.

By Lemma 1.3.3, A/a1b is isomorphic to A/a1 × A/b. According to the
induction hypothesis A/b = A/a2 · · · ar, which is isomorphic to A/a2 × · · · ×
A/ar. The lemma follows by composing these isomorphisms.

Let us apply these lemmas to Z.

Proposition 1.3.5. Let n and m be relatively prime integers. Then the ring
Z/nmZ is isomorphic to the product ring Z/nZ× Z/mZ.

Proof. This is a special case of Lemma 1.3.3, the hypothesis nZ+mZ = Z being
Bezout's identity.

Corollary 1.3.6. If n andm are relatively prime positive integers, then ϕ(nm) =
ϕ(n)ϕ(m).

Proof. ϕ(nm) is the number of units in Z/nmZ (Proposition 1.3.2) which is
isomorphic to Z/nZ×Z/mZ. Now an element (α, β) of a ring product is invert-
ible if and only if each of its components α, β is invertible. Thus our assertion
follows from Proposition 1.3.2.

Corollary 1.3.7. Let n be a positive integer and let n = pα1
1 · · · pαr

r be its prime
factorisation. Then ϕ(n) = n(1− 1/p1) · · · (1− 1/pr).

Proof. By Corollary 1.3.6 ϕ(n) = ϕ(pα1
1 ) · · ·ϕ(pαr

r ). By (1.3.1) ϕ(pαi
i ) = pαi−1

i (pi−
1) = pαi

i (1− 1/pi). Multiplication gives our formula.
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1.4 Some preliminaries concerning modules

Before studying modules over a PID, we make some remarks concerning modules
over arbitrary commutative rings.

Let A be a commutative ring and let I be a set. Let A(I) denote the set of
sequences (ai)i∈I indexed by I, of elements of A such that ai = 0 except for a
�nite number of indices i ∈ I. Thus A(I) is a subset of the cartesian product
set Ai, and also a submodule of AI � if one provides A− I with the A-module
structure de�ned by componentwise addition and scalar multiplication.

If I is �nite, then A(I) = AI .
For j ∈ I, the sequence (δji)i∈I such that δjj = 1 and δji = 0 for i 6= j is an

element ej of A(I). Every element (aj)j∈I of A(I) has a unique expression as a
(�nite) linear combination of the ej . More precisely,

(aj)j∈I =
∑
j∈I

ajej

(note that, in the summation on the right, all the terms are zero except for a
�nite number, so that the summation makes sense).

We call (ej)j∈I the canonical basis for A(I).
Let A be a ring, M an A-module, and (xi)i∈I a family of elements of M . To

everv element (ai)i∈I of A(I) let us associate the element
∑
i aixi ofM (as before,

the summation makes sense). Thus we obtain a mapping ϕ : A(I) → M , which
is obviously linear. If (ei)i∈I is the canonical basis for A(I), then ϕ(ei) = xi for
any i ∈ I. The equivalence of the following statements is immediate:

(xi)i∈I is a linearly independent set ⇔ ϕ is injective.

(xi)i∈I geneates M ⇔ ϕ is surjective.

If ϕ is bijective, (xi)i∈I is called a basis for M . This means that every element
of M has a unique expression as a linear combination of the elements (xi)i∈I .
A module M which has a basis is called a free module.

Remark 1.4.1. In contrast to the case of vector spaces over a �eld, a module
over a ring need not have a basis. For example, the Z-module Z/nZ does not
have a basis for n 6= 0 or 1. In the ensuing discussion we shall show that certain
modules are free. This type of result is seldom trivial.

A module is said to be of �nite type if it contains a �nite generating set. The
following theorem is basic for the study of the properties of Noetherian rings
and modules. We develop this topic further in Chapter 3.

Theorem 1.4.2. Let A be a ring andM an A-module. The following conditions
are equivalent.

(a) Every non-empty family of submodules of M contains a maximal element
(with respect to inclusion).
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(b) Every ascending sequence (Mn)n≥0 (again with respect to inclusion) of sub-
modules of M is stationary (i.e. there exists n0 such that Mn = Mn0 for
all n ≥ n0).

(c) Every submodule of M is of �nite type.

Proof. (a) ⇒ (c): Let E be a submodule of M and let Φ be the collection con-
sisting of all submodules of �nite type of E. Then Φ is not empty, since (0) ∈ Φ.
By (a) Φ contains a maximal element F . For x ∈ E, F + Ax is a submodule
of �nite type of E (it is generated by the union of {x} and any �nite set of
generators for F ). Thus F + Ax = F , since F + Ax ⊃ F and F is maximal.
Therefore, x ∈ F,E ⊂ F,E = F , and E is of �nite type.
(c) ⇒ (b): Let (Mn)n≥0 be an ascending chain of submodules of M . Then
E = ∪n≥0Mn. is a submodule ofM . By (c) it contains a �nite set of generators
(x1, . . . , xq). For every i there is an index n(i) such that xi ∈Mn(i). Let n0 be
the largest of the n(i)'s. Then xi ∈ Mn0 for all i, so E ⊂ Mn0 and E = Mn0 .
For n > n0 the inclusion relations Mn0

⊂ Mn ⊂ E and the equality Mn0
= E

imply that Mn0
= Mn. Thus the sequence (Mn) is stationary beyond n0.

(b) ⇒ (a): This is concluded as a special case of Lemma 1.4.3 concerning par-
tially ordered sets that proves a stronger result (a) ⇔ (b).

Lemma 1.4.3. Let (T,�) be a partially ordered set. The following statements
are equivalent:

(i) Every non-empty subset of T contains a maximal element.

(ii) Every ascending chain (tn)n≥0 of elements of T is stationary.

Proof. (i) ⇒ (ii): Let tq be a maximal element of the ascending chain (tn).
Then, for n � q, tn � tq (the chain ascends), so tn = tq (maximality).
(ii) ⇒ (i): We will show the contrapositive. Suppose (i) does not hold, thus
there exists a subset S of T which does not contain a maximal element. Then,
for any x ∈ S, the set of elements � x of S is nonempty. By the axiom of choice
there exists a mapping f : S → S such that f(x) � x for all x ∈ S. Since S is
not empty, one may choose t0 ∈ S and de�ne by induction the chain (tn)n≥0
by setting tn+1 = f(tn). The chain is strictly ascending; it is therefore not
stationary. Thus (ii) does not hold, so (ii) ⇒ (i) is established.

Corollary 1.4.4 (to Theorem 1.4.2). In a PID A, every non-empty family of
ideals contains a maximal element.

Proof. If one considers A as a module over itself, its submodules are its ideals.
As all ideals are principal, they are A-modules generated by a single element,
thus of �nite type. The corollary follows from the implication (c) ⇒ (a) of
Theorem 1.4.2.
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1.5 Modules over PIDs

Let A be an integral domain and let K be its �eld of fractions. A free A-module
(isomorphic to an A(I) for some I) may be injected into a vector space over
K (K(I) in the case of A(I)). It follows that the same thing is true for any
submodule M of a free A-module. The dimension of the subspace generated
by M is called the rank of M . If M is itself free and admits a basis having n
elements, then the rank of M is n.

Theorem 1.5.1. Let A be a PID, M a free A-module of rank n, and M ′ a
submodule of M . Then:

(a) M ′ is free of rank q, 0 ≤ q ≤ n.

(b) If M ′ 6= (0), there exists a basis (e1, . . . , en) of M and non-zero elements
a1, . . . , aq ∈ A such that (a1e1, . . . , aqeq) is a basis of M ′ and such that ai
divides ai+1, 1 ≤ i ≤ q − 1.

Proof. The theorem is trivial for M ′ = (0), so we may assume M ′ 6= (0).
Let L(M,A) be the set of linear forms on M . For u ∈ L(M,A), u(M ′) is a
submodule of A, an ideal of A. We may write u(M ′) = Aau with au ∈ A, since
the ideal is principal. Let u ∈ L(M,A) be such that Aau is maximal among the
Aav(v ∈ L(M,A)) (Corollary 1.4.4). Let us take a basis (x1, . . . , xn) ofM , which
identi�es M with An. Let PriM → A be the projection on the i'th coordinate,
i.e. Pri(xj) = δij . Since M ′ 6= (0), for at least one i, 1 ≤ i ≤ n,Pri(M

′) is
not (0). Thus au 6= (0). By our construction there exists e′ ∈ M ′ such that
u(e′) = au. Let us show that for every v ∈ L(M,A), au | v(e′). Indeed, if
d = gcd(au, v(e′)), then d = bau+cv(e′) with b, c ∈ A, whence d = (bu+cv)(e′).
Since bu+ cv is a linear form on M,Aau ⊂ Ad ⊂ u(M ′). The maximality of Aa
implies that Ad = Aau, so au must divide ve′).

In particular, au | Pri(e
′), so let Pri(e

′) = aubi with bi ∈ A. Put e =∑n
i=1 bixi. Then e

′ = aue. Since u(e′) = au = au · u(e), it follows that u(e) = 1
(note that au 6= 0). Let us show that

(1) M = ker(u) +Ae

(2) M ′ = (M ′ ∩ ker(u)) +Ae′ ((where e′ = aue),

the sum being direct.
(1): For every x ∈ M,x = u(x)e + (x − u(x)e). We see that u(x − u(x)e) =
u(x) − u(x)u(e) = 0, since u(e) = 1, so x − u(x)e ∈ ker(u). This shows that
Ae+ ker(u) = M ; obviously Ae ∩ ker(u) = (0).
(2): For y ∈ M ′, u(y) = bau with b ∈ A, so y = baue + (y − u(y)e) = be′ +
(y − u(y)e). Again it is clear that y − u(y)e ∈ ker(u) and also that y − u(y)e =
y− be′ ∈M ′, i.e. y− u(y)e ∈M ′ ∩ ker(u) and be′ ∈ Ae′ ⊂ Ae. This entails (2).

Now we prove (a) by induction on the rank q of M ′. If q = 0,M ′ = (0) and
there is nothing to prove. If q > 0,M ′ ∩ ker(u) is of rank q− 1 according to (2),
and is therefore free according to the induction hypothesis. As, in (2), the sum
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is direct, we obtain a basis for M ′ by adding e′ to a basis for M ′ ∩ ker(u). Thus
M ′ is free and (a) is true.

To prove (b) we argue by induction on the rank n of M . Again the case
n = 0 is trivial. By (a), ker(u) is free and of rank n − 1, since, in (b), the
sum is direct. We apply the induction hypothesis to the free module ker(u)
and to its submodule M ′ ∩ ker(u) : if M ′ ∩ ker(u) 6= (0), there exists q ≤ n,
a basis (e2, . . . , en) of ker(u), and there are non-zero elements a2, . . . , aq, of A
such that (a2e2, . . . , aqeq) is a basis for M ′ ∩ ker(u) and such that ai divides
ai+1, 2 ≤ i ≤ q − 1. Keeping the same notations as above, we set a1 = au
and e1 = e. Then (el, e2, . . . , en) is a basis for M (according to (1)), and
(a1e1, . . . , aqeq) is a basis forM ′ (according to (1)) and the fact that e′ = a1e1).
It remains to prove that a1 | a2. Let v be the linear form on M de�ned by the
relation v(e1) = v(e2) = 1 and v(ei) = 0 for i ≥ 3. Then a1 = au = v(aue1) =
v(e′) ∈ v(M ′), so Aau ⊂ v(M ′). By the maximality of Aau we may conclude
that v(M ′) = Aau = Aa1. Since a2 = v(a2e2) ∈ v(M ′), we see that a2 ∈ Aa1,
i.e. a1 | a2.

Remark 1.5.2. The ideals Aai of Theorem 1.5.1 are called the invariant factors
of M ′ in M . One can show that they are uniquely determined by M and M ′.

Corollary 1.5.3. Let A be a PID. Let E be an A-module of �nite type. Then
E is isomorphic to a product (A/a1)× (A/a1)× · · · × (A/an), where the a's are
ideals of A such that a1 ⊃ a2 ⊃ · · · ⊃ an.

Proof. Let (x1, . . . , xn) be a �nite set of generators of E. According to the
beginning of 1.4, there is a surjective homomorphism ϕ : An → E, such that E is
isomorphic to An/ ker(ϕ). By Theorem 1.5.1, there is a basis (e1, . . . , en) of An,
an integer q ≤ n, and nonzero elements a1, . . . , aq of A such that (a1e1, . . . , aqeq)
is a basis of ker(ϕ) and such that ai divides ai+1 for all i, 1 ≤ i ≤ q − 1. Put
ap = 0 for q + 1 ≤ p ≤ n. Then An/ ker(ϕ) is isomorphic to the product of
the Aei/Aaiei, (1 ≤ i ≤ n), and Aei/Aaiei is isomorphic to A/Aai. Putting
a = Aai, we obtain the corollary.

We shall say that a module E over an integral domain A is torsion free if
the relation ax = 0, (a ∈ A, x ∈ E) implies a = 0 or x = 0.

Corollary 1.5.4. Over a PID A, every module E of �nite type which is torsion
free is free.

Proof. We make use of Corollary 1.5.3: E ∼= (A/a1)×· · ·× (A/an). Suppressing
the factors which are zero, we may suppose that ai 6= A for all i. If a1 6= (0),
if a is a non-zero element of a1, if x1 is a non-zero element of A/a1 and if
x = (x1, 0, · · · , 0), then ax = 0 contradicting the fact that E is torsion free.
Thus a1 = (0), ai = (0) for all i (since ai ⊂ a1), and E is isomorphic to An.

Remark 1.5.5. The hypothesis that E is of �nite type is essential: for example
Q is a torsion free Z-module which is not free.
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Corollary 1.5.6. Over a PID A, every module E of �nite type is isomorphic
to a �nite product of modules Mi, where each Mi is equal to A or to a quotient
A/Aps with p prime.

Proof. We make use of Corollary 1.5.3 and we decompose each factor A/Aa
where a 6= 0, by means of Lemma 1.3.4: if a = ups11 · · · psrr is the prime factori-
sation of a, A/Aa is isomorphic to the product of the A/Apsii .

Corollary 1.5.7. Let G be a �nite commutative group. There exists x ∈ G
whose order is the least common multiple of the orders of the elements of G.

Proof. A commutative group is a Z-module (the operation being addition). Ac-
cording to Corollary 1.5.3

G ∼= Z/a1Z× · · · × Z/anZ

where a1 | a2 | · · · | an. We have ai 6= 0 for all i; otherwise G would be in�nite.
We write y for the residue class of 1 in Z/anZ and we put x = (0, . . . , 0, y). The
order of x is obviously an. For z = (z1, . . . , zn) ∈ G, we have anz = 0, since
ai divides an for all i. Therefore an is a multiple of the order of z and x is the
element sought.

1.6 Roots of unity in a �eld

Theorem 1.6.1. Let K be a �eld. Every �nite subgroup G of the multiplicative
group K× consists of roots of unity and is cyclic.

Proof. According to Corollary 1.5.7, there exists z ∈ G whose order n is such
that yn = 1 for every y ∈ G. Since a polynomial of degree n over a �eld (for
example Xn − 1) has at most n roots in the �eld, the number of elements of
G is at most n. Now, inasmuch as z has order n,G contains the n elements
z, z2, . . . , zn = 1, which are all distinct. Thus G is comprised of these elements
and is cyclic.

If a �eld K contains n nth roots of unity, they form a cyclic group of order
n (isomorphic to Z/nZ). A generator of this group is called a primitive nth
root of unity, every nth root of unity is thus a power of such a primitive root.
According to Proposition 1.3.2, the number of these primitive roots is ϕ(n).

1.7 Finite �elds

Let K be a �eld. There is a unique ring homomorphism ϕ : Z→ K (de�ned by

ϕ(n) =

n︷ ︸︸ ︷
1 + 1 + · · ·+ 1 for n ≥ 0 and by ϕ(−n) = −ϕ(n)). If ϕ is injective, it

identi�es Z with a subring of K; then K also contains the �eld of fractions Q,
of Z. In this case we say that K is of characteristic 0. If ϕ is not injective, its
kernel is an ideal pZ where p > 0; then Z/pZ is identi�ed with a subring of K;
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thus Z/pZ is an integral domain (in fact, a �eld) from which it follows that p is
a prime number. We say, in this case, that K is of characteristic p. From here
on, we write Fp for Z/pZ.

Remark 1.7.1. The sub�eld, Q, or Fp, of K is the smallest sub�eld of K; it is
called the prime sub�eld of K. For every prime number p there exist �elds of
characteristic p, e g. Fp.

Proposition 1.7.2. If K is a �eld of characteristic p 6= 0, then px = 0 for
every x ∈ K and (x+ y)p = xn + yn for every x, y ∈ K.

Proof. For x ∈ K, we have p · x = (p · 1) · x = 0 · x = 0. On the other hand, the
binomial formula gives

(x+ y)p = xp + yp +

p−1∑
j=1

(
p

j

)
xjyp−j .

The binomial coe�cient
(
p
j

)
is an integer; its value is p!/[j!(p − j)!]. Inasmuch

as the prime p appears in the numerator but not in the denominator,
(
p
j

)
is a

multiple of p for 1 ≤ j ≤ p − 1. The intermediate terms in the expansion of
(x+ y)p thus vanish in a �eld of characteristic p.

By induction one sees that (x+ y)p
n

= xp
n

+ yp
n

for every n ≥ 0.

Theorem 1.7.3. Let K be a �nite �eld. Set q = card(K). Then:

(a) The characteristic of K is a prime p, K is a �nite dimensional vector space
of dimension s over Fp, and q = ps.

(b) The multiplicative group K× is cyclic of order q − 1.

(c) xq−1 = 1 for every x ∈ K×; xq = x for every x ∈ K.

Proof. (a): Since Z is in�nite, K cannot be of characteristic 0. Thus K contains
Fp, p prime; in factK is a vector space over Fp, whose dimension smust be �nite
� otherwise K would be an in�nite �eld. As a vector space, K is isomorphic
to (Fp)s, so K contains ps elements.
(b); Follows from Theorem 1.6.1.
(c): An immediate consequence of (b).

Example 1.7.4. Let us interpret (b) for the case of Fp, p prime. There exists an
integer x ∈ Z such that 0 < x ≤ p − 1 and such that every integer y which is
not a multiple of p is congruent modulo p to a power of x. Such an x is called
a primitive root modulo p. The problem of �nding primitive roots modulo p is
by no means trivial. For instance there are ϕ(6) = 2 roots primitive modulo 7;
they are 3 and 5 (one sees that 12 ≡ 62 ≡ 1 mod 7 and 23 ≡ 43 ≡ 1 mod 7, 3
and 5 are the only other possibilities).
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Remark 1.7.5. (a) and (c) imply that a �nite �eldK with q elements is the set of
roots of the polynomial Xq−X (which has exactly q roots). One can show that
two �nite �elds with q elements are isomorphic. We write Fq, unambiguously
for a �eld with q elements.

As an exercise we are going to digress in order to prove the following elegant
theorem which concerns diophantine equations over a �nite �eld.

Theorem 1.7.6 (Chevalley). Let K be a �nite �eld and let F (X1, . . . , Xn) be
a homogeneous polynomial of degree d over K. Suppose d < n. Then there
exists a point (x1, . . . , xn) ∈ Kn distinct from the origin (0, . . . , 0) such that
F (x1, . . . , xn) = 0.

Proof. Let us write q for card(K) and p for the characteristic of K (so q = ps).
Let V ⊂ Kn be the set of zeros of F , i.e. the points (x1, . . . , xn) ∈ Kn such that
F (x) = 0 (we use, hereafter, the symbol x to stand for a point (x1, . . . , xn) ∈
Kn). According to Theorem 1.7.3, (c), F (x)q−1 = 0 for x ∈ V and F (x)q−1 = 1
for x ∈ Kn \ V . Thus the polynomial G(x) = F (x)q−1 is the characteristic
function of Kn \V with values in Fp. The number modulo p of points of Kn \V
will thus be given by the sum

∑
x∈Kn G(x). We are going to calculate this sum

and show that it is zero. It will follow that card(Kn \ V ) is a multiple of p;
inasmuch as card(Kn) = qn = pns is also a multiple of p, card(V ) will also
have to be a multiple of p. Certainly V contains the origin, so if p | card(V ), V
necessarily contains other points, p ≥ 2. Thus, to prove Theorem 1.7.6 it su�ces
to show that

∑
x∈Kn G(x) = O ∈ Fp. Now, to calculate

∑
x∈Kn G(x), wc

observe that the polynomial G is a linear combination of monomials Mα(X) =
Xα1

1 · · ·Xαn
n . To determine

∑
x∈Kn G(x) it su�ces to calculate∑

x∈Kn

Mα(x) =
∑
x∈Kn

xα1
1 · · ·xαn

n = (
∑
xK
1

xα1
1 ) · · · (

∑
xK
n

xαn
n ).

The problem reduces to that of calculating sums of the form
∑
z∈K z

β , (β ∈ N).

(a) For β = 0, zβ = 1 for all z ∈ K. Consequently,
∑
x∈K z

β =
∑
x∈K 1 = q =

0.

(b) For β > 0, the term 0β is 0, so the sum reduces to
∑
x∈K× z

β . K× is a
cyclic group of order q − 1 (Theorem 1.7.3 b). Let ω generate K×. Then∑
x∈K× z

β =
∑q−2
j=0 ω

βj which is the sum of a geometric progression. Thus:

(i) If ωβ 6= 1, i.e. if β is not a multiple of q − 1, then

q−2∑
j=0

ωβj =
ωβ(q−1) − 1

ωβ − 1
= 0,

since ωq−1 = 1.
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(ii) If ωβ = 1, i.e. if β is a multiple of q − 1, then

q−2∑
j=0

ωβj = q − 1.

If follows from (a), (bi), and (bii) that
∑
x∈Kn x

α1
1 · · ·xαn

n vanishes unless all the
ai's are non-zero and multiples of (q−1)n. However, sinceG = F q1, G has degree
(q−1)d and (q−1)d < (q−1)n by assumption. Thus

∑
x∈Kn Mα(x) = 0 for every

monomial Mα(X) which appears in G with a non-zero coe�cient. Therefore,∑
x∈Kn G(x) = 0. We have seen that this relation implies the theorem.

Remark 1.7.7. Let us remark that it would have been su�cient, in place of the
assumption that F was homogeneous, to have considered F with no constant
term. Naturally, the strict inequality d < n between the degree and the number
of variables is essential. For example, the norm of Fqn to Fq, (cf. Section 2.6) is
a homogeneous polynomial of degree n in n variables over Fp, with no non-trivial
zero.

Example 1.7.8. A quadratic form in three variables over a �nite �eld �represents
zero� (i. e. has a non-trivial zero). Passing from K3 to the projective plane
P2(K), this means that a conic over K contains a point rational over K (i.e.
whose coordinates may be chosen in K). The example of the conic X2 + Y 2 +
Z2 = 0 over R (respectively X2 + Y 2 − 3Z2 = 0 over Q; in order to see that
X2 + Y 2 − 3Z2 = 0 has no non-trivial solution in Q, it su�ces to consider the
case where x, y, z are relatively prime integers and then to reduce mod 4) shows
that we are not dealing with a property common to all �elds.
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Chapter 2

Integral elements over a ring;

algebraic elements over a �eld

Among the complex numbers those which will concern us in this book are the
so-called algebraic numbers, that is, those which satisfy an equation of the form

xn + an−1x
n−1 + · · ·+ a1x+ a0 = 0,

where the coe�cients are rational numbers. When the coe�cients are integers
(ai ∈ Z) the algebraic number x is called an algebraic integer. Thus

√
2,
√

3,
i, e2iπ/5 are algebraic integers. It is not a priori clear that sums or products of
algebraic numbers (respectively algebraic integers) are again algebraic numbers
(respectively algebraic integers). Consider, for example, x =

√
2+
√

3. Squaring,
one obtains x2 = 2+3+2

√
6 adding and shifting across the equal sign gives x2−

5 = 2
√

6: again a squaring operation yields (x2−5)2 = 24, which shows that x is
an algebraic integer. The reader will have to exert himself to show that 3

√
5+ 3
√

7
is an algebraic integer and will be convinced that the sequence of steps which
leads to a proof that this number is algebraic may not be easily generalised.
In order to overcome this di�culty the algebraists of the nineteenth century,
Dedekind in particular, had the idea of �linearising� the problem, which means
that they introduced the notion of module. We will begin with some results
concerning modules. Considering modules over commutative rings (rather than
over Z or Q) will not require an extra e�ort and will be quite useful later.
We will begin with the general case of integral elements over a ring and then
specialise to algebraic elements over a �eld.

2.1 Integral elements over a ring

Theorem 2.1.1. Let R be a ring, A a subring of R, and x an element of R.
The following statement are equivalent:

17
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(a) There exist a0, . . . , an ∈ A such that

xn + an−1x
n−1 + · · ·+ a1x+ a0 = 0 (2.1.2)

(i.e. x is a root of a monic polynomial with coe�cients in A).

(b) The ring A[x] is an A-module of �nite type.

(c) There exists a subring B of R which contains A and x and which is an
A-module of �nite type.

Proof. (a) ⇒ (b): Call M the A-submodule of R generated by 1, x, . . . , xn − 1.
By (a) xn ∈ M . Multiplying (2.1.2) by xj , we obtain xn+j = −an−1xn+j−1 −
· · ·−a0xj . In fact, induction on j implies that xn+j ∈M , for all j ≥ 0. As A[x]
is the A-module generated by the xk(k ≥ 0), we see that A[x] = M .
(b) ⇒ (c): Thiis clear.
(c) ⇒ (a): Let (y1, . . . , yn) be a �nite set of generators for B as a module over
A, i.e. B = Ay1 + · · · + Ayn. Since x ∈ B and since B is a subring of R, it
follows that xyi ∈ B for all i = 1, . . . , n. Therefore,

xyi =

n∑
j=1

aijyj = 0, for any i = 1, . . . , n, aij ∈ A, 1 ≤ i, j ≤ n.

This means that
n∑
j=1

(δijx− aij)yj = 0, i = 1, . . . , n.

Consider this system of n homogeneous linear equations in (y1, . . . , yn). Write
d for the determinant det(δijx− aij). The calculation leading to Cramer's rule
shows that dyi = 0 for all i. This means that db = 0 for all b ∈ B; in particular,
d · 1 = 0, so d = 0. But d is clearly a monic polynomial in x, since the highest
order term appears in the expansion of the product

∏m
i=1(x− aii) of the entries

on the principal diagonal. Thus (c) implies (a).

De�nition 2.1.3. Let R be a ring and let A be a subring of R. An element
x of R is said to be integral over A if it satis�es the equivalent conditions (a),
(b), and (c) of Theorem 2.1.1. Let P ∈ A[X] be a monic polynomial such that
P (x) = 0 ((a) implies that such a polynomial exists). The relation P (x) = 0 is
called an equation of integral dependence of x over A.

Example 2.1.4. The element x =
√

2 of R is integral over Z. The relation
x2 − 2 = 0 is an equation of integral dependence.

Proposition 2.1.5. Let R be a ring, A a subring of R, and let (xi)1≤i≤n be a
�nite set of elements of R. If, for all i, x is integral over A[x1, . . . , xn−1] (in
particular if all the xi's are integral over A), then A[x1, . . . , xn] is an A-module
of �nite type.
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Proof. We argue by induction on n. For n = 1, we have a repeat of assertion (b)
of Theorem 2.1.1. Assume that B = A[x1, . . . , xn−1] is an A-module of �nite
type. Then B =

∑p
j=1Abj . The case n = 1 implies that A[x1, . . . , xn] = B[xn]

is a B-module of �nite type. Write B[xnJ =
∑q
k=1Bck. Then

A[x1, . . . , xn] =

q∑
k=1

Bck =

q∑
k=1

(

p∑
j=1

Abj)ck =
∑
j,k

Abjck.

