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Preface

A word from the transcriber

This is an English translation of “Morse Theory” by M. M. Postnikov originally
written in Russian.

The preface by the original authour

When studying Morse theory, the main difficulty for beginners is the “synthetic”
nature of this theory, i.e. the fact that it is located at the junction of at least
three areas of mathematics (topology, analysis and geometry). The purpose
of this book is to help the beginner overcome this difficulty. Actually, only a
smaller part of the book is devoted to Morse theory: most of it is occupied with
presenting the necessary information from topology and geometry.

The first three chapters (1 - 3) are devoted to topology.

Since general topology is described in many Russian textbooks, Chapter
1 (general methodological issues) is written rather concisely and with special
emphasis on facts that are usually not covered in textbooks. Some of the issues
discussed in this chapter may also be of interest to a specialist.

Chapter 2 is entirely devoted to homotopy equivalence of topological spaces.
As far as the author knows, this material (which is well known to specialists)
has not been put together by anyone yet.

Chapter 3 discusses cellular decompositions. It seems surprising that, despite
the main role that cellular decompositions play in modern topology, a coherent
presentation of their theory has not yet been published anywhere.

The next two chapters, 4 and 5, are devoted to the theory of smooth man-
ifolds. Although there are a number of expositions of this theory in Russian,
none of them is suitable for our purposes. We construct a theory of smooth man-
ifolds, following Chevalley, in a non-coordinate form; local coordinates are used
only when it seems appropriate. With great regret, the author had to limit him-
self to finite-dimensional manifolds only - the coverage of infinite-dimensional
manifolds would violate the elementary nature of the presentation. This is all
the more regrettable because (as it has become clear recently) it is infinite-
dimensional manifolds that represent the natural field of construction of Morse
theory.
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Chapter 6, devoted to the theory of critical points of smooth functions, also
belongs to the theory of smooth manifolds. The novelty here is the systematic
consideration of not only non-degenerate critical points, but also non-degenerate
critical manifolds. Morse numbers connecting the numbers of critical points of
a given index with the Betti numbers of the manifold. This is the only place in
the book (except for the directly related first half of paragraph 6 of Chapter 9)
where we go beyond the topological material described in the first three chapters.
However, all the necessary properties of Betti numbers in this supplement are
clearly formulated.

Chapter 7 is devoted to the geometry of affine connectivity spaces-and Rie-
mannian geometry. The presentation here is conducted mainly in the “classical”
spirit, but in compliance with all modern requirements of rigour and from a
global point of view. We are dealing here only with the very basics of Rie-
mannian geometry, so much that is usually given in geometry courses remains
outside the scope of our presentation. On the other hand, we had to include
here some essential facts of Riemannian geometry (Whitehead’s theorem on
the existence of neighbourhoods normal with respect to any point, and the
Hopf-Rinov theorem on complete Riemannian spaces), which are usually not
considered in standard Riemannian geometry courses. Although we conduct
the entire presentation of Riemannian geometry in the spirit of Cartan’s ideas,
nevertheless, due to the limitations of the tasks set, we managed to do without
external differentiation (although in one place, namely, when deriving Cartan’s
basic equations, the concept of the external differential, although implicitly, still
essentially appears).

Chapter 8 outlines the theory of the so-called “index form”. We present
here, adhering mainly to the original Morse construction, and only in the last
paragraph we turn to a more modern interpretation related to the replacement
of the length functional with the action functional. This, of course, somewhat
lengthens and complicates the construction, but at the same time it is possible
to preserve both the historical perspective and geometric clarity. In Appendix
to this chapter, the “moving end” problem is treated in a similar way. Here,
Morse’s initial reasoning was significantly simplified.

In the final Chapter 9, the main theorem of Morse theory is proved, de-
scribing the structure of the space of curves connecting two given points of the
complete Riemannian space. In essence, this theorem is a fairly simple reworking
of the main results of the previous chapter, with the aim of giving these results
a more invariant appearance. In conclusion of this chapter, we give the sim-
plest applications of Morse theory to the topology and geometry of Riemannian
spaces.

A more detailed understanding of the contents of the book can be obtained
from the table of contents and short summaries given to each chapter.

Formally, the reader is not required to have any knowledge beyond the first-
year programme of mathematical departments of universities and pedagogical
colleges, although, of course, a certain level of mathematical culture and the
ability to work with the book is assumed.

When working on the manuscript of this book, the authour allowed himself
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to make extensive use of his previous book (see the list of references of Postnikov
[33]). In particular, chapters 7 and 8 reproduce the corresponding chapters of
this book almost verbatim.

The list of references at the end of the book is provided with a “Historical
and literary commentary” aimed at helping the reader to navigate the literature
more easily. The list of references does not claim to be complete.

Addition during proofreading. The manuscript of this book was completed
in 1965, and its printing was delayed. At present, the author would present many
things in a completely different way, from a more modern perspective. But this
would have postponed the publication of the book indefinitely, and therefore it
was decided to leave it in its original form.

The Authour






Chapter 1

Necessary information from
general topology

In this introductory chapter we present the information we need based on gen-
eral set-theoretic topology. As a rule, we do not seek to exhaust a particular
issue raised. Only questions for which there is no coherent presentation in the
literature known to the authour are considered in detail.

§1.1 sets out the definition of topological spaces, introducing the classes
of spaces distinguished by the axioms of countability and separability are de-
fined, and the most important operations on topological spaces (free associa-
tions, topological sums and topological products) are described.

In §1.2, compact and closed spaces are considered (paracompact, finally
compact, locally compact, etc.). The results of this point are mostly known,
but so far were not collected together anywhere.

§1.3 presents classical theorems on continuous functions (the theorems of
Urysohn and Tietze and the theorem on the existence of a partition of unity).

In §1.4, the presentation is concentrated mainly around Stone’s theorem
on the paracompactness of metric spaces. As a consequence of this theorem,
in particular, we prove (based on the general results of §1.2 the well-known
theorem of P. S. Aleksandrov on the separability of connected locally compact
metric spaces.

In §1.5, the main attention is paid to the issue of constructing continuous
maps. In this regard, identification maps and, in particular, their topological
products are considered in detail.

§1.6 contains rather heterogeneous material, grouped around the concept of
topology of identification. In particular, this section describes the construction
of a cylinder of an arbitrary continuous map.
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1.1 Topological spaces

Since the basic facts of general topology are widely known, in this chapter we
only recall some concepts and clarify terminology.

A set X is said to be defined as a topological space or to have a topology
introduced if some of its subsets are declared open and the following axioms
hold:

1) the set X itself is open;

2) the empty set @ is open;

3) the union of any number of open sets is open;

)
)
)
)

4) the intersection of any finite number of open sets is open.

Let A be an arbitrary subset of the topological space X. Every open set U
containing A is called its neighbourhood. A point a of a set A is called its inner
point if some of its neighbourhood is contained in the set A. The set int A of all
interior points of a set A is called its interior. The interior of int A is the largest
open set contained in the set A. Therefore int(int A) = int A. A set A is open
if and only if int A = A, that is, when any of its points is its interior point. If
A C B, then int A C int B. For any family {A,} of subsets of the space X the
following inclusions occur

intUg,Ag DUgintA,, intNgAg CNeintA,,

and for a finite family {A,} equality takes place in the second of these relations.

A point x of a topological space X is called isolated if it, considered as a
subset of the space X, is its open subset. A topological space in which all points
are isolated is called discrete. The space X is discrete if and only if each of its
subsets is open.

A family {U,} of neighbourhoods U, of a set A is called its fundamental
system of neighbourhoods if for an arbitrary neighbourhood U of the set A there
exists an @ such that U, c U. A topological space X is called a space of
countable local weight' if any of its points has a countable fundamental system
of neighbourhoods. In this case we also say that the space X satisfies the first
aziom of countability.

A base (or a base of open sets) of a topological space X is any family of
its open sets that has the property that the unions of the sets of this family
exhaust all the open sets of the space X. In order for some family of open sets
of the space X to be a base, it is necessary and sufficient that for any point of
the space X from this family it is possible to choose a fundamental system of
neighbourhoods of this point. A family of open sets of a space X that has the
property that all their possible finite intersections form a base of the space X is
called its prebase. The assignment of some pre-base completely determines the

LComment by the transcriber: The weight of a topological space is the smallest cardinality
of an open base.
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topology of the space X, and any family of subsets of the set X can be taken
as a pre-base of some topology defined on this set. A space X is called a space
with a countable base (or a space of countable weight) if it has at least one base
(or, equivalently, a pre-base) containing at most a countable number of sets. In
this case, we also say that the space X satisfies the second aziom of countability.
Every space with a countable base has a countable local weight.

An example of a topological space with a countable base is the number line
R, considered in the usual Euclidean topology. By definition, the base of this
topology is the family of all possible open intervals (a,b), a < b. To obtain
a countable base, it is sufficient to restrict ourselves to intervals (a,b) with
rational a and b.

The complements (in X) of open sets of a topological space X are called
its closed subsets. A set X is completely defined as a topological space if it is
specified which of its subsets are closed. Closed sets have the following basic
properties, dual properties of open sets

1) the empty set @ is closed;

2) the entire set X is closed;

3) the intersection of any number of closed sets is closed;

)
)
)
4) the union of any finite number of closed sets is closed.

A point x € X is called a contact point (or an adherent point) of the set a ¢ X
if any of its neighbourhoods intersects with A. The set A of all contact points
of the set A is called its closure. It coincides with X \ int(X \ A) and therefore is
the smallest closed set of the space X containing the set A. In particular, the set
A is closed if and only if A = A, that is, when it contains all its contact points.
In addition, A = A and A c B if A c B. For any family {A,} of subsets of the
space X there are inclusions

and for a finite family {A,} the first of these relations holds equality.

If A = X then the set A is called everywhere dense (in X). A space X is called
separable (or countable dense) if there exists a countable everywhere dense set
in it. Any space with a countable base is separable.

The set A c X is called nowhere dense (in X) if intA = @, i.e. if the

complement of its closure is everywhere dense (X \A = X). A set A C X is
nowhere dense if and only if any non-empty open set U C X contains a non-
empty open subset disjoint from A (or, in other words, when any non-empty
open subset X the closed set F C X is contained in a closed set different from X
that contains the set A). The closure of a nowhere dense set is nowhere dense,
and an arbitrary subset of a nowhere dense set is also nowhere dense. The union
of a finite number of nowhere dense sets is nowhere dense. A space X is called a
space of the first category (in the sense of Baire-Hausdorff) if it is decomposable
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into the union of a countable number of nowhere dense sets (here, as elsewhere
in the future, by a countable set we mean a finite or countable set). Otherwise,
the space X is called a space of the second category.

A point a of a space X is called the limit of the sequence {x,} of points
xp € X,n=1,2, ... if for each its neighbourhood U there is an integer N such
that x,, € U for any n > N. In this case, the sequence {x,} is called convergent.
Generally speaking, a convergent sequence can have several different limits. If
all points x, of the convergent sequence {x,} belong to the set A C X, then each
limit a of this sequence belongs to the closure A of the set A. If the space X has
a countable local weight, then the converse is also true, i.e.,

Proposition 1.1. for an arbitrary subset A C X, each point a € A is the limit
of a certain sequence {x,} of points from A.

Proof. Indeed, let {U,},n > 1 be a countable fundamental system of neigh-
bourhoods of a point a. Let us construct the sequence {x,}, taking as a point
Xn, n = 1,2, ... an arbitrary point of the set A belonging to he intersection
Vu = Ni_ U; (such a point necessarily exists, because a € A, and the intersec-
tion V,, is a neighbourhood of the point a). It is clear that the sequence {x,}
constructed in this way converges to the point a. O

Each subset A of the topological space X is defined as a topological space if
its open sets are taken to be intersections with A of the open sets of the space
X. This topology of the set A is called the induced topology, and the set A
itself, equipped with an induced topology, is a subspace of the space X. Any
subspace B of the subspace A is a subspace of the space X. The closed sets of
the subspace A are the intersections with A of the closed sets of the space X. A
subspace A is open (resp. closed) in the space X if and only if any open (resp.
closed) subset of it is open (resp. closed) in the space X. Each open subspace
of a space of the first category is itself a space of the first category. Therefore,
if the space X contains an open subspace that is a space of the second category,
then it is itself a space of the second category. Each subspace of a space with a
countable base (or a space of countable local weight) is a space with a countable
base (or, respectively, a space of countable local weight). Every open subspace
of a separable space is separable.

In particular, each subset of the number line R, for example the unit segment,
I =1[0,1], is a topological space with a countable base.

A topological space X is called Hausdorff if any two of its different points
have disjoint neighbourhoods, and completely Hausdorff if any two of its differ-
ent points have neighbourhoods with disjoint closures. Thus, every completely
Hausdorff space is Hausdorff. Any point of a Hausdorff space is closed, i.e. it is
a closed subset of it. Each convergent sequence of points in a Hausdorff space
has a single limit. Any subspace of a Hausdorff (completely Hausdorff) space is
Hausdorff (completely Hausdorff).

A Hausdorff space is called regular if any of its closed subsets and any point
not belonging to this subset have disjoint neighbourhoods, and normal if any
of its two disjoint closed subsets have disjoint neighbourhoods. Formally, a
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stronger condition for the existence of neighbourhoods with disjoint closures
leads - in contrast to the case of Hausdorff property- to the same class of spaces.
Thus, for example, in normal space, any two disjoint closed sets have neighbour-
hoods with disjoint closures. Any normal space is regular. Any regular space is
completely Hausdorff. A Hausdorff space is regular (respectively normal) if and
only if for any neighbourhood U of its arbitrary point (an arbitrary closed sub-
set) there exists a neighbourhood V such that V ¢ U. Any subspace of a regular
space is regular and any closed subspace of a normal space is normal. Every
discrete space is normal. Any subspace of the number line R, in particular, the
unit segment I, is a normal space.

Let {Xq; @ € A} be a family of subspaces X, of the topological space X such
that

X =UgeaXa.

According to the definition of a subspace, for every closed (open) set A ¢ X and
any a € A, the intersection A N X, is closed (open) in the subspace X,. In the
case when the converse is true, i.e., when any set A ¢ X for which all sets AN X,
are closed (open) in the corresponding subspaces X, is itself closed (open) in
the space X, we will say that the space x is a free union of subspace X,. As is
easy to see,

Proposition 1.2. any closed or open subspace A of a free union X of subspaces
Xq is a free union of subspaces AN Xq.

In addition,

Proposition 1.3. the space X = UycaX, is a free union of its subspaces Xq,
a€Aif

1) all subspaces X, are open; or
2) all subspaces X, are closed and their number is finite.

Proof. Indeed, if all subspaces X, are open (closed), then every set that is open
(closed) in one or another of the subspaces X, is open (closed) throughout the
space X. In particular, if for a set A C X any of the intersections A N X, is open
(closed) in the corresponding subspace X,, then all these intersections are open
(closed) in X, and therefore the set

A= U(zeA(A N Xa)

is the union of open closed sets A N X, in X. Consequently, A itself is open
(closed, because the number of terms, by condition, is finite). O

A family {A,;a € A} of subsets A, of a space X will be called locally finite
if any point x € X has a neighbourhood intersecting only with a finite number
of subsets A,. It turns out that in condition 2) of the previous proposition,
the requirement of finiteness of the family {X,;@ € A} can be weakened to the
requirement of local finiteness, i.e.
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Proposition 1.4. the space X = U,X, @S a free union of its subspaces Xq,
a € A if all these subspaces are closed and the family {X,;a € A} is locally
finite.

Since the family {A N X,; @ € A} is locally finite together with the family
{Xq; @ € A}, it immediately follows from the above reasoning that it is enough
for us to prove only the following (which has an independent interest) proposi-
tion:

Proposition 1.5. The union F = U, F, of any locally finite family {F,;a € A}
of closed sets Fo, C X is closed.

We will prove even more, namely that

Proposition 1.6. for any locally finite family {Ao;a € A} of subsets of an
arbitrary space X the following equality holds

UgAg = UgAg.
Proof. Indeed, since UgAq, D UgAg, proof requires only the reverse inclusion
UgAg C UgAqg. (1.7)

Let A = UyA, and let x € A. Due to the local finiteness of the family {Aq},
the point x has a neighbourhood Uj intersecting only with a finite number of
sets Ag,, ..., Ag, of this family. Therefore, for any neighbourhood U of the
point x, its neighbourhood V = U N U, does not intersect with the sets A, for
@ #ai, ..., a,. Butx € A and therefore VNA £ @. Therefore, VNU!L, Ay, # @,
i.e, UNUL Ay, # @. Due to the arbitrariness of the neighbourhood U, it follows

that x € U;A,, = U:‘:Ozai C UgAg. Thus, the inclusion (1.7) is proved. O

In connexion with the proven proposition, it is useful to note that

Proposition 1.8. a family {A.} of arbitrary sets is locally finite if and only if
the family {A,} consisting of the closures A, of sets Ay is locally finite.

Proof. Indeed, it is clear that an open set U intersects some set A if and only
if it intersects the closure A of this set. O

The concept of free union that we have considered had, so to speak, an “inter-
nal” character: it related to subspaces of a given, “already existing,” topological
space X. It can also be considered when the space X is not given in advance.

Let an arbitrary set X be represented as a union

X =UgeaXo

of sets X, each of which is a topological space. It is easy to see that, by
declaring closed (open) sets those and only those sets A ¢ X for which, for any
a € A, the intersection A N X, is closed (open) in the space X,, we define the
set X as a topological space. However, generally speaking, the spaces X, will
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not be subspaces of this space. (To get an appropriate example, it is enough
to consider the case when all the spaces X, coincide as sets with the space X,
but are equipped with different topologies.) In the case when each space X, is
a subspace of the constructed space X, we will say that the spaces X, are freely
united, and we will call the space X a free union of the spaces X,. It will be a
free union in the previously defined sense of its subspaces X,,.

It is clear that

Proposition 1.9. if all intersections Xq, N Xq,, a1,@2 € A, are closed (open)
spaces of each spaces Xo, and X,,, then the spaces X, are freely united and are
closed (respectively, open) spaces of their free union X.

In particular, the spaces X, are freely combined if they do not intersect in
pairs. We will call the free union of disjoint topological spaces a topological sum.
Each term X, of the topological sum X is closed and simultaneously open in
this sum. Conversely, if

X =UgeaXo

and if each subspace of X, is both closed and open in X, then the space X is
the topological sum of the subspaces of X,. If each term of a topological sum
is Hausdorff, completely Hausdorff, regular or normal, then the topological sum
also has the same property. The same remark applies to topological sums, the
terms of which have a countable local weight. For spaces with a countable base
and separable, a similar statement is true only when the number of terms of the
topological sum is countable.

Along with the topological sum, we will also consider the topological product
X X Y of any two (not necessarily disjoint) topological spaces X and Y. The
points of this product are, by definition, all possible pairs of the form (x,y),
where x € X, y € Y, and the base of its open sets is the collection of all subsets
of the form U x V, where U is an arbitrary open subset of the space X, and V is
an arbitrary open subset of the space Y (the subset UXV consists, as its notation
suggests, of all pairs (x,y), where x € U, y € V). The topological product of any
(possibly infinite) number of topological spaces X, a € A is defined similarly
(in this case, in the case of an infinite number of factors, when constructing
open sets of the base of the product, one should choose open sets that coincide
with the entire space in all but a finite number of factors). The topological
product of any number of Hausdorff, completely Hausdorff, or regular spaces
is, respectively, Hausdorff, completely Hausdorff, and regular. For spaces of
countable local weight of spaces with a countable base or separable spaces,
the corresponding statement holds if the number of factors is countable. The
topological product of normal spaces is not, generally speaking, a normal space.

For example, there is a normal space X whose topological product X X I on
the segment I = [0, 1] of the number line R is no longer a normal space. The
normal space X, for which the product X X I is also normal, we will call it stably
normal.
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1.2 Compact and some other similar spaces

A family {A,; @ € A} of subsets A, of a topological space X is called a covering
of the set B c X if
B C UgcaA,.

In particular (for B = X), a family {A,} is called a covering of the space X if
X = Ugeala.

A covering {Ay;a € A} is called open if all sets A, are open, and closed if all
sets A, are closed. In the future, we usually consider only open coverings.

The covering {A,;a € A} of the space X is called point finite if any point
x € X belongs to only a finite number of sets Ay, locally finite if any point x € X
has a neighbourhood intersecting only with a finite number of sets A, (cf. §1.1),
and is stellar finite if any set A, intersects only a finite number of other sets of
covering. Any locally finite cover is point finite and any open stellar-finite cover
is locally finite.

We will call the covering {Bg; 8 € B} a subcovering of the covering {A,;a €
A} if B C A and Bg = Ag for any S € B. We will say that the cover {Bg; € B}
is a refinement of the cover {A,;a € A} if for any B € B there exists an a € A
such that Bg C A,. It is clear that any subcovering of the covering {A,;a € A}
is a refinement of this covering.

A space X is called paracompact if any of its open coverings can be refined
into a locally finite open covering. Every closed subspace of a paracompact space
is paracompact. The topological sum of any number of paracompact spaces is
paracompact. Each discrete space is paracompact.

To prove deeper properties of paracompact spaces, it is useful to first prove
that:

Proposition 1.10. for a subset A and a closed subset F of a paracompact
space X that does not intersect with it to have disjoint open neighbourhoods, it
is sufficient that the set F have an open cover {Uqy;a € A} such that Uy NA = @
for each @ € A.

Proof. Indeed, let us consider the covering {X \ F,U,} of the entire space X.
Let {Wg; B € B} be alocally finite covering refining the covering {X\F, U, }, and
let B’ be the set of all indices 8 € B for which WgNF # @. Since Wg ¢ X \ F,
for each index B € B there exists an index @ € A such that Wg Cc Uy and
therefore Wg N A = @ (since Wg C U,). Therefore, the set UﬁeB'W’g does not
intersect with the set A. But UBEHW[; = Ugep Wp due to the local finiteness of
the family {Wg}. Therefore, the set U = X \ UﬁeBrWﬁ is open and contains the
set A, i.e. it is an open neighbourhood of the set A. To complete the proof, it
remains to note that the set W = Uz, p» Wp is open, contains the set F' and does
not intersect with the set U. O

It follows easily from this proposition, in particular, that
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Proposition 1.11. any Hausdorff paracompact space X is normal.

Proof. Indeed, let F; and Fy be disjoint closed subsets of the space X. Since
the space X is Hausdorff, for any two points x; € F; and xo € F5 there are
disjoint neighbourhoods U(x1) and U(xz). In particular, the point xo will not
belong to the closure U(x;) of the neighbourhood U(x;) of the point x;. In
other words, the covering of the set Fi, consisting of the neighbourhoods U (xy),
x1 € F1, satisfies the conditions of the proposition just proved (for F = F; and
A consisting of the point x2). Consequently, there are disjoint open sets V and
V(x2), respectively containing the set F; and the point xo. In particular, the
closure V(x3) of the set V(x2) does not intersect with the set F;. Therefore, the
covering of the set Fs, consisting of the sets V(X3), xo € Fa, also satisfies the
conditions of our proposition (for F = F5 and A = F;). Consequently, the sets
F1 and F5 can be separated by disjoint neighbourhoods. O

A space X (or, more generally, some subset of it) is called compact (respec-
tively, Lindeldf) if any of its open covers can be refined with a finite (respec-
tively, countable) open cover, or, equivalently, if any of its open covers can be
subdivided with a finite (respectively, countable) cover.

Each compact space is Lindel6f. Any discrete compact (Lindeldf) space
is finite (countable). Any finite (countable) space is compact (Lindelof). A
subset of an arbitrary space is compact (Lindelof) if and only if it is compact
(Lindeldf) in the induced topology. In a Hausdorff space X, the set of points of
some convergent sequence together with the limit of this sequence constitutes a
compact subset of the space X. The closed subspace A of a compact (Lindeldf)
space X is compact (Lindel6f). In particular, the intersection of a compact set
with a closed one is compact.

The classical Heine-Borel lemma states that any closed bounded subset of
the real line R is compact. In particular, the interval I = [0, 1] is compact.

Below we prove that in regular (and even Hausdorff) spaces all compact sets
are closed. In this regard, it is useful to note that compact sets of regular spaces
have a property that any closed sets in a normal space have, namely, for any
neighbourhood U of a compact subset C of a regular space X, there exists a
neighbourhood V such that V c U.

Proof. Indeed, since the space X is regular, each point x € C has a neigh-
bourhood V, such that V, c U. Since the set C is compact, from its covering
{Vyx,x € C} one can choose a finite subcovering Vy,, ..., Vi, . The set

V= U?=1in

is open and its closure V (which is the union of the closures Vx,. of the sets Vy,)
is contained in the neighbourhood U. O

A topological space X will be called sequentially compact if each sequence of
its points contains a convergent subsequence. It is easy to see that
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Proposition 1.12. any Hausdorff compact space of countable weight is sequen-
tially compact.

Proof. Indeed, let this not be so, i.e. let there exist a compact space of count-
able local weight, containing a sequence {x,}, with no subsequence of which
converges. It is easy to see that the set of points of this sequence is, firstly,
infinite, secondly, discrete, and, thirdly, closed. On the other hand, any closed
discrete subset of a compact space is necessarily finite. O

It is equally easy to prove that
Proposition 1.13. any Lindeldf and sequentially compact space is compact.

Proof. To prove this statement, it suffices to show that from any countable
open covering {U;} of a sequentially compact space X one can choose a finite
subcovering. Consider the sets V,, = Uy U---UU,, n =1, 2, .... If it is
impossible to choose a finite subcovering from the covering {U;}, then we can
obviously assume that all sets V,, are distinct. Let x, € Vyu1 \ Vi, n =1, 2,....
Since the point x, can belong to the set U; only when n < i, then none of the
sets U; contains the limit of any convergent subsequence of the sequence {x,}.
But this is impossible, because the sets U; cover, according to the condition, the
entire space X. The resulting contradiction shows that from the covering {U;}
one can choose a finite subcovering. O

In connexion with this statement, it is useful to keep in mind that
Proposition 1.14. any space X with a countable base is Lindeldf.

Proof. Indeed, by selecting for an arbitrary open covering I' of the space X
in a countable base of this space a subfamily of all its elements contained in
the elements of the covering I', we obviously obtain a countable covering of the
space X as a refinement in the covering T'. O

The compactness of sequentially compact spaces follows not only from Lin-
deldf property, but also from paracompactness, i.e.

Proposition 1.15. a paracompact and sequentially compact space is compact.
To prove this statement it suffices to show that

Proposition 1.16. any locally finite covering {U,} of a sequentially compact
space X is finite.

Proof. Assume the contrary, i.e. assume that the covering {U,} is infinite, and
consider some of its countable subfamily {U;}. Let, as above, V,, = U1 U---UU,,.
From the local finiteness of the covering {U,} it follows directly that the family
{V,,} contains infinitely many different sets Therefore, passing to some of its
subfamily if necessary, we can assume that all sets V,, are distinct. Let x, €
Vi \ V-1 and let x be the limit of some convergent subsequence of the sequence
{xn}. By definition, any neighbourhood of a point x contains infinitely many
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points of the sequence {x,} and therefore intersects with an infinite number of
elements of the covering {U,}. Since this contradicts the local finiteness of the
covering {U,}, the assumption that the covering {U,} is infinite is false. O

The union of a finite (countable) number of compact (Lindel6f) subspaces of
an arbitrary space is compact (Lindel6f). In particular, the union of countably
many compact sets is Lindeléf. The topological sum of a finite (countable) num-
ber of compact (Lindeldf) spaces is a compact (Lindelof) space. The topological
product of any number of compact spaces is compact.