Thus (bjck) is a �nite set of generators for A[x1, . . . , xn] as a module over A.

Corollary 2.1.6. Let R be a ring, A a subring of R, x and y elements of R
which are integral over A. Then x+ y, x− y, and xy are integral over A.

Proof. Clearly x + y, x − y, and xy ∈ A[x, y]. According to Proposition 2.1.5
A[x, y] is an A-module of �nite type. According to part (c) of Theorem 2.1.1,
x+ y, x− y, and xy are integral over A.

Corollary 2.1.7. Let R be a ring and let A be a subring of R. The set A′ of
elements of R which are integral over A is a subring of R which contains A.

Proof. Corollary 2.1.6 implies that A′ is a subring of R. We have A ⊂ A′,
since, if a ∈ A, a is a root of the monic polynomial P (X) = X − a, which has
coe�cients in A.

De�nition 2.1.8. Let R be a ring, A a subring of R. The ring A′ of elements
of R which are integral over A is called the integral closure of A in R. Let A
be an integral domain and let K be its �eld of fractions. The integral closure
of A in K is called the integral closure of A. Let B be a ring and A a subring
of B. We say that B is integral over A if every element of B is integral over A
(i.e. if the integral closure of A in B is B itself).

Proposition 2.1.9 (Transitivity). Let C be a ring, B a subring of C, and A
a subring of B. If B is integral over A and if C is integral over B, then C is
integral over A.

Proof. Let x ∈ C. Then x is integral over B, so there is an equation of integral
dependence xn + bn−1x

n−1 + · · · + b0 = 0 with bi ∈ B, i = 0, . . . , n − 1. Put
B′ = A[b0, . . . , bn−1]. Then x is integral over B′. As B is integral over A,
the bi are integral over A. Therefore Proposition 2.1.5 implies that B′[x] =
A[b0, . . . , bn−1, x] is an A-module of �nite type. By part (c) of Theorem 2.1.1,
x is integral over A. Thus C is integral over A.

Proposition 2.1.10. Let B be an integral domain and A a subring of B such
that B is integral over A. In order that B be a �eld it is necessary and su�cient
that A be a �eld.

Proof. Suppose that A is a �eld and let b ∈ B, b 6= 0. Then A[b] is a �nite
dimensional vector space over A (part (b) of Theorem 2.1.1). On the other
hand y 7→ by is an A-linear transformation of A[b]. It is injective since A[b] is
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an integral domain and since b 6= 0. Therefore, it is surjective. There exists
b′ ∈ A[b] such that bb′ = 1. This means that, for any b ∈ B \ (0), b is invertible
in B, so B is a �eld 1.

Conversely, suppose that B is a �eld. Let a ∈ A\ (0). Then a has an inverse
a−1 ∈ B which satis�es an equation of integral dependence

a−n + an−1a
−n+1 + · · ·+ a1a

−1 + a0 = 0, ai ∈ A.

Multiplying by an−1, we obtain

a−1 = −(an−1 + · · ·+ a1a
n−2 + a0a

n−1),

which shows that a−1 ∈ A. Thus A is a �eld.

2.2 Integrally closed domains

De�nition 2.2.1. A ring A is said to be integrally closed if it is an integral
domain and if it is its own integral closure.

In other words, A is integrally closed if every element x of the �eld of fractions
K of A which is integral over A belongs to A.

Example 2.2.2. Let A be an integral domain and let K be its �eld of fractions.
Then the integral closure A′ of A (i.e. the integral closure of A inK) is integrally
closed. This follows from the fact that the integral closure of A′ is integral over
A′, therefore over A (Proposition 2.1.9). It therefore equals A′.

Example 2.2.3. Every PID is integrally closed.

Proof. By de�nition a PID is an integral domain. Let x be an element of the
�eld of fractions of A which is integral over A. Let

xn + an−1x
n−1 + · · ·+ a1x+ a0 = 0 (aI ∈ A) (2.2.4)

be an integral dependence equation for x over A. Write x = a/b with a and b
relatively prime elements of A. Substitute in (2.2.4) and multiply through by
bn to obtain

an + b(an−1a
n−1 + · · ·+ a1ab

n−2 + a0b
n−1) = 0.

Thus b divides an. As b is relatively prime to a, repeated application of Euclid's
lemma shows that b divides a. Therefore, b is a unit in A. Thus, x = a/b ∈ A
and A is integrally closed.

Remark 2.2.5. One may observe that only the multiplicative properties of PID
have been used (relative primeness, Euclid's lemma). The same argument thus
shows that every UFD is integrally closed.

1The same reasoning, involving the mapping y 7→ by, allows one to conclude that any �nite
integral domain is a �eld.



2.3. ALGEBRAIC ELEMENTS OVER A FIELD. ALGEBRAIC EXTENSIONS21

2.3 Algebraic elements over a �eld. Algebraic

extensions

De�nition 2.3.1. Let R be a ring and K a sub�eld of R. An element x ∈ R
is said to be algebraic over K if there exist elements a0, · · · , an ∈ K, not all of
which are zero, such that anxn + · · ·+ a1x+ a0 = 0.

Equivalently, the monomials (xj)j∈N are linearly dependent over K. An
element of R which is not algebraic over K is called transcendental over K; i.e.
x is transcendental over K if and only if the monomials (xj)j∈N are linearly
independent over K.

In the relation of De�nition 2.3.1, we may assume that an 6= 0. In this
case −1n ∈ K; multiplying through by a−1n we obtain an equation of integral
dependence. Therefore:

Over a �eld, algebraic = integral. (2.3.2)

We may thus apply the theory of integral elements. For example, for K ⊂ R
and x ∈ R, Theorem 2.1.1, (b) asserts:

x algebraic over K ⇔ [K[x] : K] �nite. (2.3.3)

We say that a ring R containing a �eld K is algebraic over K if every element
of R is algebraic over K. If R is a �eld, then R is called an algebraic extension
of K.

Given a �eld L and a sub�eldK of L, we call the dimension [L : K] the degree
of L over K. In this context Theorem 2.1.1, (c) has the following interpretation:

If the degree of L over K is �nite, L is an algebraic extension of K. (2.3.4)

Any extension �eld of �nite degree over Q, is called an algebraic number �eld
(or simply a number �eld).

Proposition 2.3.5. Let K be a �eld, L an algebraic extension of K, and M an
algebraic extension of L. Then M is an algebraic extension of K. Furthermore,
[M : K] = [M : L][L : K] (�multiplicativity of degrees�).

Proof. The �rst assertion is a special case of Proposition 2.1.9. Moreover, if
(xi)i,∈I is a basis of L over K and (yi)i∈J is a basis for M over L, then
(xiyj)(i,j)∈I×J is a basis for M over K. As in Proposition 2.1.5 we see that
(xiyj)(i,j)∈I×J generates M over K. A relation

∑
aijxiyj = 0 with ai ∈ K

entails
∑

(
∑
aijxi)yj = 0, whence

∑
aijxi = 0 for all j (since

∑
aijxi ∈ L),

and consequently aij = 0 for all (i, j) ∈ I × J . This proves that [M : K] = [M :
L][L : K].

Proposition 2.3.6. Let R be a ring and K a sub�eld of R. Then:

1. The set K ′ of elements of R algebraic over K is a subring of R containing
K.
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2. If R is an integral domain, K ′ is a sub�eld of R.

Proof. (1) is a special case of Corollary 2.1.7, and (2) follows from Proposition
2.1.10.

Now we study the elements algebraic over a �eld in greater detail. Let R be
a ring, K a sub�eld of R, and let x be an element of R. Write K[X] for the ring
of polynomials in one variable over K. There exists a unique homomorphism
ϕ : K[X] → R such that ϕ(X) = x and such that ϕ(a) = a for all a ∈ K. The
image of ϕ is K[x]. The de�nition of algebraic element may be reformulated as
follows:

An element x is algebraic over K ⇔ ker(ϕ) 6= (0). (2.3.7)

Proof. If x is transcendental over K, then obviously ker(ϕ) = (0). In any case
the ideal ker(ϕ) is a principal ideal (F (X)) (since K[X] is a PID). In the case
that x is algebraic over K, it is generated by a non-zero polynomial F (X).

We may assume that F (X) is monic, since K is a �eld. F (X) is then
uniquely determined by K and x; we call it the minimal polynomial of x over
K. Its properties are as follows:

Let F (X) be the minimal polynomial of x over K. Let G(X) ∈ K[X].

G(x) = 0 if and only if F (X) divides G(X) in K[X]. (2.3.8)

Passing to the residue ring, we obtain a canonical isomorphism:

K[X]/F (x)K[X]
∼→ K[x]. (2.3.9)

With the same notations, suppose now that x is algebraic over K and let
F (X) be its minimal polynomial. Applying (2.3.8) and Proposition 2.1.10, we
obtain the equivalence of the following statements:

K[X] is a �eld ⇔ K[x] is an integral domain ⇔ F (X) is irreducible.
(2.3.10)

On the other hand, if K is a �eld and F (X) ∈ K[X] is irreducible, then
K[X]/F (X)K[X] is a �eld containing K and, writing x for the projection of
X ∈ K[X] into this �eld, we have F (x) = 0. Thus X − x divides F (X) in the
�eld K[x]. More generally:

Proposition 2.3.11. Let K be a �eld and let P (X) ∈ K[X] be a nonconstant
polynomial. There exists an algebraic extension of �nite degree K ′ of K such
that P (X) factors in K ′[X] into a product of polynomials of degree one (linear
polynomials).

Proof. We argue by induction on the degree degP . There is nothing to prove
in the case degP = 1. Let F (X) be an irreducible factor of P (X). We
have just seen that there exists an extension K ′′ of �nite degree over K (e.g.
K[X]/F (X)K[X] ) containing an element x such that X − x divides F (X) in
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K ′′[X]. Thus P (X) = (X − x)P1(X) with P1(X) ∈ K ′′[X]. According to the
induction hypothesis P1(X) factors into a product of linear polynomials in an
extension K ′ of �nite degree over K ′′. By Proposition 2.3.5, K ′′ is of �nite
degree over K, and P (X) is a product of linear polynomials in K ′[X].

Remark 2.3.12 (Algebraically closed �elds). A �eld K is said to be algebraically
closed if every non-constant polynomial P (X) ∈ K[X] may be expressed as a
product of linear factors, all lying in K[X]. For this, as follows by induction
on the degree of the polynomial, it su�ces that even non-constant polynomial
have a root in K. Extending Proposition 2.3.11 by means of Zorn's lemma, one
may show that any �eld is imbeddable in an algebraically closed �eld (Steiniz's
theorem).

One may prove, by means of the techniques of mathematical analysis and in
many di�erent ways, that the �eld C of complex numbers is algebraically closed
(Fundamental theorem of algebra). We will give in Appendix A a more algebraic
proof, which will involve no analysis beyond the most elementary properties of
the real numbers. We shall not need more than this.

2.4 Conjugate elements, conjugate �elds

Given two �elds L and L′ both containing a �eld K we call K-isomorphism of
L on L′ any isomorphism ϕ : L → L′ such that ϕ(a) = a for all a ∈ K. In
this case we say that L and L′ are K-isomorphic, or (if they are algebraic over
K) we say that they are conjugate over K. Given two extensions L and L′ of
K, we say that two elements x ∈ L and x′ ∈ L′ are conjugate over K if there
exists a K-isomorphism ϕ : K(x) → K(x′) such that ϕ(x) = x′. Such a ϕ is,
of course, unique. The existence of a ϕ means that either x and x′ are both
transcendental over K or both are algebraic over K with the same minimal
polynomial (cf 2.3.8).

Example 2.4.1. Let F (X) be an irreducible polynomial of degree n over K and
let x1, · · · , xn be its roots in an extension K ′ of K (Proposition 2.3.11). Then
the xi's are pairwise conjugate over K (2.3.9), and the �elds K[xi] are also
pairwise conjugate.

Lemma 2.4.2. Let K be a �eld of characteristic 0 or a �nite �eld, let F (X) ∈
K[X] be a monic irreducible polynomial, and let F (X) =

∏n
i=1(X − xi) be its

decomposition into a product of linear factors in an extension K ′ of K (Propo-
sition 2.3.11). Then the n roots x1, · · · , xn of F (X) are distinct.

Proof. We resort to contradiction. Suppose F (X) has a root in common with its
derivative F ′(X), thus F (X) divides F ′(X) (2.3.7). Since degF ′ < degF , this
means that F ′(X) is the zero polynomial. However, F (X) = Xn + an−1X

−1 +
· · · a0, (ai ∈ K) and

F ′(X) = nXm−1 + (n− 1)an−1X
n−2 · · ·+ a1.
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Thus n · 1 = 0, j · · · a, j = 1, · · · , n− 1, which is impossible in characteristic 0.
In characteristic p 6= 0, these relations imply that p divides n and that aj = 0
for all j not divisible by p (recall that p is a prime number). Thus F (X) is of
the form

F (X) = Xqp + bq−1X
(q−1)p + · · · b1Xp + b0 (bi ∈ K).

If each bi is a pth power, i.e. bi = cpi with ci ∈ K, then

F (X) = (Xq + bq−1X
q−1 + · · ·+ c0)p (1.7.2),

and F (X) is not irreducible. But, if K is a �nite �eld with its characteristic
p 6= 0, the mapping x 7→ xp of K into K is injective (since xp = yp implies
xp− yp = 0, so (x− y)p = 0 which implies x− y = 0); it is thus surjective, since
K is �nite. Therefore, F (X) is not irreducible and we have a contradiction.

Remark 2.4.3. The �elds K of characteristic p 6= 0 for which x 7→ xp is sur-
jective (i.e. for which every element of K is a pth power) are called perfect
�elds. We have just shown that �nite �elds are perfect. By convention, �elds
of characteristic 0 are also considered perfect. The preceding lemma is true for
K any perfect �eld (and our proof works in this more general case). The �eld
Fp(T ) of rational functions in one variable over Fp is not perfect, inasmuch as
the variable T is not a pth power in Fp(T ).

Theorem 2.4.4. Let K be a�eld of characteristic 0 or a �nite �eld, let K ′ be
a �nite extension of K of degree n, and let C be an algebraically closed �eld
containing K. Then there exist n distinct K-isomorphisms of K ′ into C.

Proof. Our assertion is true for any extension �eld K ′ of K which is of the form
K[x] with x ∈ K ′. In fact, the minimal polynomial F (X) of x over K is then of
degree n. It has n roots x1, . . . , xn in C, all of which are distinct according to
Lemma 2.4.2. For any i = 1, . . . , n we have then a K-isomorphism σi : K

′ → C
such that σi(x) = xi.

We continue by induction on the degree n of K ′. Let x ∈ K ′ and consider
the �elds K ⊂ K[x] ⊂ K ′ and put q = [K[x] : K]. We may assume q > 1. We
have seen that there are q distinct K-isomorphisms σ1, . . . , σq of K[x] into C.
As K[σi(x)] and K[x] are isomorphic, it is possible to construct an extension
K ′i of K[σi(x)] and an isomorphism τi : K

′ → K ′i which extends σi. Clearly
K[σi(x)] is a �eld of characteristic 0 or a �nite �eld. Since

[K ′i : K[σi(x)]] = [K ′ : K[x]] =
n

q
< n,

the induction hypothesis implies that there are nq distinctK[σi(x)]-isomorphisms
θij of K ′i into C. Therefore, the n composed mappings θij ◦ τ provide q · nq = n

K-isomorphisms of K ′ into C. They are distinct since for i 6= i′ and θij ◦ τ and
θi′j′ ◦ τ ′i di�er on K[x] if i 6= i′, and, if i = i′, θij and θij′ di�er on Ki′ .
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Remark 2.4.5. Theorem 2.4.4 extends to the case of a perfect �eld K. One
shows that any algebraic extension of a perfect �eld (in particular K[σi(x)]) is
a perfect �eld. The rest of the proof remains unchanged.

Corollary 2.4.6 (Primitive element theorem). Let K be a �nite �eld or a �eld
of characteristic 0. Let K ′ be an extension of K of �nite degree n. Then there
exists an element x of K ′ (called a primitive element) such that K ′ = K[x].

Proof. If K is �nite, K ′ is �nite and its multiplicative group K ′× is comprised
of the powers of a single element x (Theorem 1.7.3, (b)). Thus K ′ = K[x].

Suppose that K is of characteristic 0 and thus an in�nite �eld. According
to Theorem 2.4.4 there are n K-isomorphisms σi, of K ′' into an algebraically
closed �eld C containing K. For i 6= j the equation σi(y) = σj(y)(y ∈ K ′)
de�nes a subset Vij of K ′, which is clearly a K-subspace of the vector space K ′

and which is distinct from K ′ since σi 6= σj . Since K is in�nite, linear algebra
shows that the union of the Vij is strictly contained in K ′. Take x outside
this union: x ∈ K ′ \ (∪Vij). The σi(x) are then pairwise distinct, so that the
minimal polynomial F (X) of x over K has at least n distinct roots (the σi(x))
in C. Therefore, degF ≥ n, i.e. [K[x] : K] ≥ n. Since K[x] ⊂ K ′ and since
[K ′ : K] = n, we conclude that K ′ = K[x].

2.5 Integers in quadratic �elds

We pause a moment from the development of the general theory to give an
example.

De�nition 2.5.1. Any extension �eld of degree 2 over the �eld Q of rational
numbers is called a quadratic �eld.

If K is a quadratic �eld, any element x ∈ K \Q, is of degree 2 over Q, thus
is a primitive element of K (i.e. K = Q[x] and (l, x) is a basis of K over Q). Let
F (X) = X2 + bX + c (b, c ∈ Q) be the minimal polynomial of such an element
x ∈ K. Solving the quadratic equation x2+bx+c = 0 gives 2x = −b±

√
b2 − 4c.

Thus K = Q(
√
b2 − 4c) 2 Now b2−4c is a rational number uv = uv

v2 with u, v ∈ Z.
One sees that K = Q(

√
uv) with u, v ∈ Z. In fact, one sees that it is possible to

write K = Q(
√
d) where d is a square-free integer (d is plus or minus a product

of distinct primes). Thus we have proved:

Proposition 2.5.2. Every quadratic �eld is of the form Q(
√
d), where d is a

square-free integer.

The element
√
d is a root of the irreducible polynomial X2−d. This element√

d has a conjugate in K, namely −
√
d. There exists an automorphism σ of K

which sends
√
d to −

√
d (2.4). Any element of K is of the form a + b

√
d with

a, b ∈ Q. We have
σ(a+ b

√
d) = a− b

√
d. (2.5.3)

2By
√
b2 − 4c we mean one of the two elements of K whose square is b2 − 4c.
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Let us study the ring A of integers of K, i.e. the set of x ∈ K which are integral
over Z (Corollary 2.1.7). If x ∈ A, σ(x) is a root of the same equation of integral
dependence as x, so σ(x) ∈ A. We have then that x+σ(x) ∈ A and x ·σ(x) ∈ A.
But, if x = a+ b

√
d with a, b ∈ Q, then, according to (2.5.3),

x+ σ(x) = 2a ∈ Q and x · σ(x) = a2 − db2 ∈ Q.

Since Z is a PID and hence integrally closed (Example 2.2.3), we see that

2a ∈ Z a2 − db2 ∈ Z. (2.5.4)

The conditions (2.5.4) are necessary in order that x = a+ b
√
d be integral over

Z; they are also su�cient since x is a root of

X2 − 2aX + a2 − db2 = 0.

According to (2.5.4), (2a)2 − d(2b)2 ∈ Z. Since 2a ∈ Z, we have d(2b)2 ∈ Z too.
On the other hand, d is square-free, so, if 2b were not an integer, its denominator
would have to include a prime factor p. This prime factor would have to appear
as p2 in the denominator of (2b)2, and the multiplication by d would fail to send
it into Z. We may conclude that 2b ∈ Z.

In brief, we may take a = u
2 , b = v

2 with u, v ∈ Z. Condition (2.5.4) becomes:

u2 − dv2 ∈ 4Z. (2.5.5)

If v is even, (2.5.5) shows that u is even too. In this case, a, b ∈ Z. If v is odd,
then v2 ≡ 1 mod 4. The possibilities of u2 mod 4 are 0 and 1 (write down the
table of squares mod 4 to be sure); since d is square-free, it is not a multiple of
4. Necessarily u2 ≡ 1 mod 4 and d ≡ 1 mod 4. We have proved the following:

Theorem 2.5.6. Let K = Q(
√
d)) be a quadratic �eld with d ∈ Z square-free

(therefore 6= 0 mod 4).

(a) If d ≡ 2 or d ≡ 3 mod 4, the ring A of integers of K consists of all elements
of the form a+ b

√
d with a, b ∈ Z.

(b) If d ≡ 1 mod 4, A consists of all elements of the form 1
2 (u + v

√
d) with u

and v ∈ Z of the same parity.

In the case that d ≡ 2 or 3 mod 4, (1,
√
d) is a basis for A as a Z-module.

If d ≡ 1 mod 4, (1, 12 (1 +
√
d) is a Z-module basis for A. Indeed, by (b), 1 and

1
2 (1 +

√
d) belong to A. Conversely, to show that 1

2 (u+ v
√
d) (with u, v ∈ Z of

the same parity) is a Z-linear combination of 1 and 1
2 (1 +

√
d), one may reduce

the problem to the case where u and v are even by subtracting 1
2 (1 +

√
d). In

this case
1

2
(u+ vv

√
d) = (

u

2
− v

2
) · 1 + v · 1

2
(1 +

√
d).

Wc conclude with some terminology. If d > 0, we say Q(
√
d) is a real quadratic

�eld (for there exists a sub�eld of R conjugate to Q(
√
d) over Q). If d < 0, then

we say Q(
√
d) is an imaginary quadratic �eld.
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2.6 Norms and traces

(a) Review of linear algebra

Let A be a ring, E a free A-module of �nite rank and let u be an endomor-
phism of E. In linear algebra one de�nes the trace, the determinant, and the
characteristic polynomial of u. If a basis (ei) of E has been chosen and if (aij)
is the matrix for u with respect to this basis, then the trace, determinant, and
characteristic polynomial of a are, respectively,

Tr(u) =

n∑
i=1

aii, det(u) = det(aii), and det(X · IE − u) = det(Xδij − aij).

(2.6.1)

Remark 2.6.2. NB. These quantities are independent of the choice of basis.

The formulas (2.6.1) imply:

Tr(u+ u′) = Tr(u) + Tr(u′),

det(uu′) = det(u) det(u′),

and det(XIE − u) = Xn − (Tr(u))Xn−1 + · · ·+ (−1)n det(u).

(2.6.3)

(b) Norms and traces in an extension

Let B be a ring and let A be a subring of B such that B is a free A-module of
�nite rank n (for example, A can be a �eld and B a �nite extension of degree n
of A). For x ∈ B, multiplication mx by x (i.e. y 7→ xy) is an endomorphism of
the A-module B.

De�nition 2.6.4. We call trace (respectively, norm, characteristic polynomial)
of x ∈ B, relative to B and A, the trace (respectively, determinant, characteristic
polynomial) of the endomorphism mx of multiplication by x.

The trace (respectively, norm) of x is denoted TrB/A(x) (respectively, NmB/A(x)),
or Tr(x) (respectively, Nm(x)) when there is no fear of confusion. They are
elements of A. The characteristic polynomial is a monic polynomial with coef-
�cients in A.

For x, x′ ∈ B and a ∈ A we have mx + mx′ = mx+x′ , mx ◦ mx′ = mxx′

and max = amx. Furthermore, the matrix of ma, with respect to any basis for
B over A, is the diagonal matrix in which all the diagonal entries are a. From
formulas (2.6.1) and (2.6.3) we obtain:

Tr(x+ x′) = Tr(x) + Tr(x′), Tr(ax) = aTr(x), Tr(a) = n · a
Nm(xx′) = Nm(x) Nm(x′), Nm(a) = an, and Nm(ax) = an Nm(x).

(2.6.5)

Proposition 2.6.6. Let K be a �eld of characteristic 0 or a �nite �eld, let L
be an algebraic extension of degree n of K, let x be an element of L, and let
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x1, . . . , xn be the roots of the minimal polynomial of x over K (in a suitable
extension of K; cf. Proposition 2.3.11), each one repeated [L : K[x]] times.
Then TrL/K(x) = x1 + · · · + xn, NmK/K(x) = x1 · · ·xn. The characteristic
polynomial of x, relative to L and K is (X − x1) · · · (X − xn).

Thus the characteristic polynomial is the [L : K[x]]th power of the minimal
polynomial of x over K.

Proof. Let us �rst treat the case where x is a primitive element of L over K (cf.
Corollary 2.4.6). Let F (X) be the minimal polynomial of x over K. Then L
is K-isomorphic to K[X]/F (X)K[X]) (formula 2.3.9), and (1, x, . . . , xn−1) is a
basis for L over K. Let us put F (X) = Xn + an−1X

n−1 + · · ·+ a1X + a0. The
matrix of the endomorphism mx with respect to this basis is

0 0 . . . 0 −a0
1 0 . . . 0 −a1

0 1 . . . 0
...

... 0
. . .

...
...

...
... . . . 0 −an−2

0 0 . . . 1 −an−1


The determinant of X · IL −mx is therefore

det



X 0 . . . 0 a0
−1 X . . . 0 a1

0 −1 . . . 0
...

...
...

. . .
...

...
...

... . . . X an−2
0 0 . . . −1 X + an−1


Expanding this determinant as a polynomial in X, we obtain the characteristic
polynomial of x, which is equal to the minimal polynomial F (X) of x. By
(2.6.3) Tr(x) = −an−1 and Nm(x) = (−1)na0. Since x is primitive, F (X) =
(X − x1) · · · (X − xn), equating coe�cients we see that

Tr(x) = x1 + · · ·+ xn and Nm(x) = x1 · · ·xn.

Consider now the general case, and put r = [L : K[x]]. It su�ces to show that
the characteristic polynomial P (X) of x with respect to L and K is equal to the
rth power of the minimal polynomial of x over K. Let (yi)i=1,...,q be a basis for
K[x] over K, and let (zj)j=1,...,r be a basis for L over K[x]; then (yizj) is a basis
for L over K and n = qr (Proposition 2.3.5). Let M = (aih) be the matrix for
multiplication by x in K[x] with respect to the basis (yi): thus xyi =

∑
h aihyh.

We have then
x(yizj) = (

∑
h

aihyh)zj =
∑
h

aih(yhzj).
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Ordering lexicographically the basis (yizj) of L over K, we see that the matrix
M1 for multiplication by x in L with respect to this basis takes the form of
diagonal �tableau� of matrices

M1 =


M 0 . . . 0
0 M . . . 0
...

...
. . .

...
0 0 . . . M


The matrix X · I − M1 thus consists of r diagonal blocks, each of the form
X · Iq−M . Consequently, det(X · In−M1) = (det(X · Iq−M))r. The left-hand
side of the preceding equation is P (X), and det(X · Iq −M) is the minimal
polynomial of x over K, according to the �rst part of the proof.

In conclusion we present a result regarding traces and norms of integral
elements.

Proposition 2.6.7. Let A be an integral domain, K its �eld of fractions, L an
extension of �nite degree of K, and x an element of L integral over A. Assume
K has characteristic 0. Then the coe�cients of the characteristic polynomial
P (X) of x relative to L and K, in particular TrL/K(x) and NmL/K(x) are
integral over A.

Proof. Wemake use of Proposition 2.6.6. We have P (X) = (X−x1) · · · (X−xn);
the coe�cients of P (X) are thus, up to a sign, sums of products of the xi's. It
su�ces to show that the xi's are integral over A (Corollary 2.1.6). But each
xi is a conjugate of x over K (Section 2.4), and there is a K-isomorphism
σi : K[x]→ K[xi] such that σi(x) = xi. Applying σi to an equation of integral
dependence of x over A, we obtain an equation of integral dependence for xi
over A.

Corollary 2.6.8. Suppose, further, that A is integrally closed. Then the co-
e�cients of the characteristic polynomial of x, in particular TrL/K(x) and
NmL/K(x), are elements of A.

Proof. By de�nition these coe�cients are elements of K. By Proposition 2.6.7
they are integral over A.

Remark 2.6.9. We remark that the quantities x+ σ(x) and x · σ(x) used in the
discussion of quadratic �elds (2.5) are the trace and the norm of x. We proved
there (2.5.4) a special case of the above corollary.

2.7 Discriminant

De�nition 2.7.1. Let B be a ring and let A be a subring of B such that B is a
free A-module of �nite rank n. For (x1, . . . , xn) ∈ Bn we call the discriminant
of the set (x1, . . . , xn) the element of A de�ned by the relation

disc(x1, . . . , xn) = det(TrB/A(xixj)). (2.7.2)
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Proposition 2.7.3. If (y1, . . . , yn) ∈ Bn is another set of elements of B such
that yi =

∑n
j=1 aijxj with aij ∈ A, then

disc(y1, . . . , yn) = (det(aij))
2 disc(x1, . . . , xn).

Proof.

Tr(ypyq) = Tr(
∑
i,j

apiaqjxixj) =
∑
i,j

apiaqj Tr(xixj).

This gives the matrix equation: (Tr(ypyq)) = (api)(Tr(xixj)) · t(aqj) (where tM
denotes the transpose of the matrix M). To complete the proof it su�ces to
take determinants.

Proposition 2.7.3 implies that the discriminants of bases for B over A are
associates in A; i.e. the matrix (aij) which expresses one basis in terms of
another has an inverse with entries in A. Therefore both det(aij) and det(aij)

−1

are units in A. We may thus formulate the following de�nition :

De�nition 2.7.4. Under the hypotheses of De�nition 2.7.1 we call the prin-
cipal ideal of A generated by the discriminant of any basis of B over A the
discriminant of B over A. We denote it DB/A.

Proposition 2.7.5. Suppose that DB/A contains an element which is not a
zero-divisor. Then, in order that a set (x1, . . . , xn) ∈ Bn be a basis for B over
A, it is necessary and su�cient that disc(x1, . . . , xn) generate DB/A.

Proof. Necessity has already been proved. Suppose that d = disc(x1, . . . , xn)
generatesDB/A. Let (e1, . . . , en) be a basis ofB overA. Put d′′ = disc(e1, . . . , en)
and xi =

∑n
j=1 aijej with aij ∈ A. Then d = det(aij)

2d′. By hypothesis
Ad = DB/A = Ad′. Thus there exists b ∈ A such that d′ = bd. It follows
that d(1 − bdet(aij)

2) = 0. We know that d is not a divisor of zero, since
otherwise every element of Ad = DB/A would be a divisor of zero. Therefore
1 − bdet(aij)

2 = 0. This shows that det(aij) is invertible, so the matrix (aij)
must be invertible, too. Consequently, (x1, . . . , xn) is a basis of B over A.

Proposition 2.7.6. Let K be a �eld which is �nite or of characteristic 0, let L
be an extension of �nite degree n of K, and let σ1, . . . , σn be the n distinct K-
isomorphisms of L into an algebraically closed �eld C containing K (Theorem
2.4.4). Then, if (x1, . . . , xn) is a basis for L over K, we have

disc(x1, . . . , xn) = det(σi(xj))
2 6= 0. (2.7.7)



2.7. DISCRIMINANT 31

Proof. The �rst equality follows from a simple calculation

disc(x1, . . . , xn) = det(Tr(xixj)

= det(
∑
k

σk(xiXj))

= det(
∑
k

σk(xi)σk(xj))

= det(σk(xi)) · det(σk(xj))

= det(σi(xi)
2.

It remains to show that det(σi(xj)) 6= 0. We look for a contradiction. If
det(σi(xj)) = 0, there exist u1, . . . , un ∈ C, not all zero, such that

∑n
i=1 uiσi(xj) =

0 for all j. By linearity we conclude that
∑n
i=1 uiσi(x) = 0 for all x ∈ L. This

contradicts the following lemma.

Lemma 2.7.8 (Dedekind). Let G be a group, C a �eld, and let σ1, . . . , σn be
distinct homomorphisms of G into the multiplicative group C×. Then the σi's
are linearly independent over C (i.e.

∑
uiσi(g) = 0 for all g ∈ G implies that

all the ui's are zero).

Proof. If the σi's are linearly dependent, consider a non-trivial relation
∑
i,j uiσi =

0, (ui ∈ C) such that the number q of the ui's which are non-zero is minimum.
After renumbering, we may suppose that

u1σ1(g) + · · ·+ uqσq(g) = 0 for all g ∈ G. (2.7.9)

We have q ≥ 2 since the σi's are not zero. For g and h arbitrary in G, we see
that

u1σ1(hg) + · · ·+ uqσq(hg) = u1σ1(h)σ1(g) + · · ·+ uqσq(h)σq(g) = 0.

Multiply 2.7.9 by σ1(h) and subtract. It becomes

u2(σ1(h)− σ2(h))σ1(g) + · · ·+ uq(σ1(h)− σq(h))σq(g) = 0.

As this holds for any g ∈ G and as q has been chosen as small as possible, it
follows that u2(σ1(h) − σ2(h)) = 0. Thus σ1(h) = σ2(h) for all h ∈ G, since
u2 6= 0. But this contradicts the hypothesis that the σi's are distinct.

Remark 2.7.10. Under the conditions of Proposition 2.7.6, the relation disc(x1, . . . , xn) 6=
0 means that the bilinear form (x, y) 7→ TrL/K(xy) is non-degenerate, i.e.
TrL/K(xy) = 0 for all y ∈ L implies x = 0. Thus the K-linear mapping which
attaches to each x ∈ L the K-linear form sx : y 7→ TrL/K(xy) is an injection
of L in its dual HomK(L,K) (for the structure of vector space over K). As
L and HomK(L,K) are of the same �nite dimension n over K, it follows that
x 7→ sx is a bijection. The existence of �dual bases� of a vector space and its
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dual implies that, for any basis (x1, . . . , xn) of L over K, there exists a basis
(y1, . . . , yn) such that

TrL/K(xiyj) = δij (1 ≤ i, j ≤ n). (2.7.11)

This remark will prove useful.

Theorem 2.7.12. Let A be an integrally closed domain, let K be its �eld of
fractions, L an extension of �nite degree n of K, and A′ the integral closure of
A in L. Suppose K is of characteristic 0. Then A′ is an A-submodule of a free
A-module of rank n.

Proof. Let (x1, . . . , xn) be a basis of L over K. Each xi is algebraic over K, so,
we have anxni + an−1x

n−1
i + · · ·+ a0 = 0 with aj ∈ A for j = 0, . . . , n. We may

assume an 6= 0 by multiplication by a power of si; by multiplication by an−1n ,
we see that anx, is integral over A. Put x′i = anxi. Then (x′1, . . . , x

′
n) is a basis

for L over K contained in A′.
According to the remark preceding this theorem, there is another basis

(y1, . . . , yn) of L over K such that Tr(x′iyj) = δij (2.7.11). Let z ∈ A′. Since
(y1, . . . , yn) is a basis for L over K, we may write z =

∑n
j=1 biyj with bj ∈ K.

For any i we have x′iz ∈ A′ (since x′i ∈ A′). Therefore, Tr(x′iz) ∈ A (Corollary
2.6.8). Thus,

Tr(x′iz) = Tr(
∑
j

bjx
′
iyj)

=
∑
j

bj Tr(x′i)

=
∑

bjδij

= bj .

We may conclude that bi ∈ A for all i, which implies that A′ is a submodule of
the free A-module

∑n
j=1Ayj .

Corollary 2.7.13. Add to the hypotheses of Theorem 2.7.12 the assumption
that A is a PID. Then A′ is a free A-module of rank n.

Proof. A submodule of a free A-module is, under our additional assumption,
free (Theorem 1.5.1, (b)) and of rank ≤ n. On the other hand we have seen in
the course of the proof of Theorem 2.7.12 that A′ contains a basis of L over K.
Therefore, it is of rank n.

Remark 2.7.14. As an exercise, the reader who is not familiar with the content
of Remark 2.7.10 may want to look for a more computational proof of this
theorem: with the notations de�ned above, set d = disc(x′1, . . . , x

′
n) and show

that, if z =
∑
i cix

′
i (ci ∈ K) is integral over A, then dci ∈ A (calculate Tr(zx′j)

and use Cramer's rule).
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An example of the calculation of a discriminant

Let K be a �eld which is �nite or of characteristic 0, let L = K[x] be an
extension of �nite degree n of K, and let F (X) be the minimal polynomial of x
over K. Then

disc(1, x, . . . , xn−1) = (−1)
n(n−1)

2 NL/K(F ′(x)) (2.7.15)

(where F ′(X) denotes the derivative of F (X)). Denote by x1, . . . , xn the roots
of F (X) in an extension of K; they are conjugates of x (Proposition 2.3.11, and
Section 2.4). We see that

disc(a, x, . . . , xn−1) = det(σi(c
′)2 (by Proposition 2.7.6)

= det(x′i)
2

(−1)n(n−1)/2 det(x′i)
2 = [

∏
i<j

(xi − xj)]2 (Vandermonde)

=
∏
i<j

(
∏
i 6=j

(xi − xj))

= F ′(xi) = NmL/K(F ′(x))

(for the F ′(xi)'s are the conjugates of F ′(x)). In particular, applying (2.7.15)
to the case where F (X) is a trinomial Xn + aX + b (a and b ∈ K). Putting
y = F ′(x), we obtain

y = nxn−1 + a = −(n− 1)a− nbx−1

(since xn + ax + b = 0, whence nxn−1 = −na − nbx−1). We obtain from this
x = −nb(y+(n−1)a)−1. The minimal polynomial of y over K is the numerator
of F (−nb(Y + (n− 1)a)−1); the result of the computation is

(Y + (n− 1)a)n − na(Y + (n− 1)a)n−1 + (−1)nbn−1.

The norm of y is (−1)n times the constant term of this polynomial, i.e.

nnbn−1 + (−1)n−1(n− 1)n−1an.

Thus,

disc(1, x, . . . , xn−1) = [nn + (−1)n−1(n− 1)n−1an](−1)n(n−1)/a. (2.7.16)

For n = 2 (respectively, 3) we rediscover the well-known expressions 4b − a2
(respectively, −4a3 − 27b2).

2.8 The terminology of number �elds

We call any �nite (and therefore algebraic) extension of Q, an algebraic number
�eld (or number �eld). For a number �eld K, the degree [K : Q] is called the
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degree of K. A number �eld of degree 2 (respectively, 3) is called a quadratic
�eld (cf Section 2.5) (respectively, cubic �eld). Note that a number �eld always
has characteristic 0.

The elements of a number �eld K which are integral over Z are called the
integers of K. They form a subring A of K (Corollary 2.1.7). This ring A is a
free Z-module of rank [K : Q] (Corollary 2.7.13). The discriminants of the bases
of the Z-module A di�er by a unit in Z (De�nition 2.7.4), a unit which is even a
square in Z (Proposition 2.7.3). This can only be +1, i.e. the discriminant of the
Z-module A is a well-de�ned element of Z. It is called the absolute discriminant,
or the discriminant of K.

As the nunber �eld K determines the ring A of integers of K in a unique
fashion, we often make the abuse of language to attribute to K notions which
are de�ned relative to A. Thus when we speak of ideals (or units) of K, we
mean ideals (or units) of A.

2.9 Cyclotomic �elds

We call any number �eld generated over Q, by roots of unity a cyclotomic �eld.
Given a prime number p, we write ζ for a primitive pth root of unity (in C for
example). We are going to study the cyclotomic �eld Q[ζ]. The number ζ is a
root of the polynomial Xp − 1. Since ζ 6= 1, it is also a root of the polynomial
Xp−1
X−1 = Xp−1 + Xp−2 + · · · + X + 1, which is called a cyclotomic polynomial.
It is not obvious that this polynomial is irreducible over Q, (i.e. that the �eld
Q[ζ] is of degree p − 1). In order to prove that this is indeed the case we need
the following

Proposition 2.9.1 (Eisenstein's irreducibility criterion). Let A be a PID, p a
prime element of A, and

F (X) = Xn + an−1X
n−1 + . . .+ a1X + a0 ∈ A[X]

such that p divides ai (0 ≤ i ≤ n− 1) and p2 does not divide a0. Then F (X) is
irreducible over the �eld of fractions of A.

Proof. Suppose that F = G ·H with G and H ∈ K[X], both G and H monic
polynomials. The roots of F are integral over A. Any root of G (resp. H) is
a root of F , therefore also integral over A. The coe�cients of G (resp. H) are
sums of products of roots of G (resp. H); they are therefore also integral over
A (Proposition 2.1.5). Since A is a PID, it is integrally closed (Example 2.2.3).
Therefore G ∈ A[X] and H ∈ A[X].

Now let F ,G, andH be the images of F,G, andH in (A/Ap)[X], so F = GH.
According to the hypothesis on the ai's we have F = Xn. Since A/Ap is
an integral domain, the factorization Xn = G · H is necessarily of the form
Xn = Xq ·Xn−q (since G and H are monic), thus G = Xq and H = Xn−q. If
G and H are both non-constant, then p divides the constant terms of both G
and H. Therefore p2 divides the constant term a0 of F , and this contradicts
the hypothesis. Thus, either G or H is constant, and F is irreducible.
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Example 2.9.2. The polynomial X3 − 2X + 6 is irreducible over Q (take p =
2, A = Z).

Theorem 2.9.3. For any prime number p the cyclotomic polynomial Xp−1 +
Xp−2 + · · ·+X + 1 is irreducible in Q[X].

Proof. Put X = Y + l. Then

Xp−1 +Xp−2 + · · ·+X + 1 =
XP − 1

X − 1

=
(Y + 1)p − 1

Y

= Y p−1 +

1∑
j=p−1

(
p

j

)
Y j−1

= F1(Y ).

Then p divides each of the binomial coe�cients
(
p
j

)
, but p2 does not divide the

constant term
(
p
1

)
= p. Thus F1(Y ) is irreducible by Eisenstcin's criterion, so is

the cyclotomic plynomial Xp−1 +Xp−2 + · · ·+X + 1.

Let ζ be a primitive pthe root of unity. By Theorem 2.9.3, the �eld Q[ζ] is
of degree p − 1; so (1, ζ, . . . , ζp−2) is a basis of Q[ζ] over Q. We are going to
study the ring of integers of Q[ζ] and show that it is Z[ζ].

For this purpose we need to calculate some traces and norms (we write
Tr(x) and Nm(x) in place of TrQ(ζ)/Q(x) and NmQ(ζ)/Q(x)). Let us note that
the conjugates of zeta over Q are the ζj 's (j = 1, . . . , p − 1) (Theorem 2.9.3).
The irreducibility of the cyclotomic polynomial implies immediately

Tr(ζ) = −1 and Tr(1) = p− 1. (2.9.4)

Therefore, Tr(ζj) = −1 for j = 1, . . . , p− 1, and thus

Tr(1− ζ) = Tr(1− ζ2) = · · · = Tr(1− ζp−1) = p. (2.9.5)

On the other hand,the calculation done in Theorem 2.9.3 shows that Nm(ζ−
1) = (−1)p−1p, from which it follows that Nm(1−ζ) = p. As the norm of (1−ζ)
is the product of the conjugates of 1− ζ, we have

p = (1− ζ)(1− ζ2) · · · (1− ζp−1). (2.9.6)

Let us write A for the ring of integers in Q[ζ]. Evidently a contains ζ and its
power. We are going to show that

A(1− ζ) ∩ Z = pZ (2.9.7)

We know that p ∈ A(l − ζ) by (2.9.6). Thus, A(1− ζ) ∩ Z ⊃ pZ. Since pZ is a
maximal ideal of Z, the relation A(1− ζ)∩Z 6= pZ implies A(1− ζ)∩Z=Z, i.e.
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that 1 − ζ is a unit in A. But in this case the conjugates 1 − ζj of 1 − ζ must
also be units; p must be a unit in A ∩ Z by (2.9.7); and thus p−1 must belong
to Z, which is absurd (Â� 2, Example 2.2.3). Let us show that, for any y ∈ A,

Tr(y(1− ζ)) ∈ A(1− ζ); (2.9.8)

Each conjugate yj(1 − ζj) of y(1 − ζ) is a multiple (in A) of 1 − ζj , which is
itself a multiple of 1− ζ, since

1− ζj = (1− ζ)(1 + ζ + · · ·+ ζj−1).

Since the trace is the sum of the conjugates, we have

Tr(y(1− ζ)) ∈ A(1− ζ).

Now (2.9.8) follows immediately from (2.9.7), for the trace of an integer belongs
to Z (Corollary 2.6.8).

Now we are ready to determine the ring of integers of Q[ζ].

Theorem 2.9.9. Let p be a prime number and ζ a primitive pth root of unity
in C. Then the ring A of integers of the cyclotomic �eld Q[ζ] is Z[ζ], and
(1, ζ, . . . , ζp−2) is a basis of the Z-module A.

Proof. Let x = a0 + a1ζ + · · ·+ ap−2ζ
p−2 (ai ∈ Q) be an element of A. Then

x(1− ζ) = a0(1− ζ) + a1(ζ − ζ2) + · · ·+ ap−2(ζp−2 − ζp−1).

Taking traces and making use of (2.9.4) and (2.9.5), we obtain

Tr(x(1− ζ)) = a0 Tr(1− ζ) = a0p.

By (2.9.8) pa0 ∈ pZ, so a0 ∈ Z. Since ζ1 = ζp−1, ζ−1 ∈ A, thus

(x− a0)ζ−1 = a1 + a2ζ + · · ·+ ap−2ζ
p−3 ∈ A.

By the same argument as before, a1 ∈ Z. Applying the same argument succes-
sively, we conclude that each ai ∈ Z

Remark 2.9.10. The results of this section easily extend to the case of cyclotomic
�elds Q[t] where tis a primitive pth root of unity (p prime). Such a �eld is of
degree pr−1(p − 1), and its ring of integers is Z[t]. The minimal polynomial of
t over Q is

Xpr−1(p−1) +Xpr−1(p− 2) + · · ·+Xpr−1

+ 1 =
Xpr − 1

Xpr−1 − 1
.



Chapter 3

Noetherian rings and

Dedekind rings

The reader who wonders why we discuss Dedekind rings can refer to Section
3.4, and read the example and the discussion following Theorem 3.4.2. Noethe-
rian rings, which we �rst study a minimum properties, are more general than
Dedekind rings. We de�ne Noetherian rings in order to place these properties
in their natural context, as well as because Noetherian rings are of fundamen-
tal importance in other areas of algebra and in algebraic geometry. Finally,
the generalisation of certain results regarding Noetherian rings to the case of
Noetherian modules is another example of �linearisation�, a technique whose
power the reader has already observed.

3.1 Noetherian modules and rings

In Section 1.4, we proved the following:

Theorem 3.1.1. [= Theorem 1.4.2] Let A be a ring and M an A-module. The
following conditions are equivalent.

(a) Every non-empty family of submodules of M contains a maximal element.

(b) Every ascending sequence of submodules of M is stationary.

(c) Every submodule of M is of �nite type.

De�nition 3.1.2. An A-module M is said to be Noetherian if it satis�es the
equivalent conditions of Theorem 3.1.1. A ring A is said to be Noetherian if,
considered as an A-module, it is a Noetherian module.

We have seen (Corollary 1.4.4) that a PID is Noetherian.

Proposition 3.1.3. Let A be a ring, E an A-module, and E′ a submodule of E.
In order that E be Noetherian it is necessary and su�cient that E′ and E/E′

be Noetherian.

37
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Proof. First, we prove necessity. Suppose E is Noetherian. The lattice of sub-
modules of E′ (respectively, E/E′) is isomorphic to the lattice of submodules
of E contained in E′ (respectively, containing E′). Thus E′ and E/E′ are
Noetherian by Theorem 3.1.1 (a) or (b).

Conversely, suppose E′ and E/E′ are Noetherian. Let (Fn)n≥0 be an in-
creasing sequence of submodules of E. As E′ is Noetherian, there is an integer
n0 such that Fn ∩E′ = Fn+1 ∩E′ for all n > n0. As E/E′ is Noetherian, there
is an integer n1 such that

(Fn + E′)/E′ = (Fn+1 + E′)/E′ for all n ≥ n1.

Therefore, (Fn + E′) = (Fn+1 + E′) for n ≥ n1. Take n ≥ sup(n0, n1). We
shall show that Fn = Fn+1. It su�ces to show that Fn+1 ⊂ Fn. To see this
take x ∈ Fn+1. Since Fn + E′ = Fn+1 + E′, there exists y ∈ Fn and z′, z′′ ∈ E′
such that x + z′ = y + z′′. Thus, x − y = z′ − z′ ∈ Fn+1 ∩ E′. Note that
Fn ∩ E′ = Fn+1 ∩ E′. Thus, since x− y and y ∈ Fn, x ∈ Fn too. We conclude
that Fn+1 = Fn for all n ≥ sup(n0, n1), thus E is Noetherian by Theorem 3.1.1
(b).

Corollary 3.1.4. Let A be a ring and let E1, . . . , En be Noetherian A-modules.
Then the A-module product

∏n
i=1Ei, is Noetherian.

Proof. For n = 2, E1 may be identi�ed with the submodule E × (0) of E1 ×E2

and the corresponding residue module is isomorphic to E2. Our assertion follows
from Proposition 3.1.3. The general case is proved by induction on n.

Corollary 3.1.5. Let A be a Noetherian ring and let E be an A-module of �nite
type. Then E is a Noetherian module (and, therefore, all its submodules are of
�nite type).

Proof. By Section 1.4, E is isomorphic to a residue module An/R (n being the
cardinality of a �nite set of generators of E). Corollary 3.1.4 implies that An is
Noetherian and this fact, combined with Proposition 3.1.3, implies that An/R
is Noetherian too.

3.2 An application concerning integral elements

Proposition 3.2.1. Let A be a Noetherian integrally closed ring (hence a do-
main). Let K be its �eld of fractions, L a �nite extension of K, and A′ the
integral closure of A in L. Suppose that K is of characteristic 0. Then A′ is an
A-module of �nite type and a Noetherian ring.

L A′

K A
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Proof. We know that A′ is a submodule of a free A-module of rank n (Theorem
2.7.12). Thus A′ is an A-module of �nite type (Corollary 3.1.5), and therefore
a Noetherian module (ibid.). On the other hand, the ideals of A′ are special
cases of A-submodules of A′. They satisfy the maximal condition (Theorem
3.1.1 (a)), so A′ is a Noetherian ring.

Example 3.2.2. The ring of integers of a number �eld is Noetherian (take A =
Z,K = Q).

3.3 Some preliminaries concerning ideals

An ideal p of a ring A is said to be prime if the residue class ring A/p is an
integral domain. Equivalently, the relations x ∈ A\p, y ∈ A\p imply xy ∈ A\p,
i.e. A \ p is stable under multiplication.

In order that an ideal m of A be maximal (i.e. maximal among the ideals
of A distinct from A), it is necessary and su�cient that A/m contain no ideals
besides itself and (0), i.e. that A/m be a �eld. Thus, every maximal ideal is
prime. The converse is false, as the ideal (0) of Z is prime but not maximal.

Lemma 3.3.1. Let A be a ring, p a prime ideal of A, and let A′ be a subring
of A. Then p ∩A′ is a prime ideal of A′.

Proof. p∩A′ is the kernel of the composition of the homomorphisms A′ → A→
A/p, so there is an injective homomorphism A′/(p ∩ A′) → A/p. Clearly, a
subring of an integral domain is an integral domain.

Given two ideals a and b of a ring A, we de�ne the product of a and b not
as the set of products ab where a ∈ a and b ∈ b (note this set is not an ideal
in general), but as the set of �nite sums

∑
aibi of such products. One sees

immediately that ab is an ideal of A. We have:

ab ⊂ a ∩ b

Remark 3.3.2. The two expressions are not always equal. In a PID the left-hand
side corresponds to the product of ideal generators and the right-hand side to
the least common multiple of generators.

Ideal multiplication is associative and commutative, and A acts as an identity
element in the monoid.

Remark 3.3.3. Given an A-module E, a submodule F , and an ideal a of A, we
de�ne in the same way the product aF . It is a submodule of E.

Lemma 3.3.4. If a prime ideal p of a ring A contains a product a1, a2, . . . , an
of ideals, then p contains at least one of the ideals ai.

Proof. If ai 6⊂ p for any i, then there exists ai ∈ ai such that ai /∈ p for all
i. Therefore, a1 · · · an /∈ p, since p is prime. But a1 · · · an ∈ al · · · an, which
contradicts the hypothesis of the lemma.
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Lemma 3.3.5. In a Noetherian ring every ideal contains a product of prime
ideals. In a Noetherian integral domain A, every non-zero ideal contains a
product of non-zero prime ideals.

Proof. We are going to make use of a reasoning typical in the theory of Noethe-
rian rings. Let us prove the second assertion (the proof of the �rst is analogous;
it su�ces to delete the word �non-zero� three times). We look for a contradic-
tion. Assume that the collection Φ of non-zero ideals of A which contain no
product of non-zero prime ideals is not empty. Since A is Noetherian, Φ con-
tains a maximal element b (Theorem 3.1.1, (a)). The ideal b cannot be prime;
otherwise b would contain the product of the family reducing to b, thus would
not belong to Φ. Thus, there exist x, y ∈ A \ b such that xy ∈ b. Then the
ideals b + Ax and b + Ay contain b as a proper subset. Therefore, since b is
maximal, they do not belong to Φ. It follows that they both contain products
of non-zero prime ideals:

b +Ax ⊃ p1 · · · pn and b +Ay ⊃ q1 · · · qr.

Since xy ∈ b, we have

(b +Ax)(b +Ay) ⊂ b, whence p1 · · · pnq1 · · · qr ⊂ b,

a contradiction.

Now let A be an integral domain and let K be its �eld of fractions. We call
any A-submodule I of K for which there exists d ∈ A, d 6= 0 such that I ⊂ A a
fractional ideal of A (or ofK with respect to A). This means that the elements of
I have a �common denominator� d ∈ A. The ordinary ideals of A are fractional
ideals (with d = 1). We sometimes call them integral ideals to distinguish them
from fractional ideals. Any A-submodule I of �nite type contained in K is a
fractional ideal. This follows from the fact that, if (x1, . . . , xn) is a �nite set of
generators for I, the xi's have a common denominator d (e.g. the product of
the denominators di where xi = aid

−1
i . with ai, di ∈ A), and d is a common

denominator for I. Conversely, if A is Noetherian, any fractional ideal I is an
A-module of �nite type, i.e I ⊂ d−1A and d−1A being an A-module isomorphic
to A, is a Noetherian module.