For two (and therefore any finite number of factors) this statement is obvious,
since in each open covering of the product X XY of factors one can inscribe a
covering consisting of ‘“rectangles” U, x Vg, where U, and Vg are elements of
some coverings of the spaces X and Y, respectively.

For paracompact and Lindelof spaces, the corresponding statement is gen-
erally false (even for the case of two factors). However, it can be shown that

Proposition 1.17. the topological product of a paracompact and a compact
space is paracompact.

Proof. Indeed, let T be an arbitrary open covering of the product X XY of a
paracompact space X and a compact space Y. Without loss of generality, we can
assume that the elements of the covering I" have the form U, X Vg where {U,}
and {Vg} are some open coverings of the spaces X and Y, respectively. Since for
each point x € X the “layer” xxY of the product X XY is obviously compact, from

the covering I" one can choose a finite subfamily {Uq, x X Vg, xli =1, 2, ..., nyx}
such that

x XY C U (Ug;x X Vg x)-
In this case, we can obviously assume that x € Uy, x for all i =1, 2, ..., n,.
Let

n
Uy = 05 Up, .

It is clear that the sets Ux X Vg, x, i = 1,2, ..., ny, are open in X XY and still
cover the layer x X Y:
x XY cUX (Ux X Vg, x).

Moreover, x € Uy, so that the family {Uy|x € X} is an open covering of the
space X. Let {Ws|6 € A} be a refined locally finite open covering of the covering
{Ux|x € X}. Having chosen for each 6 € A a point x5 € X such that Ws € Uy,
we consider the sets Ws X Vg, x5, i =1, 2, ..., ny,. It is clear that

Ws XY C U?jf(W(s X Vg xs)-

Consequently, the family {Wd x Vg, (|0 € Aji =1, 2, ..., nys} is an open
covering of the space X X Y, obviously a refinement the covering I'. Therefore,
to complete the proof, it only remains to show that this covering is locally finite.
Let (x,y) be an arbitrary point of the space X X Y. By the paracompactness of
the space X, the point x has a neighbourhood U(x) in X that intersects only a
finite number of open sets Ws. Consider a neighbourhood U(x) X Vg, , of a
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point (x,y) in the space X XY, where Vg, ., is one of the sets of the form Vg, ,,
containing the point y. If this neighbourhood intersects some set WsxVp; ., then
U(x) N Ws # @ and therefore the number of such sets is finite. Consequently,
the covering Ws X VBigxsg: i =10 2, o, nxs 1S locally finite. |

It immediately follows from the proved proposition that the topological prod-
uct of a Hausdorff paracompact and a Hausdorff compact space is a Hausdorff
paracompact and therefore a normal space. Since the segment I = [0,1] is a
Hausdortff compact space, it follows, in particular, that

Proposition 1.18. any Hausdorff paracompact space is stably normal.
It is clear that any compact space is paracompact. Therefore,
Proposition 1.19. any Hausdorff compact space is stably normal,

Unlike compactness, Lindel6f-ness, generally speaking, does not ensure para-
compactness. However,

Proposition 1.20. any regular Lindeldf space X is paracompact (and hence
normal).

Proof. We will begin the proof of this statement by considering two disjoint
closed sets F; and Fs of the space X. Since the space X is regular, for any
point x € X, there exists a neighbourhood U(x) such that U(x) N F; # @ if
x ¢ F;. Since the set F;, i = 1, 2, is a closed subset of the Lindelof space X, it
itself is Lindeldf and therefore from its covering {U(x)|x € F;} one can choose
a countable subcovering, i.e. in the set F; there exists a countable system of
points x; 1, ..., Xin, ... such that

FcU Uiy, i=1,2.

In this case U(x1,,) N Fy = @ and similarly U(xy.,) N F; = @. Now we define by
induction for any n > 1 the sets Vi, and Vs, setting

Vin =U(x1,n) \ Uzzlﬁ(xz,k),

Vo = Ulxz,n) \ Uzzlﬁ(xl,k)'
It is easy to see that Vi, and Va,, do not intersect. Indeed, if n < m, then

Vi N Vo € U(X10) N (U(x2,m) \U(x1.0) = @,
and if n > m, then
Vi N Vam © (U(X1.0) \ U(x2,m) N (U(xam) = 2.,

Consequently, the sets

Vi=Up 1 Vip, Va=U; Vo,

also do not intersect. On the other hand, they obviously contain the sets Fy
and Fs, respectively. Thus, we have proved that any two disjoint closed sets F;
and Fs of the space X can be enclosed in disjoint open sets V; and vo. In other
words, we have proved that the space X is normal. O
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Now let T" be an arbitrary open covering of X. Since X is regular by as-
sumption, each point x € X has a neighbourhood U(x) whose closure U(x) is
contained in some element of I'. Since X is also Lindel6f, there exists a countable
system of points x1, ..., xg, ... in it such that

X = UfleU(xk).

Let Ug be an element of the covering I' containing the set U(x;). Using the
already proven normality of the space X, for any n > 1 we can construct by
induction an open set U}’ such that

Ug) U cUy and Uy cUMYL, nk=1,2, ...

For each n > 1 we now put
Vvt =uU;_, U}

It is clear that V' c V"*1 and that the sets V" form an open covering of the
space X. Consider the sets

H' =V \V'"? n=1,2, ...

(for m < 0 we conditionally assume that V" = @). It is easy to see that the
(obviously open) sets H" form a covering of the space X. (Indeed, for any point

x € X there exists an n such that x € V" and x ¢ V"~!. But then x ¢ V'~ and
therefore x € H".) In addition, it is clear that this covering is star-finite (since
H™ N H"™ =@ for ny > ny +2).

Let k=1, ..., n. Put

Wr=H'AUM=UM\V"?, n=1,2 ...

Since H" c V" = U]_ U}, then U_ W = H". Consequently, the sets W}
constitute an (open) covering of the space X. This covering is a refinement of
the covering T" (since W}! c U}! € Uy) and is star-finite (since it is obtained from
the star-finite covering {H"} by decomposing each of its elements into a finite
number of sets). Since any star-finite open covering is locally finite, it is thus
proved that any open covering of X can be refined into a locally finite open
covering, i.e., that X is paracompact.

Let us now prove the fact mentioned above, namely, that
Proposition 1.21. any compact subset C of a Hausdorff space X is closed,

Proof. To this end, for any point x € X\ C and any point ¢ € C, we choose some
disjoint neighbourhoods U.(x) and Ux(c). For each fixed point x € X \ C, the
sets Uy (c), ¢ € C obviously form an open covering of the subset C. Therefore,
there exists a finite system of points ¢y, ..., ¢, € C such that

Cc U?lex(Ci).
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Let
U(x) = UL, U, (x).

The set U(x) is open, contains the point x and does not intersect the set C.
Thus, each point x of the set X \ C is its interior point, i.e., this set is open.
Therefore, the set C itself is closed. O

A subset A of a topological space X will be called compactly closed if its in-
tersection with any compact subset C C X is closed (in X). From the proposition
just proved it follows immediately that

Proposition 1.22. any closed subset of a Hausdorff space X is compactly
closed.

Thus, for Hausdorff spaces, the classes of compact, closed, and compact-
closed subsets are related by a simple inclusion relation: each of these classes is
wider than the previous one.

We will call a space X a compactly generated® space if it is a free union of all
its compact subspaces, i.e. if its subset A is closed if and only if for any compact
subset C C X the intersection A N C is closed in C. In a compactly generated
space, any compactly closed set is closed. According to what was said above, if
X is a Hausdorff space, then the converse is also true. Thus,

Proposition 1.23. A Hausdorff space X is said to be a compactly generated
space if and only if any of its compactly closed subsets is closed.

Further, it is easy to see that

Proposition 1.24. any closed (resp. open) subspace Y of a compactly generated
(resp. compactly generated and regular) space X is also a compactly generated
space.

Proof. Indeed, let the set A C Y have the property that for any compact set
C C Y the intersection A N C is closed in C. We need to prove that then A is
closed in Y. If Y is closed, then instead we will prove that A is closed in X. Since
X is a compactly generated space, it suffices to prove that for any compact set
C C X the intersection A N C is still closed in C. But this intersection coincides
with the intersection A N (Y N C), and the set Y N C, being the intersection of a
compact and closed set, is compact. Therefore, by hypothesis, the intersection
AN (Y NC)is closed in C. O

Now let the subspace Y be open. Let us consider an arbitrary contact point
a of the set A belonging to the subspace Y. Since the space X is, by assumption,
regular, then this point has a neighbourhood U such that U c Y. Since for
any compact set C C X the intersection U N C C Y is compact, the intersection
UNCNAis closed in UnN C and therefore in C. Consequently, the intersection

U N A is closed in the space X. But it is clear that a e UN A. Thus,a e UN A

2Transcriber’s note: Postnikov has coined the word “kaonic.”
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and, therefore, a € A. We have thus proved that each contact point of the set A
belonging to the subspace Y lies in A. But this means that the set A is closed
in the subspace Y.

It is clear that all compact spaces are compactly generated spaces. Moreover,
it is easy to see that

Proposition 1.25. any Hausdorff space X with countable local weight is com-
pactly generated.

Proof. Indeed, let a be an arbitrary contact point of some compactly closed
subset A of the space X and let {a,} be an arbitrary sequence of points of the
set A converging to the point a. Since this sequence together with its limit a
forms a compact set, the intersection of this set with the set A is closed. But
for a ¢ A this intersection would coincide with the sequence {a,} and would be
obviously not closed (since the limit of this sequence a ¢ A would not belong to
it). Consequently, a € A. Thus, A=A, ie. the set A is closed. O

We will call a space X countably compact if it is a free union of some countable
family {X,,n > 0} of its compact subspaces X,. Without loss of generality, we
can assume that X, C X,41 for all » > 0. Every countably compact space
is a compactly generated space and Lindel6f space. Any closed subspace of
a countably compact space is countably compact. The topological sum of a
countable number of countably compact spaces is a countably compact space.
Moreover,

Proposition 1.26. any Hausdorff countably compact space X is paracompact
and, in particular, normal.

Since the space X is Lindeldf, it suffices to establish its regularity. However,
it will be more convenient for us to immediately prove its normality.

Let FY and F® be arbitrary disjoint closed subsets of X. Let us consider
compact (and therefore closed and normal) subspaces

XoCcXiCc---CcX,CXps1 C-v

whose free union is the space X. It turns out that for any n > 0 there exist open
(in X,) sets U, i = 1, 2 such that

X,nFD cu® =12
521) ﬂﬁf) =2 and (forn>0) UV nX, ;= U,Y_)l.

For n = 0, the existence of such sets is ensured by the normality of the space
Xo- Let for some n > 0 the sets U,(,’), i =1, 2 have already been constructed. Let
us consider in the subspace X171 the sets (X, N F(i>) UU:) i =1, 2. These sets
are closed and their intersection is empty. Therefore, they have neighbourhoods

V) and V) with disjoint closures V" and V. On the other hand, since the
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sets U,(,l) and U,(,Q) are open in the subspace X,, of the space X,+1, then in the
space X,.1 there exist open sets W) and W such that

wihnx,=u0", i=1,2.

We will put
U(l)

n+1l

=VvOAWDU X1\ Xn), i=1, 2.

The sets U(i)

n+1’
properties.

Let us now consider the sets

i =1, 2 constructed in this way obviously possess all the necessary

v =up U, i=1, 2

Since for any n > 0 the sets U,(,i) = U N X, are open in the subspace X,, the
sets UY), i = 1, 2 are open in the space X. In addition, they do not intersect
and contain the sets F() and F®)| respectively. Thus, any two non-intersecting
closed sets F) and F(® of the space X have non-intersecting neighbourhoods
U™ and U®. But this means that the space X is normal.

Remark 1.27. In the above proof we used only the normality and closedness of
the subspaces X,,.

Therefore,

Proposition 1.28. any space that is a free union of a skeletal increasing se-
quence of closed normal subspaces is itself a normal space.

A space X is called locally compact (rvesp. locally countably compact) if each
of its points has a neighbourhood whose closure is compact (resp. countably
compact). Any compact (resp. countably compact) space is locally compact
(resp. locally countably compact). Any discrete space is locally compact. For
each compact subset of a locally compact (resp. locally countably compact)
space, there exists a neighbourhood whose closure is compact (resp. countably
compact). Every Hausdorff locally countably compact and, in particular, lo-
cally compact space is regular (since a Hausdorff countably compact space is
normal). Any closed subspace of a locally compact (resp. locally countably
compact) space X is locally compact (resp. locally countably compact). The
corresponding assertion for open subspaces is also true only if X is Hausdorff. In
particular, any open subspace of a Hausdorff compact space is locally compact.

Theorem 1.29. Conversely, any Hausdorff locally compact space X is an open
subspace of some Hausdorff compact space X' and the space X' can be constructed
so that the “growth” of X \ X consists of only one point (P. S. Alezandrov’s
theorem on one-point compactification,).

Proof. Indeed, let w be an arbitrary point not belonging to the space X. Let
us introduce a topology into the set X = X U w, considering its open sets to be
those and only those sets A" ¢ X', for which the set A = A"\ w is open in the
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space X and - in the case when to w € A" - is, in addition, the complement (in X)
of some compact set. It is easy to verify that the space X is compact, Hausdorff,
and the topology induced on X by the topology of the space X  coincides with
the original topology of the space X. O

From the theorem on one-point compactification, in particular, it follows
directly that

Proposition 1.30. any Hausdorff locally compact space X is a compactly gen-
erated space.

This statement can easily be proved directly. Indeed, let A be an arbitrary
compactly closed subset of a locally compact space X. Let us prove that A is
closed.

Proof. Let x € X \ A. Since X is locally compact, x has a neighbourhood U
whose closure U is compact. Since A is compactly closed, A N U is closed, and
hence its complement V = X \ (A N U) is open. Thus, x has a neighbourhood
V that does not intersect ANU. But then x e UNV c UNV C X\ A, i.e.
x € int(X \ A). Thus, X \ A is open, and hence A is closed. O

The last argument is almost literally preserved for locally countable com-
pactly generated spaces. (The closedness of the set A N U follows in this case
from the easily proven fact that the intersection of a compactly closed set with
an arbitrary countably compact subspace is closed in this subspace.) Thus,

Proposition 1.31. any Hausdorff locally countable compact space is a com-
pactly generated space.

Let us now deal exclusively with locally compact spaces (mainly Hausdorff).
First of all, we will prove that

Proposition 1.32. any Hausdorff locally compact space X is a space of the
second category.

Moreover,

Proposition 1.33. any subspace of the first category of a Hausdorff locally
compact space X has the property that its complement is everywhere dense in
the space X .

Proof. Indeed, let {A,|n > 1} be an arbitrary countable family of nowhere dense
subsets of X. We must prove that in any neighbourhood U of an arbitrary point
x of X there exist points that do not belong to any of the sets A,. For this
purpose, we construct in X a family {U,|n > 0} of non-empty open sets U, such
that

1) the closure of the set Uy is compact and is contained in the neighbourhood
U;
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2) for any n > 1 the relations

U,cUy-1, UNA, =0
hold.

The existence of the set Uy follows directly from the local compactness and
regularity of the space X. Let for some n > 1 the set U,_; has already been
constructed. Since the set A, is nowhere dense, in the open set U, there exists
a non-empty open set V, such that V,, N A, = @. Since the space X is regular,
there exists a non-empty open set U, C V, such that U, c V,. It is clear that
U, Cc Uy_1 and U, N A, = @. Thus, the sets U, have been constructed by
induction for all n > 0.
Let us now consider the sets open in the subspace Uy

W, =Ug\U,, n>1.

If the intersection of the sets U,, n > 1, is empty, then the sets W, form a
covering of the subspace Uy. Since this subspace is compact by construction, a
finite subcovering {Wp,, ..., Wy, } can be chosen from this covering. The corre-
sponding sets ﬁnl, ey Unk will then have an empty intersection. The latter is
impossible, since this intersection is equal to U,,, where m = max(n1, ..., ng).
Consequently, the intersection of sets U,, n > 1 is not empty. Since each point of
the last intersection does not belong to any of the sets A,, the above proposition
is completely proved. O

Now recall that any Hausdorff locally compact space is regular. Therefore,
if it is also Lindeldf, then it is also paracompact. Since the topological sum of
paracompact spaces is a paracompact space, it follows immediately that

Proposition 1.34. any Hausdorff locally compact space that is a topological
sum of Lineldf subspaces is paracompact.

It turns out that the converse is also true (and even without the Hausdorff
proposition), i.e.

Proposition 1.35. any locally compact paracompact space X is a topological
sum of Lindeldf subspaces.

Proof. Indeed, due to the local compactness of the space X, any point of it has
aneighbourhood with compact closure. All these neighbourhoods form a certain
covering ¥ of the space X. Since the space X is paracompact, a locally finite
covering I can be inscribed in the covering X. This covering (like the covering
%) has the property that the closure of each of its elements U is compact. On
the other hand, due to the local finiteness of the covering I', each point x € U
has a neighbourhood V(x) that intersects only a finite number of elements of
this covering. But, since the set U is compact, there exists a finite system of
points x1, ..., X, € U such that

Uc Ul'.’le(x,-).
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Consequently, the set U, and therefore the set U, intersects only a finite number
of elements of the covering I, i.e. the covering I is star-finite.

Having now chosen some element Uy of the covering I', we consider for any
n > 1 the subset X, of X consisting of all points x € X for which there exist n
sets Uy, ..., U, € I" such that x € U,, and

UnU,#2, UNnUy#@, ..., U,_1NU, # @.

It is clear that the subset X, is not empty, open and - by the star-like finiteness
of the covering I' - is the union of some finite number of elements of this covering.
Therefore, the set

X = Uc;,o:an

is also open and is the union of a countable number of elements of the covering
I. The union X% of their closures is obviously contained in the closure X, of
the subspace X (in fact, it coincides with this closure). Being the union of a
countable number of compact sets, the subspace XZ, is Lindelof.

Since any element of the covering I' is either contained in X, or does not
intersect X, the complement X \ X, is a union of some elements of U € I" and is
therefore open. Consequently, the subspace X is not only open but also closed,
and therefore X7 = X.. Thus, the subspace X is Lindeof.

To complete the proof, it remains to note that the subspaces X« correspond-
ing to different elements Uy of the covering I either coincide or do not intersect
and that the union of X is the entire space X. O

Connectedness

A topological space X is called connected if each of its non-empty closed and
simultaneously open subspaces coincides with the entire space X. In other words,
a space X is connected if it cannot be decomposed into a union of two (or more)
non-empty disjoint open (or closed) sets. Any space X is a union, generally
speaking, not free, of disjoint closed maximal connected subspaces, called the
connected components of X. A connected Hausdorff space has no isolated points.
In particular, a discrete space is connected if and only if it consists of a single
point.

A set obtained from a connected set by adding some of its points of contact
is connected. In particular, the closure of a connected set is connected. The
union of connected sets with non-empty intersection is connected. For example,
a space X is connected if any two of its points belong to a connected set. Any
interval (a, b) or segment [a, b] of the number line R is connected. In particular,
the unit segment 7 = [0, 1] is connected.

From the definition of a connected space and the theorem proved above it
immediately follows that

Proposition 1.36. any connected paracompact locally compact space is Lin-

deldf.
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1.3 Continuous functions

A numerical function f defined on a topological space X is called continuous if
for any point xg € X and any & > 0 there exists a neighbourhood U of the point
X0 that

|f(x) = f(xo)| <&

for all points x € U. Such functions have many properties of continuous functions
of a numerical argument. For example, any continuous function defined on a
compact space X is bounded and takes its largest and smallest values. Any
continuous function defined on a connected space X takes all intermediate values.
The restriction f|4 to an arbitrary subspace A € X of any continuous function
f on X is a function continuous on A.

For a numerical function f defined on a space X and an arbitrary number
a, we will denote by the symbol [f < a] the set of all points x € X for which
f(x) < a. The notations [f < a], [f = a], [a < f £ b], etc. have a similar
meaning. A function f is continuous if and only if for any a € R the set [f < a]
is closed or, equivalently, if for any a € R the set [f < a] is open. From this,
in particular, it follows that for any continuous function f and any number a
the set [f = a] is closed and the set [f # a] is open. We will call the closure
[f # 0] of the set [f # 0] the support of the function f.

The sets [f = a] are a special case of the coincidence sets [f = g], defined
for any pair of continuous (on the space X) functions f and g and consisting,
by definition, of all points x € X for which f(x) = g(x). It is easy to see that

Proposition 1.37. for any two continuous functions f and g the set [f = g]
is closed.

Proof. Indeed,ifx ¢ [f = g] then f(x) # g(x) and therefore the points f(x) and
g(x) have disjoint neighbourhoods U and V. The set f~1(U) N g=!(V) is open,
contains the point x and does not intersect the set [f = g]. It is thus proved
that the complement X \ [f = g] of the set [f = g] is open. Consequently, the
set [f = g] itself is closed. O

Continuous functions exist on any topological space X. Indeed, any constant
function, i.e. a function that takes the same value at all points x € X, is
obviously continuous. However, non-constant continuous functions, generally
speaking, may not exist. For their existence, it is sufficient that the space X be
normal (and contain more than one point). Namely, it can be shown that for
any two distinct points xo and x; of a normal space X, there exists a continuous
function f on X such that f(xg) =0 and f(x1) = 1. Moreover, as P. S. Urysohn
first proved,

Proposition 1.38. for any closed set A of a normal space X and any of its
neighbourhoods U, there exists on the space X a continuous function f that takes
values from the interval [0, 1], is equal to one on A and zero outside U, i.e. such
that

Ac[f=1], U>|[f=#0].
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This statement is known as Urysohn’s lemma. Note that here we do not
exclude cases when A = @ or U = X (however, in these cases the lemma is
trivial). We will call each function f satisfying the conditions of the Urysohn
lemma a Urysohn function of the pair (U, A).

Proof. To prove Urysohn’s lemma, we construct in the space X a family {V,.}
of neighbourhoods V,- of the set A contained in a neighbourhood U, numbered

by binary-rational numbers r € (0,1) (i.e., numbers of the form Zi, where
n=1,2, ... andm=1, 2, ...,2" — 1) and possessing the property that

VrCVr/, if r<r.

Such neighbourhoods V, are easily constructed by induction on n. For n = 1,
for the neighbourhood Vj,o we should take an arbitrary neighbourhood V of
the set A for which V ¢ U (such a neighbourhood exists by the normality of
the space X). Let for some n > 1 the neighbourhoods V,,/o» have already been
constructed (m = 1, 2, ..., 2"—1). Let us take for each number r = (2s+1)/2"*L,
s=0,1, ..., 2" =1, the neighbourhood V, to be an open set V (existing due to
the normality of the space X) for which ‘_/S/Qn cVandV cC V(S+1)/Qn (for s =0,
the set V /,on means the set A, and for s = 2" — 1, the neighbourhood V(441)/2n
means the neighbourhood U). Thus, we obtain neighbourhoods V, for n + 1 as
well.

Having constructed the neighbourhoods V,., we define the function g on the
space X by the formula

gx)=supr, xeX.
x¢V,
In other words, the value g(x) of the function g at a point x € X is equal to the
upper line of all numbers r, for which x ¢ V,.. The function g is unequivocally
defined and continuous (for for any a € R there are a lot of [g < a] coincides
with the many U,.,V, and therefore open). Its values belong to a segment of
[0,1] and it is equal to zero on a lot of A and to unity outside the vicinity of U.
Therefore, the function f =1 — g is the desired function of Urysohn. O

Remark 1.39. Urysohn’s lemma does not assert that A = [f = 1] or that U =
[f # 0]. Generally speaking, a function f for which at least one of these
equalities holds may not exist. Closed sets of the form [ f = const] are sometimes
called functionally closed. Similarly, open sets of the form [ f # const] are called
functionally open. It can be proved that a closed (resp. open) set of a normal
space is functionally closed (resp. open) if and only if it can be represented as
the intersection (resp. union) of a countable family of open (resp. closed) sets.
We will not need this fact and will leave it without proof.

Let us now show that

Proposition 1.40. for any continuous function g defined on a closed subspace
A of a normal space X, there exists on the space X a continuous function f such
that

J(x) =g(x)
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for each point x € A.

This statement is known as Tietze’s theorem (sometimes it is also called the
Brouwer-Urysohn theorem). The function f provided by this theorem we will
call the extension of the function g (from the subspace A to the entire space X).

Proof. First, we prove Tietze’s theorem under the additional assumption that
lg(x)| <1 (1.41)

for all x € A. We define by induction on the set A the sequence {g,,} of continuous
functions, setting

8o =8,

n

2
8n+1 = &n t+ :))nT(th - 1), n 2z 0,

where h,, is the Urysohn function on the space X, constructed for the closed (in
A and therefore in X) set [g, < —%] and its neighbourhood X \ [g, > 3,2%].
By induction, for any point x € A, the estimate

ol < (3]

(it should be borne in mind that g,+1(x) = gn(x) + 3%—1’1 when g, (x) < —3?:1 and

g1 (X) = gn(x) = 22or for g,(x) = 52.) Therefore

lim g,(x) =0
n—0oo
for any point x € A.

Now we compose from functions continuous on the space X

n

Frl0) = =5y (2l () = 1)

an infinite series
Jo) + fi(x) + -+ fu(x) + -+ (1.42)

Since for any point x € X the inequality |f,(x)| < % holds and the numerical

series
1 2 2n
— + - + oo + —_—
3 9 3n+1
converges, the functional series (1.42) also converges (at all points x € X and
its sum f(x) is continuous on X. Moreover, for x € A, for the n-th partial sum

sn(x) = fo(x) + -+ ; fu(x) of Series (1.42), the equality

. (1.43)

$n(x) = go(x) = gn+1(x)

holds. Passing to the limit in this relation (for n — o), we immediately obtain
that for any point x € A, the equality

f(x) =g(x)
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holds. Thus, Tietze’s theorem under the additional assumption (1.41) is com-
pletely proved. In this case, the constructed function f satisfies the inequality

[f(x)| <1, xeX

(since the sum of series (1.43) is equal to unity).
Let us now consider the case when for all points x € A the strict inequality

lg(x)| <1, (1.44)

is satisfied and we will show that then there exists an extension f of the function
g for which a similar strict inequality

|f(x)] <1, (1.45)

is satisfied at all points x € X.

Indeed, as has been proved, there exists an extension fy of the function g
that satisfies the inequality |fy(x)| < 1 at any point x € X. Let Ay = AU [fy =
—1] U [fo = 1]. Let us define a numerical function g; on the set A;, assuming

g(x), if xeA,
g1(x) =141, if xe[fo=-1],
-1, if xel[fo=1].

Since the sets A, [fo = —1] and [fy = 1] are closed and pairwise disjoint, the
function gy is uniquely defined and continuous. Moreover,

lg1 () =1

for any point x € A. Consequently, as proved above, on the space X there exists
an extension fi of the function g; such that

i) <1

for any point x € X. But then the function

Jo(x) + f1(x)

TORE

will be an extension on X of the function g; satisfying the condition (1.45).