We de�ne the product II ′ of two fractional ideals I and I ′ as the set of �nite
sums

∑
xiyi where xi ∈ I and yi ∈ I ′. If I and I ′ are fractional ideals, with

common denominators d and d′ then the sets

I ∩ I ′, I + I ′, II ′

are all fractional ideals. They are clearly A-submodules of K and they have
as common denominators d (or d′), dd′ and dd′, respectively. The non-zero
fractional ideals of A constitute a commutative monoid under multiplication.
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3.4 Dedekind rings

De�nition 3.4.1. A ring A is called a Dedekind ring if it is Noethenan and
integrally closed (hence is an integral domain), and if every non-zero prime ideal
of A is maximal.

The ring Z, and more generally any PID, is a Dedekind ring. The following
theorem implies that the ring of integers in a number �eld is a Dedekind ring:

Theorem 3.4.2. Let A be a Dedekind ring, K its �eld of fractions, L an
extension of �nite degree of K, and A′ the integral closure of A in L. Assume
K is of characteristic 0. Then A′ is a Dedekind ring and an A-module of �nite
type.

L A′

K A

Proof. The ring A′ is integrally closed by construction. It is Noetherian and
an A-module of �nite type by Proposition 3.2.1. It remains to show that every
prime ideal p 6= (0) of A′ is maximal. For this purpose choose an element
x ∈ p′ \ (0) and consider an equation of integral dependence of x over A, the
degree of which is a minimum.

xn + an−1x
n−1 + · · ·+ a1x+ a0 = 0 (ai ∈ A). (3.4.3)

Then a0 6= 0, since otherwise one could factor out an x and obtain an equation of
lower degree. By (3.4.3), we have a0 ∈ A′x∩A ⊂ p′∩A. Therefore, p′∩A 6= (0).
Since p′∩A is a prime ideal of A (Lemma 3.3.1), we see that p∩A is a maximal
ideal of A and A/(p′ ∩ A) is a �eld. But A/(p′ ∩ A) may be identi�ed with a
subring of A′/p′, and A′/p′ is integral over A/(p′ ∩A) (since A′ is integral over
A). Thus A′/p′ is a �eld (Proposition 2.1.10), so p′ is maximal.

Remark 3.4.4. Interest in Dedekind rings arises from the fact that the ring of
integers in a number �eld is a Dedekind ring, but not always a PID.

Example 3.4.5. Consider the ring of integers A = Z[
√
−5] in Q[

√
−5] (Theorem

2.5.6). Observe that
(1 +

√
5)(1−

√
5) = 2 · −3. (3.4.6)

The norms of the four factors are, respectively, 6, 6, 4, and 9. Note that 1 +
√

5
can have no non-trivial divisor in A, since the norm of such a divisor would have
to be a non-trivial divisor of 6. This is impossible, because the equations

a2 + 5b2 = 2 and a2 + 5b2 = 3

have no solutions in Z. If A were a PID, the element 1 +
√

5, which divides the
product 2 · 3 by (3.4.6), would have to divide either 2 or 3. But then, taking
norms, we see that 6 would divide 4 or 9, which is not the case.
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Remark 3.4.7. Historically, the arithmetician Kummer (1810-1893) observed
that the rings of integers in certain number �elds were not PIDs (in fact, cer-
tain cyclotomic �elds; Kummer observed this in connection with his work on
Fermat's equation, cf. Section 1.2). In order, at least in part, to get around
this inconvenience, he and Dedekind (1831-1916) introduced the notion of ideal.
Dedekind then studied the rings which now carry his name. The most impor-
tant property of PIDs is unique factorization into products of primes. There is
an elegant generalisation of this property to the case of Dedekind rings. In a
Dedekind ring ideals factor uniquely into products of prime ideals. There are
many interesting consequences of this unique factorisation, which we intend now
to describe precisely and prove.

Theorem 3.4.8. Let A be a Dedekind ring which is not a �eld. Every maximal
ideal of A is invertible in the monoid of fractional ideals of A.

Proof. Let m be a maximal ideal of A. Then m 6= (0), since A is not a �eld.
Put

m′ = {x ∈ K | xm ⊂ A}. (3.4.9)

Clearly, m′ is an A-submodule of K; any nonzero element of m serves as a
common denominator for the elements of m′. Thus m′ is a fractional ideal of A.
It su�ces to show that mm′ = A. We see that (3.4.9) implies that mm′ ⊂ A;
on the other hand, A ⊂ m′ (since m is an ideal), so m = Am ⊂ m′m. As m is
maximal and m ⊂ m′m ⊂ A, either m′m = A or m′m = m. It remains to show
that m′m = m is impossible.

For this purpose take a non-zero element a ∈ m. The ideal Aa contains a
product p1p2 · · · pn of non-zero prime ideals ( Lemma 3.3.5). We may take n as
small as possible. We have m ⊃ Aa ⊃ p1p2 · · · pn, which means that m ⊃ pi,
for some i (Lemma 3.3.4), say i = 1. As p1 is maximal by hypothesis, m = p1.
Put b = p2 · · · pn. Then Aa ⊃ mb and Aa 6⊃ b, since n was chosen as small as
possible. There thus exists b ∈ b such that b 6⊂ Aa. Since mb ⊂ Aa, mb ⊂ Aa,
whence mba−1 ⊂ A. According to the de�nition (3.4.9) of m′, this means that
ba−1 ∈ m′. But, since b /∈ Aa, ba−1 /∈ A. Thus m′ 6= A.

Theorem 3.4.10. Let A be a Dedekind ring and let P be the set of non-zero
prime ideals of A. Then

(a) Every non-zero fractional ideal b of A may be uniquely expressed in the form

b =
∏
p∈P

pnp(b) (3.4.11)

where np(b) ∈ Z and, for almost all p ∈ P , np(b) = 0.

(b) The monoid of non-zero fractional ideals of A is a group.

Proof. First we prove the existence of (a), i.e. that any fractional ideal b is a
product of powers (≥ 0 or ≤ 0) of prime ideals. There exists d ∈ A \ (0) such
that db ⊂ A, i.e. such that db is an integral ideal of A, b = (db) · (Ad)−1. We
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may, without loss of generality, prove (a) for integral ideals. Proceeding as in
Lemma 3.3.5, we consider the collection Φ of non-zero ideals in A which are not
products of prime ideals. Suppose that Φ is not empty. Let a be a maximal
element of Φ (A is Noetherian). Then a 6= A, since A is the product of the empty
collection of prime ideals. So a is contained in a maximal ideal p, which is thus
a maximal element in the collection of non-trivial ideals of A which contain a.
Let p′ be the inverse fractional ideal of p. Since a ⊂ p, ap′ ⊂ pp′ = A. As
p′ ⊃ A, ap′ ⊃ a and indeed ap′ 6= a; in fact if ap′ = a and if x ∈ p′, then xa ⊂ a,
xna ⊂ a for all n, x integral over A, and x ∈ A (as in Theorem 3.4.8). But this
is impossible, since p′ 6= A (otherwise p′ = A and pp′ = p). According to the
maximality of a in Φ, we have ap′ /∈ Φ, so ap′ = p1 · · · pn, a product of prime
ideals. Multiplying by p, we see that a = pp1 · · · pn. Thus every integral ideal
of A is a product of prime ideals.

Let us consider next the uniqueness of (a). Suppose that∏
p∈P

pn(p) =
∏
p∈P

pm(p) i.e.
∏
p∈P

p(n(p)−m(p)) = A.

If n(p) −m(p) 6= 0 for some prime ideals p ∈ P , we may separate the positive
and negative exponents and write:

pα1
1 · · · pαr

r = qβ1

1 · · · qβs
s (3.4.12)

where pi, qj ∈ P, αi, βj > 0, pi 6= qj for all i and j. Thus p1 contains qβ1

1 · · · qβs
s ;

p1 ⊃ qj for some j (Lemma 3.3.4), say p1 ⊃ q1. But p1 and q1 arc both
maximal, which implies p1 = q1, a contradiction. Finally (3.4.12) implies that∏

p∈P p−np(b) is the inverse of b and this proves (b).

Remark 3.4.13. We have just seen that the monoid I(A) of non-zero fractional
ideals of a Dedekind ring is a group. The principal fractional ideals (i.e. those
of the form Ax, x ∈ K×) form a subgroup F (A) of I(A) (since (Ax) · (Ay)−1 =
Axy−1). The residue class group C(A) = I(A)/F (A) is called the ideal class
group of A. In order that A be a PID, it is necessary and su�cient that C(A)
consist of a single element.

Let us complete this section with some formulas, in which np(b) denotes
the exponent of p in the factorisation of b into a product of prime ideals (cf.
(3.4.11)).

np(ab) = np(a) + np(b) (proof obvious) (3.4.14)

b ⊂ A⇔ np(b) ≥ 0 for all p ∈ P (3.4.15)

(⇒ seen in the course of the proof of Theorem 3.4.10; ⇐ obvious)

a ⊂ b⇔ np(a) ≥ np(b) for all p ∈ P. (3.4.16)

(a ⊂ b means the same as ab−1 ⊂ A. Now apply (3.4.14) and (3.4.15)).

np(a + b) = inf(np(a), np(b)) (3.4.17)
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(a + b is the least upper bound of a and b for ideal inclusion; to complete the
proof use (3.4.16)).

np(a ∩ b) = sup(np(a), np(b)) (3.4.18)

(analogous argument involving greatest lower bounds; again use (3.4.16)).

3.5 The norm of an ideal

In this section, K denotes a number �eld, n its degree, and A the ring of integers
of K. We write Nm(x) in place NmK/Q(x).

Proposition 3.5.1. If x is a non-zero element of A, then |Nm(x)| = card(A/Ax).

Note that, since x ∈ A, we have Nm(x) ∈ Z (Corollary 2.6.8), so the preced-
ing formula makes sense.

Proof. Wc know that A is a free Z-module of rank n (Section 2.8), and Ax is
a Z-submodule of A. It is also of rank n, since multiplication by x maps A to
Ax is a bijection. According to Theorem 1.5.1, there exists a basis (e1, . . . , en)
of the Z-module A together with elements ci of N such that (cie1, . . . , cnen) is
a basis of Ax.

Furthermore, the abelian group A/Ax is isomorphic to the �nite abelian
group

∏n
i=1(Z/ciZ) whose order is c1c2 · · · cn. Write u for the Z-linear mapping

of A on Ax de�ned by u(ei) = ciei for i = 1, . . . , n. We have det(u) = c1c2 · · · cn.
On the other hand (xe1, · · · , xen) is also a basis for Ax. There is thus an
automorphism v of the Z-module Ax such that v(ciei) = xei. Then det(v)
is invertible in Z, so det(v) = ±1. But v · u is multiplication by x, and its
determinant is, by de�nition, Nm(x) (De�nition 2.6.4). Since det(v ·u) = det(v)·
det(u), we may conclude that Nm(x) = ±c1c2 · · · cn = ± card(A/Ax).

De�nition 3.5.2. Given a non-zero integral ideal a de A, we call the number
card(A/a) the norm of a and denote it by Nm(a).

Let us observe that Nm(a) is �nite. In fact, if a is a non-zero element of
a, then Aa ⊂ a, and A/a may be identi�ed with a quotient of A/Aa (by the
�rst isomorphism theorem). Thus card(A/a) ≤ card(A/Aa), which is �nite by
Proposition 3.5.1. On the other hand we saw that, for a principal ideal Ab,
Nm(Ab) = |Nm(b)|.

Proposition 3.5.3. If a and b are both non-zero integral ideals of A, then
Nm(ab) = Nm(a) Nm(b).

Proof. The ideal b factors into a product of maximal ideals (Theorem 3.4.10),
and it su�ces to show that Nm(am) = Nm(a) Nm(m) for m maximal. Since
am ⊂ a, we have card(A/am) = card(A/a) card(a/am). It thus su�ces to show
that card(a/am) = card(A/m). Now a/am is an A-module annihilated by m,
which means it may be considered as a vector space over A/m. Its subspaces
are its A-submodules; and they are of the form q/am, where q is an ideal such



3.5. THE NORM OF AN IDEAL 45

that am ⊂ q ⊂ a. But formula (3.4.16) implies that there are no ideals between
am and a. Therefore, the vector space a/am is of dimension one over A/m. This
means that card(a/am) = card(A/m).



46 CHAPTER 3. NOETHERIAN RINGS AND DEDEKIND RINGS



Chapter 4

Ideal classes and the unit

theorem

The present chapter is devoted to two important �niteness theorems. Some
tools from analysis, (called Minkowsky's Geometry of Numbers and borrowed
from topology and integration in Rm) will be used.

4.1 Preliminaries concerning discrete subgroups

of Rn

A subgroup H of Rn is discrete if and only if, for any compact subset K of Rn,
the intersection H ∩K is �nite. A typical example of a discrete subgroup of Rn
is Zn. We are going to show that it is almost the only one:

Theorem 4.1.1. Let H be a discrete subgroup of Rn. Then H is generated (as
a Z-module) by r vectors which are linearly independent over R (so r ≤ n).

Proof. Let (e1, . . . , er) be a set of elements of H which are linearly independent
over R, where r is as large as possible (again, r ≤ n). Let

P = {x ∈ Rn | x =

r∑
j=1

αiei, 0 ≤ αi ≤ 1}, (4.1.2)

the parallelotope constructed on these vectors. Clearly P is compact, so P ∩H
is �nite. Take x ∈ H. From the maximality of the set (e1, . . . , er) it follows that
x =

∑r
i=1 λiei, λi ∈ R. For j ∈ Z set

xj = jx−
r∑
i=1

[jλi]ei (4.1.3)

47
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(where [µ] denotes the largest integer less than or equal to µ ∈ R). Thus,

xj =

r∑
i=1

(jλi − [jλi])ei,

from which it follows that xj ∈ P and by (4.1.3) xj ∈ P ∩ H. If one notices
that x = x1 +

∑r
i=1[λi]ei one sees that the Z-module H is generated by P ∩H

and is thus of �nite type.
On the other hand, since P ∩H is �nite and Z is in�nite, there exist distinct

integers j and k such that xj = xk. It follows from (4.1.3) that (j − k)λi =
[jλi]− [kλi], which implies that the λi's are rational. Thus the Z-module H is
generated by a �nite number of elements which are linear combinations with
rational coe�cients of the ei's. Let d be a common denominator (d ∈ Z, d 6= 0)
of these coe�cients. Clearly, dH ⊂

∑r
i=1 Zei. Thus there exists a basis (fi)

of the Z-module
∑r
i=1 Zei and integers αi such that (α1f1, . . . , αrfr) generates

dH (Theorem 1.5.1). Since the Z-module dH has the same rank as H and since
H ⊃

∑r
i=1 Zei, the rank of dH is ≥ r. Therefore, the rank of dH equals r and

the αi's are non-zero. We may conclude that the fi's are, like the ei's, linearly
independent over R. The module dH, and consequently H itself, is generated
(over Z) by r vectors linearly independent over R.

Example 4.1.4. Let t = (θ1, . . . , θn) ∈ Rn such that at least one of the θi's is
irrational. Write (e1, . . . , en) for the canonical basis of Rn and let H denote
the subgroup of Rn generated by (e1, . . . , en, t). The group H is not discrete;
otherwise the methods employed in the proof of Theorem 4.1.1 would provide us
with an expression for t as a rational linear combination of the ei's, an absurdity.
Therefore, for any ε > 0 there exists a non-zero element of H whose distance
from 0 is smaller than ε. Therefore, there exist integers p1 ∈ Z, q ∈ N, q 6= 0
such that |qθi − pi| ≤ ε, which means that∣∣∣∣θi − pi

q

∣∣∣∣ ≤ ε

q
for all i = 1, . . . , n.

Let us remark that, simply by picking the multiple ni/q of 1/q nearest θi, we
would obtain the cruder approximation∣∣∣∣θi − ni

q

∣∣∣∣ ≤ 1

2q
, (ni ∈ Z) for any q > 0

The result proved in the last paragraph is a basic theorem in the very rich the-
ory of approximation of irrational numbers by rationals. The reader interested
in learning more about this subject should consult Koksma, �Diophantische Ap-
proximation�, Berlin (Springer), 1936.

De�nition 4.1.5. A discrete subgroup of rank n of Rn is called a lattice in Rn.

By Theorem 4.1.1 a lattice is generated over Z by a basis of Rn, which is
then a Z-basis for the given lattice. For each Z-basis e = (e1, . . . , en) of a lattice



4.1. PRELIMINARIES CONCERNING DISCRETE SUBGROUPS OF RN49

H we shall write Pe for the half open parallelotope

Pe = {
n∑
i=1

αiei | 0 ≤ αi < 1}.

Thus every point of Rn is congruent modulo H to one and only one point of
Pe for any �xed e (we say, in this case, that Pe is a fundamental domain for
H). We shall write µ to denote the Lebesgue measure in Rn; thus, if S is a
measurable subset of Rn, µ(S) will stand for its measure (which we will also call
its volume).

Lemma 4.1.6. The volume µ(Pe) is independent of the basis e chosen for H.

Proof. Let f = (f1, . . . , fn) be another basis of H. Then

fi =

n∑
j=1

αijej with αij ∈ Z.

By calculus we know that µ(Pf ) = |det(αij)|µ(Pe). The matrix (αij), being
associated with a change of basis, is invertible with an integer inverse matrix,
so det(αij) = ±1. Thus µ(Pf ) = µ(Pe).

The volume of the parallelotope Pe associated with any basis e of H is called
the volume of the lattice H and is denoted v(H) (the word "volume" is here an
abuse of language since µ(H) = 0; would it perhaps be better to speak of the
�mesh� of the lattice H?).

Theorem 4.1.7 (Minkowski). Let H be a lattice in Rn and let S be a measurable
subset of Rn such that µ(S) > v(H). Then there exist two distinct points x, y ∈
S such that x− y ∈ H.

Proof. Let e = (e1, . . . , en) be a Z-base of H and let Pe be the parallelotope
associated with e. Since Pe is a fundamental domain for H, S is the disjoint
union of subsets of the form S ∩ (h+ Pe), (h ∈ H). It follows that

µ(S) =
∑
h∈H

µ[S ∩ (h+ Pe)] (4.1.8)

Since µ is translation invariant,

µ[S ∩ (h+ Pe)] = µ[(−h+ S) ∩ Pe].

The sets (−h + S) ∩ Pe, (h ∈ H) cannot all be pairwise disjoint, otherwise
µ(Pe) ≥

∑
h∈H µ[(−h + S) ∩ Pe], which contradicts (4.1.8) and the hypothesis

µ(Pe) = v(H) < µ(S). Consequently, there exist two distinct elements h and
h′ of H such that Pe ∩ (−h + S) ∩ (−h′ + S) 6= ∅. Let x and y be elements
of S such that −h + x = −h′ + y. Then x − y = h − h′ ∈ H and x 6= y, since
h 6= h′.
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Corollary 4.1.9. Let H be a lattice in Rn and let S be a measurable subset of
Rn which is symmetric with respect to 0 and convex. Assume that S satis�es at
least one of the following two conditions:

(a) µ(S) > 2nv(H) or

(b) µ(S) ≥ 2nv(H) and S is compact.

Then S ∩ (H \ 0) 6= ∅.

Proof. In case (a) apply Theorem 4.1.7 to the set

S′ =
1

2
S (µ(S′) = 2−nµ(S) > v(H)).

Let y and z be distinct points of S′ such that y−z ∈ H. Then y−z also belongs
to S, because y − z = 1

2 (2y + (−2z)) and S is both symmetric and convex.
Therefore, y− z ∈ Sn(H \ 0). To prove that case (b) also implies the conclusion
of the corollary apply case (a) to (1 + ε)S for ε > 0. Thus, (H \ 0) ∩ (1 + ε)S
is a nonempty compact set (it is even �nite, since it is compact and discrete).
Furthermore, ∩ε>0[(H \ 0) ∩ (1 + ε)S] 6= ∅, since an intersection of non-empty,
nested compact sets is never void. This means that there is a point of H \ 0
which belongs to (1 + ε)S for all ε > 0, therefore, since S is compact, it belongs
to S, too.

Remark 4.1.10. The hypothesis of compactness is needed in (b). Consider, as
a counter-example to (b) with compactness omitted, the open parallelotope

{x ∈ Rn | x =

n∑
i=1

λiei, −1 < λi < 1}

built on the basis e = (e1, . . . , en) and the lattice having e as a Z-basis.

4.2 The canonical imbedding of a number �eld

Let K be a number �eld and let n be its degree. We have seen (Theorem 2.4.4)
that there are n distinct isomorphisms σi : K → C. There are exactly n, because
the minimal polynomial for a primitive element of K over Q, (Corollary 2.4.6)
has only n roots in C. Let α : C → C be complex conjugation. Then, for any
i = 1, . . . , n, α ◦ σi = σj , 1 < j < n, and σj = σi if and only if σi(K) ⊂ R.
Write r1 for the number of indices such that σi(K) ⊂ R. Then n− r1 is an even
number 2r2 so we may write

r1 + 2r2 = n. (4.2.1)

Let us renumber the σi's so that σi(K) ⊂ R for 1 ≤ i ≤ r and so that
σj+r2(x) = σj(x) for r1 + 1 ≤ j ≤ r1 + r2. Then the �rst r1 + r2 isomorphisms
(σ′is) determine the last r2. For x ∈ K we de�ne

σ(x) = (σ1(x), . . . , σr1+r2(x)) ∈ Rr1 × Cr2 . (4.2.2)
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We call σ the canonical imbedding of K in Rr1 × Cr2 ; it is an injective ring
homomorphism. We shall frequently identify Rr1 × Cr2 with Rn (cf. (4.2.1)).
The notations σ,K, n, r1 and r2 will be in use for the rest of this chapter.

Proposition 4.2.3. IfM is a free Z-submodule of rank n of K, and if (xi)1≤i≤n
is a Z-basis of M , then σ(M) is a lattice in Rn, whose volume is given by

v(σ(M)) = 2−r2
∣∣∣∣ det
1≤i,j≤n

(σi(xj))

∣∣∣∣ . (4.2.4)

Proof. For �xed i the coordinates of σ(xi) with respect to the canonical basis
of Rn are given by

σ1(xi), . . . σr1+r2(xi),<(σr1+1(xi),=(σr1+1(xi)), . . . ,<(σr1+r2(xi),=(σr1+r2(xi)).
(4.2.5)

Let us calculate the determinant D of the matrix whose ith column is given by
(4.2.5). Making use of the formulas <(z) = 1

2 (z + z) and =(z) = 1
2i (z − z) for

z ∈ C and of the linearity of both < and =, we obtain D = ±(2i)r2 det(σj(xi)).
Since the xi's form a basis for K over Q, det(σ(xi)) 6= 0 (Proposition 2.7.6)
and therefore D 6= 0. Thus the vectors σ(xi) are linearly independent in Rn, so
that the Z-module which they generate (call it σ(M)) is a lattice in Rn. The
calculation of D given above shows that (4.2.4) does give its volume.

Proposition 4.2.6. Let d be the absolute discriminant of K, let A be the ring
of integers in K, and let a be a non-zero integral ideal of A. Then σ(A) and
σ(a) are lattices. Moreover,

v(σ(A)) = 2−r2 |d|1/2 and v(σ(a)) = 2−r2 |d|1/2 Nm(a). (4.2.7)

Proof. We know that A and a are free Z-modules of rank n, so we may apply
Proposition 4.2.3. On the other hand, if (xi) is a Z-basis for A, then d =
det(σi(xj)

2 (Proposition 2.7.6). This proves the �rst formula in (4.2.7). The
second formula follows from the �rst and the observation that σ(a) is a subgroup
of σ(A) of index Nm(a) (De�nition 3.5.2). A fundamental domain for σ(a) may
obviously be constructed as the disjoint union of Nm(a) copies of a fundamental
domain for σ(A).

4.3 Finiteness of the ideal class group

Proposition 4.3.1. Let K be a number �eld, n its degree, r1 and r2 the integers
de�ned in the beginng of Section 4.2, d the absolute discriminant of K, and a a
non-zero integral ideal of K. Then a contains a non-zero element x such that

|NmK/Q(x)| ≤
(

4

π

)r2 n!

nn
|d|1/2 Nm(a). (4.3.2)
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Proof. Let σ be the canonical imbedding of K into Rr1 ×Cr2 (Section 4.2). Let
t be a positive real number and let Bt be the set of all elements

(y1, . . . , yr1 , z1, . . . , zr2) ∈ Rr1 × Cr2

such that
r1∑
i=1

|yi|+ 2

r2∑
j=1

|zj | ≤ t. (4.3.3)

Then Bt is a set which is compact and convex and symmetric relative to 0 ∈ Rn.
By a calculation given in the appendix B

µ(Bt) = 2r1
(π

2

)r2 tn
n!
. (4.3.4)

Now choose t such that µ(Bi) = 2nv(σ(a)), i.e. such that

2r1
(π

2

)r2 tn
n!

= 2n−r2 |d|1/2 Nm(a) (Proposition 4.2.6)

or such that tn = 2n−r1π−r2n!|d|1/2 Nm(a). By Corollary 4.1.9, there exists a
non-zero element x ∈ a such that σ(x) ∈ Bt. Its norm has absolute value

|Nm(x)| =
r1∏
i=1

|σi(x)|
r1+r2∏
j=r1+1

|σj(x)|2.

By the fact that the geometric mean never exceeds the arithmetic mean we have

|Nm(x)| ≤

 1

n

r1∑
i=1

|σi(x)|+ 2

n

r1+r2∑
j=r1+1

|σj(x)|

n ≤ tn

nn
(by(4.3.3)).

Consequently,

|Nm(x)| ≤ 1

nn
2n−r1π−r2n!|d|1/2 Nm(a),

which combined with the relation r1 + 2r2 = n, yields (4.3.2).

Corollary 4.3.5. With the same notations, every ideal class of K (Section 3.4)
contains an integral ideal b such that

Nm(b) ≤
(

4

π

)r2 n!

nn
|d|1/2. (4.3.6)

Proof. Let a′ be an ideal of the given class. By multiplying a′ by a principal
ideal we may suppose that a = a′−1 is an integral ideal. Take a non-zero element
x ∈ a for which (4.3.2) holds. Then b = xa′−1 is an integral ideal in the same
class as a′, and Nm(b) satis�es (4.3.6) by virtue of the multiplicativity of norms
(Proposition 3.5.3).
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Corollary 4.3.7. Let K be a number �eld, let n be its degree, and let d be its
absolute discriminant. Then, for n ≥ 2,

|d| ≥ π

3

(
3π

4

)n−1
and n/(log|d|) is majorised by a constant independent of K.

Proof. Since there is always a non-zero integral ideal b in K and Nm(b) ≥ 1,
we obtain from (4.3.6) |d|1/2 ≥ (4/π)r2n!/nn. From π/4 < 1 and 2r2 ≤ n we
conclude that |d| ≥ an, where an = (π/4)n[n2n/(n!)2]. We observe that

a2 =
π2

4
and

an+1

an
=
π

4

(
1 +

2

n

)2n

=
π

4
(1 + 2 + positive terms)

(by use of the binomial formula), so an+1/an ≥ +3π/4. Hence, for n ≥ 2,

|d| ≥ π2

4

(
3π

4

)n−2
from which the inequality statement in the corollary is immediate. The uniform
majoration of n/ log|d|) follows by taking logarithms.

Theorem 4.3.8 (Hermite-Minkowski). For any number �eld K 6= Q, the ab-
solute discriminant d of K is 6= ±1.

Proof. Using Corollary 4.3.7 we see that |d| ≥ (π/3)(3π/4)n−1. Since π/3 > 1
and 3π/4 > 1, we have |d| > 1.

Theorem 4.3.9 (Dirichlet). For any number �eld K the ideal class group is
�nite (Section 3.4).

Proof. By Corollary 4.3.5 it su�ces to show that, for every positive integer q,
the set of all integral ideals b of K which have q as their norms is a �nite set. For
such an ideal b we have card(A/b) = q (Section 3.5). It follows that q ∈ b, since
(by Cauchy-Lagrange theorem) for any group the order of an element divides
the order of the group. Thus our ideals b are among those which contain Aq,
and there can be only �nitely many such ideals (formula 3.4.16; or the �niteness
of A/Aq).

Theorem 4.3.10 (Hermite). In C there are only �nitely many number �elds
with a given discriminant d.

Proof. By Corollary 4.3.7 the degree of such a �eld is bounded. We may suppose
n and the integers r1 and r2 are given. Let K be such a �eld.

In Rr1 × Cr2 consider the following set B:
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(a) If r1 > 0, B is the set of all elements (y1, . . . , yr1 , z1, . . . , zr2) ∈ Rr1 × Cr2
such that

|y1| ≤ 2n
(π

2

)−r2
|d|1/2, |yi| ≤

1

2
for i = 2, . . . , r1 and

|zj | ≤
1

2
for j = 1, . . . , r2.

(4.3.11)

(b) If r1 > 0, B is the set of all elements (z1, . . . , zr2) ∈ Cr2 such that

|z1 − z1| ≤ 2n
(π

2

)1−r2
|d|1/2, |z1 + z1| ≤

1

2
, and

|zj | ≤
1

2
for j = 2, . . . , r2.

(4.3.12)

Clearly, B is a compact and convex set which is symmetric about the origin in
Rn and which has volume 2n2−r2 |d|1/21 Writing σ for the canonical imbedding
of K (Section 4.2), we obtain by means of Proposition 4.2.6 and Corollary 4.1.9
an integer x 6= 0 of K for which σ(x) ∈ B.

Let us show that x is a primitive element of K over Q.
Case (a): (4.3.11) shows that |σi(x)| ≤ 1/2 for i 6= 1. Since

|Nm(x)| =
n∏
i=1

|σi(x)|

is a positive integer (Corollary 2.6.8), we may conclude that |σ1(x)| > 1, so
σ1(x) 6= σi(x) for all i 6= 1. However, if x were not primitive, σ1(x) would
coincide with σi(x) for some i 6= 1 (Proposition 2.6.8).
Case (b): We see similarly that |σ1(x)| = |σ1(x)| ≥ 1 so σ1(x) 6= σj(x) when
σj is not σ1 or σ1. Now (4.3.12) implies that the real part |<(σ1(x))| < 1/4.
But this means that σ1(x) cannot be real, so σ1(x) 6= σ1(x). As in case (a) we
conclude that x is primitive.

Formulae (a) and (b) imply that the conjugates σi(x) of x are bounded.
Therefore the elementary symmetric functions of the σi(x)'s are also bounded.
In other words, the coe�cients, as well as the degree, of the minimal polyno-
mial of x are bounded. Since x is an integer, its minimal polynomial is a monic
polynomial with coe�cients in Z (Corollary 2.6.8). The degree and the coef-
�cients of the minimal polynomial of x being bounded, there are only �nitely
many possibilities for the minimal polynomial of x, consequently only �nitely
many possible values for x ∈ C. As x generates K, there are only �nitely many
possibilities for K.

4.4 The unit theorem

Let K be a number �eld and let A be the ring of integers in K. By abuse
of language we use the expression �units of K� to refer to the units in the

1One may calculate this volume by making use of the observation that B is a product of
intervals, of discs, and of a rectangle in case (b).
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ring A. We remind the reader that in any ring the units form a group under
multiplication. We write A× for the group of units in A.

The following result will be useful.

Proposition 4.4.1. Let K be a number �eld and let x ∈ K. In order that x be
a unit of K it is necessary and su�cient that x be an integer of K of norm ±1.

Proof. If x is a unit of K, then Nm(x) and Nm(x−1) belong to Z. We have
Nm(x) Nm(x−1) = 1, so Nm(x) = ±1. Conversely, let x be an integer of K with
norm ±1. Its characteristic equation has the form

xn + an−1x
n−1 + · · ·+ a1x± 1 = 0 with ai ∈ Z (Section 2.6)

Thus, ±(xn−1 + an−1x
n−2 + · · ·+ a1) = x−1 and, since x−1 is an integer of K,

x is a unit.

Theorem 4.4.2 (Dirichlet). Let K be a number �eld, n its degree, and let r1
and r2 be the integers de�ned in Section 4.2. Set r = r1 + r2−1. The group A×

of units of K is isomorphic to Zr×G, where G is a �nite cyclic group comprised
of the roots of unity contained in K.

Proof. First we shall show that A× is a commutative group of �nite type. Then
we shall calculate its rank. Consider the canonical imbedding (Section 4.2)
x 7→ (σ1(x), . . . σr1+r2(x)) of K into Rr1 × Cr2 of K and the mapping

x 7→ L(x) = (log |σ1(x)|, . . . , log|σr1+r2(x)|) (4.4.3)

of K× to Rr1+r2 . (4.4.3) is a homomorphism (i e. L(xy) = L(x) +L(y)), called
the logarithmic imbedding of K×. Let B be a compact subset of Rr1+r2 . Let us
show that the set B′ of units x ∈ A× such that L(x) ∈ B is a �nite set. Indeed,
since B is bounded, there exists a real number α > 1 such that, for all x ∈ B′,

1

α
≤ |σi(x)| ≤ α (i = 1, . . . , n).

It follows that the elementary symmetric functions of the σi(x)s are bounded
in absolute value. Since they belong to Z (because x ∈ A), the set of possible
values for the symmetric functions of the σix's is a �nite set. Therefore, there
are only �nitely many possible characteristic polynomials for elements x ∈ B′
and consequently only �nitely many possible values for x. Thus B′ is a �nite
set.

The �niteness of B′ implies immediately the following statements:

(a) The kernel G of the restriction of L to A× is a �nite group. It consists,
therefore, of roots of unity and is cyclic (Theorem 1.6.1). Clearly, every
root of unity in K belongs to the kernel of L, for the roots of unity in K
are integers and, if x is a root of unity in K, |σi(x)|q = |σi(xq)| = |1| = 1,
so |σi(x)| = 1 for any i.
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(b) The image L(A×) is a discrete subgroup of Rr1+r2 (Section4.1). Conse-
quently, L(A×) is a free Z-module of rank s ≤ r1 + r2 (Theorem 4.1.1).
Since L(A×) is free, A× is isomorphic to G× L(A×) = G× Zs. It remains
to show that the rank s of L(A×) equals r1 + r2 − 1.

The inequality s ≤ r1 + r2 − 1 is easy. Indeed, for x ∈ A×, the relation

±1 = Nm(x) =

n∏
i=1

σi(x) =

r1∏
i=1

σi(x)

r1+r2∏
j=r1+1

σj(x)σj(x) (Proposition 4.4.1)

implies that the vector L(x) = (y1, . . . , yr1+r2) lies in the hyperplane W de�ned
by the equation

r1∑
i=1

yi + 2

r1+r2∑
j=r1+1

yj = 0. (4.4.4)

Since L(A×) is a discrete subgroup of W , s ≤ r1 + r2 − 1.
Now we show that L(A×) contains r = r1 + r2 − 1 linearly independent

vectors. This requires a more delicate argument. Wc are going to show that for
any linear form f 6= 0 on W , there exists a unit u such that f(L(u)) 6= 0. As
the projection of W on Rr is an isomorphism (by (4.4.4)), we may write, for
any y = (y1, . . . , yr+1) ∈W ⊂ Rr+1

f(y) = c1y1 + . . .+ cryr, with ci ∈ R. (4.4.5)

Fix a real number α such that

α ≥ 2n
(

1

2π

)r2
|d|l/2.

For any set λ = (λ1, . . . , λr) of r positive real numbers take λr+1 > 0 such that

r1∏
i=1

λ1i

r1+r2∏
j=r1+1

λ2j = α.

In Rr1 × Cr2 the set B of elements

(y1, . . . , yr1 , x1, . . . , zr2) (yi ∈ R and zj ∈ C)

such that
|yi| ≤ λi, and |zj ≤ λj |

is compact, convex, symmetric about 0, and of volume

r1∏
i=1

2λi

r2∏
j=r1+1

πλ2j = 2r1πr2α ≥ 2n2−r1 |d|1/2.
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It follows from Proposition 4.2.6 and Corollary 4.1.9 that there exists an integer
xλ of K such that σ(xλ) ∈ B. This means that |σi(xλ)| ≤ λi for i = 1, .., n
(putting λj+r2 , for j = r1 + 1, . . . , r1 + r2). Since xλ is an integer,

1 ≤ |Nm(xλ)| =
n∏
i=1

|σi(xλ)| ≤
r1∏
i=1

λi

r1+r2∏
j=r1+1

λ2j = α.

On the other hand, for any i

|σi(xλ)| = |Nm(xλ)|
∏
j 6=i

|σj(xλ)|−1 ≥
∏
j 6=i

|λ−1j = λiα
−1.

Now we have λiα−1 ≤ |σi(xlambda)| ≤ λi for any i, so that

0 ≤ log λi − log|σi(xλ)| ≤ logα. (4.4.6)

Use of (4.4.5) entails

|f(L(xλ))−
r∑
i=1

ci log λi| ≤

(
r∑
i=1

|ci|

)
logα. (4.4.7)

Let β be a constant which is strictly larger than the right-hand side of (4.4.7)
and, for every positive integer h, select r positive real numbers λi,h (i = 1, . . . , r)
satisfying

∑r
i=1 ci log λi,h = 2βh. Put

λ(h) = (λ1,h, . . . , λr,h),

and let xh be the corresponding integer xλ(h). By (4.4.7) we have

|f(L(xh))− 2βh| < β,

so
(2h− 1)β < f(L(xh)) < (2h+ 1)β. (4.4.8)

It follows from (4.4.8) that the numbers f(L(xh)) are all distinct. On the other
hand, since |Nm(xh)| ≤ α, there are only �nitely many distinct ideals of the
form Axh, (cf. the proof of Theorem 4.3.9). Therefore, there exist two distinct
indices h and k such that Axh

= Axk
and, consequently, a unit u ∈ A such

that xk = uxh. We may conclude (since f is linear) that f(L(u)) = f(L(xk))−
f(L(xh)) 6= 0 and u is the unit sought for.

Remark 4.4.9. Theorem 1 (called the �unit theorem�) implies that there exist
r(= r1 + r2 − 1) units (ui) of K such that any unit u of K may be uniquely
expressed in the form

u = zun1
1 · · ·unr

r (4.4.10)

with ni ∈ Z and z a root of unity. The set (ui), i = 1, . . . , r is called a system
of fundamental units of K.

Example 4.4.11 (cyclotomic �elds). Let p be an odd prime number, let z be a
primitive complex pth root of unity, and let K be the cyclotomic �eld Q[ζ] (cf.
Section 2.9). We know that [K : Q] = p − 1 (ibid., Theorem 2.9.3). Since no
conjugate of ζ in C is real, r1 = 0 and 2r2 = p− 1, so r = (p− 3)/2.
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4.5 Units in imaginary quadratic �elds

Let K be an imaginary quadratic �eld (Section 2.5). Then r1 = 0, 2r2 = 2, r2 =
1, and r1 +r2−1 = 0. Thus the only units in K are the roots of unity contained
in K (Theorem 4.4.2), a �nite cyclic group. With a little calculation we shall
prove this result directly and make it more precise.

Let K = Q[
√
−m], where m is a square-free positive integer. Recall that the

units of K are integers of norm ±1 (Proposition 4.4.1).

(1) If m ≡ 1 or 2 mod 4, the ring of integers of K is Z + Z
√
−m (Theorem

2.5.6). For x = a+ b
√
−m (a, b ∈ Z) we have

Nm(x) = a2 +mb2 ≥ 0.

In order that x be a unit we must have a2 +mb2 = 1. If m ≥ 2, this implies
that b = 0 and a = ±1, so x = ±1. If m = 1, besides the solution x = ±1,
there are the solutions a = 0, b = ±1, ie. x = ±i (with i2 = 1).

(2) If m ≡ 3 mod 4, the ring of integers of K is Z + Z
(

1+
√
−m

2

)
(Theorem

2.5.6). For x = a+ (b/2)(1 +
√
−m) (a, b ∈ Z), we have

Nm(x) = (a+ b/2)2 +mb2/4.

In order that x be a unit we must have (2a + b)2 + mb2 = 4. If m ≥ 7,
this implies that b = 0, so (2a)2 = 4, a = ±1, and x = ±1. If m = 3, the
relations b = ±1 and (2a± l)2 = ±1 entail the additional solutions

x =
1

2
(±1±

√
−3) (the signs ± being independent).

Summarising, we have proved the following result:

Proposition 4.5.1. If K is a quadratic imaginary �eld, the group G of units in
K is comprised of the square roots of unity, +1 and −1, except in the following
two cases:

(1) If K = Q[i] (where i2 = −1), G is comprised of the fourth roots of unity:
i,−1,−i, 1.

(2) If K = Q[
√
−3], G is comprised of the sixth roots of unity:

(
1+
√
−3

2

)j
, j =

0, 1, . . . , 5.

4.6 Units in real quadratic �elds

This section is going to be considerably more interesting than the preceding
one. Let K be a real quadratic �eld. With the usual notations, we have r1 = 1
and r2 = 0, so r = r1 + r2 − 1 = 1. The unit theorem (Theorem 4.4.2) implies
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that the group of units of K is isomorphic to the product of Z with the group
of roots of unity contained in K. As K admits an imbedding into R, the only
roots of unity are ±1. Thus, assuming that K has been imbedded into R, we
have:

Proposition 4.6.1. The positive units of a real quadratic �eld K ⊂ R form a
(multiplicative) group isomorphic to Z.

This group contains one and only one generator larger than one, we call it
the fundamental unit of K.

Let K = Q[
√
d], where d ≥ 2 is a square-free integer, and let x = a + b

√
d

(a, b ∈ Q) be a unit ofK. The numbers x, x−1,−x, and −x−1 are units ofK and,
since Nm(x) = (a+b

√
d)(a−b

√
d) = ±1 (Proposition 4.4.1), these four numbers

are ±a ± b
√
d. For x 6= ±1 only one of the four numbers x, x−1,−x,−x−1 is

greater than one, and it is the largest of the four. Thus the units greater than
one of K are those of the form a+ b

√
d with a > 0, b > 0.

(a) Suppose �rst that d ≡ 2 or 3 mod 4. In this case the ring of integers of K
is Z + Z

√
d (Theorem 2.5.6). As the units of K are integers of norm ±1

(Â�4, Proposition 4.4.1), the units greater than one of K are the numbers
a+ b

√
d with a, b ∈ Z and a > 0, b > 0 such that

a2 − db2 = ±1. (4.6.2)

We see that the solutions �in natural numbers� (a, b) of equation (4.6.2)
(called the �equation of Pell-Fermat�) are obtained as follows: take the
fundamental unit a1 + b1

√
d of K, and put

an + bn
√
d = (a1 + b1

√
d)n (n ≥ 1). (4.6.3)

The sequence (an, bn) provides all the solutions of (4.6.2).

Remark 4.6.4. It follows from (4.6.3) that bn+1 = a1bn + b1an. Since
a1, b1, an and bn are all positive, the sequence (bn) is strictly increasing.
Thus, in order to explicitly calculate the fundamental unit a1 + b1

√
d, it

su�ces to write down the sequence (db2) for b ∈ N, b ≥ 1 and to stop at
the �rst number db21 of this sequence which di�ers by a square a21 from ±1.
Then a1 + b1

√
d is the fundamental unit of K. For instance, if d = 7, the

sequence of (db2) is 7, 28, 63 = 64−1 = 82−1, so, taking b1 = 3 and a1 = 8,
we see that 8+3

√
7 is the fundamental unit of Q[

√
7]. We see similarly that

the fundamental units of Q[
√

2],Q[
√

3], and Q[
√

6] are 1 +
√

2, 2 +
√

3, and
5 +
√

6. Using the theory of continued fractions, one can �nd other, more
rapid, procedures for calculating the fundamental unit.

Remark 4.6.5. If the fundamental unit is of norm one, the sequence (an, bn)
gives solutions only for the equation (1′) a2 − db2 = 1; in this case the
equation (1′′) a2 − db2 = −1 has no solution in natural numbers. If the
fundamental unit has norm −1, the solutions of (1′) comprise the sequence
(a2n, b2n) and those of (1′′) the sequence (a2n+1, b2n+1). The �rst case
occurs when d = 3, 6, or 7, the second when d = 2 or 1 (3 +

√
10 is the

fundamental unit in Q[
√

10]).
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(b) Assume now that d ≡ 1 mod 4. The integers of K = Q[
√
d] are the numbers

1
2 (a+ b

√
d) with , b ∈ Z of the same parity (Theorem 2.5.6). Consequently,

if 1
2 (a+ b

√
d) is a unit of K (Proposition 4.4.1), we must have

a2 − db2 = ±4. (4.6.6)

Conversely, if (a, b) is an integer solution of (4.6.6), then 1
2 (a + b

√
d) is an

integer of K (its trace is a and its norm, by (4.6.6), is ±1 and, hence, a unit
of K. As in (a), writing 1

2 (a1 + b1
√
d) for the fundamental unit of K, we

see that the solutions in pairs of natural numbers (a, b) of (4.6.6) comprise
the values of the sequence (an, bn) (n ≥ 1) de�ned by setting

an + bn
√
d = 21−n(a1 + b1

√
d)n. (4.6.7)

The calculation of a1 + b1
√
d may be accomplished as in (a). For example,

the fundamental units of Q[
√

5],Q[
√

13], and Q[
√

17] are 1
2 (1 +

√
5), 12 (3 +√

13), and 4 +
√

17; these three units all have norm −1. For the choice of
the sign ± in (4.6.6) we have results similar to those obtained in (a).

Remark 4.6.8. In the case d ≡ 1 mod 4 the solutions of the Pell-Fermat equation

a2 − db2 = ±1 (4.6.9)

correspond to units a+b
√
d (a, b > 0) which belong to the ring B = Z[

√
d]. This

ring B is a subring of the ring A of integers of K and the positive units of B
form a subgroup G of the group of positive units of A. Let u = (a+b

√
f) be the

fundamental unit of K. If a and b are both even, then a ∈ B, so that G consists
of the powers of u (this is the case, for instance, when d = 17). If a and b are both
odd, then u3 ∈ B. (To see this note that 8u3 = a(a2 + 3b2d) + b(3a2 + b2d)

√
d.

Since a2−b2d = ±4, a2 +3b2d = 4(b2d±1), which is a multiple of 8, since b and
d are odd. Similarly 3a2+b2d = 4(a2±1), which is again a multiple of 8 because
a is odd. In this case G is comprised of the powers of u3 (u2 /∈ B, otherwise
u = u3/u2 ∈ B). This happens, for instance, when d = 5 (respectively, d = 13),
in which case u3 = 2 +

√
5 (respectively, u3 = 18 + 5

√
13).

4.7 A generalisation of the unit theorem

Proposition 4.7.1. Let A be a ring which is a Z-module of �nite type. Then
the multiplicative group A× consisting of the units of A is a (commutative) group
of �nite type.

Remark 4.7.2. For a commutative group G, �of �nite type� means �of �nite type
with respect to the structure of Z-module of G�. A subgroup of a commutative
group of �nite type is of �nite type (Corollary 3.1.5). Let us note that A is a
Noethenan ring, for the ideals of A are Z-submodules of A.
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Proof. First we treat the case when A is an integral domain. If its �eld of
fractions K is of characteristic 0, K is a �nite-dimensional vector space over Q,
so K is a number �eld. On the other hand, A is integral over Z (since it is a
Z-module of �nite type, cf. Theorem 2.1.1), and, therefore, A is a subring of B,
the ring of integers of K. Thus A× ⊂ B× and, since B× is of �nite type by the
unit theorem (Theorem 4.4.2), so is A×. If K is of characteristic p 6= 0, K is a
�nite extension of Fp, so K is a �nite �eld and A× is a �nite group.

Now let us consider the case in which A is reduced (by de�nition, this means
that 0 is the only nilpotent element in A). We shall need the following lemma.

Lemma 4.7.3. In a reduced Noethenan ring A, the ideal (0) is expressible as
the intersection of �nitely many prime ideals.

Proof. We know that, in a Noetherian ring, any ideal contains a product of
prime ideals (Lemma 3.3.5). (0) is the smallest ideal, so (0) is a product of prime
ideals (0) = pn1

1 · · · p
nq
q . Let x ∈ p1 ∩ · · · ∩ pq. Then xn1+···nq ∈ pn1

1 · · · p
nq
q =

(0), so xn1+···nq = 0. Since A is reduced, this means that x = 0. Therefore,
p1 ∩ · · · ∩ pq = (0).

Now, returning to the proof of Proposition 4.7.1. We let (0) = p1 ∩ · · · ∩ pq,
the pi being prime ideals. It follows that the canonical homomorphism ϕ : A→∏q
i=1A/pi is injective. An element of a ring product is invertible if and only if

all of its components are invertible, so that (
∏q
i=1A/pi)

×
=
∏q
i=1(A/pi)

×. By
the integral domain case, each (A/pi)

× is of �nite type; therefore,
∏

(A/pi)
× is

of �nite type and so is any subgroup, e.g ϕ(A×) (recall that Z is a Noetherian
ring). Since varphi is injective, A× is of �nite type.

Let us �nally consider the general case. Observe that the set n of nilpotent
elements of A is an ideal, since xp = 0, yq = 0, and a ∈ A imply that (x +
y)p+q−1 = 0 and (ax)p = 0. On the other hand there exists an integer s such
that ns = (0). (To see this, let (x1, . . . , xr) be a �nite set of generators of the
ideal n in the Noetherian ring A. Assume xrii = 0 for i = 1, . . . , r. Then, with
s = q1+· · ·+qr, it is clear that ns = 0.) We proceed by induction on s. The case
s = 1 is the reduced case which is already treated. Suppose s > 1 and write ϕ for
the canonical homomorphism ϕ : A → A/ns−1. Then ϕ(A×) ⊂ (A/ns−1)×, so
ϕ(A×) is of �nite type. The kernel of ϕ restricted to A× belongs to 1 + ns−1; in
fact, ker(ϕ) = 1+ns−1, because for s > 1, (ns−1)2 ⊂ ns = (0), which implies that
any element 1+x ∈ 1+ns−1 has 1−x as its inverse: (1+x)(1−x) = 1−x2 = 1.
To prove that 1 + ns−1 is of �nite type we need only observe that the mapping
x 7→ 1 + x of the additive group ns−1�1 to 1 + ns−1 is an isomorphism (ns−1

is of �nite type because it is a submodule of A). But this is obvious from the
relation (1 +x)(1 + y) = 1 +x+ y for x, y ∈ ns−1. That A× is of �nite type now
follows from Proposition 3.1.3.

Remark 4.7.4. Using arguments borrowed from algebraic geometry, one can
show that, for anv reduced ring B of the form B = Z[x1, . . . , xn] (i.e. �nitely
generated over Z as a ring), the group B× of units in B is of �nite type.
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Chapter 5

The splitting of prime ideals

in an extension �eld

Let K be a number �eld, A the ring of integers of K, L an extension of �nite
degree of K, and B the integral closure of A in L (i.e. the ring of integers of L).
The ideal Bp, generated in B by a non-zero prime ideal p of A, is not prime in
general.

L B Bp

K A p

It splits into a product of prime ideals (Theorem 3.4.10), i.e. Bp =
∏
iP

ei
i . In

this chapter we propose to study this splitting. The case in which B is a free
A-module (for example, when A is a PID; cf. Corollary 2.7.13) is particularly
easy. In Section 5.1 we shall show how the general case may be reduced to this
easier case.

5.1 Preliminaries concerning rings of fractions

De�nition 5.1.1. Let A be an integral domain, let K be its �eld of fractions,
and let S be a subset of A\(0) which is stable under multiplication and contains
1. We call the set of all elements ofK which may be written in the form a/s with
a ∈ A and s ∈ S the ring of fractions of A with respect to S (or the localisation
of A by S) and denote it by S−1A.

Clearly S−1A is a commutative ring (since a/s + a′/s′ = (s′a + sa′)/ss′

and (a/s)(a′/s′) = aa′/ss′) which contains A (since 1 ∈ S). If S = A \ (0),
then S−1A = K. If S contains 1 alone, or if it contains only units of A, then
S−1A = A.

63
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Proposition 5.1.2. Let A be an integral domain and let S be a multiplicatively
stable subset of A \ (0) which contains 1. Set A′ = S−1A.

(1) For any ideal b′ of A′, we have (b′ ∩A)A′ = b′ so the mapping b′ 7→ b′ ∩A
is an increasing (as to the inclusion) injection of the set of ideals of A′ into
the set of ideals of A.

(2) The mapping p′ 7→ p ∩ A is an isomorphism of the partially ordered set
(under inclusion) of prime ideals of A′ on the partially ordered set of prime
ideals p of A which satisfy p ∩ S = ∅. The inverse mapping is p 7→ pA′.

Proof. (1): If b′ is an ideal of A′, then b′ ∩ A ⊂ b′ and (b′ ∩ A)A′ ⊂ b′, since
b′ is an ideal. To prove the reverse inclusion take x ∈ b′. Since x = a/s
(a ∈ A and s ∈ S), sx ∈ b′ (for A ⊂ A′ and b′ is an ideal of A′). It follows
that a ∈ b′ and thus a ∈ b′ ∩ A. Therefore, x = 1/s · a ∈ A′(b′ ∩ A), so
b′ ⊂ A′(b′ ∩A) and b′ = A′(b′ ∩A). This formula assures the injectivity of the
mapping ϕ : b′ 7→ b′∩A, for there is a mapping θ : b 7→ A′b such that θ ◦ϕ = id.
It is clear that ϕ is an increasing mapping.
(2): If p′ is a prime ideal of A′, then p = p′ ∩ A is a prime ideal of A (Lemma
3.3.1). Furthermore, p∩S = ∅, since, if s ∈ p∩S, then s ∈ p′ and 1 = (1/s) ·s ∈
A′p′ = p′, a contradiction. Conversely, let p be a prime ideal of A such that
p ∩ S = ∅. We are going to show that pA′ is a prime ideal of A′ and that
pA′ ∩A = p. Note �rst that pA′ is the set of all elements of A′ which are of the
form p/s with p ∈ p and s ∈ S; any element x ∈ pA′ may be written as

x =

n∑
i=1

ai
si
pi (ai ∈ A, si ∈ S and pi ∈ p),

so

x =

n∑
i=1

bi
s
pi (s = s1 · · · sn and

bi
s

=
ai
si

).

Thus x = p/s with p =
∑
bipi ∈ p. We may conclude that 1 /∈ pA′, since

p ∩ S = ∅ and since 1 cannot be written in the form p/s with p ∈ p and
s ∈ S. To show that the ideal pA′ is prime, let a/s ∈ A′ and b/t ∈ A′ with
(a/s) · (b/t) ∈ pA′. Then (a/s)(b/t) = (p/u) with p ∈ p and u ∈ S, thus
abu = pst ∈ p. Since p ∩ S = ϕ, we have u /∈ p, so ab ∈ p (p is prime), which
implies that either a or b belongs to p. Therefore, either a/s or b/t belongs to
pA′, i.e. pA′ is prime. Let us show �nally that p = pA′∩A. Clearly, p ⊂ pA′∩A.
For the reverse inclusion take x ∈ pA′ ∩ A; then x = p/s (p ∈ p, s ∈ S), since,
by hypothesis, x ∈ pA′. Thus sx = p ∈ p; since s /∈ p (p ∩ S = ∅) and since
p is prime, it follows that x ∈ p. Now we simply observe that the formulae
p = pA′ ∩ A and p′ = A′(p ∩ A) entail that the mappings ϕ : p′ 7→ p′ ∩ A and
θ : p′ 7→ pA′ (restricted to the prime ideals p which do not intersect S) are
inverse bijections, since θ ◦ ϕ and ϕ ◦ θ are both identity mappings.