To prove Tietze’s theorem in the general case, it is now sufficient to note
that for any function g(x) continuous on A, the function g.(x) = %arctang(x)
is continuous on A and satisfies the condition (1.44). Let f.(x) be its extension
satisfying condition (1.45). It is clear that the function f(x) = tan{Z f(x)} is
continuous on X and is an extension of the function g(x).

Thus, Tietze’s theorem is completely proven. O

In addition to Tietze’s theorem, it is useful to note that
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Proposition 1.46. if for any point x € A the inequalities
a<gx)<b

(resp. the inequalities a < g(x) < b) hold, then the extension f of the function
g can be constructed so that for any point x € X the inequalities

as< f(x)<b
(resp. the inequalities a < f(x) < b) hold.

Proof. Indeed, for a = —1, b = 1 this statement has in fact already been proven
above. The general case is reduced to this special one by an obvious linear
transformation. ]

Now let I' = {Uy|a € A} be an arbitrary open locally finite covering of X. A
family {f.|a € A} of continuous functions f, on X will be called a partition of
unity subordinate to the covering I' if

1) for any @ € A the function f, is non-negative and its support [f, # 0] is
contained in the element U, of the covering I';

2) for any point x € X the equality

D fal®) =1

acA
holds

(due to the local, and therefore point, finiteness of the covering I', in the last
sum for any point x € X only a finite number of terms are non-zero).
It turns out that

Proposition 1.47. for any locally finite covering ' = {Uy|a € A} of a normal
space X there exists a subordinate partition of unity {fq|la € A}.

To prove this statement, it suffices to prove that

Proposition 1.48. for any locally finite covering I’ = {Uy|a € A} of a normal
space X, there exists a covering A = {Vy|a € A} such that

V,cU,
for any a € A.

Proof. Indeed, since the space X is normal, for any element V, of the covering
A there exists an open set W, such that

Vo CWqy WecCcU,
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But then, as is easy to see, the functions

ga(x)

o’ | aeA, xeX,
2aeca 8al(X)

fa(x) =

where g, is the Urysohn function of the pair (Wg,V,), are uniquely defined,
continuous (due to the local finiteness of the covering I') and constitute a par-
tition of unity subordinate to the covering T'.

All that remains for us, therefore, is to construct the covering A. For this
purpose, we consider the set ® of all (open) coverings {G ,|a € A} of the space X
for which for any @ € A either G, C Uy or G = Ug. This set is not empty (for
example, it contains the given covering I'). For any such covering {G,|a € A}
we will denote by the symbol Ag the set of all @ € A for which G, c U,.

Let us introduce a partial ordering into the set ®, assuming that {G,} <
{G,} if Ag c Ay and if G, = G, for any @ € A. Roughly speaking, to obtain
a “larger” covering {Gla} from a covering {G,}, we need, without touching the
already constructed sets G, to replace some U, with smaller sets G.

It is clear that this relation is indeed a partial ordering relation (i.e. it has
the property of transitivity).

Let us now consider an arbitrary chain (= linearly ordered subset) in the
set . Denoting the elements of this subset by the symbols I8, where 8 runs
through some set of indices B, and setting I'f = {Ggla € A}, we define for each
a € A the set G, C X by the formula

Gy = ﬂﬁEBG'g.

It is clear that for any @ € A all sets G/j, # U, (if such sets exist) coincide
with each other. Therefore, there exists an index 8, € B such that G, = Gﬁ".
Consequently, the set G, is open and has the property that either G, = U, or
Go C Uy. We will show that the family {Go|e € A} is a covering of the space
X.

Let x be an arbitrary point in X and let A, be a subset of A consisting of
all indices @ € A for which x € U,. Since the set A, is finite due to the local
finiteness of the covering I', among the indices B,, @ € Ay, there exists the
largest (with respect to the ordering of the set B induced by the ordering of
the set ®) index Bq,. Since the family Fgo = {Gﬁ"0 |la € A} is a covering, there
exists an index @, € A such that x € Fg:'(’. Since Gﬁ‘:o c U,,, the index a,
belongs to the subset Ay. But it is clear that for any index a € A, the equality
G/j,"o = Gﬁ" = G, holds. Consequently, x € G, .

The constructed covering {G ,|a € A} belongs, according to what was said
above, to the set ® and is, as is easy to see, its smallest element, following all
the elements of I'?, i.e., it represents the upper bound of the considered chain
(= linearly ordered subset.)

Thus, we have proved that any chain (= linearly ordered subset) of the set
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® has an upper bound. Consequently, according to Zorn’s lemma?®, this set
contains at least one maximal element {V,|a € A}.

To complete the proof, it remains to show that the covering A = {V,|a € A}
has the property that for any of its elements V, the inclusion holds

VocU,.

Suppose not. Then there exists an index ag € A such that V,, = U,,. Consider
the closed set
F=X\ Ua¢(x0Ua-

It is clear that F C Ug,,. Therefore, since the space X is normal, there exists an
open set V such that _
FcV, VcU,g,.

It is easy to see that the family A" = {V,V,]e € A\ ao} is a covering of the
space X, belongs to the set ®, and is distinct from the covering A and has the
property that A < A". But in view of the maximality of the covering A this is
impossible.

Thus, the theorem formulated above is completely proven. O

Remark 1.49. We needed the local finiteness of the covering I' to ensure that
all sets A, were finite. Consequently, the covering A also exists for point-finite
coverings I'.

1.4 Metric spaces

A set X is said to be defined as a metric space or to have a metric introduced
into it if any two of its points x,y € X are assigned a non-negative real number
p(x,y) (called the distance between these points), and the following axioms are
satisfied:

1) the equality p(x,y) = 0 holds if and only if x = y;
2) for any two points x,y € X the equality holds
p(x,y) = p(y,x);
3) for any three points x, y,z € X the inequality holds
p(x,2) < p(x,y) + p(¥,2)-

Axiom 1) is called the aziom of non-degeneracy of the metric, axiom 2) is
called the aziom of symmetry, and axiom 3) is called the triangle aziom.

An example of a metric space is the n-dimensional arithmetic space R" with
the usual Euclidean metric (in this metric, the distance p(u,v) between the

3This lemma states that a partially ordered set in which every chain (= linearly ordered
subset) has an upper bound contains a maximal element.
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points u = (41, ..., up) € R and v = (v, ..., v,) € R" is taken to be the
length | —v| = \/(uy = v1)2 + -+~ + (4, — v,)? of the vector u — ).

The distance p(A, B) between two subsets A and B of a metric space X is
the greatest lower bound inf p(x, y) of the distances p(x,y), where x and y are
arbitrary points of the subsets A and B, respectively. This distance can be equal
to zero even without the sets A and B intersecting. For any & > 0, the set So(A)
of all points x € X for which p(x,A) < ¢ is called a spherical e-neighbourhood
of the subset A C X. In any metric space, one can introduce one and only one
topology in which all spherical neighbourhoods of each of its points are open
and constitute a fundamental system of its neighbourhoods. In this topology,
a set A C X is closed if and only if any point x € X for which p(x,A) = 0
belongs to this set. We will call this topology the natural topology of the metric
space X and in what follows we will consider each metric space (for example,
the Euclidean space R™) as a topological space with this natural topology.

The topology of the space R" can be described in another way, noting that
it is a topological product of n copies of the number line R. Therefore, the base
of this space is, for example, the family of all parallelepipeds

at <t <bt, ..., a" <" <b", (t%, ..., ") eR",

where a’ and b’ > a', i = 1, ..., n are arbitrary real numbers. The paral-
lelepipeds for which the weight of the number a' and b’ are rational obviously
also form the base of the space R”.

By definition, the natural topology of a metric space X has the property
that for any point x € X, the system of all possible spherical neighbourhoods
S¢(x) is a fundamental system of neighbourhoods of the point x. A similar
statement also holds for compact subsets, i.e., for any compact subset C C X, the
neighbourhoods S (C) constitute a fundamental system of its neighbourhoods.
In other words, for any open set U D C, there exists € > 0 such that S.(C) c U.
For arbitrary closed subsets, the corresponding statement is, generally speaking,
false.

In the natural topology of X, the metric p(x,y) is a continuous function on
the product X x X. Moreover, for any point x € X and any closed set A C X,
the function p(x,A) is continuous on X. For any closed set A ¢ X and any
neighbourhood U, the function

_ p(x, X \U)
p(x,A) + p(x, X\ U)

Jx)

is the Urysohn function of the pair (U, A). For this function, the set [f = 1]
exactly coincides with the set A (and the set [f # 0] with the set U). The set
[f > %] is a neighbourhood of the set A whose closure [f > %] is contained in
the neighbourhood U. Thus, any metric space, being obviously Hausdorff, is
normal. Moreover, unlike arbitrary normal spaces, in the metric space X any
closed set is functionally closed and any open set is functionally open.

A topological space X is called metrisable if there exists on it (generally

speaking, not a unique) metric that is consistent with the topology of the space



28CHAPTER 1. NECESSARY INFORMATION FROM GENERAL TOPOLOGY

X, i.e. such that the natural topology defined by it coincides with the topology
of the space X.

Proposition 1.50. This metric can always be chosen so that the resulting met-
ric space is bounded, i.e. so that the distance between any two of its points does
not exceed some fixed number K > 0.

Proof. Indeed, any metric p can be transformed into a bounded (by a number
K) metric p’, defining the same topology, by setting

p(x,y)

p(x,y) = K———"—
1+p(x,y)

for any points x,y € X. |

Proposition 1.51. FEvery discrete space is metrisable. The topological sum
of any number and the topological product of a countable number of metrisable
spaces are metrisable.

Proof. The metric in the topological product of a countable number of metris-
able spaces is introduced by means of an obvious infinite series. In order for this
series to converge, it is sufficient to choose a metric in the n-th factor, bounded,
say, by the number 1/n?. Verifying that the metric constructed in this way is
consistent with the topology of the product does not present any difficulties,
and we will omit it. O

From the metrisability of the product of metric spaces it immediately follows,
in particular, that any metric space is stably normal.

Each subset A of a metric space X is naturally defined as a metric space,
and the metric of the subset A is consistent with its topology induced by the
natural topology of the entire space X.

In particular, any subset of the Euclidean space R" is a metric space. Among
these subsets, the unit ball E" of the space R”, consisting of all points v € R” for
which |v| < 1, will play a special role for us in what follows (here and below we
identify points of the space R” with their radius vectors). The ball E" is closed
in the space R" and is the closure of the open unit ball E™ consisting of points
v € R" for which |v| < 1. The boundary of the ball E* is the unit sphere $*!
consisting of points u € R" for which |u| = 1. Each point of the ball E" has the
form vu, where 0 < v < 1 and u € $*!, and for v # 0 this representation is
unambiguous.

In the definitions presented it was assumed that n > 0. Sometimes it will
be convenient for us to extend them to the case n = 0, assuming that the ball
E° consists of one point. In this case we will assume that E° = E° and that
St=g.

It is easy to show that the ball E" (and also the open ball E™) and the sphere
§"7! (for n > 1) are connected. Moreover, the ball E" and the sphere S"~! are
compact, and the open ball E" is locally compact. Finally, the space R" (and
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therefore all its subspaces) is a space with a countable base and, therefore, has
countable local weight, is separable and Lindeldf.
It is easy, however, to see that

Proposition 1.52. any metric space X is a space of countable local weight.

Proof. Indeed, for each point x € X the neighbourhoods S/, (x) obviously con-
stitute a fundamental system of neighbourhoods. O

In particular,
Proposition 1.53. every metric space is a compactly generated space.
Moreover,

Proposition 1.54. for any metric space X the following properties are equiva-
lent:

1) the space X has a countable base;
2) the space X is separable;
3) the space X is Lindeldf.

Proof. Indeed, implications 1) = 2) and 1) = 3) hold for any topological
spaces.
To prove implication 2) = 1) it suffices to note that for any countable everywhere
dense set {x,} the open sets of the form Sy, (x,), where n, m =1, frm—e, ...,
form a base of the space X.
To prove implication 3 = 2), we, having chosen an arbitrary n > 0, consider
the family of all subsets of the space X, each of which has the property that
the pairwise distances between any two of its points are not less than 1/n. It is
clear that this family (partially ordered by inclusion) satisfies the conditions of
Zorn’s lemma and, therefore, it contains a maximal subset Cy/,. This subset is
discrete and therefore (by the Lindeldf property) countable. Consequently, the
set

C= U;ozlcl/n

is also countable. To complete the proof, it remains to note that the set C is
everywhere dense (since for any point x € X and any n > 0 in the set Cy/, , and
- due to its maximality - therefore in the set C, there exists a point y such that

p(x,y) <1/n). O

Since every compact space is Lindel6v (finally compact), this theorem implies
that

Proposition 1.55. every compact metric space is separable.

Local compactness, however, is no longer sufficient for separability of a metric
space. Nevertheless,

Proposition 1.56. any connected locally compact metric space is separable.
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This theorem is due to P. S. Alexandrov. It follows immediately from the
result of 2) above and the fact that

Proposition 1.57. any metric space X is paracompact.
The last proposition was first proven by Stone.

Proof. To prove it, we must establish that any covering {U,|a € A} of X can
be refined into a locally finite covering. For this purpose, we assume that the
set of indices A of the covering under consideration is well-ordered. Let aq be
its first element. Denoting for any set A ¢ X and any n > 0, by the symbol
[A],, the set (obviously closed) of all points x € X for which Sy-n(x) C A, we
construct by induction for each @ € A and any n > 0 the closed set FJ,, by

Fg'o = [Ua/o]l’l’ F(r; = [Ua \ U,B<a/F[gl]n~

Let x be an arbitrary point in X and let @ be the smallest index in A for
which x € U,, and n be a number such that Sy-n(x) € U,. If x ¢ FJ, then
So-n(x) ¢ Ug \ Uﬁ<aF;;, and therefore there exists an index @; < a such that
Sa-n(x) N Fp, # @. But then

x € Spn(F2L) = Sa-n([Uay \ Up<aFaln) C Uay \ Up<aFlp C Uay.,

which is impossible due to the choice of index @. Consequently, x € FJ. It is
thus proved that
X =Up oF).

Let us further consider the sets
D = Sy-tnes)(F),  GhSy-uz) (FL2).
It is clear that the closed set @7, is contained in the open set G7,. Further, since
So-n(F") € Ug \ Ug<o FL,

then for any 8 < « the intersection Sa-»(FJ}) N F/’; is empty because p(F7, Fg) >
27", Therefore, p(Gi‘t,G;’g) > 27"+ Since @ c G, it follows that for any
n > 0 the set

" =y, D"

a

is closed.
Now we define by induction the open sets V/;, setting

Vi=GL, V'=G"\U,,,®".

Let x € X. Since U, oF}, = X and, therefore, U, ,®7, = X, there exist n > 0
and a € A such that x € ®”. If n is chosen (for a given @) to be the smallest
possible, then

X € q)r(zl \ Um<n¢)rg = q)r(ly \ Um<n @™
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(as we know, @}, C G, and therefore @7 N @ # @, if @ # ). Hence
X €G"\ Upan®™ = V1,

This shows that the sets V} form a covering of the space X.
Since
Vo € GG C San(Fy) CUa \Up<aF CUa

then the covering {V} is a refinement of the covering {U,}.
Finally, let x € X and let x € FZ,. Since

SQ—(n+3) (.x) C @:;r C @n

then
So-mray (x) NV =@

for any @ € A and any m > n. On the other hand, since p(G'(;‘,G;’;) > 2~ (m+1)

for @ # B, and 2 - 270"+3) < 2=(+1) for ;< p, then for each m < n there is at
most one index @ € A for which Sy-u+s) (x) N G # @, and hence at most one
index @ € A for which Sy-(+3) (x) NV = @. Thus, the neighbourhood S5-(n+s) (x)
of the point x intersects at most n elements of the covering {V2}. Consequently,
this covering is locally finite.

Thus, Stone’s theorem is completely proved. O

From Stone’s theorem and the results of §1.2 it immediately follows, in par-
ticular, that

Proposition 1.58. a metric space is compact if and only if it is sequentially
compact.

All the properties of metric spaces considered above are related not so much
to metric spaces as to metrisable spaces and therefore had, in essence, a topo-
logical character. Let us now consider some “metric” properties of metric spaces,
i.e. properties that essentially depend on the metric given in the space.

A sequence {x,} of points of a metric space X is called fundamental (or
Cauchy)if for any & > 0 there exists N > 0 such that rp(x,,x,) < & when
n,m > N. It is clear that any convergent sequence is fundamental. If the
converse is true, i.e. if any fundamental sequence of points of X converges, then
this space is called a complete space. Obviously, every closed subspace of a
complete space is itself a complete space.

Proposition 1.59. If any closed bounded subspace of a metric space X is com-
pact, then X is complete.

Proof. Indeed, let {x,} be an arbitrary fundamental sequence of points in X.
If among its points there are only a finite number of distinct ones, then this
sequence obviously converges. Let among the points x, there be infinitely many
distinct ones. The set of these points, being obviously discrete and bounded,
cannot be closed (for otherwise it would be compact, and any discrete compact



32CHAPTER 1. NECESSARY INFORMATION FROM GENERAL TOPOLOGY

set is finite). Therefore, for this set there exists an adherent point a, that does
not belong to it. This point is the limit of some convergent subsequence of the
sequence {x,}, and therefore of the entire sequence {x,} (since this sequence,
by assumption, is fundamental). O

The conditions of this theorem are satisfied, in particular, by the Euclidean
space R". Therefore, the space R” (and consequently any of its closed subspaces)
is complete.

On the other hand, every compact metric space also satisfies these conditions.
Consequently,

Proposition 1.60. any compact metric space is complete.

The requirement of local compactness for completeness is no longer sufficient,
even if we additionally assume the existence of a countable base. However, in any
locally compact topological space X with a countable base, one can introduce
a metric consistent with the topology of this space, with respect to which the
space X is a complete metric space. We will not need this result, and therefore
we will leave it without proof.

It can be shown that any complete metric space is a space of the second
category. The proof of this statement essentially repeats the proof of a similar
proposition for Hausdorff locally compact spaces (see §1.2). It is only necessary
to require that instead of the compactness of the sets U,, their diameters tend
to zero. Since we will not need this statement either, we will not give this proof
in detail.

1.5 Continuous maps
Let X and Y be arbitrary topological spaces. It is easy to see that
Proposition 1.61. for any single-valued map
f:X—>Y
of X into Y the following properties are equivalent:

1) the complete preimage f~1(B) under the map f of an arbitrary closed set
B CY is closed in X;

2) the complete preimage f~1(V) under the map f of an arbitrary open set
V CY is open in X;

2°) the complete preimage f~1(V) under the map f of an arbitrary element V
of some prebase of open sets of Y is open in X;

3) for any point x € X and any neighbourhood V of f(x)) in Y there exists in
X a neighbourhood U of x such that f(U) C V;
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3’) for any point x € x and any neighbourhood V of f(x) in the space Y, be-
longing to some fundamental system of neighbourhoods of this point, there
exists in the space X a neighbourhood U of the point x such that f(U) € V;

4) for any set A C X the inclusion holds
f(A) € f(A)

Maps f : X — Y that have these properties are called continuous. These
include, in particular, all constant maps, i.e. maps that take the entire space X
to some fixed point yg of the space Y.

The continuous functions considered in §1.3 are nothing more than continu-
ous maps of the space X into the real numbers R.

The definition of the coincidence set [f = g] is literally transferred from
continuous functions to any continuous maps f,g : X — Y. However, unlike the
case of numerical functions, this set may not be closed. We can only assert that

Proposition 1.62. if the space Y is Hausdorff, then for any two continuous
maps f,g: X > Y the set [f = g] is closed.

Indeed, in the proof for continuous functions given in §1.3, only the Hausdorff
property of the real line was used.

A special case of a coincidence set is the set [f = idx] of all fixed points of
the map f : X — X (i.e., the points x € X for which f(x) = x). According to
what has just been said,

Proposition 1.63. the set of fized points of an arbitrary continuous map f :
X — X of a Hausdorff space X is closed in itself in this space.

The composition®
gof:X—-Z

of any two continuous maps f : X —» Y, g : Y — Z is also a continuous map.
Moreover, for any space X the identity map

dy: X - X

(defined by the formula idx(x) = x) is continuous. In the language of category
theory, these statements mean that the totality 2 of all topological spaces and
all their continuous maps forms a category. Isomorphisms of this category, i.e.
bijective® continuous maps f : X — Y for which the inverse map f™':¥ — X
is also continuous, are called homeomorphisms. Spaces X and Y for which there
exists at least one homeomorphism X — Y are called homeomorphic. As a rule,
we will further consider homeomorphic spaces as identical.

4A map h : X — Z is called the composition of the maps f: X —» Y and g : Y — Z if
h(x) = g(f(x)) for any point x € X. The composition of the maps f and g is denoted by the
symbol go f.

5A map f: X — Y is called injective if f(x1) # f(x2) when x1 # x2, surjective if f(X) =Y,
and bijective if it is both injective and surjective.
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Remark 1.64. In §1.1 we defined the concept of the topological sum of any
non-intersecting spaces. The convention just introduced allows us to define the
topological sum of arbitrary spaces, including intersecting ones, as the topologi-
cal sum of spaces homeomorphic to them, but non-intersecting. The topological
sum constructed in this way is defined up to homeomorphism.

A space Y is called a continuous image of a space X if there exists at least
one continuous surjective map X — Y. It is easy to see that a continuous image
of any compact (resp. Lindel6f or countably compact) space is compact (resp.
Lindeldf or countably compact). Similarly, a continuous image of a connected
space is connected.

Continuous maps

u:l—-X

into the space X of the unit segment 7 = [0, 1] we will call paths of the space X.
We will call the points xg = u(0) and x; = u(1) respectively the beginning and
end of the path u and we will say that the path u connects the point xg with
the point x;. We will call the space X path-connected if any two of its points
can be connected by at least one path.

Proposition 1.65. Any path-connected space X is connected.

Proof. Indeed, for each path u : I — X the set u(I) C X is connected (since the
segment [ is connected). Thus, any two points of a linearly connected space X
belong to a connected set. Therefore, the space X is connected. O

An arbitrary topological space X decomposes into a union of disjoint linearly
connected subspaces, called the components of linear connectivity of the space
X. We will denote the set of all components of linear connectivity of the space
X by the symbol my(X).

Let the space X be represented as the union of some family {X,|u € M} of
its subspaces:

X = UﬂeMXﬂ
Then for any continuous map
f:X—>Y
and each u € M the partial map
f|XH : Xu —Y,

as we know, is continuous. The converse, generally speaking, is not true, i.e. the
continuity of the partial maps f|x, does not imply the continuity of the map f.
However, it is easy to see that

Proposition 1.66. if the space X is a free union of its subspaces X, p € M,
then for any space Y the map
f:X->Y

is continuous if and only if all partial maps

flx, : Xu > Y,
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are continuous.

This proposition allows us to construct continuous maps X — Y from con-
tinuous maps
Ju: Xy —>Y

of subspaces X,,, x € M, of the space X, of which it is a free union. In this case,
it is only required that the maps f,, be consistent, i.e. that

S |X;l1 Xy = s |X;11 N Xy

for any p1, us € M. Indeed, by putting
fx) = fulx), if xeX,,
where X is an arbitrary point in the space X, we obtain a single-valued map
f:X->Y

for which
le,, = fu

for any u € M. According to the previous proposition, the map f constructed
in this way is continuous.

As a rule, we will use this construction only in the case when the number of
subspaces X, is finite and each of them is closed. As we know, in this case the
space X is automatically a free union of subspaces X,,.

Another (even more important) method of constructing continuous maps
uses the map a~! (generally speaking, multi-valued), the inverse of a given
surjective continuous map

a:P—X.

Let g : P — Y be a continuous map such that the composite map
f=goat: XY

is single-valued. Under what conditions is the map f continuous?

In order to give (even if only an incomplete) answer to this question, we shall
call a continuous surjective map « : P — X an identification map if each subset
A C X whose complete preimage a~!(A) under the map « is closed (resp. open)
in P is itself closed (resp. open) in X. Tt is clear that

Proposition 1.67. if the map a is an identification map, then the map f =
goa™! (assumed to be single-valued) is continuous if and only if the map g = foa
18 contnuous.

We will call a subset S C P saturated with respect to the map a : P — X if
it is a complete preimage of its image, i.e. if

S =a Ha(S)).
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For the set S to be saturated, it is sufficient to require that S > o~ (a(S)),
since always S € a~!(a(S)). The union and intersection of saturated sets are
saturated. In addition, the complete preimage a~'(A) of an arbitrary set A ¢ X
is saturated with respect to the map a : P — X.

For any continuous surjective map @ : P — X, each closed (esp. open) set
A c X is the image of some closed (resp. open) saturated set S c P (for exam-
ple, the set S = a~1(A)). It turns out that the inverse property characterises
identification maps, i.e.

Proposition 1.68. a continuous surjective map « : P — X 1is an identification
map if and only if for any closed (resp. open) saturated set S C P the set a(S)
is closed (resp. open) in X.

Proof. Indeed, if @ is an identification map, then for any saturated closed (resp.
open) set S the set a(S) is closed (resp. open), since the set a~!(a(S)) = S is
closed (open). Conversely, let for any closed (resp. open) saturated set S the
set @(S) be closed (resp. open). Consider an arbitrary set A C X for which the
set S = @ 1(A) is closed (resp. open) in P. Then, since the set S is saturated,
the set A = a(S) will, by assumption, be closed (resp. open), and therefore the
map « will be an identification map. O

It follows directly from the proved statement that

Proposition 1.69. any continuous map @ of a compact space P onto a Haus-
dorff space X is an identification map.

Proof. Indeed, let the closed saturated set S C P be the complete preimage of
the subset A c x. Being a closed subset of the compact space P, the set § is
compact and therefore its image a(S) = A is also compact, and therefore closed
(since the space X is Hausdorff). i

In general, a continuous bijective map may not be a homeomorphism. How-
ever,

Proposition 1.70. any bijective identification map @ — X is a homeomor-
phism.

Proof. Indeed, any set T C P is saturated with respect to the bijective map «
and therefore, if it is closed (in P), then the set (a~!)™'T = a(T) is also closed
(in X). But this also means that the inverse map ™! : X — P is continuous. O

In particular,

Proposition 1.71. any bijective continuous map a of a compact space P onto
a Hausdorff space X is a homeomorphism.

Let, for example, P be an arbitrary bounded convex body lying in the Eu-
clidean space R", i.e., an arbitrary bounded closed (and therefore compact)
convex subset of the space R" containing interior points. It is easy to see that
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any such body is stellar with respect to any of its internal points xg, i.e., each
ray
Xo + ut, ueS"‘l,OSt<oo

starting from the point xq intersects the boundary of the body P at one point.
In other words, for any vector u € S"~! there exists a number ¢(u) > 0 such that
xo+utePfor0<t<¢(u)and xo+ut ¢ P for t > ¢(u). Moreover, elementary
geometric considerations show that the function ¢(u) of the vector u € $*7! is
continuous on the sphere S"~!. Since, in addition, any point x € P has the form
Xxo +ut, where u € S*71, 0 <t < o(u), and for x # xg this representation is
single-valued, then the formula

t
a(xg+ut)= ——u

w(u)

defines a bijective continuous map
a:P—>E"

of the body P onto the unit ball E". Since the body P is compact and the ball
E" is Hausdorff, this map is homeomorphic. Thus, we have proved that

Proposition 1.72. any bounded convexr body P C R" is homeomorphic to the
ball E™.