Corollary 5.1.3. If A is a Noetherian integral domain, then every ring of
fractions S−1A is Noethenan.
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Proof. By Proposition 5.1.2, (1) there is an injective mapping of the lattice of
ideals in S−1A to a sublattice of the lattice of ideals in A. Therefore, the lattice
of ideals in S−1A satis�es the maximal condition, so S−1A is a Noetherian
ring.

Proposition 5.1.4. Let R be an integral domain, let A be a subring of R, let S
be a multiplicatively stable subset of A \ 0 with 1 ∈ S, and let B be the integral
closure of A in R. Then the integral closure of S−1A in S−1R is S−1B.

Proof. Any element of S−1B may be written in the form b/s (b ∈ B, s ∈ S). By
dividing an equation of integral dependence for b on A, e.g.

bn + an−1b
n−1 + · · ·+ a0 = 0,

by sn we obtain an equation(
b

a

)n
+
an−1
s

(
b

s

)n−1
+ · · ·+ a0

sn
= 0,

which shows that b/s is integral over S−1A. Conversely, if x/s (x ∈ R, s ∈ S),
an element of S−1R, is integral over S−1A, then there is an equation of the form(x

s

)n
+
an−1
tn−1

(x
s

)n−1
+ · · ·+ a0

t0
= 0 (ai ∈ A, ti ∈ S)

Multiplying through by (t0t1 · · · tn−1)n shows that xt0 · · · tn−1/s is integral over
A. Therefore, xt0 · · · tn−1/s ∈ B and x/s = (1/t0 · · · tn−1)(xt0 · · · tn−1/s) be-
longs to S−1B.

Corollary 5.1.5. If A is an integrally closed ring, then every ring of fractions
S−1A is integrally closed.

Proof. Take for R in Proposition 5.1.4 the �eld of fractions of A.

Proposition 5.1.6. If A is a Dedekind ring, every ring of fractions S−1A is a
Dedekind ring.

Proof. S−1A is Noetherian (Corollary 5.1.3) and integrally closed (Corollary
5.1.5). Furthermore, since one �loses� some prime ideals in passing from A to
S−1A (Proposition 5.1.2, (2)), every non-zero prime ideal of S−1A is maximal.

Proposition 5.1.7. Let A be a Dedekind ring, let p be a non-zero prime ideal
of A, and let S = A \ p. Then −1A is a PID. More precisely, there exists a
prime p ∈ S−1A such that the only non-zero ideals of S−1A are of the form
(pn), n ≥ 0.
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Proof. Since p is the only non-zero prime ideal of A disjoint from S, the only
non-zero prime ideal of S−1A is P = pS−1A (Proposition 5.1.2, (2)). Since
S−1A is a Dedekind ring (Proposition 5.1.6), its only non-zero ideals are of the
form Pn(n ≥ 0). Take an element p ∈ P \P2. The ideal (p) is contained in P
but not in P2. Therefore, (p) = P and (p)n = Pn for all n ≥ 0. Thus S−1A is
principal and all its ideals are of the form (p)n, n ≥ 0.

Proposition 5.1.8. Let A be an integral domain, S a multiplicatively stable
subset of A \ (0) containing 1, and let m be a maximal ideal of A which is
disjoint from S. Then

S−1A/mS−1A ∼= A/m.

Proof. The composition of ring homomorphisms A→> S−1A→ S−1A/mS−1A
has kernel mS−1A ∩ A = m (Proposition 5.1.2 (1)), so there is an injection
ϕ : A/m→ S−1A/mS−1A. We must show that ϕ is surjective. Take x = a/s ∈
S−1A (a ∈ A, s ∈ S) and let x denote its residue class in S−1A/mS−1A. Since
s /∈ m (by hypothesis, m ∩ S = ∅) and since m is maximal, there exists b ∈ A
such that bs ≡ 1 mod m. Thus

a

s
− ab =

a

s
(1− bs) ∈ mS−1A,

so ϕ(ab) = x.

5.2 The splitting of a prime ideal in an extension

In this section A denotes a Dedekind ring of characteristic 0, K its �eld of
fractions, L a �nite extension of K of degree n, and B the integral closure of A
in L. We remind the reader that B is also a Dedekind ring (Theorem 3.4.2).

Let p be a non-zero prime ideal of A. Then Bp is an ideal of B and it has
an expression of the form

Bp =

q∏
i=1

Pei
i (5.2.1)

where the Pi's are distinct prime ideals of B, the ei's are positive integers, and
the product sign denotes multiplication of ideals.

Proposition 5.2.2. The Pi's are precisely those prime ideals Q of B such that
Q ∩A = p.

Proof. For a prime ideal Q of B the relation Q ∩ A = p is equivalent to the
relation Q ⊃ pB (→ is clear. Leftarrow < follows from the fact that Q ∩ A is
a prime ideal of A and p is maximal). Clearly, Bp =

∏q
i=1 P

ei
i implies Bp ⊂ Pi

for each i = 1, . . . , q, so Pi appears in the product expression for Bp if and only
if Pi ∩A = p.

It is now clear that A/p may be identi�ed with a subring of B/Pi for any
i = 1, . . . , q. Both rings are �elds. Since B is an A-module of �nite type



5.2. THE SPLITTING OF A PRIME IDEAL IN AN EXTENSION 67

(Theorem 3.4.2), B/Pi is a �nite dimensional vector space over A/p. We shall
write fi for the dimension of B/Pi over A/p and call fi the residual degree of
Pi over A. The exponent ei in (5.2.1) is called the rami�cation index of Pi over
A. Let us remark �nally that Bp∩A = p (⊃ clear. ⊂ follows from the fact that,
for each i = 1, . . . , q, Pi ∩ A = p), so B/Bp is a vector space over A/p, also of
�nite dimension.

Theorem 5.2.3. With the preceding notations

q∑
i=1

eifi = [B/Bp : A/p] = n. (5.2.4)

Proof. The �rst equality is easy. Consider the sequence of ideals

B ⊃ P1 ⊃ P2
1 ⊃ · · · ⊃ Pe1

1 ⊃ Pe1
1 P2 ⊃ · · · ⊃ Pei

1 Pe2
2 ⊃ Pe1

1 · · ·Peq
q = Bp.

Two consecutive elements of this sequence are of the form B and BPi. Since
there is no ideal strictly between B and BPi, B/BPi is a vector space of
dimension one B/Pi (cf. the proof of Proposition 3.5.3). Thus it is a vector
space of dimension fi over A/p. For a given i there are exactly ei consecutive
elements of the above sequence with associated residue class space of the form
B/BPi i.e. of dimension fi over A/p. The total dimension [B/Bp : A/p] equals
the sum of the dimensions of the residue classes, so it is

∑q
i=1 eifi.

The second equality is also easy in the case where B is a free A-module, in
particular when A is a PID (Corollary 2.7.13). In this case a basis (x1, . . . , xn)
of B as an A-module gives, by reduction mod Bp, a basis for B/Bp over A/p.
We are going to reduce the general case to this case by considering the multi-
plicatively stable subset S = A\p of A and the rings of fractions A′ = S−1A and
B′ = S−1B. We know that A′ is a PID in which pA′ is the unique maximal ideal
(Proposition 5.1.7), and that B′ is the integral closure of A′ in L (Proposition
5.1.4). By the special case when A is a PID,

[B′/pB′ : A′/pA′] = n.

Now consider the factorisation of the ideal pB′ in the Dedekind ring B′: from
the fact that pB =

∏q
i=1 P

ei
i we conclude that pB′ =

∏q
i=1(B′Pi)

ei . Since
Pi ∩A = p (Proposition 5.2.2), Pi ∩ S = ∅ and B′Pi is a non-zero prime ideal
of B′ (Proposition 5.1.2, (2)). From the �rst part of our proof we now obtain

[B′/pB′ : A′/pA′] =

q∑
i=1

ei[B
′/B′Pi : A′/pA′].

However,

A′/pA′ ∼= A/p and B′/B′Pi
∼= B/Pi (Proposition 5.1.8)

Therefore,

n = [B′/pB′ : A′/pA′] =

q∑
i=1

eifi.
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Proposition 5.2.5. With the same notations, the ring B/Bp is isomorphic to
the ring

∏q
i=1B/P

ei
i .

Proof. Pi is the only maximal ideal of B which contains Pei
i , so Pei

i +P
ej
j = B

for i 6= j. The proposition now follows from (5.2.1) and Lemma 1.3.3.

Example 5.2.6 (Cyclotomic �elds). Let p be a prime number and let ζ ∈ C be
a primitive prth root of unity. In this ease, all the complex prth roots of unity
are of the form ζj (j = 1, . . . , pr). The primitive roots of unity are those for
which j is not a multiple of p. The number of primitive roots is

ϕ(pr) = pr − pr−1 = pr−1(p− 1)

(cf. Section 1.6). The primitive prth roots of unity are the roots of the cyclo-
tomic polynomial

F (X) =
Xpr − 1

Xpr−1 − 1
= Xpr−1(p−1) +Xpr−1(p−2) + · · ·+Xpr−1

+ 1. (5.2.7)

We intend to give another proof that [Q[ζ] : Q] = pr−1(p − 1) i.e. that F is
irreducible (cf. Section 2.9). For this purpose put e = pr−1(p − 1) and let
ζ1, . . . , ζe be all the primitive prth roots of unity. Since the constant term of
F (X + 1) is p, we have

e∏
j=1

(ζj − 1) = ±p.

LetB be the ring of integers of Q[ζ]. Clearly, ζj ∈ B and ζj − 1 ∈ B(ζk − 1) for
all j and k, since ζj is a power ζqk of ζk and

ζqk − 1 = (ζk − 1)(ζq−1k + · · ·+ ζK + 1).

Thus all the ideals B(ζk − 1) are the same. It follows that Bp = B(ζ1 − 1)e.
Now write Bp =

∏q
i=1 P

ei
i , where the Pi's are prime ideals of B. The ei's

must, clearly, all be multiples of e. But we have e ≥ [Q[ζ] : Q] (by (5.2.7)),
so e ≥

∑q
i=1 eifi (Theorem 5.2.3). From these inequalities (they are really

equalities) we may conclude that q = 1, e = e1, f1 = 1, and [Q[ζ] : Q] = e. In
summary:

(a) [Q[ζ] : Q] = e = pr−1(p− 1),

(b) B(ζ1 − 1)) is a prime ideal of B of residual degree 1, and

(c) Bp = B(ζ1 − 1)e.

5.3 The discriminant and rami�cation

With the notations of Section 5.2 (let Bp =
∏q
i=1 P

ei
i ) a prime ideal p of A is

said to ramify in B (or in L) if any one of its rami�cation indices ei is larger
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than one. In terms of the theory of the discriminant (Section 2.7) we are going
to characterise those prime ideals of A which ramify in B. In particular we shall
show that only �nitely many prime ideals of A ramify in B. First we need some
lemmas concerning the discriminant.

Lemma 5.3.1. Let A be a ring, let B1, · · · , Bq be rings containing A which are
free A-modules of �nite type, and let B =

∏q
i=1Bi be the product ring. Then

DBi/A =
∏q
i=1 DBi/A (cf. De�nition 2.7.4).

Proof. We formulate our proof for the case q = 2. The general statement follows
by induction on q. Let (x1, . . . , xm) and (y1, . . . , yn) be bases for B1 and B2 as
modules over A. With the usual identi�cations of B1 with B1× (0) and B2 with
(0)×B2, we may consider (x1, . . . , xm, y1, . . . , yn) as a basis for B = B1×B2 over
A. By de�nition of the product ring structure xiyj = 0, from which it follows
that Tr(xi, yj) = 0. As a consequence the determinant D(x1, . . . , y1, . . . , yn) is
the determinant of the matrix[

Tr(xixi′) 0
0 Tr(yjyj′)

]
The value of this determinant is

det(Tr(xixi′)) det(Tr(yiyj′)),

so
D(x1, . . . , xm, y1, . . . , yn) = D(x1, . . . , xm)D(y1, . . . , yn).

Lemma 5.3.2. Let B be a ring, A a subring of B, and a an ideal of A. Assume
that B is a free module over A with the basis (x1, . . . , xn). For x ∈ B write x
for the residue class of x in B/aB.

Then (x1, . . . , xn) is a basis of B/aB over A/a and we have

D(x1, . . . , xn) = D(x1, . . . , xn). (5.3.3)

Proof. Let x ∈ B. If the matrix for multiplication by x, with respect to the
basis (x1, . . . , xn) is (aij) (aij) ∈ A), then the matrix for multiplication by x
with respect to the basis (x1, . . . , xn) is (aij). Thus, Tr(x) = Tr(x). Taking
x = xixj , we obtain

Tr(xi · xj) = Tr(xixj),

and (5.3.3) follows by taking determinants.

Lemma 5.3.4. Let K be a�eld which is �nite or of characteristic 0. Let L be
a �nite dimensional (commutative) K-algebra. In order that L be reduced it is
necessary and su�cient that DL/K 6= (0).
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Proof. Suppose �rst that L is not reduced and let x be a non-zero nilpotent
element of L. Let (x1, . . . , xn) be a basis for L over K such that x = x1. Then
xixj , is nilpotent and multiplication by xixj is a nilpotent endomorphism of the
vector space L over K. Thus all the characteristic values of this endomorphism
are zero, so Tr(xixj) = 0. The matrix (Tr(xixj)) has a row comprised entirely
of zeroes, which implies that D(x1, . . . , xn) = 0, i.e. DL/K = (0).

Conversely, suppose that L is reduced. Then the ideal (0) of L is expressible
as a �nite intersection of prime ideals, (0) = ∩qi=1Pi (Lemma 4.7.3). Since
L/Pi is an integral domain and a �nite dimensional algebra over K, it is a
�eld (Proposition 2.1.10). It follows that Pi is a maximal ideal of L, and
consequently Pi + Pj = L for i 6= j. Therefore L is isomorphic to the ring
product

∏q
i=1 L/Pi (Lemma 1.3.3). By Lemma 5.3.1 DL/K =

∏q
i=1 D(L/Pi)/K .

But D(L/Pi)/K 6= (0) since K is �nite or of characteristic 0 (Proposition 2.7.6).
Therefore, DL/K 6= (0).

De�nition 5.3.5. Let K and L be number �elds with K ⊂ L and A and B be
the rings of integers of K and L, respectively.

L B

K A

The discriminant (ideal) of B over A (or of L over K) is the ideal of A generated
by the discriminants of bases of L over K which are contained in B. Notation:
DB/A or DL/K .

Remark 5.3.6. If (x1, . . . , xn) is a basis of L over K contained in B, then
TrL/K(xixj) ∈ A (Corollary 2.6.8), so D(x1, . . . , xn) ∈ A. Thus DB/A is an
integral ideal of A. It is non-zero by Proposition 2.7.6.

Remark 5.3.7. When B is a free A-module (for example if A is a PID) we have
already de�ned the discriminant DB/A as the ideal generated by D(e1, . . . , en)
where (e1, . . . , en) is an A-module basis for B (De�nition 2.7.4). Our old de�-
nition coincides with the one given above, since, given any basis (xi) of L over
K contained in B, one sees that xi =

∑
i aijej with aij ∈ A. Therefore, by

Proposition 2.7.3 we have

D(x1, . . . , xn) = det(aij)
2D(e1, . . . , en)

Theorem 5.3.8. Let the notations be as in De�nition 5.3.5. In order that a
prime ideal p of A ramify in B, it is necessary and su�cient that it contain
the discriminant DB/A. There are only �nitely many prime ideals of A which
ramify in B.

Proof. The second assertion follows from the �rst, since DB/A 6= (0). Let us
prove the �rst. Since B/pB ∼=

∏q
i=1B/Pi

ei (Proposition 5.2.5), the assertion �p
rami�es� is equivalent to the statement �B/pB is not reduced�, i.e. equivalent
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to D(B/Pi)/(A/p) = (0)� (by Lemma 5.3.4 and the fact that A/p is a �nite �eld).
Now put S = A \ p, A′ = S−1A,B′ = S−1B, and p′ = pA′. Then A′ is a PID
(Proposition 5.1.7), B′ is a free A′-module, A/p ∼= A′/p′, and B/pB ∼= B′/p′B′

(Proposition 5.1.8). Therefore, writing (e1, . . . , en) for an A′-module basis of
B′, we know that DB/A = (0) if and only if D(e1, . . . , en) ∈ p′ (Lemma 5.3.2).
If D(e1, . . . , en) ∈ p′ and if (x1, . . . , xn) is a basis for L over K contained in B,
then xi =

∑
a′ijej with a

′
ij ∈ A′ (for B ⊂ B′), so

D(x1, . . . , xn) = det(a′ij)
2D(e1, . . . , en) ∈ p′

Since p′∩A = p (Proposition 5.1.2 (2)), we may conclude thatD(x1, . . . , xn) = p
and DB/A ⊂ p. Conversely, if DB/A ⊂ p then D(e1, . . . , en) ∈ p′, for one may
write ei = yi/s with yi ∈ B and s ∈ S, for 1 ≤ i ≤ n. Consequently,

D(e1, . . . , en) = s−2nD(x1, . . . , xn) ∈ A′DB/A ⊂ A′p = p′

Example 5.3.9 (Quadratic �elds). Let K = Q and L = Q[
√
d], where d is a

square-free integer (Section 2.5).

1. If d ≡ 2 or 3 mod 4, then (1,
√
d) is a basis for the ring of integers of L.

As Tr(1) = 2,Tr(
√
d) = 0, and Tr(d) = 2d, it follows that D(1,

√
d) = 4d.

The prime numbers which ramify in L therefore include 2 and the prime
divisors of d.

2. If d ≡ l mod 4, (1, (1 +
√
d)/2) is a basis for the ring of integers of L. We

see that

Tr(1) = 2,Tr

(
1,

1 +
√
d

2

)
= 1

and

Tr

(1 +
√
d

2

)2
 = Tr

(
d+ 1

4
+

1

2

√
d

)
=
d+ 1

2
.

thus

D

(
1,

1 +
√
d

2

)
= 2 · d+ 1

2
− 1 = d.

The only prime numbers which ramify in L are the divisors of d.

We remark that a quadratic �eld Q[
√
d] is uniquely determined by its dis-

criminant. In fact,

D ≡ 0 mod 4 implies d = D
4 (we must have d ≡ 2 or 3 mod 4),

D ≡ 1 mod 4 implies d = D, and

D ≡ 2 or 3 mod 4 is impossible.
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We also note that the discriminant of a quadratic �eld is not an arbitrary integer.

Example 5.3.10 (Cyclotomic �elds). Let p be an odd prime number, let ζ be
a primitive complex pth root of unity, and let L = Q[ζ] be the corresponding
cyclotomic �eld. We know that (1, ζ, . . . , ζp−2) is a Z-basis for the ring of
integers B of L (Theorem 2.9.9), and that the minimal polynomial F of ζ over
Q satis�es the relation (X − 1)F (X) = Xp − 1 (Theorem 2.9.3). We are going
to calculate the discriminant DB/Z by making use of the formula

D(1, ζ, . . . , ζp−2) = (−1)
1
2 (p−1)(p−2) Nm(F ′(ζ)) (Formula 2.7.15).

By taking the derivative of both sides of the relation (X − 1)F (X) = Xp − 1,
we obtain (ζ − 1)F ′(ζ) = pζp−1 (since F (ζ) = 0). We know that Nm(p) =
pp−1,Nm(ζ) = ±1, and Nm(ζ − 1) = ±p (Section 2.9). Therefore,

D(1, ζ, . . . , ζp−2) = ±pp−2. (5.3.11)

It follows that p is the only prime number which rami�es in Q[ζ],

The following result is sometimes useful for determining the ring of integers
of a number �eld.

Proposition 5.3.12. Let L be a number �eld of degree n over Q and let
(x1, . . . , xn) be a Q-basis for L contained in the ring B of integers of L. If
the discriminant D(x1, . . . , xn) is square-free, then (x1, . . . , xn) is a Z-basis for
B.

Proof. If (e1, . . . , en) is a Z-basis for B, then xi =
∑n
j=1 aijej with aij ∈ Z,

whence
D(x1, . . . , xn) = det(aij)

2D(e1, . . . , en).

Since D(x1, . . . , xn) is square-free, det(aij) must be ±1, so (x1, . . . , xn) is also
a Z-basis for B.

Remark 5.3.13. The cyclotomic �elds (for p ≥ 5), or quadratic �elds, provide
examples which show that the su�cient condition of Proposition 5.3.12 is not a
necessary condition.

Example 5.3.14. The polynomial X3 −X − 1 (respectively, X3 + X + 1, X3 +
10X + 1) is irreducible over Q. Otherwise it would have a linear factor, i.e. a
rational root x ∈ Q,. But, the polynomial is monic, so x ∈ Q, implies x ∈ Z.
The constant term of the polynomial is 1, so x = ±1 (x has to divide the
constant term). Checking that neither ±1 satis�es the polynomial, we may
conclude that the polynomial is irreducible. Now let x be a complex root of the
given polynomial. The �eld L = Q[x] is a cubic �eld (i.e. of degree 3). Thus,
(1, x, x2) is a basis for L over Q, and x is, clearly, an integer of L. By formula
2.7.16, D(1, x, x2) = 4− 27 = −23 (respectively −31,−4027), the negative of a
prime number. Therefore, (1, x, x2) is a Z-basis for the ring of integers of L.
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5.4 The splitting of a prime number in a quadratic

�eld

Let d ∈ Z be square-free, let L be the quadratic �eld Q[
√
d], write B for the

ring of integers of L, and let p be a prime number. We are going to study the
factorisation of the ideal pB into a product of prime ideals of B.

The formula
∑q
i=1 eifi = 2 (Theorem 5.2.3) shows that q ≤ 2 and the

following three are possible:

(a) q = 2, e1 = e2 = 1, f1 = f2 = 1;

in this case we say that p splits in L.

(b) q = 1, e1 = 1, f1 = 2;

in this case we say that f is inert (or remains prime) in L.

(c) q = 1, e1 = 2, f1 = 1;

this means that p rami�es in L.

Remark 5.4.1. Before starting the investigation, let us remark that there are
situations in which things work di�erently according to the parity of the prime
numbers in question. Thus we consider the following two cases separately:

1. the prime p is odd,

2. the prime p = 2.

The case in which p is odd : We know (Section 2.5) that B = Z + Z
√
d or

B = Z + Z((1 +
√
d)/2) depending upon the value of d. But, if wc pass to the

residue classes of B mod Bp, we see in the second case that a + b((1 +
√
d)/2)

(with b odd) is congruent to a+ (b+p)((2 +
√
d)/2), which belongs to Z+Z

√
d.

Thus for any d, we have

B/Bp ∼= (Z + Z
√
d)/p(Z + Z

√
d).

Also we see that
Z + Z

√
d ∼= Z[X]/(X2 − d)Z[X].

So

B/Bp ∼= Z[X]/(p,X2 − d)Z[X]

∼= (Z[X]/pZ[X])/(X2 − d)Z[X]

∼= Fp[X]/(X2 − d)Fp[X],

where d denotes the residue class of d mod p. Now the assertion that p splits
(respectively, remains prime, rami�es) in B has the interpretation B/Bp is the
product of two �elds (respectively, is a �eld, contains nilpotent elements) (cf.
Proposition 5.2.5). In other words, the polynomialX2−d ∈ Fp[X] is the product
of two distinct linear polynomials (respectively, is irreducible, is a square). This
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happens if d is a non-zero square in Fp (respectively, is not a square in Fp, is
zero in Fp). When d is a non-zero square in Fp (respectively, is not a square in
Fp), we say that d is a quadratic residue (respectively, non-residue) modulo p.

Let us now consider the case p = 2.
If d ≡ 2 or 3 mod 4, then B = Z + Z

√
d, so, as above, B/2B ∼= F2[X]/(X2 −

1)F2[X]. In this case X2 − 2 equals X2 or X2 − 1 = (X + 1)2, in either case a
square. Thus 2 rami�es in B.
If d ≡ 1 mod 4, (1 +

√
d)/2 has X2 −X − (d− 1)/4 as its minimal polynomial,

so, as above, B/2B ∼= F2[X]/(X2 − X − δ)F2[X], where δ is the residue class
mod 2 of (d− 1)/4.
For d ≡ 1 mod 8, we have δ = 0 and X2 −X − δ = X(X − 1), so that 2 splits.
For d ≡ 5 mod 8, δ = 1 and X2 −X − δ = X2 +X + 2, which is irreducible in
F2[X], so 2 remains prime.

In summary, we have proved the following:

Proposition 5.4.2. LeT L = Q[
√
d] the quadratic �eld associated with the

square-free integer d.

(a) The odd primes p for which d is a quadratic residue mod p split in L. So
does 2 if d ≡ 1 mod 8.

(b) The odd primes p for which d is not a quadratic residue mod p remain prime
in L. So does 2, if d ≡ 5 mod 8.

(c) The odd prime divisors of d ramify in L. So does 2, if d ≡ 2 or 3 mod 4.

Part (c) was proved earlier in Example 5.3.9.

5.5 The quadratic reciprocity law

Given an odd prime p and an integer d relatively prime to p we introduced in
Section 5.4 the statement �d is a quadratic residue mod p� (respectively, �d is
a non-residue mod p�) as meaning that the residue class of d mod p is a square
(respectively, not a square) in F×p . Now we de�ne the Legendre symbol (d/p) as
follows: (

d

p

)
=

{
+1 if d is a quadratic residue mod p,

−1 if d is a non-residue mod p
(5.5.1)

It is understood that (d/p) is de�ned only for integers d which are relatively
prime to p, i.e. for d ∈ Z \ pZ. The multiplicative group F×p being cyclic of even
order p − 1 (Theorem 1.7.3), the squares in F×p form a subgroup F×2p of index
2, and F×p /F×2p is isomorphic to {+1,−1}. Clearly, the Legendre symbol stands
for the composition of the following homomorphisms

Z \ pZ→ F×p → F×p /F×2p
∼→ {+1,−1}.

As a consequence there is the formula:(
ab

p

)
=

(
a

p

)(
b

p

)
. (5.5.2)
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Proposition 5.5.3 (Euler's criterion). If p is an odd prime and if a ∈ Z \ pZ,
then we have (

a

p

)
≡ a(p−1)/2 mod p.

Proof. Write w for a primitive root mod p (Section 1.7). Then a ≡ wj mod p,
with 0 ≤ j ≤ p − 2, since the residue class w of w generates F×p . Clearly, a is
a quadratic residue if and only if j is even. Therefore, (a/p) = (−1)j . On the
other hand, F×p contains only one element of order 2: this element can be written
either as w(p−1)/2 or −1 as its square is 1. In Z, we have −1 ≡ w(p−1)/2 mod p.
Thus (

a

p

)
= (−1)j ≡ wj·(p−1)/2 ≡ a(p−1)/2 mod p.

Now we are going to prove a famous theorem, which provides us with a
relation between the Legendre symbols for distinct odd primes.