From this, in particular, it follows that

Proposition 1.73. for any n > 0 and m > 0 the product E" X E™ of the balls
E" and E™ is homeomorphic to the ball E"*™.

Proof. Indeed, the product E" X E™ is obviously a bounded convex body of the
space R = R" x R™, O

Note, by the way, that

Proposition 1.74. for n # m the balls E" and E™ are not homeomorphic.

The proof of this statement, despite its “obviousness”, is not at all simple and
requires a deep study of the topology of Euclidean spaces. Since we essentially
do not need this statement, we will not prove it here.

We will call a continuous map f : P — X a map of compact character if the
preimage f~1(C) of any compact set C C X is a compact subset of the space P.
It turns out that

Proposition 1.75. if the space X is Hausdorff and compactly generated, then
for any map f : P — X of compact character the subset f(P) is closed in the
space X, and if, in addition, the space P is also Hausdorff, then the map f,
considered as a map onto the subset f(P), is an identification map.
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Proof. Indeed, let C be an arbitrary compact subset of X. Since the set f~1(C)
is compact by assumption, the set f(f~'(C)) is also compact and therefore
closed. On the other hand, since

f7HC) = i n f(P)),

then f(f~'(C)) = Cn f(P). Thus, the subset f(P) is compactly closed. Conse-
quently, it is closed. O

Similarly, if for some subset A ¢ f(P) the subset f~1(A) c P is closed, then
for any compact set C ¢ X the set f"'(ANC) = f~1(A) n f~1(C) is compact,
and therefore the set ANC = f(f (AN C)) is also compact. Thus, the set A
is compactly closed and, therefore, closed.

In particular, we see that

Proposition 1.76. an injective map of a compact character of a Hausdorff
space to a Hausdorff compactly generated space is a homeomorphism onto a
closed subspace.

Let P, Q, X, Y be arbitrary topological spaces and
a:P—-X, B:0-Y
be arbitrary continuous maps. It is easy to see that the formula

(axpB)(p,q) = (a(p),B(q)), peP,qgel,

uniquely determines some continuous map
axXfB:PxQ— XXY.

We will call this map the topological product of maps @ and B. It is surjective
(esp. injective) if maps a and B are surjective (resp. injective).
Along with the product a x 8, we will also consider the topological sum

aUB:PUQ - XUY

of the maps @ and B. This sum is defined when the spaces PUQ and X UY
are defined (i.e. when PN Q = @ and X NY = @), and, by definition, is a
map that coincides on P with the map @, and on Q with the map 8. It is
also surjective (resp. injective) when the maps « and B are surjective (resp.
injective). Furthermore, if the maps a and B are identification maps, then their
sum a U B is also an identification map.

For the map a X B8 the analogue of the last statement, generally speaking,
does not apply. Having in mind to indicate sufficient conditions under which the
product axf of two identification maps is also an identification map, we will call
a continuous surjective map @ : P — X locally compact (resp. locally countably
compact) if any point p € P has a neighbourhood saturated with respect to the
map «a, the closure of which is contained in a closed, saturated and compact
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(resp. countably compact) set C c P. If the space X is locally compact, then
any surjective map P — X of compact character is locally compact. If a locally
compact (resp. locally countable-compact) map P — X exists, then the space P
is necessarily locally compact (resp. locally countable-compact). On the other
hand, if the space P is compact (resp. countably compact), then for every
space X any continuous sujective map P — X is locally compact (resp. locally
countably compact).
It is easy to see that

Proposition 1.77. if the space X is regular and the map a : P — X 1is locally
compact (resp. locally countably compact), then for any point p € P and any of
its neighbourhoods S* saturated with respect to the map «, there exists a saturated
neighbourhood S of the point p whose closure S is compact (resp. countably
compact) and is contained in the neighbourhood S*.

Proof. Indeed, by hypothesis, the point p has a saturated neighbourhood T,
whose closure T is contained in a compact (resp. countably compact) set and
is therefore itself compact (resp. countably compact). Let us consider the set
U = a(TNS*). Since the set TNS* is saturated with respect to the map «, the set
U is open, i.e. it is a neighbourhood of the point a(p) in the space X. But then,
due to the regularity of the space X, the point @(p) has a neighbourhood V such
that V c U. Let § = a’l(V)._The set S is saturated and is a neighbourhood of
the point p. Moreover, since S € @ 1(V) c a1 (U) = TN S*, then, firstly, S c §*
and, secondly, S C T, so that the set S is compact (resp. countably compact)
and is contained in S*. O

Let us now show that

Proposition 1.78. if the identification map « : P — X is locally compact and
the space X is reqular, then for any identification map B: Q — Y the map

axXB:PxXQ—XxY
is also an identification map.

Proof. Indeed, let W be an arbitrary subset of the product XxY whose preimage
(@ x B)~1(W) under the map @ X S is open in the space P x Q. We must prove
that each such set W is open in the space X X Y, i.e., that any of its points
(x0, yo) is its interior point. In other words, we must prove that in the spaces X
and Y there exist neighbourhoods U and V of the points xg and yg, respectively,
such that

(x0,y0) eUXV CW.

Let pg and gg be points in the spaces P and Q, respectively, such that a(pg) = xo,
B(qo) = yo- It is clear that to prove the existence of neighbourhoods U and V
it is sufficient to prove that the points py and g¢ have (in the spaces P and
0, respectively) saturated (with respect to the maps @ and S, respectively)
neighbourhoods S and T such that

(Po,qo) € SXT C (axpB)'W.
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For this purpose, we consider the set S* of all points p € P for which the
following holds

(P, q0) € (@xB))" (W).

It is clear that the set S* contains the point pg, is open in the space P and
is saturated with respect to the map a. Therefore, by the proposition proved
above, the point pg has a neighbourhood S that is saturated with respect to the
map a, whose closure S is compact and is contained in the neighbourhood §*.

Let, further, T be the set of all points ¢ € Q with the property that for any
point p € S the following inclusion holds

(p.q) € (@xB)H(W).

In other words, T is the maximal subset of the space Q for which the following
inclusion holds _
SXT c (axp)HW).

In particular, we have
SxT c (axp)HW).

Moreover, go € T (since S c §*). Further,

SxBHB(T)) c a™H(@(S) xBH(B(T)) = (axB) HaxB)(SXT) c (axB)~ (W),

whence, in view of the maximality of the set T, it follows that 8~1(8(T)) c T,
i.e., that the set T is saturated with respect to the map S.

Therefore, to complete the proof, we only need to prove that the set T is
open in the space Q.

To this end, we note that since the set (ax8)~1(W) is, by assumption, open,
each of its points is its interior point and therefore for points p and ¢ there exist
(in the spaces P and Q, respectively) neighbourhoods S, (p) and T}, (¢g) such that

(P.q) € Sq(p) xTp(q) € (@ xB)H(W).

For each point g € T, all possible sets of the form S, (P) NS, p € S, obviously con-
stitute an open covering of the subspace S c P. Therefore, since this subspace is,
by construction, compact, there exists a finite system of points p1, ..., pn € S,
such that _
S c Uf‘zlSq(pi).
Let
T(q) = ﬁ?ﬂTp,— (9).
It is clear that the set T(g) is open (in Q), contains the point ¢ and has the
property
pxT(q) c (axp)~ (W)
for any point p € U, S,(p;i), and therefore, in particular, for any point p € S.

Therefore, T(q) C T, i.e. q € intT. Thus, the set T, as stated, is open. Thus,
the above statement is completely proven. O



1.5. CONTINUOUS MAPS 41

It is possible to specify other conditions under which the product of identi-
fication maps is an identification map. For example,

Proposition 1.79. if the identification maps @ : P — X and 8 : Q — Y are
locally countably compact, the spaces P and Q are Hausdorff, and the spaces X
and Y are regular, then the map

aXB:PxQ —XXxXY
is an identification map.

Proof. Indeed, in this case the points py and go have (in the spaces P and Q,
respectively) saturated neighbourhoods §* and T* with respect to the maps «
and B, whose closures S and T are contained in the closed saturated countably
compact sets C € P and D c Q. Let

CocCic---CcCpC---.
DocDyc---cD,C---

be increasing sequences of compact subsets C,, ¢ P and D, c Q, whose free
unions are the sets C and D, respectively. Without loss of generality we can
assume that

Po € Co, qo € Do.

Note also that, since the spaces P and Q are, by assumption, Hausdorff, all sets
C, and D,, are closed.

First of all, for any n > 0 we will construct open sets S,, ¢ C, and T,, € D,
saturated with respect to the maps a|c, and B|p, (in the spaces C, and D,,
respectively) such that

Po €S, qo €Ty, Sn C Spaa, Tn C Tus1

and

Sy XTy C Wy, (1.80)
where
W, = (alc, X Blp,) (W) = (Cu x Dy) N (@ x B) " (W).

To this end, we note that since the space C, is compact, the map a|c, is
locally compact. Therefore, the maps a|c, : C, — X and B|p, : D, — Y satisfy
the conditions of the previous proposition. Therefore, for any point (p,q) € W,
in the spaces C, and D, there exist saturated (with respect to the maps a|c,
and B|p,) neighbourhoods Sg.n(p) and T}, ,,(q) of the points p and g such that

(p-q) €S, ,(p) XT, ,(q) C Wy.

Furthermore, since the spaces X and Y are regular by assumption, the points
p and g have in the spaces C,, and D, saturated neighbourhoods S, ,.(p) and
Ty n(q) such that §q,n(p) c Sy .(p) and Tp,n(q) cT,.(q) (here we mean clo-
sures in the spaces C, and D,; however, since the subspaces C, and D,, are
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closed, these closures coincide with the closures in the spaces P and Q). Thus,
for any point (p, g) € W,, we have constructed in the spaces C,, and D, saturated
neighbourhoods S, ,(p) and T, ,(gq) of the points p and g with respect to the
maps a|c, and S|p, such that

(P+q) € Sqn(P) X T p n(q) C Wi,

In particular, for n = 0, p = pg, ¢ = go we obtain neighbourhoods

So =8q.0(p), To=Tp0(q)

of the points pg and g¢ (in the spaces Cyp and Dy) that have property (1.80).

Reasoning by induction, we assume that for some n > 0 neighbourhoods S,
and T,_; possessing property (1.80) have already been constructed. It is clear
that for any point g € T,_q all sets of the form S,_1 N Sqn(p), p € Sp_1, form
an open covering of the space S,—1. Since this space, being a closed subspace
of the compact space C,—1, is compact, there exists a finite system of points
P1s +--» Pn € S,_1 such that

Sn-1 C Sq.n»
where
Sqn = VYiz1Sq.n(pi).
Let
Tu(q) = i1 Tpin(q)-
It is clear that the sets S, , and T,,(q) are saturated (with respect to the maps
@|c, and B|p, ), open (in the spaces C,, and D,) and have the property that
Sqn X Tn(q) € Wy.

Moreover, g € T,(g), so that all possible sets of the form T,_1 NT,(q), ¢ € Tn_1

form an open covering of the space T,_;. Since the space T,_; (similar to the

space gn—l) is compact, there exists a finite system of points g1, ..., ¢n € Tn-1
such that

Tn—l - Tns
where

T, = U§:1Tn(‘]i)~
It is clear that the set T,, together with the set
Sn = 0i218qin

satisfies all the conditions imposed on the neighbourhoods of S, and T,,.
Thus, the neighbourhoods S, and T,, are constructed for all n > 0.
Now let

Seo =U218Sn,  Too = U T,.
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It is obvious that the sets So and T, are saturated (with respect to the maps
a and B, respectively), since the sets C and D are saturated by assumption. In
addition, pg € Se, g0 € Teo, and Seo X Too C (@ x 8)~1(W). Therefore, the sets

S=8"NSe, T=T"NTy
are also saturated and have the property that

(Po,q0) € SXT C (ax B)~(W).

Therefore, to complete the proof, it remains only for us to show that the sets S
and T are open (in the spaces P and Q, respectively).

Let us first consider the set S.. Since the set S, is open in the subspace C,,,
then for any m < n the set S, N Cy, is open in the subspace C,, C C,. On the
other hand, S, N C,, =S, C S;, N C,, for m > n. Therefore,

Seo N Cr = UL, (S N Cpy)

for any m > 0 and this set is open in the subspace C,,. Since the space C is a
free union of subspaces C,, it follows that the set S, is open in the space C
and, therefore, the set S = §* N S« is open in the subspace S* ¢ C. But the
last subspace is open in the space P. Consequently, the set S is also open in the
space P.

The fact that the set T is open in the space Q is proved similarly.

Thus, the statement formulated above is completely proven. O

1.6 Topologies of identification, glued spaces, rel-
ative homeomorphisms

Let P be an arbitrary topological space and let
a:P—-X

be an arbitrary map of the space P onto some set X. We introduce a topology
into the set X, considering a subset A c X to be open (resp. closed) if and
only if its complete preimage a~!(A) is open (resp. closed). We will call this
topology the identification topology (defined by the map «). It is the weakest
(i.e. containing the largest number of closed sets) topology of the space X in
which the map « is continuous.

It is clear that

Proposition 1.81. if the space X is equipped with the identification topology,
then the map « is an identification map in the sense of §1.5.

Conversely,

Proposition 1.82. if a topological space X has the property that a given sur-
jective map « : P — X is an identification map then the topology of this space
is the identification topology defined by the map a.
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In other words, the identification topology of the space X is uniquely deter-
mined by the requirement that the given map a be an identification map.

In most applications, the set X is the set of all classes under some equivalence
relation defined in the space P, and the map a : P — X is the natural projection
that associates with each point p € P its equivalence class. In this case, the set
X, equipped with the identification topology, is called the factor space of the
space P with respect to the given equivalence relation. However, the difference
between factor spaces and any spaces equipped with the identification topology
is essentially purely formal, since for any identification map @ : P — X there
exists on P an equivalence relation such that the corresponding factor space is
naturally homeomorphic to the space X. In this equivalence relation, the points
P1, P2 € P are equivalent if and only if

a(p1) = a(p2).

An important example of a factor space arises when considering an arbitrary
continuous map
f:A—>Y

of a closed subspace A of some topological space X into a given space Y. Assum-
ing that the spaces X and Y do not intersect, we introduce in their topological
sum

P=XUY

an equivalence relation, considering that

1) points x1,x2 € X are equivalent if and only if either x; = x5 or x1,x2 € A and

fx1) = fx2);
2) points x € X and y € Y are equivalent if and only if y = f(x);
3) points y1,ys € Y are equivalent if and only if y; = ys.

We will denote the corresponding factor space of the space P by the symbol
XUyY and we will say that it is obtained by gluing the space X along the subspace
A to the space Y by means of the map f.

The natural projection

a:P—->XUrY

is a homeomorphism on the subspace Y ¢ P. Therefore, in the future we will, as
a rule, identify the space Y with its image a(Y), i.e. we will consider the space
Y as a subspace of the space X Uy Y:

YCXUpY.

It is easy to verify that the space Y is closed in the space X Uy Y.
Further, as is easy to see, the natural projection a is a homeomorphism on
the open set X \ A. Therefore, we can also assume that

X\ACXUsY.
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In this case
X\A=(XUrY)\Y,

so that the space X \ A is open in the space X Uy Y.
Thus, the space X Us Y can be considered as the union

XUrY=(X\A)UY

of two mutually complementary spaces X \ A and Y, the first of which is open
and the second is closed. In this connexion, we will sometimes say that the
space X Uy Y is obtained by gluing the spaces X \ A and Y.

On the subspace A the natural projection a coincides with the map f.

It is customary to call a pair of spaces (or simply a pair) an arbitrary pair
(X, A) consisting of some topological space X and some of its subspace A. We
will call a pair (X, A) Hausdorff if the space X is Hausdorff, and compact if the
space X is compact and its subspace A is closed.

Let (X,A) and (Z,Y) be arbitrary pairs. By a map

g:(X,A) = (Z,Y) (1.83)

of a pair (X, A) into a pair (Z,Y) we mean an arbitrary continuous map g of
the space X into the space Y for which g(A) c Y. We will call the map (1.83) a
relative homeomorphism if it homeomorphically maps the subspace X \ A onto
the subspace Z \ Y. From the above properties of the natural projection

a:P—>XUrY
it immediately follows that
Proposition 1.84. the restriction
alx : X > XUpY

of the projection a on the space X is a relative homeomorphism of the pair (X, A)
onto the pair (X Uy Y,Y).

Relative homeomorphisms of the form «|x are identification maps, and the
subspace Y is closed for them. It turns out that in the class of all relative
homeomorphisms, maps of the form «a|x are uniquely characterised by these
properties up to homeomorphism, i.e.

Proposition 1.85. for every relative homeomorphism
g:(X,A) = (Z,Y),

for which the subspace Y is closed in the space Z and the map g : X — Z is an
identification map, there exists a homeomorphism

h:XUrY—>Z, f=gla,
identical on the subspace Y such that

g=hoalx.
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Thus, if the specified conditions are met, the space Z can be considered as
the result of gluing the space X to the space Y along the subspace A by means
of the map f = g|a.

Remark 1.86. This formulation implies that X NY = @. Otherwise, the space X
should be replaced by a homeomorphic space that already has this property.

To prove the formulated proposition, we first note that the subspace A, being
the preimae under a continuous map of the closed subspace Y, is itself closed.
Therefore (in view of the remark made above), the space XUV is defined. Let’s
consider the map

h:XUpY — Z,

coinciding on X \ A with the map g and identical on Y. It is clear that this
map is bijective and has the property that the map & o @ coincides on X with
the map g (and is the identity map on Y). From this, firstly, it follows that
the map h is continuous (since the map % o @ is continuous, and the projection
@ is an identification map). Secondly, since for any closed set C € X Uf Y the
intersection of the closed set (7o) '(h(C)) = @ '(C) € X UY with the space
X coincides with the set g~!(4(C), then, since the map g is an identification
map, the set 4(C) is closed in Z. Consequently, the map A" is also continuous.
Thus, the map h, as stated, is homeomorphic.

As we know, the condition on the map g is automatically satisfied if the
space X is compact and the space Z is Hausdorff. Moreover, it is clear that in
this case, for the space Y to be closed, it is sufficient that the space A is closed.
Thus,

Proposition 1.87. for any Hausdorff pair (Z,Y) relatively homeomorphic to
a compact pair (X,A), the space Z is homeomorphic to the space obtained by
gluing the space X to the space Y along the subspace A.

Generally speaking, the space X Uy Y may not be Hausdorff, even if the
spaces X and Y are Hausdorff. However,

Proposition 1.88. the space X Uy Y is Hausdorff if
1) the space X \ A is Hausdorff;

2) each point of the subspace X \ A has a neighbourhood whose closure does not
intersect the subspace A;
and either

3) the space Y is Hausdorff and any two disjoint open (in A) subsets of the
subspace A that are saturated with respect to the map f are cut out on A by
disjoint open subsets of the space X ;
or

4) the space Y is completely Hausdorff and any two disjoint closed subsets of
the subspace A have disjoint neighbourhoods in X.
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Proof. Indeed, condition 1) obviously ensures the Hausdorff property (the ex-
istence of disjoint neighbourhoods) for any pair of distinct points of the space
X Uy Y belonging to the subspace X \ A, and condition 2) ensures the Hausdorff
property for any two points x € X \ A and y € Y. Therefore, we need to check
the Hausdorff property only for (distinct) points yi,ys € Y.

Let condition 3) be satisfied. Then the points y; and y; have in Y non-
intersecting neighbourhoods Vi and V,. The preimages f~'(V;) and f=1(Vs)
(possibly empty) of these neighbourhoods also do not intersect and are open
sets in A, saturated with respect to the map f. Therefore, according to the
condition, in X there exist open disjoint sets U; and Us such that

UrnA=f(Vi), UsnA=f1(Va).
It is clear that the sets
(Ui \NA)uVy, (Ux\A)UuV,

are open in the space X U Y and do not intersect (since they serve as images
under the natural projection a : X UY — X Uy Y of non-intersecting, open, and
saturated sets with respect to the map « of U; UV; and U2 U V3). Since these
sets contain the points y; and ys, the Hausdorff property for these points is thus
completely proved.

Let condition 4) be satisfied. Then the points y; and y, have neighbourhoods
Vi and Vs in Y, the closures of which V, and V5 do not intersect. Let us consider

the sets V| = f~1(Vy) and V, = f~1(Va). Since V,  f~1(V1), Vy C £~1(V») and
F YV N f7Y(Vy) = £71(NV,) = @, then we have

V,nV,=a.

Thus, the sets V, and V., are disjoint closed subsets of the subspace A (recall
that A is assumed to be closed). Therefore, according to the condition, these
sets have disjoint neighbourhoods U; and Us in X. It is clear that the sets

(U1 \NA) UV, (U\A)UV,

are open in the space X Uy Y and do not intersect (since they serve as images
under the natural projection @ of non-intersecting, open and saturated sets
(U1 \A)U V{ UV and (U \ A)U Vé UV, with respect to the map «.) Since these
sets contain the points y; and ys, the Hausdorff property is thus proved in this
case as well. O

It is clear that conditions 1), 2) and 4) (in the part concerning the subspace
A) are automatically satisfied if the space X is normal. Therefore,

Proposition 1.89. if the space X is normal and the space Y is completely
Hausdorff, then the space X Uy Y is Hausdorff.

Remark 1.90. It can be shown that if the spaces X and Y are normal, then the
space X Uy Y is also normal. We will not need this fact.
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In the special case when the space Y consists of only one point yo (and,
consequently, the map f : A — Y automatically turns out to be constant),
the space X Uy Y is denoted by the symbol X/A and is called the result of
the contraction of the subspace A to the point yo. In this case, condition 3) is
obviously satisfied. As for conditions 1) and 2), they are certainly satisfied if
the space X is regular. Thus,

Proposition 1.91. if the space X is reqular, then for any of its closed subspaces
A the space X/A is Hausdorff.

Another important special case of gluing arises when considering an arbitrary

continuous map
f:X->Y.

Let X x 1 be a subspace of the product X x I, where [ is the unit segment [0, 1]
consisting of all points of the form (x,1), x € X, and let

fi:Xx1->Y
be the map into the space Y, defined by the formula

fi(x, 1) = f(x).

Let us consider the space
Zr=(XxI)UyY.

This space is called the mapping cylinder by f and, as we shall see later, plays
a fundamental role in the study of the homotopy properties of this map. Each
of its points either has the form (x,#), where x € X, 0 <r < 1, or is a point y of
the space Y.

It is clear that condition 2) for the space Z; is always satisfied (a neighbour-
hood of the point (x,¢), x € X, 0 <t < 1, the closure of which does not intersect
the subspace X x 1 is, for example, any neighbourhood of the form X x [0, +¢),
where ¢ is any positive number less than 1 —7), and condition 1) is satisfied if
the space X is Hausdorff. Moreover, condition 3) (in the part not related to the
space Y) is also obviously always satisfied (open sets of the subspace X x 1 have
the form G x 1, where G are open sets of the space X; they are cut out from
X x 1 by open sets G X1 in X X I; if the sets G; X 1 and G5 X 1 do not intersect,
then the sets G; x 1 and G2 X I also do not intersect). Consequently,

Proposition 1.92. if the spaces X and Y are Hausdorff, then for any map
f:X =Y the space Zy is also Hausdorff.



Chapter 2

Homotopy equivalences

This chapter mainly sets out various criteria that allow, in some cases, to judge
whether a given continuous map will be a homotopy equivalence.

In the introductory §2.1, the basic concepts of the homotopy theory of contin-
uous maps are presented and the simplest connexions between these concepts
are established. In particular, a simple but useful lemma is proved here, es-
tablishing conditions under which two homotopic maps that coincide on some
subspace are homotopic relative to this subspace. At the end of this section, the
concept of a m-connected space is considered and some elementary properties
of such spaces are proved.

In §2.2, after a number of simple remarks on homotopy equivalences, a well-
known characteristic property of their cylinders is proved.

In §2.3 it is proved that (under certain conditions) the homotopy type of the
glued space X Uy Y depends only on the homotopy type of the space Y and the
homotopy equivalence class of the map f.

In §2.4 the concept of weak homotopy equivalence is introduced and in con-
nexion with this a number of properties of homotopy groups are presented.
However, the detailed theory of homotopy groups remains almost completely
outside the scope of our exposition (it is enough to say that we do not even use
their group operation here).

In §2.5 the concept of homotopy limit is considered (in both the “weak” and
“strong” versions) and it is proved that the limit of homotopy equivalences is
also a homotopy equivalence.

2.1 Homotopies and extensions of continuous maps

Each family
fi: X>Y, 0<r<l1, (2.1)

of continuous maps of a topological space X into a topological space Y defines
by the formula
F(x,t) = fi(x), xeX,tel,

49
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a certain map
F:XxI—>Y (2.2)

into the space Y of the product X X I of the space X and the unit segment
I = [0,1]. We will call the family (2.1) a homotopy of maps of the space X
into the space Y if the corresponding map (2.2) is continuous. It is clear that,
conversely, any continuous map (2.2) defines some homotopy (2.1).

We will call the map fy the initial map, and the map f; the final map of
homotopy (2.1).

In what follows, we will often have to consider not separate spaces X and Y,
but pairs (X,A) and (Y, B), where A and B are some subspaces of the spaces
X and Y respectively. In this case, we will be interested, as a rule, only in

homotopies of the form
fi: (X,A) - (Y,B),

i.e., homotopies (2.1) for which

fi(A)c B

for any t € I. We will call such homotopies homotopies of pair maps.
Maps
f.g: X—>Y

(or maps f,g : (X,A) — (Y, B)) we will call homotopic (notation, f ~ g) if there
exists a homotopy
fi: X—>Y, 0<tr<1,

(or, correspondingly, a homotopy f; : (X, A) — (Y, B)) such that

fo=f, fi=g

i.e., that the map f is its initial, and the map g is its final map. In this case
we will also say that the maps f and g are related by a homotopy f; (notation

fei f~8)
Each continuous map
f:X->Y

defines a certain homotopy
(Ip)i: X =Y, 0<r<1,

for which

(1) (x) = f(x)

for any x € X and t € I. We will call this homotopy a stationary homotopy of
the map f.
The homotopy relation is, as is easy to see, an equivalence relation, i.e. it is

reflexive since (15);: f ~ f,

symmetric if f; : f ~ g, then fi_, : g~ f,
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transitive if f; : f ~ g and g, : g ~ h, then h; : f ~ h, where

h o= Jor for 0<1<1/2,
" g2 for 1/2<t<1.

Therefore, the set of all continuous maps X — Y (respectively, the set of all
continuous maps (X, A) — (¥, B)) splits into disjoint homotopy classes consist-
ing of pairwise homotopic maps. We will denote the set of all homotopy classes
of maps X — Y by the symbol [X,Y], and maps (X,A) — (Y, B) by the sym-
bol [(X, A), (Y,B)]. We will denote the class containing a given map f by the
symbol [f].

For any two homotopies

i X->Y, g:Y—>Z 0<r<1,

the family of maps
hi=giofi: X =2, 0<t<1,

is also, obviously, a homotopy. It follows that

Proposition 2.3. if the maps fo : X » Y and go : Y — Z are homotopic,
respectively, to the maps fi : X > Y and g1 : Y — Z, then the map go o fo :
X — Z is homotopic to the map g1 : X — Z.