Theorem 5.5.4 (The quadratic reciprocity law of Legendre-Gauss). If p and
q are distinct odd prime numbers, then(

p

q

)(
q

p

)
= (−1)

(p−1)(q−1)
4

Proof. Let us consider, in a suitable extension of Fp, a primitive pth root of
unity w. Since wp = 1, the expression wx is well de�ned for x ∈ Fp. We shall
also consider the Legendre symbol (x/p) as de�ned on x ∈ F×p , for (d/p) clearly
depends only on the residue class of d mod p. For a ∈ F×p consider the �Gaussian
sum�

τ(a) =
∑
x∈F×p

(
x

p

)
wax. (5.5.5)

It is an element of an extension �eld of Fq, Putting ax = y, we have

τ(a) =
∑
y∈F×p

(
ya−1

p

)
wy =

(
a−1

p

) ∑
y∈F×p

(
y

p

)
wy (by 5.5.2)

so

τ(a) =

(
a

p

)
τ(1). (5.5.6)

On the other hand, since we are working in a �eld of characteristic q and since
(x/p) ∈ F×q , we have τ(1)q =

∑
x∈F×p (x/p)qwqx, so, identifying q with its residue

class mod p, we obtain
τ(1)q = τ(q). (5.5.7)

Let us calculate τ(1)2. We have

τ(1)2 =
∑

x,y∈F×p

(
x

p

)(
y

p

)
wx+y.
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Putting y = tx, we see that

τ(1)2 =
∑

x,y∈F×p

(
x

p

)2(
t

p

)

=
∑
x,t

(
t

p

)
wx(1+t)

=
∑
t∈F×p

( t
p

) ∑
x∈F×p

wx(1+t)


If w1+t 6= 1, then

∑p−1
j=0(w1+t)j = 0 by the formula for summing a geometric

series. Since (w1+t)0 = 1, we have∑
x∈F×p

wx(1+t) = −1 if w1+t 6= 1.

If w1+t = 1, then
∑
x∈Fp× = p − 1; and this happens if and only if t = −1,

since w is a primitive pth root of unity. Therefore,

τ(1)2 =

(
−1

p

)
(p− 1)−

∑
t∈F×p ,t6=−1

(
t

p

)
.

As there are as many squares as non-squares in mathbbF×p , we have∑
t∈F×p

(
t

p

)
= 0, so

τ(1)2 =

(
−1

p

)
(p− 1) +

(
−1

p

)
=

(
−1

p

)
p.

Using Euler's criterion (Proposition 5.5.3), wc obtain

τ(1)2 = (−1)(p−1)/2p. (5.5.8)

Finally, using (5.5.6) and (5.5.7), we see that

τ(1)q = τ(q) =

(
q

p

)
τ(1).

By (5.5.8), τ(1) 6= 0, so we may simplify

τ(1)q−1 =

(
q

p

)
.

Use of (5.5.8) again yields(
q

p

)
= (τ(1)2)(q−1)/2 = (−1)(p−1)(q−1)/4p(q−1)/2.
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Since p(q−1)/2 = (q/p) (Proposition 5.5.3) and since (p/q) = (p/q)−1, we have
proved the quadratic reciprocity law.

Proposition 5.5.9 (The complementary formulae). If p is an odd prime, then
we have

(a)
(
−1
p

)
= (−1)(p−1)/2

(b)
(

2
p

)
= (−1)(p

2−1)/8

Proof. Relation (a) is a special case of Euler's criterion (Proposition 5.5.3). We
need only prove (b). Note �rst that, since the squares of 1, 3, 5, and 7 mod 8 are
1, 1, 1, and 1, we have p2 ≡ 1 mod 8, so formula (b) makes sense. Let us remark
next that, in the group H = {1, 3, 5, 7} of units in the ring Z/8Z, {1, 7} is a
subgroup H ′ of index 2. Put θ(x) = 1 for x ∈ H ′ and θ(x) = −1 for x ∈ H \H ′,
so that θ(xy) = θ(x)θ(y) for x, y ∈ H. Let w be a primitive eighth root of unity
in an extension of Fp. As in Theorem 5.5.4 consider, for a ∈ H, the �Gaussian
sum�

τ(a) =
∑
x∈H

θ(x)wax. (5.5.10)

As in Theorem 1 we see that τ(a) = θ(a)τ(1) and τ(1)p = τ(p) (identifying p
with its residue class mod 8). From the de�nition of θ(x) we obtain

τ(1)) = w − w2 − w5 + w7 = (a− w2)(w − w5)

= w(1− w2)(1− w4) = 2w(1− w2),

since w8 = 1 and w4 = −1. Consequently,

τ(1)2 = 4w2(1− 2w2 + w4) = −8w4 = 8.

As in Theorem 5.5.4 we show that

τ(1)p = τ(p) = θ(p)τ(1).

Next we see that

θ(p) = (τ(1)2)(p−1)/2 = 8(p−1)/2 =

(
8

p

)
(Proposition 5.5.3)

=

(
2

p

)3

=

(
2

p

)
.

Therefore (2/p) = θ(p). Now, by a direct calculation involving x = 1, 3, 5, 7 (or
more easily, x = 1, 3,−3,−1), we haven that θ(x) = (−1)(x2 − 1)/8 and that
(x2 − 1)/8 depends only on the residue class of x mod 8.

Example 5.5.11 (An application of the reciprocity law). The law of quadratic
reciprocity and the complementary formulae make it possible to calculate the



78CHAPTER 5. THE SPLITTINGOF PRIME IDEALS IN AN EXTENSION FIELD

Legendre symbol by successive reductions. Let us calculate (23/59) without
computing squares modulo 59.(

23

59

)
= (−1)11·29

(
59

23

)
= −(−1)6·11

(
23

13

)
= −

(
10

13

)
= −

(
−3

13

)
= −

(
−1

13

)(
3

13

)
= −(−1)6

(
3

13

)
= −(−1)6·1

(
13

3

)
= −

(
1

3

)
= −1.

Thus 23 is not a square modulo 59.

5.6 The two-squares theorem

We are going to apply Proposition 5.4.2 to the �eld L = Q[i] where i2 = −1.
Since −1 = 3 mod 4 the ring B of integers of L is Z+Zi. This ring is called the
ring of Gaussian integers. Its discriminant is −4 Example 5.3.9). If p is an odd
prime number and if u is a generator of the cyclic group F×p , then −1 = u(p−1)/2.
Therefore, −1 is a square in Fp if and only if (p − 1)/2 is even. We have the
following classi�cation for prime numbers:

• 2 rami�es in Q[i];

• the primes of the form 4k + 1 split; and

• the primes of the form 4k + 3 remain prime

The following result will prove useful.

Proposition 5.6.1. The ring B = Z + Zi of Gaussian integers is a PID.

Proof. We use the full force of an earlier result to prove this easy proposition.
With the notations of Section 4.3, we have n = 2, r1 = 0, r2 = 1, and d = −4.
Therefore (Proposition 4.3.5), every ideal class of B contains an integral ideal
of norm ≤ 4

π ·
2
4 |4|

1/2 = 4
π . Therefore, every ideal class contains the unit ideal,

B itself, which is the only integral ideal of norm 1 (note that 4/π < 2). Thus
every ideal of B is equivalent to the principal ideal B · 1, so B is a PID.

Remark 5.6.2 (A sketch of an elementary proof). The points of B may be
identi�ed with Z2 ⊂ R2 = C. With the usual identi�cation of R2 with the plane
(the square of Euclidean distance is the norm in Q[i]) the points of Z2 become
the vertices of squares covering the plane. A little geometry shows that, for any
x ∈ Q[i], there exists z ∈ B such that Nm(x−z) = |x−z|2 ≤ (1/

√
2)2 = 1/2 < 1.

Now in a, a non-zero ideal of B, choose a non-zero element u of minimum norm
(NB. the norm is a positive integer-valued function on Z[i] \ (0)). For any v ∈ a
there is a z ∈ B such that Nm(v/u− z) < 1. Therefore, Nm(v − zu) < Nm(u),
so v−zu = 0 (since v−zu ∈ a). Consequently, v ∈ Bu and a = Bu. The reader
will observe the analogy with the proof that Z is a PID (Section 1.1).
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Proposition 5.6.3 (Fermat). Any prime number p ≡ 1 mod 4 may be repre-
sented as the sum of two squares (i.e. is of the form p = a2 + b2 with a, b ∈ N).

Proof. In fact we have the decomposition Bp = p1p2 into a product of distinct
prime ideals. Clearly p2 = Nm(Bp) = Nm(p1) Nm(p2) (by Proposition 3.5.3).
As the norms of p1 and p2 are larger than 1, necessarily Nm(p1) = Nm(p2) = p.
Now, p1 is a principal ideal B · (a+ bi) (where a, b ∈ Z) (Proposition 5.6.1), so
p = Nm(a+ bi) = a2 + b2.

Theorem 5.6.4. Let x be a natural number and let x =
∏
p p

vp(x) be its ex-
pression as a product of powers of primes. For x to be a sum of two squares it
is necessary and su�cient that, for every p ≡ 3 mod 4, the exponent vp(x) be
even.

Proof. In order to prove su�ciency we note that a sum of two squares a2 + b2

is the norm Nm(a + bi) of an element of B. By the multiplicativity of norms,
the set S of sums of two squares is itself stable under multiplication. Since
2 = 12 + 12 ∈ S and since any square is also an element of S (x2 = x2 + 02),
su�ciency follows from Proposition 5.6.3.

Conversely let x = a2+b2 = (a+bi)(a−bi) be a sum of two squares (a, b ∈ N)
and let p be a prime number ≡ 3 mod 4. We have seen that the ideal Bp of B
is prime (Proposition 5.4.2). Let n be the exponent of Bp in the expression for
B · (a + bi) as a product of primes. As Bp is stable under the automorphism
σ : u+ iv 7→ u− iv of B, and since σ(a+ bi) = a− bi, the exponent of Bp in the
expression for B(a − bi) is also n. Therefore, in the expression for B(a2 + b2),
the exponent for Bp is 2n. As no prime number besides p belongs to Bp (for
Bp ∩ Z = pZ), we see that vp(x) = 2n and vp(x) is even.

5.7 The four-squares theorem

In this section we intend to prove the following theorem:

Theorem 5.7.1 (Lagrange). Every natural number may be represented as the
sum of four squares.

The idea behind this proof is analogous to that of Section 5.6: in place of the
ring of Gaussian integers, we will work in a suitably chosen ring of quaternions.

Let us begin with a de�nition of quaternions. Given a ring A, we will write
(1, i, j, k) for the canonical basis of the A-module A4* and de�ne a multiplication
on A4 as follows:

1is the unit element,

i2 =2
j= k2 = −1.

ij = −ji = k, jk = −kj = i, and ki = −ik = j.

(5.7.2)

We extend this multiplication to elements a + bi + cj + dk of A4 by linearity.
Distributivity is then clear. It su�ces to verify associativity for elements of the
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basisi, e.g. i(jk) = i2 = −1 = k2 = (ij)k. The formulae in which 1 appears
being clear, there remain 33 − 1 = 26 formulae to check. The patient and
incredulous reader will reduce the number of formulas by the use of permutations
and check those which remain. Others will accept the author's claim that the
given multiplication is associative. Provided with this multiplication, A4 is a not
necessarily commutative ring, and even an A-algebra, which we call the algebra
of quaternions over A, denoted by H(A) (H in honor of W. R. Hamilton, the
inventor of quaternions).

Given a quaternionz = a+bi+cj+dk over A (we write a in place of a ·1), we
de�ne the conjugate quaternion of z to be the quaternion z = a− bi− cj − dk.

Lemma 5.7.3. For any z and z′ ∈ H(A), we have z + z′ = z + z′, zz′ = z′z,
and z = z. In other words, z 7→ z is an involutive antiautomorphism of H(A).

Proof. The �rst and the third formulae are clear. By linearity we see that to
prove the second it su�ces to check that xy = y · x for x, y ∈ {1, i, j, k}. This is
clear if x = 1 or y = 1. If x = y = i, then

xy = 11 and yx = (−i)(−i) = i2 = −1.

If x = i and y = j, then

xy = k = −k and yx = (−j)(−i) = ji = −k.

The others follow by a permutation argument.

Given a quaternion z over A, we call the quaternion Nm(z) = zz the reduced
norm of z.

Lemma 5.7.4. (a) For z = a+ bi+ cj+dk ∈ H(A), Nm(z) = a2 + b2 + c2 +d2

(four squares!), an element of A.

(b) For z, z′ ∈ H(A), we have Nm(zz′) = Nm(z) Nm(z′).

Proof. (a): We observe that, in the expansion of (a+bi+cj+dk)(a−bi−cj−dk),
the cross-product terms cancel, leaving a2 + b2 + c2 + d2.
(b): Observe that

Nm(zz′) = zz′ · zz′ = zz′z′z = zNm(z′)z = zzNm(z′)

(since Nm(z′) ∈ A and any element of A commutes with every quaternion), so
Nm(zz′) = Nm(z) Nm(z′).

Remark 5.7.5. Lemma 5.7.4 implies that, for a (commutative) ring A, the set
of reduced norms of quaternions, i.e. sums of four squares, is stable under
multiplication.

Now we shall study in greater detail the quaternion algebra H(Q), the non-
commutative subring H(Z), and the subset H of �quaternions of Hurwitz�, i e
the quaternions of the form a + bi + cj + dk, where either a, b, c, and d belong
to Z or all four coe�cients belong to 1

2 + Z.
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Lemma 5.7.6. (a) The set H of Hurwitz quaternions is a non-commutative
subring of H(Q) containing H(Z) and stable under conjugation z 7→ z.

(b) For any z ∈ H, z + z ∈ Z and Nm(z) = zz ∈ Z.

(c) In order that z ∈ H be invertible, it is necessary and su�cient that Nm(z) =
1.

(d) Every left ideal (respectively, right ideal) a of H is principal, i.e. of the form
Hz (respectively, zH).

Proof. (a): All assertions are clear except the stability ofH under multiplication.
To complete the proof of (a) it su�ces to show that, for

u =
1

2
(1 + i+ j + k),

we have u · 1, u · i, u · j, u · k, and u2 ∈ H. We have

u · 1 =
1

2
(1 + i+ j + k),

u · i =
1

2
(−1 + i+ j − k),

u · j =
1

2
(−1− i+ j + k), and

u · k =
1

2
(−1 + i− j + k);

all elements of H. By addition, 2u2 = 1
2 (−2 + 2i+ 2j + 2k), so u2 ∈ H, too.

(b): Let

z =
1

2
+ a+ (i+ b)i+ (i+ c)j + (i+ d)k, with a, b, c, d ∈ Z.

Then
z + z = 1 + 2a ∈ Z

and

Zz =

(
1

2
+ a

)2

+

(
1

2
+ b

)
+

(
1

2
+ c

)2

+

(
1

2
+ d

)2

∈ 4

4
+ Z ⊂ Z.

The preceding formula follows from Lemma 5.7.4.
(c) (⇒): If z is invertible in H and if z′ = z−1, then

Nm(z) Nm(z′) = Nm(zz′) = 1.

Since Nm(z) and Nm(z′) are both positive integers (b) and Lemma 5.7.4, (a),
Nm(z)) = 1.
(⇐): If z ∈ mathbbH and if Nm(z) = 1, then

zz = zz = Nm(z) = 1,
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so, since z ∈ H by (a), z is invertible in H. This proves (c).
(d): Take x = a+ bi+ cj + dk ∈ H(Q). There exist a′, b′, c′, d′ ∈ Z such that

|a− a′| ≤ 1

2
, |b− b′| ≤ 1

2
, |c− c′| ≤ 1

2
, and |d− d′| ≤ 1

2
.

Put z = a′ + b′i+ c′j + d′k. Then

Nm(x− z) = (a− a′)2 + (b− b′)2 + (c− c′)2 + (d− d′)2 ≤ 4 · 1

4
= 1.

The inequality is even strict, except when a, b, c, and d all belong to 1
2 + Z.

But in this case x ∈ H. Thus, for any quaternion x ∈ H(Q), there exists a
Hurwitz quaternion z ∈ H such that Nm(x− z) < 1 (it is precisely because we
must have strict inequality that we work with the Hurwitz quaternions; H(Z)
would not be su�cient). Now let a be a left ideal of H. To show that a is
principal we may assume a 6= (0). Choose in a a non-zero element u for which
Nm(u) is a minimum (such u exists, since the reduced norm is a positive integer-
valued function on H \ (0), by (b)). Clearly, u is invertible in H(Q) with inverse
uNm(u)−1 (this shows that H(Q) is a skew �eld). For y ∈ a form yu−1 ∈ H(Q)
and take an element z ∈ H such that Nm(yu−1 − z) < 1. Then, by Lemma
5.7.4, (b), we have

Nm(y − zu) = Nm((yu−1 − z)u) < Nm(u).

Since y−zu ∈ a and since Nm(u) is as small as possible, it follows that y−zu =
0, y ∈ Hu, and a = Hu.

Now we are ready to prove Theorem 5.7.1. Since the set of elements of Z
which are sums of four squares is multiplicatively stable (cf. Lemma 5.7.4),
Theorem 5.7.1 follows from the following proposition.

Proposition 5.7.7. Any prime number is the sum of four squares.

Proof. Since 2 = 12 + 12 + 02 + 02, we may suppose that p is odd. Since p
commutes with any quaternion, the left ideal Hp is two-sided. Consider the
residue class ring H/Hp. Since p is odd, any z ∈ H is congruent mod Hp to an
element of H(Z) (if the components of z all belong to 1

2 + Z, form z + p · 12 (1 +
i + j + k)). Therefore, H/Hp is isomorphic to the corresponding residue class
ring of H(Z), i.e. H(Fp).

Since the quadratic form a2 +b2 +c2 +d2 represents 0 in Fp, (Theorem 1.7.6;
see the remark below for a direct proof), H(Fp) contains a non-zero element of
reduced norm zero. Such an element is not invertible (Lemma 5.7.4, (b)), so it
generates a non-trivial left ideal. It follows that Hp is properly contained in a
left ideal Hz distinct from H. Consequently, p = z′z for some z, z′ ∈ H both
non-units. Thus,

p2 = Nm(p) = Nm(z) Nm(z′)

and, since Nm(z) and Nm(z′) are both integers strictly larger than one (Lemma
5.7.6, (b) and (c)), Nm(z) = Nm(z′) = p.
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Put z = a + bi + cj + dk (a, b, c, d ∈ Z or in 1
2 + Z). If a, b, c, d ∈ Z,

then p = Nm(z) = a2 + b2 + c2 + d2 and we are �nished. It su�ces to show
that, if a, b, c, d ∈ 1

2 + Z, we may make a reduction to the preceding case by
multiplying z by an element of H of reduced norm 1, more precisely by an
element of the form 1

2 (±1 ± i ± j ± k). To see this consider the residue class
η associated with 2z in H(Z)/4H(Z) ∼= H(Z/4Z). Since Nm(z) ∈ Z, we have
Nm(2z) ∈ 4Z, so Nm(η) = 0 and ηη = 0. We observe that η is the residue class
of a quaternion z′ of the form ±1 ± i ± j ± k. Set u = 1

2z
′ ∈ H; then u is of

reduced norm 1 and, inasmuch as (2z) · (2u) ≡ 0 mod 4, we have zu ∈ H(Z).
Now p = Nm(z) = Nm(zu), so we are �nished.

Remark 5.7.8. Here is a very elementary proof of the fact that, over a �nite
�eld K, the quadratic form a2 + b2 + c2 + d2 represents 0 (i.e. has a non-trivial
zero in K4).

Proof. It su�ces to take c = 1 and d = 0 and to show that the equation
a2+b2+1 = 0 has a solution inK2. Write this equation in the form b2+1 = −a2.
In characteristic 2, we may take 4 = 0 and a = 1. If card(K) = q is odd,
there are (q + 1)/2 squares in K (0 and the (q − 1)/2 non-zero squares). Thus
the set T (respectively, T ′) of elements of K of the form b2 + 1 with b ∈ K
(respectively, of the form −a2 with a ∈ K) consists of (q+ 1)/2 elements. Since
(q+q)/2+(q+2)/2 > q, we have T ∩T ′ 6= ∅, so b2+1 = −a2 has a solution.
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Chapter 6

Galois extensions of number

�elds

6.1 Galois theory

This section is a supplement to the general theory of commutative �elds pre-
sented in Sections 2.3, 2.4, 2.6 and 2.7. Given a �eld L and a set G of automor-
phisms of L, one sees immediately that the set of all x ∈ L such that σ(x) = x
for all σ ∈ G is a sub�eld of L, called the �xed �eld of G, written FixG(L). It
is also clear that, for an extension L of a �eld K, the set of K-automorphisms
of L is a group under composition of mappings.

Theorem 6.1.1. Let L be an extension of �nite degree n of a �eld K, where
K is �nite or of characteristic 0. The following conditions are equivalent:

(a) K is the �xed �eld of the group G of K-automorphisms of L: K = FixG(L).

(b) For every x ∈ L, the minimal polynomial of x over K has all its roots in L.

(c) L is generated by the roots of a polynomial with coe�cients in K.

Under the above conditions the group G of K-automorphisms of L is of order
n.

Proof. (a) implies (b): Observe that, for x∈ L, the polynomial
∏
σ∈G(X −

σ(x)) = P (X) is invariant under G (since any element of G permutes the fac-
tors).1 Therefore, the coe�cients of P (X) belong to K. Since x is a root of
P (X) (G contains an identity element), the minimal polynomial of x divides
P (X) (2.3.7). Therefore, (a) implies (b).
(b) implies (c): Take a primitive element x of L over K (Corollary 2.4.6). Its
minimal polynomial over K has all its roots in L by (b). Clearly, these roots
generate L over K (since any one of them does).

1The �niteness of G follows from Theorem 2.4.4.

85
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(c) implies (a): By hypothesis L is generated over K by a �nite number of
elements (x1, . . . , xq) and by all their conjugates (xij) (Section 2.4). It is clear
that any K-isomorphism σ of L into an extension of L sends each of these gen-
erators to another element of the same set. Therefore, σ(L) ⊂ L. Moreover, by
linear algebra, σ(L) = L, since a is K-linear and injective. In other words, σ
is a K-automorphism of L. It follows from Theorem 2.4.4 that the group G of
K-automorphisms of L has precisely n elements. Let x ∈ L be invariant under
G. Then every σ ∈ G is a K[x]-automorphism of L. By Theorem 2.4.4 there are
exactly [L : K[x]] K[x]-isomorphisms of L into an extension �eld of L. Thus,
n < [L : K[x]], from which we may conclude that n = [L : K[x]], K[x] = K,
and x ∈ K. This proves that (c) implies (a). That the order of G is n has been
proved along the way.

De�nition 6.1.2. If the conditions of Theorem 6.1.1 are satis�ed, L is called
a Galois extension of K and G is called the Galois group of L over K and
denoted by Gal(L,K). If G is abelian (respectively, cyclic), L is called an
abelian (respectively, cyclic) extension of K.

Corollary 6.1.3. Let K be a �nite �eld or a �eld of characteristic 0, let L be
an extension of �nite degree n of K, and let H be a group of automorphisms of
L such that K is the �xed �eld of H, i.e. K = FixH(L). Then L is a Galois
extension of K and H is the Galois group of L over K, i.e. H = Gal(L,K).

Proof. For x ∈ L the polynomial
∏
σ∈H(X − σ(x)) = P (X) is invariant under

H. Therefore, P (X) has its coe�cients in K. Since x is a root of P (X), the
minimal polynomial of x over K divides P (X). By Theorem 6.1.1, (b) L is a
Galois extension of K. Let G be the Galois group of L over K. We have H ⊂ G
and card(G) = n (Theorem 6.1.1). Now let x be a primitive element of L over
K (Corollary 2.4.6) and let P (X) be the polynomial constructed above. Since
n ≤ degP and degP = card(H) ≤ card(G) = n, we see that H = G.

Theorem 6.1.4 (Fundamental theorem of Galois theory). Let K be a �eld
which is �nite or of characteristic 0, let L be a Galois extension of K with G =
Gal(L,K). To any subgroup G′ of G let us associate the �xed �eld FixG′(L), and
to any sub�eld K ′ of L containing K let us associate the subgroup Aut(L,K ′) ⊂
G consisting of all K ′-automorphisms of L.

(a) The correspondences Fix and Aut are bijections and are inverses of one
another. They are both inclusion reversing on G and on L. The �eld L is
a Galois extension of any intermediate �eld K ′ (i.e. K ⊂ K ′ ⊂ L).

(b) In order that an intermediate �eld K ′ be a Galois extension of K, it is neces-
sary and su�cient that Aut(L,K ′) be a normal subgroup of G = Gal(L,K).
In this case we have Gal(K ′,K) ∼= Gal(L,K)/Aut(L,K ′).
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L 1

K ′
Aut

Fix
Gal(K ′,K) ∼= Gal(L,K)/Aut(L,K ′)

K Gal(L,K)

Proof. (a): For any intermediate �eldK ′ and any x ∈ L the minimal polynomial
of x over K ′ divides the minimal polynomial of x over K. Thus, all its roots
belong to L by Theorem 6.1.1, (b), so L is a Galois extension of K ′, also by
Theorem 6.1.1, (b). K ′ is the �xed �eld of the group Aut(L,K ′) of all K ′-
automorphisms of L (Theorem 6.1.1, (a)); in other words, FixAut(L,K′)(L) = K ′.
Let G′ be a subgroup of G = Gal(L,K). Then G′ is the Galois group of L over
FixG′(L) (Corollary 6.1.3); this means G′ = Aut(L,FixG′(L)). The relations
FixAut(L,K′)(L) = K ′ and Aut(L,FixG′(L)) = G′ imply that Fix and Aut are
bijections and inverses of one another. It is clear that they reverse inclusions.
This proves (a).
(b): Let K ′ be an intermediate �eld (K ⊂ K ′ ⊂ L). For x ∈ K ′ the roots of
the minimal polynomial of x over K are the elements of L of the form σ(x),
for σ ∈ G. According to Theorem 6.1.1 (b), in order that K ′ be a Galois
extension of K, it is necessary and su�cient that σ(x) ∈ K ′ for all x ∈ K ′

and all σ ∈ G, i.e. that σ(K ′) ⊂ K ′ for all σ ∈ G. But, if σ(K ′) ⊂ K ′, if
τ ∈ Aut(L,K ′), and if x ∈ K ′, then we have σ−1τσ(x) = σ−1σ(x) = x, so
σ−1τσ ∈ Aut(L,K ′). In other words, �K ′ is a Galois extension over K� implies
Aut(L,K ′) is normal in G. Conversely, suppose that Aut(L,K ′) is normal in G.
If x ∈ K ′, σ ∈ G, and τ ∈ Aut(L,K ′), then τσ(x) = σσ−1τσ(x) = σ(x), since
σ−1τσ ∈ Aut(L,K ′). Thus σ(x) is invariant under every element of Aut(L,K ′),
so σ(x) ∈ K ′. Consequently, Aut(L,K ′) normal in G implies σ(K ′) ⊂ K ′ and
so K ′ is Galois over K.

Finally, let us determine H = Gal(K ′,K), the Galois group of K ′ over K.
Since σ(K ′) ⊂ K ′ for all σ ∈ G (and even σ(K ′) = K ′ by linear algebra), the
restriction σ | K ′ of σ to K ′ is a K-automorphism of K ′. Restriction σ 7→ σ | K ′
is a homomorphism of G to the Galois groupH = Gal(K ′,K). Clearly, its kernel
is Aut(L,K ′). Since

card(H) = [K ′ : K] = [L : K][L : K ′]−1 = card(G) · card(Aut(L,K ′))−1

= card(G/Aut(L,K ′)),

we may conclude that the restriction homomorphism is surjective. Therefore,
H ∼= G/Aut(L,K ′).

Example 6.1.5 (Quadratic extensions). Let K be a �eld of characteristic 0, and
let L be a quadratic extension (i.e. of degree 2) of K. As in the beginning of
Section 2.5 one sees that L is of the form K[x], where x is a root of a polynomial
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X2 − d (d ∈ K and d non-square). Since the other root of this polynomial is
−x, there is a non-trivial K-automorphism σ de�ned by σ(x) = −x, i.e.

σ(a+ bx) = a− bx (a, b ∈ K).

Clearly σ2 = 1 and K is the �xed �eld for σ. Thus L is a Galois extension of
K with the cyclic Galois group {1, σ} (by Theorem 6.1.1 and Corollary 6.1.3).

Example 6.1.6 (Cyclotomic extensions). Let K be a �eld of characteristic 0, let
ζ be a primitive nth root of unity in an extension of K, and let L = K(ζ). The
�eld L is called a cyclotomic extension of K. The minimal polynomial of ζ over
K divides Xn − 1 (2.3.7), so its roots are nth roots of unity and, consequently,
powers of ζ (Section 1.6). Thus L is a Galois extension of K by Theorem 6.1.1,
(c).

Let G be the Galois group of L over K. Any σ ∈ G is determined by its
e�ect on ζ. More precisely σ(ζ) is a power ζj(σ) of ζ where j(σ) is uniquely
determined modulo n. For σ, τ ∈ G one sees that

στ(ζ) = σ(ζ)j(σ) = σ(ζ)j(τ) = ζj(σ)j(τ),

so j(στ) ≡ j(σ)j(τ) mod n. In other words σ 7→ j(σ) de�nes a homomorphism
G→ (Z/nZ)×. Since j(σ) uniquely determines σ, this homomorphism is injec-
tive, and G is abelian. Thus any cyclotomic extension is abelian. If n is prime,
this extension is even cyclic, for G is isomorphic to a subgroup of (Z/nZ)× = F×n
(Theorem 1.7.3, (b)).

Remark 6.1.7. As any subgroup of an abelian group is normal, any intermediate
�eld K ′ in a cyclotomic extension is a Galois extension (and an abelian exten-
sion) of K (Theorem 6.1.4, (b)). In particular, any sub�eld of a cyclotomic �eld
is an abelian extension of Q. Conversely, it can be shown, using (the theorem
of Kronecker and Weber) that any abelian extension of Q is a sub�eld of a
cyclotomic �eld.

The reader will observe that, with the preceding notations, the automor-
phism σ raises every nth root of unity to its j(σ) power, for all the nth roots of
unity are powers of ζ. Thus σ 7→ j(σ) is independent of the choice of ζ.

Example 6.1.8 (Finite �elds). Let Fq be a �nite �eld (q = ps with p prime). Any
extension of �nite degree of Fq, is of the form Fqn . Its degree is n (Section1.7).
The mapping σ : x 7→ xq is an automorphism of Fqn (Proposition 1.7.2) with Fq
as its �xed �eld (Theorem 1.7.3, (c)). For any x ∈ Fqn , we have σj(x) = xq

j

'
and σn = 1, since x ∈ Fqn satis�es the relation xq

n

= x (Theorem 1.7.3, (c)).
On the other hand, for 1 ≤ j ≤ n−1, we have σj 6= 1 since, if j < n, there exists
x ∈ Fqn such that xq

n 6= x. Thus {1, σ, . . . , σn−1} is a cyclic group of order n.
According to Corollary 6.1.3, Fqn is a cyclic extension of degree n of Fq. Its
Galois group has a canonical generator, the mapping x 7→ xq. This mapping is
called the Frobenius automorphism.
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6.2 The decomposition and inertia groups

In this section A denotes a Dedekind ring, K its �eld of fractions (which is
assumed to be of characteristic 0), K ′ is a Galois extension of K of degree n, G
is the Galois group of K ′ over K, and A′ is the integral closure of A in K ′.

K ′ A′

K A

By applying σ ∈ G to an equation of integral dependence (over A) of an element
x ∈ A′, one sees that σ(x) ∈ A′. Therefore,

A′ is stable under G, i.e. σ(A′) = A′ for all σ ∈ G. (6.2.1)

Remark 6.2.2. We have shown only that σ(A′) ⊂ A′. But we also have σ−1(A′) ⊂
A′, so A′ = σσ−1(A′) ⊂ σ(A′). From now on we shall leave the details of rea-
soning of this sort to the reader

On the other hand, if p is a maximal ideal of A and p′ a maximal ideal of A′

such that p′ ∩ A = p (i.e. p′ appears in the factorisation of A′p into a product
of prime ideals in A′; cf. Proposition 5.2.2), then, clearly σ(p′) ∩ A = p, so
σ(p′) also appears in the expression for A′p as a product of prime ideals of A′

and with the same exponent as p′. We shall say that p′ and σ(p′) arc conjugate
prime ideals of A′. We are going to show that all the prime ideals in the prime
factorisation of A′p in A′ are conjugate.

Proposition 6.2.3. If p is a maximal ideal of A, then the maximal ideals p[′]
of A′ which appear in the expression for A′p as a product of prune ideals in A′

(i.e. the maximal ideals p′ are characterised by the property p′ ∩ A = p) are
all conjugate. They have the same residual degree f and the same rami�cation
index e. Thus A′p = (

∏g
i=1 p

′
i)
e and n = efg.

Proof. The assertion concerning the rami�cation index and the residual degree
is obvious, because an automorphism preserves all algebraic relations. The
formula n = efg is thus a special case of the relation

∑
eifi = n (Theorem

5.2.3). Now let p′ be one of the p′i's and assume that another of the p′i's, which
we shall denote q′, is not conjugate to p′. Since q′ and σ(p′) (σ ∈ G) are maximal
and distinct, σ(p′) 6⊂ q′. We need the following lemma.

Lemma 6.2.4 (Prime avoidance lemma). Let R be a ring, p1, . . . , pq a �nite
set of prime ideals of R, and let b be an ideal of R such that b 6⊂ pi for any
index i. Then there exists b ∈ b such that b /∈ pi for any i.

Proof. Without loss of generality we may assume pj 6⊂ pi for i 6= j (Just cast
out non-maximal ideals pi from the list p1, . . . , pq .) Let xij ∈ pj \ pi for
i 6= j, 1 ≤ i, j ≤ q. Since b /∈⊂ pi, there exists ai ∈ b such that ai /∈ pi. Put
bi = ai

∏
j 6=i xij . Then bi ∈ b, bi ∈ pj for j 6= i, and bi /∈ pi (since pi is prime).
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Thus b = b1 + · · · + bq ∈ b \ ∪qi=1pi, since clearly b ∈ b and b ≡ bi mod pi (so
b /∈ pi for any i).

Returning to the proof of the proposition, we see, from the lemma, that
there is an element x ∈ q′ such that x /∈ σ(pi) for all σ ∈ G. Consider the norm
of x, Nm(x) =

∏
τ∈G τ(x) (Proposition 2.6.6). Since τ(x) ∈ A′ for all τ ∈ G (by

(6.2.1) we see that Nm(x) ∈ q′, so

Nm(x) ∈ q′ ∩A = p.

On the other hand x /∈ τ−1(p′), so τ(x) /∈ p′ for any τ ∈ G. Since p′ is prime,
we see that Nm(x) /∈ p′, and this contradicts Nm(x) ∈ p.

Now let p′ be a maximal ideal of A′ such that p′ ∩ A = p. Those σ ∈ G for
which σ(p′) = p′ form a subgroup D of G, called the decomposition group of p′.
If g denotes the number of conjugates of p′, then

g = card(G) · card(D)−1 or card(D) = n/g = ef. (6.2.5)

For σ ∈ D, the relations σ(A′) = A′ and σ(p′) = p′ imply that σ induces
an automorphism σ of A′/p′ (x ≡ y mod p′ entails σ(x) ≡ σ(y) mod p′). It
is clear that σ is an (A/p)-automorphism. The mapping σ 7→ σ is a group
homomorphism, whose kernel is the sub-group I ⊂ D consisting of those σ ∈ D
which satisfy the relation σ(x) − x ∈ p′ for all x ∈ A′. Thus I is a normal
subgroup of D, called the inertia subgroup of p′.

Proposition 6.2.6. With the same notations as above, assume that A/p is
�nite or of characteristic 0. Then A′/p′ is a Galois extension of degree f of
A/p, and the mapping σ 7→ σ is an epimorphism of D on the Galois group of
A′/p′ over A/p. Moreover, card(I) = e.

Proof. Let KD be the �xed �eld of D, let AD = A′∩KD be the integral closure
of A inKD, and let pD be the prime ideal p′∩AD. According to Proposition 6.2.3
and the de�nition of D, p′ is the only prime factor of A′pD. Put A′pD = p′e

′

and write f ′ for the residual degree [A′/p′ : AD/pD]. According to Theorem
5.2.3, Theorem 6.1.4, and 6.2.5 we have

e′f ′ = [K ′/KD] = card(D) = ef.

Since A/p ⊂ AD/pD ⊂ A′/p′, we have f ′ ≤ f . Since pAD ⊂ pD, we have e′ ≤ e.
Therefore, since e′f ′ = ef , e = e′ and f = f ′. Thus

A/p ∼= AD/pD. (6.2.7)

Now let x be a primitive element for A′/p′ over A/p and let x ∈ A′ be a
representative for x. Let Xr + ar−1X

r−1 + · · · + a0 = P (X) be the minimal
polynomial for x over KD. We know that ai ∈ AD (Corollary 2.6.8). The
roots of P (X) arc all of the form σ(x) with σ ∈ D. The �reduced polynomial�
P (X) = Xr + ar−1X

r−1 + · · · + a0 has its coe�cients in A/p (by 6.2.7)) and
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the roots of P (X) are all of the form σ(x) with σ ∈ D. Consequently, A′/p′

contains all the conjugates of x over A/p, and A′/p′ is a Galois extension of A/p
(Theorem 6.1.1, (c)). Furthermore, since every conjugate of x over A/p of the
form σ(x), every (A/p)-automorphism of A′/p′ is of the form σ for some σ ∈ D.
Thus, the Galois group of A′/p′ over A/p may be identi�ed with D/I. Since its
order is [A′/p′ : A/p] = f , we have card(D)/ card(I) = f , so card(I) = e, by
(6.2.5).

Corollary 6.2.8. In order that p not ramify in A′ it is necessary and su�cient
that the inertia group I of p′ for any p′ over p (i.e. such that p′ ∩ A = p) be
trivial.

Remark 6.2.9. Write Dp′ and Ip′ for the decomposition and inertia groups of
the maximal ideal p′ ∈ A′. For a conjugate ideal σ(p′) (σ ∈ G)

Dσ(p′) = σDp′σ
−1, Iσ(p′) = σIp′σ

−1. (6.2.10)

To prove (6.2.10) note that, for τ ∈ Dσ(p′), we have

στσ−1σ̇(p′) = στ(p′) = σ(p′), and σDp′σ
−1 ⊂ Dσ(p′).

The reverse inclusion follows by an argument analogous to that of the remark
following (6.2.1). Similarly, for τ ∈ Ip′ and x ∈ A′, we have

στσ−1(x)− x = στ(σ−1(x))− σσ−1(x) = σ(τ(σ−1(x))− σ−1(x)) ∈ σ(p′),

so σIp′σ−1 ⊂ Iσ(p′), the reverse inclusion being proved as before. When K ′ is
an abelian extension of K. the groups Dσ(p′) (respectively, Iσ(p′)) (σ ∈ G) are
all equal. They depend only on the ideal p of the ring A (Proposition 6.2.3).

6.3 The number �eld case. The Frobenius auto-

morphism

The preceding will now be applied to number �elds and their rings of integers.
This application is possible because number �elds are of characteristic 0 and
their residual �elds are �nite.

Let us keep our earlier notations (K ⊂ K ′, both number �elds, K ′ a Galois
extension of K with Galois group G, the respective rings of integers A and A′).

K ′ A′

K A

Let p be a maximal ideal of A which does not ramify in A′, and let p′ be
a prime factor of A′p. The inertia group of p′ consists of the identity of G
alone (Corollary 6.2.8); its decomposition group D is canonicallv isomorphic
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to the Galois group of A′/p′ over A/p (Proposition 6.2.6). But the Galois
group of A′/p′ over A/p is cyclic with a canonical generator σ : x 7→ xq where
q = card(A/p) (Example 6.1.8). Therefore, D itself is cyclic with a canonical
generator σ de�ned by the relation σ(x) ≡ xq mod p′) for any x ∈ A′. This
generator is called the Frobenius automorphism of p′. We denote it (p′,K ′/K).

For τ ∈ G we have, as in Remark 6.2.9.

(τ(p′),K ′/K) = τ · (p′,K ′/K) · τ−1. (6.3.1)

In particular, if K ′ is an abelian extension, (p′,K ′/K) depends only on the ideal
p of A. In this case we write (K

′/K
p ).

Proposition 6.3.2. With the preceding hypotheses and notations, let F be an
intermediate �eld (K ⊂ F ⊂ K ′) and write f for the residual degree of p′ ∩ F
over K. Then

(a) (p′,K ′/F ) = (p′,K ′/K)f ;

(b) if F is Galois over K, the restriction of (p′,K ′/K) to F equals (p′∩F, F/K).

Proof. (a): Put σ = (p′,K ′/K). By de�nition σ(p′) = p′ and σ(x) ≡ xq mod p′

for every x ∈ A′ (here q = card(A/p)). Thus

σ(p′) = p′ and σf (x) ≡ xq
f

mod p′

for all x ∈ A′. By de�nition of f , qf is the cardinality of the residual �eld
(A′∩F )/(p′∩F ). Furthermore, the decomposition group of p′ over F is obviously
a subgroup of the decomposition group D of p′ over K. It is of order

[A′/p′ : (A′ ∩ F )/(p ∩ F )] = f−1[A′/p′ : A/p] = f−1 card(D),

by (6.2.5). Since D is cyclic and generated by σ, the only subgroup of D of
order f−1 card(D) is generated by σf . This proves (a)
(b): Suppose F is Galois over K and write σ′ for the restriction of σ to F
(Theorem 6.1.1, (b)). Since σ(p′) = p′, it follows that σ′(p′ ∩ F ) = p′ ∩ F and
σ′ belongs to the decomposition group of p′ ∩ F over K. Moreover, it is clear
that σ′(x) ≡ xq mod p′ for all x ∈ A′ ∩ F , with q = card(A/p).

6.4 An application to cyclotomic �elds

We are going to utilise the theory which we have just developed to present a
third proof of the irreducibility of the cyclotomic polynomial (cf. Theorem 2.9.3
and Example 5.2.6).

Theorem 6.4.1. Let ζ be a primitive complex nth root of unity. Then

(a) No prime number which does not divide n rami�es in Q[ζ];
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(b) Q[ζ] is an abelian extension of Q of degree ϕ(n) and with Galois group
isomorphic to (Z/nZ)×.

Proof. (a): Let F (X) be the minimal polynomial of ζ over Q, and let d be its
degree (so d = [Q[ζ] : Q]). The polynomial F divides Xn − 1; let Xn − 1 =
F (X)G(X). We know that D(1, ζ, . . . , ζd−1) = Nm(F ′(ζ)) (2.7.15). From the
relation nXn−1 = F ′(X)G(X) + F (X)G′(X), we may prove, by substitution,
nζn−1 = F ′(ζ)G(ζ). Since ζ is a unit of Q[ζ], it is of norm ±1. Taking norms,
we may conclude that Nm(F ′(ζ)) divides nd. Finally, since ζ is an integer in
Q[ζ], the absolute discriminant of Q[ζ] divides D(1, ζ, . . . , zd−1) and, therefore
also, nd. By Theorem 5.3.8, no prime number which does not divide n rami�es
in Q[ζ]. This proves (a).
(b): Recall (Example 6.1.6) that Q[ζ] is an abelian extension of Q, and that
there is an monomorphism j of the Galois group G of Q[ζ] over Q into (Z/nZ)×.
More precisely, the element σ ∈ G raises all the nth roots of unity to the power
j(σ). Let p be a prime number which docs not divide n. By (a) the Frobenius
automorphism (

Q[ζ]/Q
p

)
is de�ned; denote it σp. Writing A for the ring of integers of Q[ζ] and p for an
arbitrary prime factor of Ap, we obtain, from the de�nition of the Frobenius
automorphism, the relation σp(x) ≡ xp mod p for all x ∈ A. In particular,
putting j = j(σp, we have ζj ≡ ζp mod p. Recall that∏

0≤r≤n−1r 6≡p mod n

(ζp − ζr) = P ′(ζp) = nζp(n−1),

where P (X) = Xn − 1 =
∏

0≤r≤n−1(X − ζr). Since n is relatively prime to p,
since p ∩ Z = pZ, and since ζ is a unit in the integers of Q[ζ], we may conclude
from the relation P ′(ζp) = nζp(n−1) that∏

0≤r≤n−1r 6≡p mod n

(ζp − ζr) /∈ p.

The relation ζj ≡ zp mod p thus implies that j represents the residue class
of p mod n. Hence j(G) contains the residue classes mod n of all the prime
numbers p; which do not divide n. But this means that j(G) = (Z/nZ)×, which
proves (b).

6.5 Another proof of the quadratic reciprocity

law

Let q be an odd prime. Let K be the cyclotomic �eld generated by a primitive
qth root of unity in C. The Galois group G of K over Q is isomorphic to
F×q (Theorem 6.4.1, (b)); it is cyclic of even order q − 1. There is a unique
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subgroup H of index 2, which corresponds to the subgroup of squares (F×q )2.
Thus K contains a unique quadratic sub�eld F (Theorem 6.1.4, (b)). No prime
number p 6= q rami�es in F , for, if it did, it would ramify in K; and this would
contradict Theorem 6.4.1, (a). The calculation of the discriminant of a quadratic
�eld (Example 5.3.9) implies that F = Q[

√
q], if q ≡ 1 mod 4, and F = Q[

√
−q],

if q ≡ 3 mod 4. Putting q∗ = (−1)(q−1)/2q, we have, in either case, F = Q[
√
q∗].

Let p be a prime distinct from q. Write σp for the Frobenius automoiphism
(K/Qp ) (cf. Section 6.4). Its restriction to F is (F/Qp ) (Proposition 6.3.2, (b)).
It is the identity if σp ∈ H, i.e if the exponent j(σp) = the residue class of
p mod q (cf. Section 6.4) is a square in F×p . Otherwise it is the non-trivial
automorphism of F . In other words, identifying the Galois group G/H of F
over Q with {+1,−1}, we have(

F/Q
p

)
=

(
p

q

)
(6.5.1)

by de�nition of the Legcndre symbol (p/q) (Section 5.5).
On the other hand, the results concerning the decomposition of the prime

p in F = Q[
√
q∗] (Section 5.4) give further information regarding (F/Qp ). By

de�nition it is the identity if p splits in F , and it is the non-trivial automorphism
if p remains prime. Using Proposition 5.4.2, we may conclude that, if p is odd,(

F/Q
p

)
=

(
q∗

p

)
. (6.5.2)

Comparing (6.5.1) and (6.5.2) we obtain(
p

q

)
=

(
q∗

p

)
=

(
−1

p

)(q−1)/2(
q

p

)
.

But (
−1

p

)
= (−1)(q−1)/2

(
q

p

)
by Euler's criterion (Proposition 5.5.3). Consequently,(

p

q

)
= (−1)(p−1)(q−1)/4

(
q

p

)
.

This completes our second proof of the quadratic reciprocity law (Theorem
5.5.4). To take care of the case p = 2, recall that 2 splits in F if q∗ = 1 mod 8
and 2 remains prime if q∗ = 5 mod 8 (Proposition 5.4.2). However,

(−1)(q
2−1)/8 = (−1)(q

∗−1)/8 =

{
1 if q∗ ≡ 1 mod 8

−1 if q∗ ≡ 5 mod 8.

Thus, (
F/Q

2

)
= (−1)(q

2−1)/8. (6.5.3)

Putting (6.5.1) and (6.5.3) together, we obtain (2/q) = (−1)(q
2−1)/8. This is

the di�cult �complementary formula� (Proposition 5.5.9, (b)).



Appendix A

The �eld of complex numbers

is algebraically closed

Let K be a �eld and consider the following statements:

(a) Any polynomial of posiuve degree over K is a product of polynomials of
degree one (linear polynomials).

(b) Any polynomial of positive degree has a root in K.

Clearly (a) implies (b). Conversely, if (b) is true, if P is a polynomial of degree
d ≥ 1 over K, and if a ∈ K is a root of P , then P is a multiple of X − a, and
induction on the degree d of P shows that (aa is true. A �eld K which satis�es
the equivalent conditions (a) and (b) is said to be algebraically closed.

We are going to show, by a method essenually due to Lagrange, that C
(= R[i], i2 = −1) is algebraically closed. We shall make use of only the following
facts:

1. Any polynomial of odd degree over R has a root in R; this is a special case
of Weierstrass's theorem on intermediate values.

2. Any quadratic polynomial over C has its roots in C. The elementary �for-
mula� for a root of aX2 + bX + c = 0 reduces the question to that of
showing that any z = a + ib ∈ C (a, b ∈ R) has a square root in C. But
(x + iy)2 = a + ib (x, y ∈ R) is equivalent to x2 − y2 = a and 2xy = b. It
follows that a2 + b2 = (x2 + y2)2 and x2 + y2 =

√
a2 + b2. Clearly, one may

�nd x2 and y2, hence x and y, satisfying these equations.

3. Given a non-constant polynomial P ∈ K[X], there exists an extension K ′

of K such that P factors into a product of linear polynomials in K ′[X].
There was an easy proof of this fact in Proposition 2.3.11 (a proof almost
independent of other results in this chapter; it su�ces to know that, if F is
irreducible, K[X]/F (X)K[X] is a �eld. Then, use an induction).
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4. The relations between coe�cients and roots of a polynomial.

5. The fact that a symmetric polynomial G ∈ K[X1, . . . , Xn] is a polynomial in
the elementary symmetric functions

∑
Xi,

∑
XiXj , . . . ,

∑
X1 · · ·Xn of the

Xi's.

Theorem A.0.1. The �eld C of complex numbers is algebraically closed.

Proof. We shall prove property (b), that any non-constant polynomial has a root
in C. Observing that F (X) = P (X)P (X) (P : the polynomial whose coe�cients
are the complex conjugates of the coe�cients of P ) has roots in C if and only
if P does, we see that we need consider only polynomials with real coe�cients.

Now we write the degree of T (∈ R[X]) in the form d = 2nq where q is odd.
We argue by induction on the exponent n of 2. For n = 0, d is odd and F has
a root in R (cf (1)). Suppose n ≥ 1. By (3) there exists an extension K ′ of C
and x1, . . . , xd ∈ K ′ such that F (X) =

∏
i=1 d(X − xi) (assuming, without loss

of generality, that F is monic).
Let c be an arbitrary element of R and consider the elements yij = xi+xj +

cxixj , of K ′ (i ≤ j). The cardinality of (yij , 1 ≤ i ≤ j ≤ d, is 1
2d(d + 1) =

2n−1q(d + 1), where q(d + q) is odd. The polynomial G(X) =
∏
i≤j(X − yij)

has as coe�cients symmetric polynomials in the xi's with real coe�cients. By
(5) the coe�cients are polynomials in the elementary symmetric functions of
the xi's; these polynomials themselves have real coe�cients. Therefore, the
coe�cients of G are real (by 4)). As its degree is of the form 2n−1 × x (x odd),
the induction hypothesis implies that it has a root zc ∈ C. One of the yij 's, say
yi(c),j(c) = xi(c) + yj(c) + cxi(c)xj(c) is therefore equal to zc.

Now, since R is in�nite and since the set of pairs (i, j), (i ≤ j) is �nite, there
exist two distinct real numbers c and c′ such that i(c) = i(c′) and j(c) = j(c′).
Denote these indices by r and s respectively. Then xr + xs + cxrxs = zc ∈ C
and xr + xs + c′xrxs = zc′ ∈ C. Taking linear combinations, we may conclude
that xr + xs ∈ C and xrxs ∈ C. Therefore, by 4), xr and xs are roots of a
quadratic equation with coe�cients in C. We may conclude that xr, xs ∈ C (by
(2)). Thus F ) has a root in C and the theorem is proved



Appendix B

The calculation of a volume

Proposition B.0.1. Let r1, r2 ∈ N, n = r1 + 2r2, t ∈ R, and let Bt be the set
of all elements

(y1, . . . , yr1 , z1, . . . , zr2) ∈ Rr1 × Cr2

such that
r1∑
i=1

|yi|+ 2

r2∑
j=1

|zj | ≤ t. (B.0.2)

Let µ denote the Lebesgue measure in Rn. Then

µ(Bt) = 2r1
(π

2

)r2 tn
n!

for any t ≥ 0. (B.0.3)

Proof. We set µ(Bt) = V (r1, r2, t) and argue by double induction on r1 and r2.
Clearly V (1, 0.t) = 2t (the segment [−t,+t]) and V (0, 1, t) = πt2/4 (the disc of
radius t/2). These results verify (B.0.3) in the special cases considered.

Now assume (B.0.3) gives V (r1, r2, t). First we compute V (r1+1, r2, t). The
set Bt ⊂ R × Rr1 × Cr2 , which corresponds to r1 + 1 and r2, is de�ned by the
relation

|y|+
r1∑
i=1

|yi|+ 2

r2∑
j=1

|zj | ≤ t (y ∈ R)

Integrating �in strips� and observing that for |y| > t, Bt = ∅, we see that

V (r1 + 1, r2, t) =

ˆ +t

−t
V (r1, r2, t− |y|)dy.

Use of the induction hypothesis gives

V (r1 + 1, r2, t) = 2

ˆ t

0

2r1
(π

2

)r2 (t− y)n

n!
dy = 2r1+1

(π
2

)r2 tn+1

(n+ 1)!
,

which agrees with (B.0.3). It remains to compute V (r1, r2+1, t). We keep the
induction hypothesis that V (r1, r2, t) satis�es (B.0.3). The set Bt ⊂ Rr1×Cr2×
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C which corresponds to r1 and r2 + 1 is de�ned by the relation

r1∑
i=1

|yi|+ 2

r2∑
j=1

|zj |+ 2|z| ≤ t (z ∈ C)

Again integrating in strips, we obtain

V (r1, r2 + 1, t) =

ˆ
|z|≤t/2

V (r1, r2, t− 2|z|)dµ(z),

where dµ(z) denotes Lebesgue measure on C. Putting z = ρeiθ (ρ ∈ R, 0 ≤
θ ≤< 2π), we have dµ(z) = ρdρdθ. Use of the induction hypothesis gives

V (r1, r2 + 1, t) =

ˆ t/2

0

ˆ 2π

0

2r1
(π

2

)r2 (t− 2ρ)n

n!
ρdρdθ

= 2r1
(π

2

)r2 2π

n!

ˆ t/2

0

(t− 2ρ)nρdρ.

Calculating
´ t/2
0

(t − 2ρ)nρdρ by putting 2ρ = x and integrating bv parts, we
�nd that this integral has the value tn+2/[4(n+ 1)(n+ 2)]. Thus,

V (r1, r2 + 1, t) = 2r1
(π

2

)r2+1 tn+2

(n+ 2)!

which agrees with (B.0.3) since r1 + 2(r2 + 1) = n+ 2.