In other words,
Proposition 2.4. for any maps
f:X->Y, g:¥Y—>Z
the homotopy class [g o f] € [X, Z] of the map
gof:X—7Z

depends only on the homotopy classes [ f] € [X,Y] and [g] € [Y, Z] of the maps
f and g, respectively.

In particular, for any space Z and any continuous map
f:X—>Y

the formula
flel =1[foel, ¢v:Z-X,
uniquely determines some map of sets

fiZ2,X] - [2,Y].

We will say that the map f. is induced by the continuous map f.
Similar statements hold, of course, for maps of pairs.
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Recall that the map
f:X->Y
is called the extension of the map
gAY,
where A is some subspace of the space X, if
f(a) =g(a)

for any point @ € A. In this case, we also say that the map g is a restriction of
the map f on the subspace A and write

g = fla.
Otherwise, we can say that

g=foi
where

i:A—>X

is an inclusion map, i.e. a map defined by the formula
i(a)=a

for any point a € A. In what follows, we will indicate that some mapi: A — X is
an inlusion map by replacing the symbol “—” with the symbol “C”, i.e. instead
of i : A — X we will write

i:AcCX.

A map
r: X —A

of a space X onto its subspace A is called retractive if it is an extension of the
identity map

1a:A—> A,
ie., if
roi=1gk,
or, in other words, if
r(a) =a

for any point a € A. In this case, we will write
r:X>A.

Subspaces A of X for which retractive map r : X D A exist are called its
retracts. For a retractive map (or retraction, for short) r : X — A the set A
coincides with the set of all fixed points of the map i o r. Therefore,

Proposition 2.5. every retract A of a Hausdorff space X is closed in X.
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It is easy to see that

Proposition 2.6. a space A of a space X is a retract of it if and only if for any
space Y each map g : A — Y admits an extension f: X — Y.

Proof. Indeed, if any map g : A — Y can be extended, then, in particular,
the identity map 14 : A — A can also be extended. Conversely, if there exists
a retractive map r : X — A, then for any map g : A — Y the composition
gor:X — Y will be an extension of the map g. O

The concept of the extension of maps is closely related to the concept of
a homotopy of maps, since for any homotopy f; : X — Y connecting the map
f X — Y with the map g : X — Y, the corresponding map F : X X1 — Y is
an extension to the space X X I of the map (X x0) U (X x1) — Y, which maps
each point (x,0), s € X, to the point f(x), and each point (x,1), x € X, to the
point g(x).

A pair (X, A) is said to satisfy the aziom of homotopy extension if for any
space Y, any map f : X — Y and any homotopy g; : A — Y of the map g = f|a
there exists a homotopy f; : X — Y such that fy = f and f;|a = g; for any ¢ € I.
The significance of this axiom is primarily that for pairs (X, A) subject to it,
the property of the map g : A — Y to allow the extension f : X — Y depends
only on the homotopy class of the map g, i.e., together with the map g, each
homotopic map g : A — Y can be extended to the entire space X.

Transcriber’s comment: the following diagrammes may be of help.

G
_—

A——AXI

A

x I

eval

M

]

Examples of pairs satisfying the axiom of homotopy extension are given
below.
It is clear that

Proposition 2.7. if the pair (X, A) satisfies the aziom of homotopy extension,
then the subspace (X X 0) U (A X I) of the product X X I is its retract.

Proof. Indeed, the homotopy f; constructed for the identity map 1x : X —» X
and the stationary homotopy (1;); : A — X of the inclusion map i : A ¢ X
obviously defines a retracting map X X I — (X x0) U (A x I). O

If the subspace A is closed in the space X, then the converse is also true, i.e.

Proposition 2.8. if the subspace (X X 0) U (A X I) of the product X X I is its
retract, and the subspace A is closed in the space X, then the pair (X, A) satisfies
the azxiom of homotopy extension.
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Proof. Indeed, the problem of constructing a homotopy f; is equivalent to the
problem of extending to the entire space X X I the map

G:(XxX0)U(AXI] —Y,

defined by the formula

Glat) = (), if r=0,
wU= g:(x), if xeA

(for closed A the space (X x 0) U (A X I) is obviously a free union of the spaces
X x0 and A x I and therefore this map is continuous). Therefore, if the space
(Xx0)U(AxI) is a retract of the space X x I, then the homotopy f; exists. O

In connexion with the last statement, it is useful to keep in mind that

Proposition 2.9. if the space X is Hausdorff and the subspace (X xX0) U (AXI)
of the product X X I is its retract, then the subspace A is closed in the space X.

Proof. Indeed, then the subspace (X x0)U (A x 1) is closed in the product X x 1
and therefore the set

AX1=[(XX0)UAXD]IN(Xx1)
is closed in the space X x 1. O

Thus,

Proposition 2.10. if the space X is Hausdorff or if the subspace A is closed,
then the pair (X, A) satisfies the aziom of homotopy extension if and only if the
subspace (X X 0) U (A X I) is a retract of the product X X I.

Remark 2.11. The property of a pair (X, A) to satisfy the axiom of homotopy
propagation is mainly local in nature, i.e., it is essentially determined by the
structure of the space X in some neighbourhood of the subspace A. The precise
meaning of this statement can be given in many different ways. For example, it
is easy to prove that

Proposition 2.12. a pair (X, A) (with closed A) satisfies the axiom of homotopy
extension if and only if the subspace A is functionally closed and there exists a
homotopy f; : X = Y and a function ¢ : X — I equal to zero on the subspace A
such that

fox)=x, xeX,
fila)=a, (a,t)eAxI,
fikx) € A, if @(x) <1.

It can also be shown that
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Proposition 2.13. a pair (X, A) (with closed A) satisfies the axiom of homotopy
extension if and only if there exists on the space X a continuous non-negative
function ¢ equal to zero on the subspace A, and a map F into the space X of
the subspace of the product X X I consisting of all points (x,t) for which

0<1<ox),
having the following properties:

F(x,0) =x, for any point x € X,
F(x,p(x)) € A, if ¢(x) <1

We will not need these statements and therefore we will not prove them here.
A homotopy
f:X>Y, 0<t<l,

will be called a homotopy relative to a subspace A C X if this homotopy is
stationary on A, i.e. if

fi(a) = fo(a)

for any point a € A and any t € I. Accordingly, we will call the two maps
f.g: X—>Y

homotopic relative to A (notation f ~ grel A) if they are related by some ho-
motopy relative to A. Of course, for this it is necessary that

fla=gla,

i.e. that the maps f and g coincide on A. It is clear that homotopy relative to
A is also an equivalence relation, and therefore the set of all continuous maps
X — Y that coincide on A splits into disjoint homotopy classes relative to A.
The class containing the given map f : X — Y we will denote by the symbol
[f]rel A, and the set of all such classes - by the symbol [X,Y]rel A.

The properties of relative homotopy classes are similar to the properties
of the “absolute” classes discussed above. For example, any continuous map
f :Y — Z defines by the formula

fi([e]lrel A) = [fogp]relA, ¢:X —Y,

some map
[ [X,Y]rel A - [X,Z]rel A.

If the space Y is Hausdorff, then any homotopy f; : X — Y that is stationary on
A will obviously also be stationary on the closure A of the subspace A. Conse-
quently, in this case we can, without loss of generality, consider the subspace A
to be closed.

The problem of constructing a homotopy relative to a closed subspace A is

equivalent to the problem of extending to the entire space X X I the map

F:(Xx0)U(AXI) — (Xx1) >7Y,
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defined by the formula

Fu) = f(x), Tf t =0 for x € A,
g(x), if r=1.

In what follows, to simplify the formulae, for any pair (X, A) we will denote
the subspace (X X 0) U (A xI)U (X x 1) of the space X x I (see Fig. 2.1) by the
symbol I(X,A). When A is closed, it is closed.

Figure 2.1:

Note that if f|a = gla and f ~ g, then, generally speaking, it cannot be
asserted that f ~ rel A. However,

Proposition 2.14. if the pair (X X I,1(X, A)) satisfies the axiom of homotopy
extension and if
Haxy ~ Frel(A X UA X 1),

where H is the map X X I — Y corresponding to the homotopy h; : X XI — Y,
connecting the maps f and g, and F is the map AXI — Y corresponding to the
stationary homotopy (15); : A =Y, then

f ~grelA

Proof. Indeed, we can extend the homotopy relative to AX0UA X 1 connecting
the maps H|ax; and F to some homotopy

H I(X,A) >Y 0<t<]1,

assuming that
Hi(x,0) = f(x), Hi(x,1) =g(x)

for all ¢ € I. It is clear that
HO|A><1 = H|A><1‘

Therefore, since the pair X x I,1(X, A)) satisfies, by condition, the axiom of
homotopy extension, there exists a homotopy

Fr:XxI—-Y, 0<t<]1,
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such that
Fo=H, Flixa=H, 0<t<]1.

Therefore, the map
Fl:XxI—Y,

defines (by the formula f;(x) = Fi(x,)) a homotopy
fi: X->Y, 0<r<l,
relative to A, such that fy = f and fi = g. Consequently, f ~ grel A. O

In what follows, continuous maps into a given space X of the unit n-dimensional
sphere S, n > 0 will be of great importance. In particular, we will be interested
in the conditions under which any such map is homotopic to a constant map,
i.e., a map to one point. In this connexion, we first note that

Proposition 2.15. a map f : S" — X is homotopic to a constant map if and
only if the map f can be extended to some map E"' — X.

Proof. Indeed, any homotopy
fi:S" > X,

for which fy = f and f1(u) = x¢ for any point u € S", where x( is some fixed
point of the space X defines by the formula

F(vu) = fi_y(u), 0<v<l1, ues"
a continuous map F : B! — X, for which
Flgn = f.
Conversely, any such map F : E"*! — X defines by the formula
fi)F(1-0u), 0<r<1l, ues"
a homotopy f; : S" — X for which fy = f and fi(u) = xo, where xg = F(0). O
Thus,
Proposition 2.16. for any space X the following properties are equivalent:
1) any map f : S"™ — X is homotopic to a constant map;
2) any map f:S" — X can be extended to some map F : E"*!' — X,

Spaces with these properties we will call n-aspherical. Property 2) for n =0
is obviously equivalent to the path-connectedness. Thus,

Proposition 2.17. a space X is 0-aspherical if and only if it is path-connected.



58 CHAPTER 2. HOMOTOPY EQUIVALENCES

Spaces that are n-aspherical for all non-negative n < m will be called m-
connected.
It is easy to see that

Proposition 2.18. the open unit interval (0,1) (as well as the closed segment
I=10,1]) is an m-connected space for any m > 0.

This statement follows immediately from Tietze’s theorem (see §1.3), since
the ball E"*! is a normal space. However, it is easy to see that for each n > 0 the
extension F : E"*! — (0,1) of an arbitrary map f : S — (0,1) can be defined
by the formula

, 0<v<l ueS"

oy = LIy

It is equally easy to see that

Proposition 2.19. the topological product X XY of two m-connected spaces X
and Y is also an m-connected space.

Proof. Indeed, let
f:§" > XxY

be an arbitrary map of the n-dimensional (n < m) sphere S" into the product
X x Y. Assuming for any point u € ",

f) = (fi(w), f2(u), fi(u) € X, fo(u)€?,
we obtain two (obviously continuous) maps
fi:"—>X, fo:8"—>Y.

By the condition, these maps can be extended to maps

F:B" X, Fy:E"™' >y,
It is clear that the formula

F(v) = (F1(v), F2(v)), v eB"™,
then defines a continuous map

F:E™ — XxY,

which is an extension of the map f. O

Comparing the proved statements, we obtain, in particular, that

Proposition 2.20. for any m-connected space X the space X X (0,1) is also
m-connected.
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2.2 Homotopy equivalences and deformation re-
tracts

Let X be an arbitrary space. Each homotopy
&:X—>X, 0<t<1,

for which & = 1x, we will call the deformation of the space X. A continuous
map
h:X—->X

we will call homotopically identical if it is homotopic to the identity map 1x of
the space X, i.e. if there exists a deformation & : X — X of the space X such
that &1 = h. A continuous map

f:X->Y
will be called a homotopy equivalence if there exists a continuous map
g:Y—-X,
such that both maps
gof:X—X, fog:¥Y—>Y

are homotopically identical. In this case, the map g is also a homotopy equiv-
alence. We will call it the homotopy equivalence inverse to the equivalence f.
Since the equivalence f is in turn inverse to the equivalence g, we will some-
times call the equivalences f and g mutually inverse. It is clear that any map
that is homotopic to a homotopy equivalence is also a homotopy equivalence.
We will call spaces X and Y homotopically equivalent if there exists at least one
homotopy equivalence f : X — Y.
It is obvious that the composition

frofi: X—>2Z

of two homotopy equivalences f; : X — Y and f5 : Y — Z is also a homotopy
equivalence. Therefore, the relation of homotopy equivalence of spaces is transi-
tive. Since it is obviously reflexive and symmetric, the totality of all topological
spaces decomposes into homotopy types of pairwise homotopy equivalent spaces.
A continuous map
f:X->Y

we will call homotopically injective (resp. homotopically surjective) if there
exists a continuous map such that the composition go f : X — X (resp. the
composition f o g : ¥ — Y) is homotopically identical. It is clear that any
homotopy equivalence is a map that is both homotopy injective and homotopy
surjective. It turns out that the converse is also true, i.e.
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Proposition 2.21. a map f : X — Y is a homotopy equivalence if and only if
it is homotopy injective and homotopy surjective.

Proof. Indeed, let the map f be homotopically injective and simultaneously
homotopically surjective, i.e. let there exist maps

g1: Y- X, g:Y—>X,

such that
giof~1lx, fogs~1ly.
Then
fogi~(fogi)o(fogz)=fo(giof)oga~foga~1ly
and similarly
g20f ~1x.

Therefore, the map f is a homotopy equivalence and each of the maps g; and
g2 is a homotopy equivalence inverse to the equivalence f. |

Note that the above argument has a general, “purely categorical” character.
Similar general considerations show that if for the map f : X — Y there exist a
space Z and a map h : Z — X such that the composition f o h is a homotopy
equivalence, then the map f is homotopy surjective. Similarly, if there exist a
space Z; and a map hy : Y — Z; such that the composition A o f is a homotopy
equivalence, then the map f is homotopy injective. Thus,

Proof. if for the map f : X — Y there exist maps h: Z - X and hy : Y — Z;
such that the compositions f o & and h; o f are homotopy equivalences, then
the map f is also a homotopy equivalence. O

Let the spaces X and ¥ be homotopically equivalent to the spaces X and ',
respectively. Continuous maps

f:Xx-y, f:xX =Y
we will call homotopically equivalent if there exist homotopic equivalences
<p:X—>X,, w:Y—>Y,,

such that
pof~fop
i.e. if the diagramme

f
—_—

Y
-~
~—~

<

b
|
h<
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is homotopically commutative. Denoting by
0 :X -5X, ¢ :Y 5Y

the homotopy equivalences inverse to the equivalences ¢ and i, respectively, we
immediately obtain that this condition is equivalent to both the condition

f~¥ of og
and the condition
yofop ~f
It is clear that a map that is homotopically equivalent to a homotopically
injective (resp. surjective) map is also homotopically injective (resp. surjective).
A trivial example of homotopy equivalence is an arbitrary homeomorphic
map f : X — Y. This shows that all the concepts introduced above are topo-
logically invariant.
Less trivial make-ups of homotopy equivalences arise when considering re-

tractive maps
r: X DA.

A subspace A is called a deformation retract of the space X if there exists a
retractive map r : X O A that is a homotopy equivalence. Since, by definition,
roi = 1,4, the retractive map r is necessarily homotopy injective. Therefore, it is
a homotopy equivalence if and only if it is homotopy injective, i.e., when there
exists a map k : A — X such that kor ~ 1x. As we have seen, in this case both
maps i and k are necessarily homotopy equivalences, inverse to the homotopy
equivalence r. In particular, the condition i o r ~ 1x will be satisfied. Thus,

Proposition 2.22. for a retracting map r to be a homotopy equivalence, it is
necessary and sufficient that the composite map

ior: X —-X
be homotopy identical.
Moreover,

Proposition 2.23. for any deformation retract A the inclusion map i : A C X
s a homotopy equivalence.

Note that the converse is generally not true.
We obtain an important example of a deformation retract by considering
(see §1.6) the cylinder Z¢ of an arbitrary continuous map

f:X—>Y.
Namely, as we will now show,

Proposition 2.24. the subspace Y of the space Zy is its deformation retract.
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Proof. To this end, for any 7 € I we define the map
priZy—Zy, 0<71<1,
of the space Zy into itself, putting
p(x,t)=(x,t+1—-71), x€X,0<t<1,
p<(y) =y, y€Y.

(In the first of these formulae, as in similar cases below, the symbol (x,1) is
understood to mean the point f(x) € Y.) The maps p, constructed in this
way obviously constitute a homotopy (i.e. the corresponding map Zy x I — Zy
is unique and continuous). In addition, py = 1z, i.e. this homotopy is a
deformation of the space Z;. Finally, for the map

p1:Zy > Zy
the formula
pr=jop,
holds, where
j Y C Zf,
is the inclusion map, and
p: Zf oY

is the retracting map of the space Z onto its subspace Y, defined by the formulae
plx,t)=f(x), xe€X, 0<r<1,
p(y) =y, yeYr.
Since p o j = 1y, the above statement is thus completely proven. O
Another remarkable property of the space Z¢ is that
Proposition 2.25. the map
jof:X—>2Zs

is homotopic to the map
i: X —>Zf,

defined by the formula
i(x) =(x,0), xeX.

Proof. Indeed, the formula
ii(x)=(x,0), xe€X,0<r<1,
defines, as is easy to see, a homotopy
ii: X > Zy,

connecting the map f with the map jo f. O
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Since the inclusion map j is, as proved, a homotopy equivalence, this propo-
sition means that the maps i and f are homotopy equivalent. On the other hand,
identifying each point x € X with the corresponding point i(x) = (x,0) € Z7, we
can assume that

i:XCZy.

Thus, it is proved that

Proposition 2.26. for any map f : X — Y there exists a space Zy homotopi-
cally equivalent to the space Y and containing the space X such that the map
f X =Y is homotopically equivalent to the inlclusion map i : X C Zy.

Since a map homotopically equivalent to a homotopy equivalence is itself a
homotopy equivalence, it follows from this statement that

Proposition 2.27. if a subspace X of Zy is its deformation retract, then the
map f is a homotopy equivalence.

It turns out that the converse is also true, i.e.

Proposition 2.28. for any homotopy equivalence f : X — Y the space X is a
deformation retract of the space Zy.

Proof. Indeed, let
g:Y—-X

be a homotopy equivalence inverse to the homotopy equivalence f, and let
& X—-X, n:Y->Y

be deformations of the spaces X and Y, respectively, such that
§1=gof, m=fog.

For any point z € Zy and any 7 € I we set

(x,t+47(1-1)) for 0<7<1/4,
Nar-1(f(x)) for 1/4<1<1/2,
(g(f(x)),3-41) for 1/2 <7 <3/4,
E14(1-1)(3-41) for 3/4<t<1,

q.(z) =

ifz=(x,1),xe€eX,0<t<1, and

y for 0<7<1/4,

nea(y)  for 1/4<r<1/2,
9:(2) = (g(y),3-41) for 1/2<7<3/4,

g(y) for 3/4<71<1,

ifz=yeY.
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It is easy to verify that the family
qr Zy > Zy, 0<71<1,

defined in this way is a homotopy (recall that according to the results of §1.6,
the map o x 1; : [(X XIUY] X1 — Zy x I, where @ : (X XI)UY — Z; is the
natural projection, is an identification map). Since, in addition,

qo =1z,

thus the homotopy ¢+ is a deformation of the space Zy.
On the other hand, the map

q1:Zy > Zy

obviously has the form
g1 =iogq,
where g is the map Zy — X defined by the formulae

gx,t) =&(x), xe€X, 0<r<1,
q(y)=g(y), yeY.

Since g oi = 1x the above statement is thus completely proven. O

2.3 Homotopy type of glued spaces

Let X and Y be topological spaces, A be a closed subspace of X and f: A —>Y
be a continuous map of the subspace A into the space Y. Then (see §1.6) the
space X Uy Y is defined, obtained by gluing the space X along the subspace
A to the space Y by means of the map f. In this section we will show that
for a sufficiently “good” pair (X,A) the homotopy type of the space X Uy Y
depends only on the homotopy class of the map f and the homotopy type of
the space Y. In other words, for any map g : A — Y homotopic to the map f,
the space X Ug Y is homotopically equivalent to the space X Uy Y, and for ny
space Z homotopically equivalent to the space Y, the space X Upor Z, where h is
an arbitrary homotopy equivalence ¥ — Z, is homotopically equivalent to the
space X Uy Y.
First of all, we will show that

Proposition 2.29. if a pair (X, A) has the property that both it and the pair (XX
I,1(X, A)) satisfy the axiom of homotopy extension, then for any two homotopic
maps

f.g:A—>Y

the spaces XUrY and X Ug Y are homotopy equivalent, and the homotopy equiv-
alence X Uy Y — X Ug Y can be chosen in such a way that on the space Y it is
the identity map.
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Proof. Let
fi:A>Y, 0<r<l,

be an arbitrary homotopy connecting the map f with the map g. First, we
extend this homotopy to some homotopy of the space X UY into the space
X Uy Y. Since the natural projection

a: XUY > XUrY

on the subspace A C Y coincides with the map f : A — Y and since the pair
(X, A) satisfies, by hypothesis, the axiom of homotopy extension, then there
exists a homotopy

af : X > XUpY, 0<t<1,

such that
ap =alx, a;la=fi.

Putting

_ ay on X,
r = 0 S t S 1’
ly on Y,

we obviously obtain a homotopy
a : XUY - XUpY, 0<r<1,

for which
@)=, ara=fr.

Since the homotopy «; has the property that
allA =8

the map
7’]2(110,3_1:XUgY—>XUfY,

where
B:XUY - XU Y

is the natural projection, is a single-valued map. Moreover, since the map
@y =1n0pf

is continuous, and the map B is an identification map, the map 7 is continuous
(see §1.5). On the space Y this map is identical:

nly = ly.

Let us now construct the “inverse” map X U, Y — X Uy Y. By the same consid-
erations as above, there exists a homotopy

Bi:XUY > XUyY, 0<r<l,
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such that
Bo =B, ,Bt|A = fl—z,
and
Bily = 1y.
Since B1]a = f, then, setting
E=proa,

we obtain a single-valued continuous map
E:XUrY > XU Y,

for which, as for 7,
&ly = 1y.

The above statement will obviously be proved if we show that the maps &
and n are mutually inverse homotopy equivalences. With this in mind, for any
number ¢ € I we set

_ )@ if 0<r<1/2,
e noBor-1, if 1/2<t<1.

Since @1 = n o By, then we thereby obtain some homotopy
Vi XUY - XUpY, 0<1<1,

for which
Yo=a, vyi=noéoa.

The homotopy vy, is not, generally speaking, a homotopy relative to A, be-
cause

la = Jars it 0<1r<1/2,
TAZ Y 0 i 1/2<r<1.
Nevertheless, the map A x I — X U, Y corresponding to the homotopy v;|a, as
is easy to see, is homotopic relative to AX0UA X1 to the map AXI — X U¢Y,
which maps each point (a,f) € A x I to the point a(a) € X Uy Y, i.e., which
defines a stationary homotopy of the map a|4. The corresponding homotopy

He :AxI—XUspY, 0<7<]1,
can, for example, be defined by the formula

for(1-)(a), if 0<r<1/2,

HT at =
(a.1) {f2(1t)(1‘r) (a), if 1/2<r<1.

where (a,t) is an arbitrary point in space A X I. Therefore, according to the
statement proved in 2.14 (the conditions of applicability of which are fulfilled),
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the maps @ and 7 o £@ are also homotopic relative to A. The corresponding
homotopy
Yi i XUY - XUrY, 0<1<1,

relative to A has the property that
Yila=f

for any t € I. Therefore, the formula

hy=vyioa™, 0<t<1,
uniquely defines a certain homotopy

hy : XUpY - XUpY
(recall that by the results of §1.5 the map
ax1lp: (XUY)xI— (XUupY)xlI

is an identification map), which, obviously, has the property that

ho =1xu,y, hi=noé.

Therefore, the map
noé:XUrY - XUpY

is homotopy identical.
Since the maps f and g are completely equivalent, then, by symmetry con-
siderations, the map
Eon: XUV - XU Y

is also homotopy identical.
Thus, the proposition formulated above is completely proven. O

Let us now prove that the homotopy type of the space X Uy Y does not
change even when the space Y is replaced by a space homotopically equivalent
to it. More precisely, we will prove that

Proposition 2.30. under the same assumptions on the pair (X,A) as above,
any homotopy equivalence h : Y — Z can be extend to some homotopy equiva-
lence

H:XUfY—>XUhon.

Proof. Let
g:Z—-Y

be the homotopy equivalence inverse to i, and let
H:ﬁ_loﬁoa’:XUerXUhon,
G = a/ Ogoﬂ_l N XUhon — XUgohof Y’
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where, respectively,

xUh:XUY > XUZ,
xVUg:XUZ—- XUY,
a:XUY > XUr?Y,
@ : XUY = X Ugopor ¥,
ﬁ:XUZHXUhon,
are the natural projections. Since

Bohla=Bla=hof, a ogla=ala=gohof,

then the maps H and G are single-valued and continuous.
Since the map
goh:Y—>Y

is homotopically identical (i.e., has the form o where
oY Y

is some deformation of the space Y), the map foho f: A — Y is homotopic
to the map f : A — Y, and therefore, according to the previous proposition,
the spaces X Uy Y and X Ugonor Y are homotopically equivalent. Moreover, from
the construction imposed in the proof of the last proposition it follows that the
homotopy equivalence

T]ZXUgohon—>XUfY

connecting the spaces X Ugopor ¥ and X Uy Y, can be defined by the formula
— -1
n=aio(a),
where @, is a finite map of some homotopy

o XUY > XUpY, 0<1<1,

for which
@ =a, ala=0rof,
and
aly = 1y.
Therefore, the formula
kt:{aoEQ,, if 0<t<1/2,
ay_10goh), it 1/2<t<1

where
or=1xUo, : XUY - XUY, 0<r<l1,
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defines some homotopy
ki : XUY - XUpY, 0<t<1,

connecting the map
ko=aoog=«a

with the map
ki=ajogoh=noGoHoa.

In this case

a, if 0<r<1/2,
kt|A = .
ag¢—1, if 1/2St§1,
1. e,
fs if 0<r<1/2,
ktlA = .
o9-1 0 f, if 1/2<t<1.

Therefore, assuming
ki=k,oa™t, 0<t<l,

we obtain a deformation
kj : XUrY > XUpY, 0<1<1,

of the space X Uy Y, connecting the identity map of this space with the map
noGoH.

Thus, the last map is homotopy identical and therefore the map H is ho-
motopy injective, and the map n o G, and therefore the map G, is homotopy
surjective.

Similarly (taking the maps ho f and g as the maps f and h respectively), we
obtain that the map G is homotopy injective. Consequently, the map G, and
therefore the map n o G, is a homotopy equivalence. But then the map H will
also be a homotopy equivalence. To complete the proof, it remains to note that

Hly =h.

2.4 Homotopy groups and weak homotopy equiv-
alences

Let n > 0 and let ug be a point (1,0, ..., 0) of the unit n-dimensional sphere S".
Let, further, xo be an arbitrary point of the topological space X. The subject
of our study in this section will be continuous maps

(2 (Sn’uo) - (X7x0)
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of the pair (S",ug) into the pair (X,xg). The set [(S",uq), (X, xq)] of all homo-
topy classes of such maps relative to xo will be denoted by the symbol

(X x0).

The class of the constant map S" — xo we will denote by the symbol 0, (or
simply 0) and we will call it the zero of the set 7, (X;xo).

It is clear that the set mo(X;x() is naturally identified with the set mo(X)
of the path-connected components of the space X. With this identification,
the zero Oy, of the set mo(X;xo) corresponds to the component of the space X
containing the point xg.

We will call a map of one set of the form m,(X;xq) into another such set a
homomorphism if it maps zero to zero. We will call an injective homomorphism
a monomorphism, a surjective homomorphism an epimorphism, and a bijective
homomorphism an isomorphism.

Remark 2.31. For n > 0, an algebraic operation can be introduced into the set
7n(x;x0), with respect to which this set turns out to be a group (for n > 1, even
an Abelian group) with zero element Oy,. This group is called the n-th homotopy
group of the space X at the point xo. In what follows, we will also adhere to
this terminology (even for n = 0), although we do not need the mentioned
operation, and we will neither define nor consider it. All homomorphisms of
homotopy groups considered below will in fact be homomorphisms in the usual
group-theoretical sense. We will also ignore this fact.

According to what was said in §2.1, any continuous map
f:X—>Y
defines by the formula

Je([p]relug) = [f o p]reluy,

where ¢ is an arbitrary map (S",Up) — (X;xg), some map

fo i (X5x0) = ma(Ysy0),  yo = f(xo).

This maps zero Oy, to zero Oy,, i.e. is a homomorphism (in the sense indicated
above). In those cases where it is necessary to explicitly indicate the point xg,
we will denote this homomorphism by the symbol f; «,.

It is clear that if f = 1x, then f. = 1, (x.x,), and that for any maps f : X = Y
and g : Y — Z we have

(80 f)e=8xo0fo

In the language of category theory, this means that the pair (7,(X;xg), f) is a
covariant functor.

We will not present here all the numerous properties of homotopy groups
- this would take us too far from the main topic. We will limit ourselves to
only those properties of these groups that will be needed later. In this case,
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for any n > 0 we will represent the sphere S" as a union of two hemispheres
- the “lower” hemisphere E" consisting of all points u = (u', ..., u**!) € $",
for which ¥"*! < 0, and the “upper” hemisphere E”, consisting of all points
u=(ut, ..., u") e S for which u™*! > 0. The intersection E" NE" of these
hemispheres is the equator u™*' = 0 of the sphere S$", which we will identify with
the sphere $”~'. The projection

w:S"— E",
defined by the formula
wt, ., u™Y) =@l L uh),

is, obviously, a homeomorphism on each of the hemispheres E" and E?. We will
denote these homeomorphisms by the symbols w_ and w., respectively.
In what follows we will constantly use the fact that

Proposition 2.32. pairs (S",ug), (S*,E?), (S"XI(S",up)) and (S"xI1(S",E}))
satisfy the axiom of homotopy extension.

This fact is a special case of one general statement, which we will prove in
§3.4; see Remark 3.56. Therefore, we will leave it here without proof. We will
not use the results of this section until §3.6.

We also note that any vector v € E" can be “related to a point uy”, i.e.
represented in the form

v=ug+ (u—ug)r,

where u € §"7! and 0 < r < 1. In this case, the number r is determined by the
vector v uniquely. The vector u is also determined uniquely, if only v # uqy. In
addition, for v # u( the number r is nonzero (and for v = ug it is zero). To
simplify the formulae, we will henceforth denote the vector v = ug+(u—ug)r € E"
by the symbol [u,r], and the vectors w;'(v) € E? and w”!(v) € E" by the
symbols [u,r], and [u,r]-, respectively.

First of all, we will find out under what conditions the two maps

fg:E'—>X

of the ball E" into the space X, coinciding on its boundary S$"~!, are homotopic
relative to S"71.
For this purpose, to any two such maps f and g we assign a map

p:S" > X

of the sphere S" into the space X, “glued” from maps f and g, considered as
maps of the hemispheres E} and E", i.e. defined by the equalities

¢len = fow-, ¢ler = fows.

By hypothesis, f|gn-1 = g|gn-1 and, therefore, the map ¢ is uniquely defined
and continuous. The element [¢] of the group 7, (X;x), where xg = ¢(ug)(=
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f(ug) = g(ug)), defined by the map ¢, we will call the element distinguishing
the maps f and g, and denote it by the symbol §(f, g).

It is easy to see that any element of the set 7, (X;x() can serve as an element
that distinguishes some map from a given one. Namely,

Proposition 2.33. for any map
g:E'"—> X

and any element a € m,(X;xq), where xo = g(ug), there exists a map

fE" - X,
such that

flsn = glsn
and

6(f.8) =a.

Proof. Indeed, let
¢ : (S",ug) — (X,xp)

be an arbitrary map of class @. Obviously, on the hemisphere E} the map ¢ is
homotopic relatve to uy to the map g o w;. And the corresponding homotopy
o Bl - X

can be defined, for example, by the formula

{go([u, (1-20)r]y), if 0<r<1/2,
er([u,rly) = .
f([u, (2t — D)r]), if 1/2<r<1,
where [u,r], is an arbitrary point of the hemisphere E}; the essence of the
matter here is that the hemisphere E7 can be contracted in itself to the point
uo and therefore any map of this hemisphere is homotopic to the constant map,
so that any two maps are homotopic. Since the pair (S",E?) satisfies, as was
said, the axiom of homotopy extension, it follows that the map ¢ is homotopic
relative to ug to a map

v St X

such that ¥|gr = g o wy. But then it is clear that the map
f=vlmow  :E" > X
has all the required properties. O

The significance of distinguishing elements §( f, g) for the problem of homo-
topy relative to S"~! of maps f and g is determined by the fact that
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Proposition 2.34. if for maps coinciding on S"!
f.g:E"—> X,
there exists a map
h:E" > X, hlgni-1 = flgn-1 = glgn,

such that
o(f,h) =0(g,h),

then the maps f and g are homotopic relative to S"!.

Proof. To prove this statement, we consider the maps

0o, 1 : S" > X,
defined by the formulae

@olen = fow-, @il =gow-, ol = ¢1ler =how,.

As is easy to see, it is enough for us to prove that

@o ~ ¢1rel B} (2.35)
Indeed, for any homotopy ¢; : ¢g ~ ¢1 rel B} the family of maps

Gilgnow™ T B" > X, 0<t<1,

will be a homotopy relative to S"~!, connecting the map f with the map g.

By hypothesis, 6(f, h) = 6(g, h), so that the maps ¢y and ¢; are homotopic
relative to uy. Having chosen some homotopy relative to uy that connects the
maps ¢ and ¢1, we consider the map

D:S"xXI—>X

of the product S x I into the space X corresponding to this homotopy. Let, in
addition,
Y:EIxI—>X

be a map of the product E} X I into the space X defined by the formula
Y(u,1) = po(u) = (hows)(u), (u)€E:, 0<r<1.

According to Proposition 2.14, it is applicable, since the pair (S" x I, I(S", E"))
satisfies the axiom of homotopy extension, to prove relation (2.35) it is sufficient
to show that

(I)0|]E'+1><1 ~ ‘Prel(Eﬁ x0U E?— X 1)

For any 7 € I and any point ([u,r]4,7) € B? X I, where u € S""1, r,t € I, we set
(see Fig. 2.2)
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Figure 2.2:
O ([u, =35, =5),  if 0<t<ir<r<l-nm,
h([u,5=35), if r<t<1-1,0<t<t,
D ([u,r]+,1) = | h(uo), if r<r<drrorcdr
h([u, 45252]), if 1-r<r<,i<r<l,
4 -4 : 4—
h([w, 222]), if SFr<r<ll-t<r<r.

It is easy to verify (Fig. 2.2) that we thereby obtain a certain homotopy
O, E'xI—>X, 0<t<l,
relative to B} x 0 U E} x 1, for which
Dy = Dlgnyy, @ =Y.
The statement formulated above is thus completely proven. O

Remark 2.36. For the existence of a homotopy @ it is essential that the map
o is homotopic to the map ¢; relative to ug. If ¢g is simply homotopic to ¢,
then the homotopy ®, may not exist.

Let us now consider the question of the dependence of the group =, (X;xo)
on the point xg.

Let xg and x; be two arbitrary points of the space X, which can be connected
in X by some path u : I — X. Since the pair (S",u() satisfies the axiom of
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homotopy extension, then for any map
@ (8" uo) = (X,x0)
there exists a homotopy
e :S"—> X, 01,

such that ¢y = ¢ and ¢, (ug) = u(t) for each t € I. We will call this homotopy a
homotopy of the map ¢ along the path u.

We will call two paths u and v, connecting a point xg with a point x; equiv-
alent if they are homotopic relative to the points 0 and 1, i.e. if there exists a
homotopy

ur:I—-X, 0<7v<1,

consisting of paths connecting the points xg and x; such that ug = u and u; = v.
It turns out that

Proposition 2.37. if the maps
<P’¢’ : (Sn7u0) - (X7x0)

are homotopic relative to uq, then for any two equivalent paths u and v connect-
ing a point xg with a point x1, and any two homotopies

O ST > X
of the maps ¢ and ¥ along, respectively, the paths u and v the pointed maps
e1,41 1 (8", ug) — (X, x1)
are homotopic relative to ug.
Proof. Indeed, let
& (8" up) » (X,x0), 0<t<1,

be a homotopy relative to #g, connecting the map ¢ with the map . It is clear
that the formula
$1-3¢» if 0<t< 1/3,

Wy = {&31-1, if 1/3<1<2/3,
Y3t-2, if 2/3<r<1,

defines a certain homotopy
w :S"—= X, 0<tr<1,
connecting the map ¢1 with the map . Let

Q:S"xI—-X
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be the map of the product S"xI into the space X corresponding to this homotopy
and let
Q:ugxI - X

be the constant map of the segment ug X I into the point x; € X. Since the pair
(S"X1,1(S™,uq)) satisfies the axiom of homotopy extension, then, according to
the proposition proved in §2.1, to prove the relation

@1 ~ Yrelug
it suffices to prove that
Q|u0><1 ~ Ql I'el(llo x0uU Uy X 1),

i.e., the path
w:l—X, w()=w(l)=ux,

defined by the formula

u(l-30), if 0<r<1/3,
w(t) = Q(uo, 1) = §xo, if 1/3<t<2/3,
v(3r-2), if 2/3<t<]1,

is equivalent to the degenerate path u,,, which is a constant map of the segment
I to the point x;.
For this purpose, for any 7,7 € I we set (see Fig. 2.3)

u (352842) if 0<7<1/3,0<r<32
X0, if 0<7<1/3,3%2 < <487,
v (3Ted) if0<7<1/3,325<r<1,
we(t) = {u(l - 21), if 1/3<7<2/3,0<t<1/2,
g _30(2t — 1), if 1/3<7<2/3,1/2<1<1,
u(l-6t(1-1)), if 2/3<7<1,0<1<1/2,
u(l-6(1-0(1-1), if 2/3<rt<1,1/2<r<]1,

where u; : I — X, 0 < 7 <1, is a homotopy relative to the points 0 and 1,
connecting the path u with the path v. It is easy to verify that we thereby
obtain a homotopy

we: Il > X, 0<7l,

relative to the points 0 and 1, connecting the path w with the path u,,.
The above statement is thus completely proven. O

It follows directly from this statement that for any path u, connecting points
xo and x; the formula
u# (@) = [¢1] relug,
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where a € 7,,(X;xg), and ¢; is a pointed map of an arbitrary homotopy ¢, along
the path u of some map

@ (8" ug) = (X;x0)
of class @ uniquely determines some map
u? 7, (X;x0) = w0 (X;x1),
mapping zero Oy, to zero Oy, , i.e. being a homomorphism. At the same time,

Proposition 2.38. the homomorphism u* depends only on the equivalence

class of the path u, i.e. for any two equivalent paths u and v the homomorphisms
u? and v¥ coincide.

Now let u and v be paths of the space X such that

u(1) = v(0).
Then the formula
u(2t), if 0<r<1/2,
w(t) = .
v(2t - 1), if 1/2<t<1,

defines, as is easy to see, a certain path

w:l—>X,
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connecting the point xo = u#(0) with the point x; = v(1). We will call this path
the product of paths u and v and will denote it by the symbol uv. It is easy to
see that

Proposition 2.39. the homomorphism
(W)™ : 1 (X;x0) = 7m0 (X;x2),
corresponding to the path uv, is a composition of v¥* - u* of homomorphisms
u? (X5 x0) = ma(Xsx1), V(X5 x) = (X xo),
corresponding to the paths u and v.

Proof. Indeed, for any homotopy ¢; along the path u of an arbitrary map
¢ : (S",up) — (X;x0) and any homotopy ¥,, along the path v of an arbitrary
map

¥ (8" mg) = (X;x1)

the formula

w(21), if 0<r<1/2,
wr =
"Tlu@e-1),  if 1/2<t<]1,
defines a homotopy along the path uv for which wg = ¢ and w; = ¥;. O

To each path u : I — X connecting a point xy with a point x; we assign
a path ' : I — X connecting the point x; with the point xo, defined by the
formula
W ()=u(l-1), 0<r<l.

It is easy to see that

Proposition 2.40. for any path u connecting points xo and x1 the paths uu’
and u'u are equivalent to the corresponding degenerate paths Uy, and uy, .

Proof. Indeed, a homotopy v, : I — X, 0 < 7 < 1, relative to the points 0 and
1, connecting, say, the path u,, with the path uu’ can, for example, be defined
by the formula

IA
—_

(1) = u(2t7), if 0<r<1/2,
U vea —nn, it 1/2<r<1,

O

Since the homomorphisms (u,,)* and (uy,)* corresponding to the degener-
ate paths uy, and u,, are, as is easy to see, identity maps of the groups x,,(X;xo)
and 7, (X;x1) respectively, it follows directly from the last two statements that

Proposition 2.41. for any path u : I — X connecting the point xo with the
point x; the homomorphisms u# and (u')# are mutually inverse isomorphisms
between the groups 7, (X;xg) and m,,(X;x1).
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In particular,

Proposition 2.42. for any path u connecting a point xo with a point x1, the
homomorphism
w1 (X5 x0) = ma (X5 x1)

s an isomorphism.

Thus, for any points x¢ and x; belonging to the same path component of the
space X, the groups 7, (X;xq) and 7, (X; x1) are essentially the same. For points
belonging to different path components of the space X, these groups, generally
speaking, are not connected with each other in any way.

In order to clarify the geometric meaning of the isomorphisms u#, we will
show that

Proposition 2.43. for elements a € n,(X;x9) and B € n,(X;x1) if and only if
there exists a path u : I — X, u(0) = xo, u(1l) = x1, such that

p=u”(a),
if and only if when the maps
@ (5% uo) = (X;x0), ¥ : (8" up) = (X;x1),
belonging to the classes a and B are homotopic to each other.

Proof. Indeed, if 8 = u? (a), then the map  is homotopic (relative to ug) to
a pointed map ¢ of some homotopy ¢; of the map ¢ along the path u. Thus,
¥ ~ ¢1 ~ ¢ and, consequently, ¥ ~ ¢. Conversely, any homotopy ¢; : ¢ ~ ¢ can
be considered as a homotopy of the map ¢ along the path

u(t) = ¢ (ug), 0<r<1.
Therefore, if ¢; : ¢ ~ ¥, then 8 = u™ (). o

Since for each path u the map u# is an isomorphism, the only element
@ € m,(X;x0) for which u#(a) = 0, is the element 0,,. This means that

Proposition 2.44. the map
@ (8" ug) = (X;x0)

is homotopic to some constant map if and only if it is homotopic relative to ug
to the constant map to the point xq.

In other words (see §2.1),
Proposition 2.45. the map
¢ : (8" ug) = (X;x0)

belongs to the class Oy, if and only if when it can be extended to some map
E" —» X.
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Therefore,

Proposition 2.46. the space X is m-connected if and only if for some (and
therefore for any) point xo € X and any n < m the equality

T (X;x0) =0
holds.
Let us now consider an arbitrary deformation.
&L X—-X
of the space X. For any point xo € X this deformation defines a path
u(t) =&(xp), 0<t<1,

connecting the point xo with the point x; = &1 (xg). On the other hand, it is
clear that for any map

¢ : (8" ug) — (X;x0)

the family of maps
Eop:ST—> X

represents a homotopy of the map ¢ along the path u. Therefore, for any element
@ € m,(X;x0), the element u# (@) € 7,(X;x;) is the class of the map & o ¢, where
& =&, and ¢ is an arbitrary map of class @. This means that

Proposition 2.47. the homomorphism

&t tn(X;x0) = 7 (X5x1)
coincides with the homomorphism

u 2 7y (X5 x0) = ma(X;x1)

Since the last homomorphism is, as we know, an isomorphism, it is thus
proved that

Proposition 2.48. for any homotopy identity map
£ X > X
and any point xo € X, the homomorphism
&1 (X5x0) = mu(X;x1), X1 = &(x0),

is an isomorphism.
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A map
f:X—>Y

of a topological space X into a topological space Y will be called a weak homotopy
equivalence if for any n > 0 and any point xg € X the homomorphism

Je :mn(X5x0) = ma(Yiy0),  yo = f(xo),
is an isomorphism. From the proposition just proved it easily follows that
Proposition 2.49. any homotopy equivalence
f:X—>Y
18 a weak homotopy equivalence.

Proof. Indeed, let
g:Y—-X

be the homotopy equivalence inverse to the equivalence f, and let xo be an
arbitrary point in X. Setting

yo=f(x0), x1=g(o) y1=f(x1),

for any n > 0 we consider the homomorphisms

fi= f*,xo c (X5 x0) = (Y5 v0),
fo= foy s mn(X5x1) = w0 (Vi y1),s
8+ = 8x,y¢ * mn(Y;y0) = ma(X;x1),

induced by the maps f and g, as well as the homomorphsims

(g0 e ma(X;x0) = ma(X;x1),
(f 08)e: ma(Y;y0) = mu(Y;y1),

induced by composite maps
gof:X—-X, f,og:Y—>Y.

As we know,
(80 f)=8:08s (f 08)=[ 08

On the other hand, since the maps g o f and f o g are, by hypothesis, homo-
topically identical, the homomorphisms (g o f), and (f o g), are isomorphisms.
Therefore, from the equality (g o f). = g« o fx it follows that the map g. is
epimorphic, and from the equality (f o g). = f, o g. it follows that the map
g« is monomorphic. Consequently, the map g., and therefore the map f,, is an
isomorphism. O
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Remark 2.50. The converse is generally not true: there are weak homotopy
equivalences that are not homotopy equivalences. However, as we shall see be-
low, for sufficiently “good” spaces (namely cellular spaces), any weak homotopy
equivalence is a homotopy equivalence.

It is clear that the composition of weak homotopy equivalences is also a weak
homotopy equivalence. Therefore, it follows immediately from the previous
statement that

Proposition 2.51. any map that is homotopy equivalent to a weak homotopy
equivalence is also a weak homotopy equivalence.

Remark 2.52. By analogy with the relation of homotopy equivalence of spaces,
one could introduce the relation of their weak homotopy equivalence. This
relation is obviously reflexive and transitive, but, generally speaking, it is not
symmetric. We will not consider it.

We will call a subspace A of a space X representative if the inclusion map
i: A c X is a weak homotopy equivalence, i.e. if for any » > 0 and any point
Xxg € A the homomorphism

it Tu(A;x0) — mn(X;X0)
is an isomorphism. It follows directly from the proposition just proved that

Proposition 2.53. the map f : X — Y is a weak homotopy equivalence if and
only if the space X is a representative subspace of the cylinder Z; of the map f.

In connexion with this proposition, it is useful to note that

Proposition 2.54. if a subspace A of X is representative, then for any n > 0

each map
(LS = (X, A)

is homotopic relative to S to some map g : B — A (i. e, more precisely, to
the map io g, wherei: A C X).

Proof. Indeed, assuming that n > 0 (for n = 0 the reasoning is only simplified),
we assign to the map f the element o’ of the group m,_i(A;xq), where xo =
f(ugp), defined by the map

flgn-1 : §"1 > AL

Since the map i o f|gn-1 is a restriction of the map f : E" — X, then, as proved
above, i.(a’) = 0, and therefore @' = 0 (since the homomorphism i, is, by
assumption, an isomorphism). Therefore, there exists a map

h:EB" — A,

such that
hlSn—l = f|Sn—1.
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Let
B=06(f.ioh)

be an element of the group =, (X;xg) that distinguishes the maps f and i o A.
Since the subspace A is representative, in the group m,(A;xp) there exists an
element @ such that ix(a) = 8. Let

g:E"—> A

be a map of the ball E” into the space A that coincides on S$"~! with the map
h such that
o(g,h) =a.

Then, as is easy to see,
6(iog,ioh) =i.(a),

i.e,

6(iog,ioh)=06(f,ioh).
Therefore, the maps f and i o g are homotopic relative to S"*~1. O

Remark 2.55. The converse is also true: if for each n > 0 any map (E*, $"!) —
(X, A) is homotopic relative to S”~! to some map E" — A then the subspace A
is representative. We will not need this fact, and we will leave its proof to the
reader as a simple exercise.

2.5 Homotopy limits

Let
XocXpc---cX,C--- (2.56)

be an increasing sequence of subspaces of a topological space X, the union of
which is the entire space X. Consider the inclusion maps

. .
iy Xn—=>Xpm, ":Xp—X, 0<n<m< oo,

and for any point x € X and any number n > n,, where n, is the smallest n for
which x € X,,, the homomorphisms induced by these maps
(Tp)e 2 T (X3 %) = 7k (X3 X)),

m k=0,
(l )* : ﬂ-k(Xn;-x) - ﬂ-k(X;x)’

of homotopy groups.
We will say that the space X is a weak homotopy limit of subspaces (2.56) if

1) for any number k > 0, any point x € X, and any element « € 74 (X;x), there
exist a number n > n, and an element «@, € 7 (X,;x) such that

a = (I")(an);
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2) for any number k > 0, any number n > 0, any point x € X, and any elements
Oy, a;, € mi(X;x), with the property that

(i) (@n) = (") (ay),

there exists a number m > n such that
(i)« (@n) = (i)« (@),

It is clear that if the number n > n, satisfies condition 1), then any number
n' > n also satisfies this condition, i.e. there exists an element a, € mi(X,;x)

such that (i",)*(cxnr) = a (at least the element «,/ = (i:‘l,)*(an) has this prop-

erty). Similarly, any number m" > m satisfies condition 2) together with the
number m.

Remark 2.57. The reader familiar with the concept of a spectrum of groups
will immediately discover that for any number k > 0 and any point x € X the
groups 7 (Xu;x), n = m, and the homomorphisms (i%)., ny < n < m constitute
a spectrum and that conditions 1) and 2) are equivalent to the fact that the
homomorphism of the limit group of this spectrum into the group mx(X;x),
induced by the homomorphisms (i"),, is an isomorphism.

One can specify simple set-theoretic conditions under which the space X is
a weak homotopy limit of the subspaces (2.56). For example,

Proposition 2.58. if for any compact set C C X there exists a number n > 0
such that C C X,,, then the space X is a weak homotopy limit of the subspaces
X,,.

Proof. Indeed, let k > 0, x € X, and let @ be an arbitrary element of the group
7 (X;x). Consider an arbitrary map

[ (85 m0) = (X;0)

of class @. Since the sphere S is compact, the set f(S¥) is also compact, and,
consequently, there exists a number n > 0 such that f(S¥) ¢ X,,. Therefore, we
can consider the map f as a map f : (SX,u9) — (X,;x). It is clear that the
element a, € mr(X,;x) defined by this map has the property that (i").(a,) = .

Condition 2 is verified similarly (only instead of the compactness of the
sphere S¥, we have to use the compactness of the product S x I). O

In the case of an arbitrary sequence (2.56), the space X is not, generally
speaking, a weak homotopy limit of the subspaces X,. However, it can be
argued that

Proposition 2.59. For any increasing sequence
XocXyc---cX,C--- (2.60)
of subspaces of X, there exists a space X* and a sequence
XfcXfc--cXrc---

of subspaces of X* such that



2.5. HOMOTOPY LIMITS 85

1) for any n > 0, the space X> is homotopy equivalent to the space X,;
2) the space X* is a weak homotopy limit of the subspaces X=.

Proof. Indeed, let X* be the subspace of the product X x R consisting of all
points (x,1), x € X, t € R, for which t > n+ 1 for x ¢ X,,,

X* = U o (Xx X [k, 00]) = U (X X [k, k +1])

and let X> be the subspace of X* consisting of all points (x,#) € X* for which
t <n,ie.,

X,% =(Xox[0,1)U (X1 x[1,2))U--- U (Xp-1 X [n—1,n]) U (X, Xn).

Since the coordinate ¢ of a point (x,f) of an arbitrary compact set C c x%,

being a continuous function on C, is bounded, then C ¢ X* for some n > 0.
Consequently, according to the statement proved above, the space X~ is a weak
homotopy limit of the subspaces X>.

Let us further consider the natural map

p2 (XE S X,
defined by the formula
pE(x,t) =x, (x,1)€ X~
It is clear that for any n > 0 the inclusion
p=(X)) C Xu,
holds and therefore the map p* defines a map
P Xy = X

(This map is defined by the same formula as the map p*, with the only difference
that now (x,7) € X>.) Setting for any point x € X

0 (x) = (x,n),
we obviously obtain a continuous map
qE Xy = Xf
for which pZ o g> = 1x,. On the other hand, setting
()= r+t(n—-1), (x,)eX>, 0<7t<1,
we obtain a deformation
£ XX XE 0<t<l,

of the space X> such that & = ¢* o p>. Therefore, the maps p> and ¢> are
mutually inverse homotopy equivalences.
Thus, the proposition formulated above is completely proven. O
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Generally speaking, it is impossible to claim that the map p~ is a homotopy
equivalence (even a weak one). Specifically, as we will now show,

Proposition 2.61. the map
pZ (XXX

is a weak homotopy equivalence if and only if the space X is a weak homotopy
limit of the subspaces X,,.

We will prove an even more general proposition, which applies to the situa-
tion where we are given an arbitrary space X, which is a weak homotopy limit
of subspaces

XoCcXjcCc---CcX,C---

an arbitrary space Y, which is the union of an increasing sequence of subspaces
YocYycCc---CY,C---
and a continuous map
f:X->Y

such that
f(Xn) CYy

for any n > 0. Let
fan: Xn—>Y,, nx=0,

be the map defined by the map f. This map is related to the map f by the
formula

foin :jnofn’
where " is, as above, the inclusion map X, ¢ X, and ;" is the inclusion map
Y, c Y. Moreover, for n < m, the maps f,, and f,, are related by the formula

fmoi:lnzj}zofn’

where %, : X, € Xy and )}, 1 Y, C Y.
We will show that

Proposition 2.62. if for any n > 0 the map f, is a weak homotopy equivalence,
then the following two statements are equivalent:

1) the space Y is a weak homotopy limit of subspaces Y, ;
2) the map f is a weak homotopy equivalence.

Proof. Indeed, let Statement 1) be true. Consider an arbitrary number k > 0
and an arbitrary point x € X. Since the space Y is a weak homotopy limit of
subspaces Y, then for any element 8 € mx(Y;y), where y = f(x), there exist a
number n > ny, and an element B, € mx(¥,;y) such that 8 = (j").(8,). In this
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case, without loss of generality, we can assume that n > n,, i.e., that the group
7 (Xp; x) is meaningful. Since the corresponding homomorphism

(f)e : (X3 x) = 7 (Yo y)

is, by assumption, an isomorphism, there exists an element «, € m(X,;x) such
that B8, = (fu)«(@,). Consequently, assuming @ = (i").(a,), we get that

fel@) = (f o i™)u(an) = (j" o fu)s(an) = (")« (Bn) = B-

Thus, for any number k£ > 0 and any point x € X, the homomorphism
fo i m(X5x) = (Y f(x)) (2.63)

is an epimorphism.

Now let @ and @ be elements of the group 7x (X;x), such that f.(a) = f.(a).
Since the space X is a weak homotopy limit of subspaces X;,, there exist a number
n > n, and elements «,,, a/;l € mr(X;x) such that @ = ("), (@) and @’ = (i")*(a;l).
Let Bn = (fu)«(an) and :8;1 = (fn)*(a;;) Since

GMe(Ba) = (" 0 fu)ul@n) = (f 0 i™)ul@n) = ful@)
= fi(@) = (foi"ulay) = (" o fu)e(@,) = (G")(Bo)s

then there exists a number m > n such that
(m)(Bn) = ()= (B,).
Therefore, putting a,, = (i’,).(a,) and a,, = (i%).(a,), we get that

(fm)*(a'm) = (fm o i;lq)*(an) = (JZZ © fn)*(a'n) = (Jﬁz)*(ﬂn)
= (1) (B) = G o fi)e (@) = (fin 0 im)uln) = (fm)s (@)

Since the map (f,). is, by assumption, isomorphic, it follows that a,, = a;n,
and therefore

@ = (i").(@n) = (™) (@m) = (™)u(a,) = (™o il)x(a,) = a.

Thus, homomorphism (2.63) is also a monomorphism. Therefore, the implica-
tion 1) = 2) is completely proven.

Now let assertion 2) be true. We will prove that condition 1) of the definition
of a weak homotopy limit is satisfied for the subspaces Y;, i.e., that for any
number k£ > 0, any point y € Y, and any element 8 € n(Y;y), there exists a
number n > ny, such that 8 = (j").(8). Since the map f induces, by assumption,
a one-to-one correspondence between the path connected components of the
space X and the path connected components of the space Y, we can, without
loss of generality, assume that y = f(x), where x is some point of the space X.
Consider the corresponding homomorphism

fo i (X5x) — m (Y5 y).
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Since this homomorphism is, by assumption, an isomorphism, there exists an
element @ € 7 (X;x) such that 8 = fi(«@). Since the space X is a weak homotopy
limit of subspaces X,, there exists a number n > n, > n, and an element
an € mr(X;x) such that @ = (i").(a,). Therefore, setting B, = (fu)«(an), we
obtain that:

B=(foi")(an) = ("o fu)s(an) = (j")«(Bn)-

Condition 2) is checked in a completely similar way.
Thus, the above statement is fully proven. O

We will say that the space X is a homotopy limit of the sequence of subspaces
XocXyc---cX,C--- (2.64)

if the map
pZ XF o X
is a homotopy equivalence. By the proposition just proved,

Proposition 2.65. any space X that is a homotopy limit of subspaces X,, is
also their weak homotopy limit.

We will begin our study of homotopy limits by proving that
Proposition 2.66. if

1) every point x € X is an interior point of some subspace X,, i.e., the family
{int X;;;n > 0} is an open covering of X;

2) the covering {int X,;;n > 0} can be refined into a locally finite open covering
I' = {Ugy;a € A}, for which there exists a subordinate partition of unity

{fa;a@ € A},
then the space X is a homotopy limit of the subspaces Xj,.

Proof. Indeed, denoting for each element @ € A by the symbol n(«@) the smallest
n for which U, € int X,;, and setting

F) =) n(@)falx), xe€X,
acA

we define on the space X a certain numerical function f(x). This function, as is
easy to see, is continuous (since the covering I', by assumption, is locally finite).
Furthermore, it has the property that f(x) > n+ 1 for x ¢ X,, since if x ¢ X,,,
then f,(x) =0 for all @ € A for which n(a) < n, and therefore

)2 (n41) D falr) =n+1.

acA

Consequently, the formula

q(x) = (x, f(x)), x€X,
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defines a continuous map
qg:X— X=.

Clearly, p o g = 1x. Moreover, the formula
Er(t) = (n (L= +7f(x), () eX*0<T<],

defines, as is easy to see, a deformation &, : X* — X*, for which & = g o p.
Thus, the map p is, as stated, a homotopy equivalence.

For the existence of a partition of unity {f,;a € A} subordinate to a locally
finite covering T, it is sufficient, as we know, that the space X be normal. On
the other hand, for a covering I to exist, it is sufficient, for example, to require
that the space X be paracompact or (assuming that X is normal) that for any
n > 0 the inclusion intX,, C int X,+; holds. (Indeed, in the latter case, the
locally finite covering inscribed in the covering {int X,,;x > 0} is the covering
{int X1, int X,41 \Vn_1; 71 > 0}, where V,_1 is a neighbourhood of the set int X;,—1
such that V,_; C int X,,). Thus,

Proposition 2.67. if condition 1) of the previous proposition is satisfied, and
the space X is normal and, in addition, either this space is paracompact or

int X, C int X,,41

for any n > 0, then the space X is a homotopy limit of the subspaces X,,.

These conditions are by no means necessary.
Let us now consider (for an arbitrary space X and arbitrary subspaces X,,),
the subspaces
XOZCXlzC--~chc-~~

of the space X*. Tt is clear that int X* is the set of all points (x,) € X* for
which ¢ < n. Therefore,
X* = U>, int X7,

i.e., for the subspaces XZ, condition 1) of the proposition proved above is satis-
fied. Moreover, it is easy to see that the sets

int XY, intX>,\intX>, nx1, (2.68)

form a locally finite covering refining the covering {int X*|n > 0}, and the func-
tions fu+1, n = 0, defined by the formula

0, if t<n-3ort>n+3,
1 4
—4t_§"+3, if n—%ﬁtﬁn—}l,
fn+1(-x9t): . 1 1
, if n—3<t<n+3,
1 f TSt<n+y
%‘4’, if n+%§t§n+%,

constitute a decomposition of the unit subordinate to covering (2.68). Hence,
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Proposition 2.69. for any space X and any of its subspaces
XoCcXjCc---CcX,C---
the space X is the homotopy limit of the subspaces
XZ = (Xox [0,1])U---U (X1 X [n=1,n]) U (X, X n).

This proposition is a strengthening of the property of subspaces X2 proved
above. Using it, we can extend the basic properties of weak homotopy limits to
the case of homotopy limits.

Let, for example, X be an arbitrary space that is a homotopy limit of the
subspaces

XoCcXjCc---CcX,C---

Y be an arbitrary space in which an increasing sequence of subspaces
YocYyc---CcY,C---
is defined, and f be a continuous map
f:X—>Y

such that
f(Xn) C Yy

for any n > 0. Then
Proposition 2.70. if for each n > 0 the map f defined by
Jn:Xn oYy

is a homotopy equivalence, then the following two conditions are equivalent:
1) the space Y is a homotopy limit of the subspaces Y, ;
2) the map f is a homotopy equivalence.
Proof. Indeed, let, as above,

X* = U o (Xx X [k, k +1])

and let similarly
Y = U (Yi X [k, k +1]).

Since f(Xx) C Y, the formula
fEen = (f(x),0, (x1)€X?,

defines a continuous map
f RS CIN 2
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The map f is obviously related to the map f* by the formula
fop®=p o f%,
where
pZ:XE—>X, 1_72:Y2—>Y
are natural maps. Therefore, if statement 1) is true, then the map f* is ho-
motopically equivalent to the map f, and if statement 2) is true, then the

composition of the maps f* and 1_72 is a homotopy equivalence. Therefore, to
prove the equivalence of statements 1) and 2), it suffices to prove that

Proposition 2.71. the map f* is a homotopy equivalence.

Let us first consider the case when X =Y and X,, =Y, for all n > 0. Let, in
addition, each map
fo: Xn—> Xy, n2=0,

be homotopically identical and let
ént it Xn — X

be a deformation of the space X,, that connects the identity map 1x, with the
map f,. For any point x € X,,, n >0, and any t,7 € I, we set

(f(x),n+1(2t + 1)), if 0<7t<1/2 0<r<1/2,
(fx),n+2(1 -1 +1), if 0<7t<1/2 1/2<t<1,

he(x,n+1) =4 (€na—2:(x),n + 21), if 1/2<71t<1,0<t<1/2,
(€n,1-(3-4n)(270-1) (X),n + 1), if 1/2<7t<1, 1/2<1<3/4,

(Ens11-(a-3)2e-n(X),n+1), if 1/2<7<1, 3/4<r<1.
It is easy to see (Fig. 2.4) that we thereby obtain a certain homotopy
he : X* — X*
connecting the map f* with the map & defined by the formula

(x,n+ 2t), if 0<r<1/2,
h(x,n+1) =1 (énar—2(x),n+ 1), if 1/2<t<3/4,
(én+1,4-4:(x),n + 1), if 3/4<t<1.

Therefore, it is sufficient for us to prove that the map & is a homotopy equiva-
lence. With this in mind, we note that by the equality

1
h(x,n+§) =h(x,n+1)=h(x,n+1)

the formula

(x,n +21), if 0<r<1/2,

h(x,n+32),  if 1/2<r<1.

glx,n+1) ={
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Figure 2.4:
uniquely determines some continuous map
g: X* - X*.
Let
(x,n+ (1 +67)1), if 0<7t<1/2, 0<t<1/4,
(x,n+2(1-t)T +1), if 0<t<1/2, 1/4<t<1,
ne(x,n+1t)=<(hog)(x,n+t), if 1/2<1t<1,0<t<71/2,
h(x,n +71), if 1/2<7t<1, 7/2<t< 3722T,
(hog)(x,n+1), if 1/2<7t<1, <<l
Since -
(hog) (x,n+ 5) =h(x,n+71), 0<7<1,
we have
39327
(hog) (x n+ ) (hoh) (x H+T2)
h(fn,'r—2(x)sn +1) = (gn,T—Q(x)’n +1)

h(énst,a-ar(x),n+1) = ({pr1,4-4:(x),n+ 1)
=h(x,n+71), 1/2<71<1,

=(h0h)(n+‘r)={
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and
(hog)(x,n+1t)=(x,n+4t), 0<tr<1/4,
this formula defines (Fig. 2.5) a certain homotopy,

Lol
z S
| e ,
7 )
(T, n+7) (hog)(z, n+7) ’
| i u el —‘“}
| (roo)E e 2) 1
273 g
T
Ve ——— _ S & NG < <
X 2(-y)z+t) | &| & N2
» | T T,
Q’" L(‘_z'_.”_+_£_z____5 Q.\ -~ ul _s T
< il N | 2(z, 1+T) | Ty}
< L -2_”_7 a /
ZL
1)
(2 z "/) \
h n*r2 a
’ +
| (z e ) . =9 &
A
TR - . §
it o Y| g (oo e} &
S\ (z ne(1+60)Y)) = g b 4
R A A .
< (z, ) M€ vepimm
174 2 /T,
4 Z 7
Figure 2.5:

nT:XE—>X2, 0<rt<l,
connecting the identity map 1ys with the map
hog:X*— X~
Similarly, in view of the equalities
(goh)(x,n+ %) =gl,n+71), 0<71<1,

we have

(goh) (x,n+ 3_22T) =h(x,n+ 3_22T)

=gn+71), 1/2<7t<1,
and

(goh)(x,n+1t)=(x,n+4r), 0<tr<1/4,

93
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the formula

(x,n+ (1+67)1), if 0<7t<1/2, 0<t<1/4,
(x,n+ (1 =0T +1), if 0<7t<1/2, 1/4<t<1,

N (x,n+1)=12(goh)(x,n+1), it 1/2<7t<1,0<t<1/2,
glx,n+1), if 1/2<7t<1, 7/2<t< 3_227,
(goh)(x,n+1), if 1/2<7t<1, 37227 <t<1

defines some homotopy
7. X" > X5 0<7<1,
connecting the identity map lys with the map
goh:X* - X=*.

Thus, in the particular case under consideration, the map f* is indeed a homo-
topy equivalence.

Let us now consider the general case.

Let

gn:Yn—>X,, nz0,
be homotopy equivalences inverse to the homotopy equivalences of f,,, and let
in :Xn C)(n+1’ ]n :Yn CYn+1

be inclusion maps. Since f,+1 0i, = j, © fy, then

1,087 ~8n+1° fn41°1n 0 8n = 8n+1°Jn © [0 © 8n ~ &n+1 © Jn-

Let
hn,‘r Yy > Xp, 02721,

be an arbitrary homotopy connecting the map i, o g, with the map g,+1 0 j,- It
is easy to see that the formula

(gn(y),n +21), if 0<tr<1/2,

h(y,n+t) =
Lt {(hn,zt_1<y>,n+1>, i 1/2sr<1,

where y € Y, n >t and 0 <7 < 1, uniquely determines some continuous map
h:Y* > X~

Consider the map
ho f¥: X* — X*.

It is clear that
(ho f*)(X7) c X2, n>0,
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and therefore for any n > 0 the map f o f* defines a certain map
(ho f¥),: X,% — XE
Moreover, for any point x € X, the equality

(ho f¥)n(x,n) = ((8n © fu)(x),1).

holds. In other words,
(hofz)notﬁ ZQEO(gnofn)-

where ¢Z is the homotopy equivalence ¢> : X, — X> constructed above, which

is inverse to the homotopy equivalence p> : X* — X,,. Therefore,

(ho f¥)n~ (ho fX)no(qyopy) =qno((gnofu)ops ~anops~1ly.

Thus, the map ho f* has (with respect to the subspaces XZ) the property that
we required of the map f in the first part of the proof. Therefore, by what has
already been proved, the map & o f* is a homotopy equivalence. Consequently,
the map f* is homotopy injective.

Similarly, the map

fEoh:YE 5y

has the property that
(fFoh)(Y*)Cc Y, n>0,
and therefore defines maps
(fFoh)n: (Yy) =Yy, n20,
satisfying the relation
(f¥ 0 h)n oGy =Gy © (fa 0 8n).

where > is the map ¢> constructed for the spaces ¥,. From the last relation
it follows that the maps (f~ o h),, are homotopy identities. Therefore, the map
f* o h is also a homotopy equivalence, and therefore the map f* is homotopy
sujective. O

Being both homotopically injective and homotopically surjective, the map
f* is a homotopy equivalence. O






Chapter 3

Cellular decompositions

General cellular decompositions seem to provide us with the most natural stock
of objects for constructing a homotopy theory. They have all the basic geo-
metric properties of classical simplicial decompositions (triangulations), and at
the same time their theory compares favourably with the theory of simplicial
decompositions in its generality, structure, and internal integrity. However, un-
til now no one has apparently attempted to give a coherent and independent
exposition of the basic properties of cellular decompositions. This chapter is the
first attempt in this direction.

The definition and simplest properties of cellular decompositions are pre-
sented in §3.1 and §3.2.

In §3.3 it is proved that any cellularly decomposed space is paracompact
(and, therefore, normal). Here it is also proved that the topological product
of two cellular decompositions is a cellular decomposition if at least one of the
given decompositions is locally finite or if both of them are locally countable.

In §3.4, after a number of simple remarks on continuous maps of cellularly
decomposed spaces, it is proved that any cellular pair satisfies the axiom of ho-
motopy extension, and the main theorem on cellular maps is formulated (along
with some corollaries). §3.5 is devoted to the proof of this last theorem.

In the final §3.6, a remarkable theorem of Whitehead is proved that any weak
homotopy equivalence connecting cellular spaces is a homotopy equivalence. In
this section, several simple remarks are placed on quasi-polyhedra (i.e., spaces
homotopy equivalent to cellularly decomposed spaces).

3.1 Cellular pre-decompositions

Let X be an arbitrary Hausdorff space. We call a subset e of X an (open) cell
if there exists a continuous map

x:E'"—>X (3.1)

97
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of the unit Euclidean ball E" into X that homeomorphically maps the open ball
E" onto the set e and has the property that y(S""')Ne = @ where $"~! = E*"\E".
We will call the dimension n of the ball E" the dimension dime of the cell
e. Clearly, it is uniquely determined by the cell e (since the balls E" are not
homeomorphic for different n). When it is necessary to specifically indicate the
dimension n of the cell e, we will denote this cell by the symbol e”.

The image yx (E") of the ball E" under map (3.1) is compact and therefore a
closed subset of the Hausdorff space X. Consequently, the closure e = y (E") of
the cell e is contained in the set y(E") and therefore coincides with it (since the
continuity of the map y implies the inclusion y(E") C y(E™) (see the properties
of continuous maps in §1.5). Thus,

Proposition 3.2. the image of the ball B* under the map (3.1) is the closure
e of the cell e.

The cells of the space X need not be open in X. For example, for n = 0,
the ball E° = E° is a one-point space, so that any point of the space X is its
zero-dimensional cell.

For n > 0, the points of the ball E" have the form vu, where 0 < v < 1, and
u is the unit vector, i.e., a point of the unit sphere $"~!. Thus, any point of the
set e (after the map (3.1) is chosen) has the form y(vu), where 0 < v < 1, and
|lu| = 1. Moreover, the number v is uniquely determined by a given point. The
vector u is also uniquely determined if only 0 <v < 1.

We will call map (3.1) characteristic for the cell e. Clearly, every map of the
form y o @ is also characteristic, where a : E" — E" is an arbitrary homeomor-
phism of the ball E" onto itself. However, there may exist characteristic maps
E" — X for the cell e that are different from maps of the form y o a.

Thus, for example, for a disk E? in a plane, along with all possible home-
omorphisms E? — E2, its characteristic maps are identification maps, under
which some arc of the boundary circle S! is contracted to a point.

Sometimes it will be convenient for us to imagine the set e as a continuous
image not of the unit ball E”, but of some space E]} homeomorphic to the ball E"
(for example, the unit cube or the product EP XE?, where p+¢ = n). In this case,
the maps E — X, which are the composition of some homeomorphism E} — E"
and an arbitrary characteristic map E" — X, we will also call characteristic
maps.

Since the space X is, by assumption, Hausdorff and the ball E" is compact,
the characteristic map y (considered as a map of the ball E" onto the closure e
of the cell ¢) is an identification map and therefore

Proposition 3.3. the topology of the set e is the identification topology.

In particular, we see that the topology of the set e does not depend on the
topology of the space X in the sense that any other topology in X in which
the set e is a cell (with characteristic map y) induces the same identification
topology on e.

Note that, being a continuous image of a compact and path-connected set
En

b
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Proposition 3.4. the set e is compact and path-connected.

The set
é=ec\e

will be called the boundary of the cell e. For any choice of the characteristic
map y : E" — X, it coincides with the set y(S"*~'). Therefore, for n > 1, the set
¢ is path-connected, and for n = 1, it consists of at most two points. For n = 0,
the set ¢ is empty.

The main object of our study will be certain families K of pairwise disjoint
cells e C X. For each such family, we will denote by |K]| its body, i.e., the subspace
of X that is the union of all cells e € K, and by K", where n is some non-negative
integer, its n-th skeleton, i.e., the subfamily of the family K consisting of all cells
e € K whose dimension dim e does not exceed n. It is convenient to add to the
number of skeletons the empty subfamily of the family K, considering it the
(=1)-th skeleton of K~!, as well as the family K itself, considering it the co-th
skeleton of K.

By choosing characteristic maps y. : E. — X for all cells e of the family K
such that E,, NE., = @ for e; # e3, we can define a topological sum

Pg = UeekEe

of the spaces E, and a map
x: Py — X,

coinciding on each of the summands of E, with the corresponding map y.. We
will call the (obviously continuous) map y : Px — X counstructed in this way
characteristic for the family K.

A family K of pairwise disjoint cells e ¢ K will be called a cellular pre-
decomposition of the space X if |K| = X and for any n > 0 the boundary é" of
each n-dimensional cell ¢ € K belongs to the subspace |K""!| (the body of the
n — 1-th skeleton).

Remark 3.5. Usually, the condition y(S"! Ne) = @ is not included in the
definition of a cell, since only cells that make up pre-decompositions are of
interest, and for such cells this condition is satisfied automatically.

It is clear that

Proposition 3.6. any cellular sub-decomposition K contains at least one zero-
dimensional cell, i.e., its 0-th skeleton K° is not empty (unless, of course, the
space X is empty).

In what follows, we will call the zero-dimensional cells of a cellular pre-
decomposition K its wvertices.
Since
K™ c K"

for m < n and, in particular, K c K" for n > 0, then
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Proposition 3.7. any skeleton K" of an arbitrary cellular pre-decomposition
K is not empty.

A pre-decomposition K is called finite-dimensional if there exists n > 0 such
that K = K. The smallest of these n is called the dimension dim K of the pre-
decomposition K. Clearly, K™ = K for any m > dim K. Moreover, dim K" < m
for any m > 0 (the strict inequality dim K™ < m holds if the decomposition K
has no cells of dimension m).

Remark 3.8. Thus, for unequal n and m, the equality K" = K™ is possible (even
for n and m less than dim K). This is possible when the pre-decomposition has
no cells of intermediate dimensions.

Ezample 3.9. (of pre-decompositions.)

1) Every Hausdorff space X can be “scattered” into a family K consisting of all
its points. This family will be a cellular pre-decomposition of X containing
only zero-dimensional cells.

2) For any n > 0, the family K = {e",e"} consisting of the point ¢’ = uy =
(1,0, ..., 0) of the sphere S" and its complement e” = S" \ ug is a cellular
pre-decomposition of the sphere S". Here ¢" = ¢° (if n > 0), K™ = {e"} for

0<m<n,and K™ =K for m > n.

3) For any n > 0, the family k = {e, e", ¢"*'} consisting of the cell e"*! = B"
and the pre-decomposition {e°, "} of the sphere S" constructed in Example
2) is a cellular pre-decomposition of the ball E"*!. Similarly, the family
consisting of two points 0 and 1 and the open interval (0,1) is a cellular
pre-decomposition of the segment I = [0, 1]. Taking liberties, we will denote
this pre-decomposition by the same symbol I.

n+1

4) For any n > 0, the family K consisting of the cell ¢"*! = E" and all points
of the sphere S” is also a cellular pre-decomposition of the ball E**1. Its
0-th skeleton K° contains (for n > 0) an uncountable number of cells and is
a pre-decomposition of 1), constructed for the space X = S".

Remark 3.10. A reader familiar with the concept of a (finitely) triangulated
space will immediately recognise that any triangulation of such a space is a cellu-
lar pre-decomposition of it. In the following discussion, cellular pre-decomposition
of this kind are not used.

We will call a subfamily L of a cellular pre-decomposition K its sub-pre-
decomposition if e C |L| for any cell e € L. It is clear that

1) any sub-pre-decomposition L is a cellular pre-decomposition of the subspace
|L];

2) any subfamily L of a cellular pre-decomposition K, for which the subspace
|L| is closed, is a sub-pre-decomposition;

3) for any n > 0, the skeleton K" is a sub-pre-decomposition of the pre-decomposition
K.

)
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4) the union and intersection of any (finite or infinite) system {L,} of sub-pre-
decomposition of the pre-decomposition K is also a sub-pre-decomposition,
and

|mLa| = ﬁ|La/|a |ULQ| = U|La/|~

In connexion with assertion 2), we note that there may well exist sub-pre-
decompositions of L for which the subspace |L| is not closed. (For example, any
subset of the space X is a sub-pre-decomposition of the pre-decomposition of
this space specified in Example 3.9 - 1)). However,

Proposition 3.11. for any finite (i.e., consisting of a finite number of cells)
sub-pre-decomposition of L, the subspace |L| is closed and even compact.

Proof. Indeed, in this case the subspace |L| is the union of a finite number of
compact sets e, e € L. O

From property 4) it follows, in particular, that

Proposition 3.12. for any subset A C X there exists a smallest sub-pre-
decomposition L C K for which |L| D A.

Such a sub-pre-decomposition is the intersection of all sub-pre-decompositions
of L c K for which |L| > A. We will denote it by the symbol K(A).
It is clear that

1) for any point x € X, the equality
K(x) =K(e) =K(e)
holds, where e is a cell of the pre-decomposition K containing the point x;

2) for any cell e € K, the sub-pre-decomposition K(e) consists of the sub-pre-
decomposition K(¢) and the cell e:

K(e) = {K(é),e};

3) for any cell e belonging to a sub-pre-decomposition L of a pre-decomposition
K, the equality
L(e) = K(e)

holds.

We will call a cellular pre-decomposition K of a space X point finite if any
point x € X belongs to the body |L| of some finite sub-pre-decomposition L c K
or, in other words, if for any point x € X the sub-pre-decomposition K(x) is
finite. Similarly, if any point x € X is an interior point of the body |L| of some
finite (resp. countable) sub-pre-decomposition L c K, then we will call the sub-
pre-decomposition K locally finite (respectively, locally countable). It is clear
that
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Proposition 3.13. any locally finite pre-decomposition of K is point finite.
Moreover,

Proposition 3.14. any sub-pre-decomposition L of a point finite (resp. locally
finite or locally countable) pre-decomposition K is point finite (respectively, lo-
cally finite and locally countable).

Further, it is easy to see that

Proposition 3.15. for any locally finite (resp. locally countable) pre-decomposition
K of X, the characteristic map

x:Pxk—X
is locally compact (respectively, locally countably compact).

Proof. Indeed, let p be an arbitrary point in the space Px. By the condition,
the point y(p) € X has in the space X a neighbourhood U contained in the
body |L| of some finite (resp. countable) sub-pre-decomposition L c K. Let
S = x Y(U) and C = y"Y(|L]). It is clear that the set S is a saturated (with
respect to the map y) neighbourhood of the point p in the space Pk, and
the set C is the union of a finite (respectively, countable) number of terms E,
of the topological sum Pk and is therefore closed and compact (respectively,
countably compact). Moreover, the set C is saturated with respect to the map
y and contains the closure S of the neighbourhood S. Thus, each point in the
space Pk has a saturated neighbourhood, the closure of which is contained in
a saturated, closed, and compact (resp. countably compact) set. But this, by
definition, means that the map y is locally compact (resp. locally countably
compact). mi

Remark 3.16. 1t is easy to see that if a pre-decomposition K is point finite, then
the converse is also true, i.e., any point finite pre-decomposition K for which
the characteristic map Px — X is locally compact (reps. locally countably
compact) is a locally finite (resp. locally countable) pre-decomposition. We will
not need this fact.

For any closed set A C X, all sets of the form ANe, e € K, are, of course,
closed (in X). If the converse is true, i.e. if every set A ¢ X for which the
family {A Nele € K} consists of closed sets is itself closed (in X), then we will
say that the topology of the space X is a weak topology with respect to the pre-
decomposition K. In other words, the topology of a space X is a weak topology
with respect to the pre-decomposition K if this space is a free union of subspaces
e C X, e € K. Clearly, this is the case if and only if the characteristic map

x:Pxk—X

is an identification map.
Similarly, for any closed set A ¢ X and any finite sub-pre-decomposition
L c K the intersection A N|L| is closed in X. It is easy to see that
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Proposition 3.17. if the converse is true, i.e., if a set A C X is closed in X
when it has the property that for any finite sub-pre-decomposition L of a pre-
decomposition K the intersection AN|L| is closed in X, then the topology of the
space X is a weak topology with respect to the pre-decomposition K.

Proof. Indeed, if for any cell e € K the intersection A Ne is closed, then for any
finite sub-pre-decomposition L C K the intersection A N |L]| is also closed (since
the space |L| is the union of a finite number of sets of the form e,e € L), and
therefore, according to the condition, the set A is closed. O

However, in the space X, whose topology is a weak topology with respect
to the pre-decomposition K, there may exist non-closed subsets A possessing
the property that for any finite sub-pre-decomposition L c K, the intersection
AN|L| is closed (this property is possessed, for example, by any subset A of the
sphere S"! in Example 3.9 - 4)).

It follows directly from the proven statement, in particular, that

Proposition 3.18. for any finite pre-decomposition K of the space X (when
such a pre-decomposition exists), the topology of the space X is a weak topology
with respect to the pre-decomposition K.

Moreover, it is easy to see that

Proposition 3.19. the last statement holds not only for finite but also for any
locally finite pre-decompositions.

Proof. Indeed, for any locally finite pre-decomposition K of the space X, the
family {ele € K} is obviously a locally finite family of closed subspaces of the
space X, and therefore this space is their free union (see §1.1). O

Let K and L be arbitrary cellular pre-decompositions of Hausdorff spaces
X and Y, respectively. It is clear that in the case when the spaces X and Y
do not intersect, the union K U L of the cellular pre-decompositions K and L
is a cellular pre-decomposition of the topological sum X UY. We will call the
pre-decomposition KUL the sum of the pre-decompositions K and L. According
to what has just been said,

IKUL|=|K|UIL.

Similar statements hold for any number of summands.

Furthermore, since for any n > 0 and m > 0, the ball E"*™ is homeomorphic
to the product E" x E", then for any two cells ¢” € K and ¢™ € L (with charac-
teristic maps y1 : E" — X and x5 : E" — Y), the product e” X ™ represents an
(n+ m)-dimensional cell of the space X XY (for the corresponding characteristic
map, one can take, for example, the map y1 X y2 : E" X E™ — X xY), where

(e"xe™) =¢é"xemUe" xe™.

Consequently, the family K x L of all cells of the form e' x e2, where e! € K
and e? € L, constitutes a cellular pre-decomposition of the space X XY, denoted
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as |K X L| = |K| x |L|. We will call the pre-decomposition K X L the product
of the pre-decompositions K and L. The product of any finite number of pre-
decompositions is defined similarly.

It is clear that

Proposition 3.20. the product of point finite (respectively, locally finite and
locally countable) pre-decompositions is point finite (respectively, locally finite
and locally countable).

In the special case where the pre-decomposition L is the pre-decomposition
I =1{0,1,(0,1)} of the interval I = [0, 1], we obtain a pre-decomposition xI of
the product X x I. The cells of this pre-decomposition are of the form e x 0,
ex 1 and e x (0,1), where e € K. In this case, the dimension of the cells ¢ X 0
and e x 1 is equal to the dimension n of the cell e, and the dimension of the cell
e x (0,1) is equal to n + 1.

Let

Xk Pk = X, xL:PL—Y

be the characteristic maps for the pre-decompositions K and L respectively. It
is clear that in the case when the spaces Px and P are chosen to be disjoint, we
can take their topological sum PxUPy, as the space Pxyr, and the corresponding
characteristic map Pgyr — X UY can then be considered as the map

Xk YUxr:PxkUPy - XUY.
Similarly, we can consider the space Pg X P, as the space Pxxy and the map
)(KXXL:PKXPy—>XXY.

as the characteristic map of the pre-decomposition K x L.

3.2 Cellular decompositions

We will call a cellular pre-decomposition K of a space X a cellular decomposition
if

e it is point finite, and

e the topology of the space X is a weak topology with respect to the pre-
decomposition K.

It follows directly from the results of the previous section that

Proposition 3.21. any locally finite (in particular, any finite) pre-decomposition
of K is a decomposition.

Thus, the pre-decompositions indicated in examples 2) and 3) of Example
3.9 in §3.1 are decompositions. Conversely, the pre-decomposition in example
1) is a decomposition only when the space X is discrete (because otherwise its
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topology will not be a weak topology). In particular, when X = S$", n > 0, this
pre-decomposition is not a decomposition. Similarly, the pre-decomposition in
example 4) of Example 3.9 in §3.1 is not a decomposition either, because it is
not point finite (note that the condition of weakness of the topology is satisfied
in this example).

The last pre-decomposition also possesses sub-pre-decompositions that are
not decompositions (these are arbitrary subsets of the sphere S"!). At the
same time,

Proposition 3.22. any sub-pre-decomposition of an arbitrary cell decomposi-
tion K is itself a decomposition.

Before proving the last statement, we note that the sufficient condition for
the weakness of the topology of the space X indicated in §3.1 is also necessary
in the case of decompositions, so that

Proposition 3.23. A subset A of a space X = |K| is closed if for any finite
sub-decomposition L of the decomposition K the intersection A N |L| is closed.

Proof. Indeed, since for any cell ¢ € K the intersection A N |K(e)| is closed
(since the sub-decomposition K (e) is finite) and since e C |K(e)]|, the intersection
Ane=(AN|K(e)|) Ne is closed. Therefore, the subset A is also closed. O

It follows from this that, in contrast to the case of arbitrary sub-decompositions,

Proposition 3.24. the body |L| of each sub-pre-decomposition L of the decom-
position K is closed in the space X = |K|.

Proof. Indeed, for any finite sub-decomposition of N C K the intersection LNN
is also finite and therefore the intersection |L| N |N| = |L N N| is closed. O

Now let A be an arbitrary subset of |L| such that, for any finite sub-
decomposition N c L, the intersection A N |N| is closed (in |L|, and therefore,
by what has been proved, in X). Then, for any finite sub-decomposition N c K,
the intersection

AN|N|=ANn|LNN|

is also closed, and, consequently, the set A is closed (in X, and therefore in |L|).
This proves that the topology of the space |L| is a weak topology with respect
to the pre-decomposition L. Since the pre-decomposition L is, moreover, point
finite (being a sub-pre-decomposition of the point finite decomposition K), this
pre-decomosition is, as stated above, a decomposition.

In what follows, we will call sub-decompositions L of an arbitrary cellular
decomposition K its sub-decompositions.

When studying the properties of cellular decompositions, it is useful to keep
in mind that

Proposition 3.25. for any compact subset C of X and any cellular decompo-
sition K of X, the sub-decomposition K(C) is finite.
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Proof. To prove this statement, it is sufficient to prove that the subset C in-
tersects only a finite number of cells e € K, since then it will be contained in a
finite sub-decomposition that is the union of sub-decompositions K(e) for which
enC # Q.

Let there exist an infinite system {e;} of different cells ¢; € K for which
e; N C # @ for each i, and let x; € ¢; N C. Consider an arbitrary finite sub-
decomposition L of the decomposition K. It contains only a finite number of
cells e; and e; N |L| = @ if e; ¢ L. Therefore, the subspace |L| contains only
finitely many points x;, so the intersection {x;} N|L| is closed. Consequently, the
set {x;} is closed. By similar arguments, any subset of the set {x;} is also closed,
so the set {x;} is discrete. But this is impossible, since any discrete subset of a
compact set must be finite. Consequently, the set C actually intersects only a
finite number of cells of the decomposition K. O

It easily follows from the proven statement, for example, that

Proposition 3.26. any pre-decomposition K, for which, for eachn =0, 1, ..., oo,
the topology of the space K" is a weak topology with respect to the pre-decomposition
K™, constitutes a decomposition.

Proof. Indeed, since K = K*, we only need to prove that the pre-decomposition
K is point finite, for which it is sufficient in turn to prove that for any finite n, the
pre-decomposition K" is point finite (because if dime = n, then K(e) = K"(e)).
We will prove this by induction on n, considering that the pre-decomposition
K° is obviously point finite.

Let it already be proven for some n > 0 that the pre-decomposition K"~ ! is
point inite. Since, by assumption, the topology of the space |K"~!| is a weak
topology with respect to this pre-decomposition, the pre-decomposition K"~! is
a decomposition, and therefore, according to the statement just proven, for any
compact subset C ¢ |K"!| the sub-pre-decomposition K"~*(C) = K(C) is finite.
In particular, for any n-dimensional cell e” € K, the sub-pre-decomposition
K(e" 1) is finite. But, as we know, K(e") = {K(¢é"),e"}. Therefore, the sub-
pre-decomposition K(e") is also finite. O

In the study of cellular decompositions, an important role is also played by
the fact that

Proposition 3.27. for any increasing sequence
KycKyc---CcK,, C---

of sub-decompositions of the decomposition K, whose union is the entire decom-
position K, the space X = |K| is a free union of subspaces

Kol C |Ky| €+~ C Kyl C -2

Proof. We must show that any subset A of the space X for which the intersection
A N |K"| is closed for any n is itself closed. Since the space X is a free union of
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the sets e, e € K, it suffices to prove that for any cell e € K, the intersection
AnN'eis closed. Let n be a number such that e € K. Then

Ane=(AN{K"}) NeE,
and therefore, this intersection is closed. O

In particular,

Proposition 3.28. for any decomposition K of the space X, this space is a free
union of subspaces
IK°| c |K'|c---c|K"|c---

Note that the converse of the proposition proven above also holds, i.e.,

Proposition 3.29. if a cellular pre-decomposition K of the space X is the union
of an increasing sequence

KhcKyCc---CcK,C---

of sub-decompositions K", each of which is a cellular decomposition (of the sub-
space K™ ), and if the space X is a free union of subspaces

|Kol € |[Kq1l €+ C |Kn| C -
then the pre-decomposition K is a decomposition.

Proof. Indeed, since for any cell e € K the equality K(e) = K,,(e) holds, the
pre-decomposition K is point finite. Therefore, we only need to prove that the
topology of the space X is a weak topology with respect to the pre-decomposition
K. Let A be an arbitrary subset of the space X for which the family {ANe|e € K}
consists of closed sets. Since

(ANn|K")ne=Ane

for e € K" and since the topology of the space |K"| is a weak topology with
respect to the decomposition K", for any n > 0 the set AN |K"| is closed in |K"|.
Therefore, the set A is closed in X. Consequently, the topology of the space X
is indeed a weak topology with respect to the pre-decomposition K. O

The existence of a cellular decomposition K for a space X imposes rather
strong restrictions on the topology of that space. For example, it is clear that

Proposition 3.30. Any space X that admits a cellular decomposition K is a
compactly generated (= kaonic) space.

Furthermore, since the closure e of each cell e of an arbitrary cell decompo-
sition K is connected, any connected component A of the space X = |K]|

either contains such a closure entirely, ANe =¢,
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or does not intersect with it, ANe = 2.

Since in both cases the intersection A Ne is closed and open in e, the connected
component A is closed and open in X. This means that

Proposition 3.31. any space X that admits a cellular decomposition K is a
topological sum of its connected components.

Furthermore, for each connected component A C X, the set L of all cells e € K
whose closures are contained in A (i.e., for which A Nne =¢) constitutes a sub-
decomposition of the decomposition K, and the body of this sub-decomposition
coincides with A : |L]| = A.

Thus,

Proposition 3.32. any connected component A of the space X, which admits
a cell decomposition K, serves as the body of some sub-decomposition L C K.

On the other hand, since the sets e, ¢ € K, are not only connected but even
path-connected, the path-connected components A of the space X also possess
the property that for any cell e € K, either ANe = @ or ANe = ¢, and
therefore each path-connected component A is simultaneously closed and open
in X. Consequently,

Proposition 3.33. every connected space X that admits a cellular decomposi-
tion K is path-connected.

Furthermore, it is easy to see that

Proposition 3.34. for every space X admitting a cell decomposition K, any of
its connected components is a path-connected component, and, conversely, any
of its path-connected components is a connected component.

Proof. Indeed, any connected component of the space X, being the body of
some sub-decomposition of the decomposition K, is path-connected and there-
fore is a path-connected component. Conversely, since any path-connected com-
ponent is both closed and open, it coincides with the connected component
containing it. O

Since each connected component of the space X, being the body of some
sub-decomposition, contains at least one vertex of the decomposition K, and
since his component is path-connected, it follows that

Proposition 3.35. any point in the space X = |K| can be connected by a path
to at least one of the vertices of the decomposition.

Therefore,

Proposition 3.36. the space X = |K| is connected if its subspace {K'} is con-
nected.

It turns out that the converse statement is also true, i.e.,
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Proposition 3.37. if the space X = |K| is connected, then its subspace {K'} is
also connected.

Proof. Indeed, let A be an arbitrary connected component of the space |K'|. As
we know, A = |L|, where L is some sub-decomposition of the decomposition of
the skeleton K. We will show that there exists a sequence of sub-decompositions
Ll1clLyc---CcL,C--- of the form L, c K", such that

1) Ly = L;
2) (Ln+1)n = Ly;
3) For any cell e € K", eitheren|L,| =@ oren|L,| =e.

Let a sub-decomposition L, be already constructed for some n > 0. From
condition 3) it immediately follows that the set |L,| of this sub-decomposition
is both closed and open in the space |K"|. Therefore, for any (n+ 1)-dimensional
cell e"! € K, either ¢"*' N |L,| = @ or é"*' N |L,| = ¢"*! (recall that the set
é"*1 is connected). Therefore, the collection L,4; of all cells e € K" for which
eN|L,| # @ is a sub-decomposition of the decomposition K™*!. It is clear that
this sub-decomposition satisfies conditions 1) - 3).

Now let us consider the sub-decomposition
Loo =, 1Ly

of the partition K. It is clear that its body |L«| C X has the property that for
any cell e € K, either e N |Le| = @ or eN|Ls| = €. Therefore, the subspace |Le|
is closed and simultaneously open in X. Consequently, |Lo| = X, i.e., Lo = K.
But it is clear that (Le)! = Ly = L. Therefore, L = K' and, consequently,
A =|L| = |K!|. Therefore, the subspace |K!| of the space X is connected. O

Since (K™)! = K! for any n > 1, it immediately follows from the last two
statements that

Proposition 3.38. if the space X = |K| is connected, then for any n > 1 its
subspace |K™| is also connected; if at least for one n > 1 the subspace |K"| is
connected, then the entire space X is also connected.

As for the subspace |K°|, it is easy to see that

Proposition 3.39. for any cell decomposition K of the space X, the subspace
|K°| is discrete.

Therefore, the subspace |K°| is connected if and only if the decomposition K
contains only one zero-dimensional cell (such decompositions are called single-
vertex decompositions).

Remark 3.40 (Terminology Convention). Further, for the sake of brevity, we
will not distinguish between cellular decompositions of K and the corresponding
spaces |K|. Accordingly, we will allow expressions such as
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“connected cellular decomposition of K,”

“continuous map of a decomposition of K into a decomposition of L,”
and so on, meaning, respectively,

“a cellular decomposition of K for which the space |K| is connected,”

“a continuous map of the space |K| into the space |L|,”

and so on. In particular, the formula e € K will, as above, mean that the cell e
belongs to the cellular decomposition of K, and the formula e C K, means that
the cell e lies in the space |K|.

In cases where this convention could lead to misunderstandings, we will, nat-
urally, continue to distinguish between decompositions of K and spaces |K|. In
this case, spaces of the form |K|, i.e., spaces that admit cellular decompositions,
will be called cellular polyhedra.

3.3 Theorem on paracompactness

In this section, we prove that any cellular decomposition (i.e., the space |K|; see
the terminology convention at the end of the previous section) is paracompact,
i.e., any open covering I' of it can be refined into a locally finite covering A.
We will construct the covering structure A by “ascending” step by step along
the skeletons K" of the decomposition K. To describe this construction, it is
convenient for us to introduce the following general definition:

Let X c Y and let {U,|la € A} and {Vg|B € B} be families of open sets in
spaces X and Y respectively. The family {Vg|8 € B} will be called an extension
of the family {U,|a € A} if A C B and

Uy =VonNX

for every a € A.
In order to construct an open covering A of a decomposition K, it is obviously
sufficient to construct a sequence of open coverings

A" = (V15 € B")
of the skeletons K", having the property that for any n > 0 the covering A" is
an extension of the covering A"~!. Indeed, then the family A of sets

Vg = U,,V/';

where the summation is extended to all n for which g € B", will, as is easily
seen, be an open covering of the decomposition K (with the index set B being
the union of the sets B c Bl c---c B" c --+).

For this covering to be refined in the given covering

[ ={Ug)a € A}
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of the decomposition K, it is necessary to ensure that there exists a map a
a:B— A,
such that for any n > 0 the inclusion holds
Vg CUqp) NK".

To carry out the proof, it will be more convenient for us to require more,
namely, that the inclusion take place

V; CUqpy N K".

Let us now consider the question of conditions that ensure local finiteness of
the covering
A ={Vg|B € B}

Let x be an arbitrary point in the space K. To construct a neighbourhood
of a point x in the space K, it is sufficient for any x for which x € K" to define
in the space K" a neighbourhood W} of the point x with the property that for
xe K1

WinK" = with

Indeed, then the formula
W, = U, Wy

(the summation is extended to all n for which x € K™) will define for us some

neighbourhood of the point x in the entire space K. This method can obviously

be used to obtain any neighbourhood W, (it suffices to set W = W, N K").
Note that for W, NVg # @ there exists a number n > 0 such that x € K" and

Winvg #o.
Now suppose that the neighbourhoods W} have the following two properties:

i) the intersection W7 NV7 for x € K™, where m < n, is non-empty if and only
if B € B™ and the intersection W' N Vg’ is non-empty;

ii) for x € K™\ K"~ ! the intersection W” N Vg is non-empty only for a finite
number of indices 8.

From what has just been said, it follows directly that, if conditions i) and ii)
are satisfied, the intersection W, NVg will be non-empty only for a finite number
of indices B. In other words, the existence of neighborhoods W} satisfying
conditions i) and ii) ensures the local finiteness of the covering A.

Summarising all that has been said, we see that to construct a locally finite
open covering A refined in a given open covering I, it is sufficient to construct

a) a sequence of open coverings A" = {Vg|ﬂ e B'},n=0, 1,.2, ..., each of
which is an extension of the previous covering;
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b) a map
a:B— A,

where B = U}’ | B", having the property that for any n > 0 and any 8 € B",
the inclusion

—n

V,B c Ua(,B) NnK"

holds;

c¢) for any n > 0 and any point x € K" in the neighbourhood W2, with the above
properties i) and ii).

We will construct these objects by induction on the number n.

For n = 0, we take the O-th skeleton K° of the decomposition K for the set
B°. We define the map @ on the set B® by choosing, for each point 8 € B® = KV,
the element of the covering I' that contains it and taking @(8) as the index of
this element. For the set Vl(i’) corresponding to the point 8 € B°, we take this
point itself. Similarly, for the set W corresponding to the point x € K, we also
take this point itself. Since the space KV is discrete, it is easy to see that all our
conditions are satisfied.

Let for some n > 0 we have already constructed a set B", a map a of this
set into a set A, open sets Vg C K" and neighbourhoods W} c K", x € K",
satisfying conditions a), b), c).

In the trivial case K™*' = K" we set

1 1 1
Bl =g, vptl=vE Wit =W

It is clear that the index sets B**!, open sets Vg“ and neighbourhoods W7+
constructed in this way still satisfy conditions a), b), c).

Thus, we need to consider only the case when K**! # K", i.e., when the
decomposition K contains n + 1-dimensional cells K"*!. For each such cell, we,
having chosen some characteristic map

y B S X,
wee put

Up=x"'Ua) =x'(Uane™), acaA,
Vo=x"'(Vp) =x'(Vfne™'), BeB.

The sets U/Q (many of these sets are, generally speaking, empty) constitute an
open covering I of the ball E"*!, and the sets V/; (among which there may also
be empty sets) constitute an open covering of its boundary sphere S”. Moreover,
in view of condition b), for any element g € B", the inclusion holds

Ve CUpyp NS
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(from which, in particular, it follows that the covering {V/;} is refined in the
covering I' N S" = {U:I(ﬁ) N S"|a € A}). Moreover, in view of condition ¢) (by
which the covering A" = {V£|ﬁ € B"} of the space K" is locally finite), the

covering {V'(;I,B € B"} of the sphere S" is locally finite. (However, it is easy to
see by induction that in fact only finitely many elements of this covering are
non-empty.)

Next, for each point x € K" we set

W= x (W) = x (W ™).

Clearly, the (possibly empty) sets W, are open in the sphere S" and have the
property that for each point x there are only finitely many indices B8 for which
W, NV, # 0.

For any set G ¢ S" and any positive € < 1, we will denote by G, the
“radial extension to &” of the set G into the ball, i.e., the subset of the ball E"*!
consisting of all points v = vu € B!, 0 <v < 1, |u| = 1, for which

l-e<v<l, ucedG.

It is clear that if G is open in the sphere S”, then the set G, is open in the ball
En+1‘
The sets G, have the property that G, NS" = G. Moreover, for any & < &,
the inclusion
G, CcGg

holds. Moreover, for any sets G,H c S" and any positive € < 1 and 5 < 1,
the intersection G N H,, of their “radial extensions” is non-empty if and only
if the intersection of the sets G N H is non-empty. In particular, the set G is
non-empty if and only if the set G is non-empty.

Now, choosing for each element 8 € B" some positive number g5 < 1, we set

Vi = (Vg)sy-

Since Vﬁ c U;(ﬁ) N S", for sufficiently small eg the inclusion

’

Vs € Usp)

;0(,3)) holds, so that all sets Vﬁ*, B € B", form an

open (and obviously locally finite) covering “adjacent” to the sphere S" of the
set

(and even the inclusion V, ¢ U

V* = Ugepn Vs,

refined in the covering I' N V* = {U,, N V*}.
Since the set E,4; \ V* is closed in the ball E"*!, it is compact, and therefore
it can be covered by a finite number of non-empty sets of the covering I'". Let

U'm, e, U/as be these sets. Since V* is open and contains the sphere S", it is
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possible to refine the open covering {U;,1 y s U:,S} of the set E**1\ V* into an
open covering {Ty, ..., T} such that

T,'CU;I,, T,‘QSHZQ.

For consistency of notation, we will write V; instead of T;. Here, the su-
perscript #, unlike in the previous case, of course, does not mean that V_ is
obtained by radial extension. Furthermore, this notation implies that the sets
B™ and A do not intersect; clearly, this last assumption does not restrict gen-
erality. It is obvious that the sets VE, BeB", and V,,i=1, ..., s, provide
an open locally finite (essentially, even finite) covering of A* of the ball E"*!,
refined in the covering I'".

Since the set U‘l?‘zlv; is closed and does not intersect the sphere S", then for
any point x € K" there exists a positive s; < 1 such that the set

Wi = (W),

does not intersect with the set Ule‘_/;. The sets Wi are open in the ball E"*!
and have the property that
Wins'=w,.

Furthermore, each of the sets Wy intersects with only a finite number of sets
from the covering A*.

Let v be an arbitrary interior point of the ball E"*!. Since the covering A*
is locally finite, this point has neighbourhoods that consist entirely of interior
points of the ball E**' and intersect with only a finite number of sets of this
covering. Choosing one of these neighbourhoods, we denote it by W, where
x € "1 is the image of the point v under the characteristic map y. Here,
the asterisk again does not denote radial extension, but is introduced only for
uniformity of notation.

All the constructed objects will have to be considered below for all cells
e"*! € K simultaneously. Therefore, we will introduce an additional index e™*!
into all notations. Thus, we will consider maps yn+1, numbers s.n+1, indices
@; ene1, SetS V7., ete.

Now we have everything ready to construct the objects we need for n + 1.
We obtain the set B"*' by adding to the set B" all possible pairs of the form
(i,e"*1), where "1 € K,i=1, ..., senr1. We define the map @ on the set B"+!
by the formula

Mm:{mm if BeB",

@ en+l if ,8 = (l, €n+1),

of the set Vg” c K™, B e B™! by the formula

Vn+1 _ Vg U€"+1€K Xen+1 (Vg,en+1)9 lf ﬁ € B”a
B Xen+t (Vai’enﬂ), if B = (i, en+1)’
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and, finally, on the neighbourhood W"*! x € K"*! by the formula

” .
Wn+1 — W;l U€"+1€K Xen+1 (Wx’en+1)a if xe Kna
X Kent1 (W;’;},H), if xe€el.

Since for any cell e"*! € K the characteristic map

Yenr1 (BT 5 X

is homeomorphic on the open ball E"*! = E*™*!\ §" and V) = c E"! for
each i = 1, ..., sen+1, then for any B = (i,e"™!) the set V/’;” = Xer1 (V] yuir)

is open in @"*!. Consequently, this set is also open in K"*!, because for any
cell e € K1 different from the cell e**!, the intersection Vg“ N e is obviously

empty (and therefore open in e).

Furthermore, since for any 8 € B" and any cell "' € K the following
equality holds:

Vﬁ*’enJrl n Sn = /3,@"*1 = Xe_n1+1 (Vg)a

so the set V/’;’enﬂ is saturated with respect to the map y.n+: (considered as a
map from the ball E**! to the closure of the cell "*') and therefore the set
,\(enﬂ(Vﬁ* n+1) 18 OpeEN in "', On the other hand, for any cell e € K™*! either
V/’;“ ne=vgne (if dime < n) or Vg” Ne = xerrt (Vg s (if e ="*1). Since in
both cases the intersection Vg” Ne is open in e, it is thus proved that the set
Vg“ is open in the space K"*! even for 8 € B".

It is similarly proved that all sets of the form W1 are also open in the space
Kn+l'

Let us now check conditions i) and ii) for these sets. First, we will consider
condition ii).

Let x € K™\ K" and 8 € B""'. Consider a cell ¢"*!' of the decomposition
K containing the point x. By definition,

n+1 *
Wx = Xe"+1(Wx’en+1)7

and therefore the intersection W;‘“ N Vg” can be non-empty, only when g € B"
or when g = (i,e"!), where i = 1, ..., son+1. Since the number of indices 8 of
the form (7, e"*!) is finite, it suffices to prove that the number of those B € B"*
for which this intersection is non-empty is also finite. But it is clear that for
B e B"

WAV = xonst (W) g OV gnin)s

and therefore, according to the choice of the set W7 .., the intersection wntln

Vg” is non-empty only for a finite number of indices 8 € B".

Let us now check condition i). Let m <n+1, 8 € B*! and x € K™. Since
m < n+ 1, then
W = WU Ugnt e Yoot (WS i)
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Therefore if 8 = (i, ¢™*!), then
W;H—l ﬂ V£+1 = Xe"” (W;’erwl m V;;:’en+l) = @
If B € B", then due to inclusions
Xen+l (W;’en+l) n Kn C W)':,
Xen+l (V;’en_ﬂ) n Kn C V;;
the equality will hold
W)rcHl n VZ;+1 =(Win V’g) U Ugn+1 e g Y en+1 (W;’Enﬂ N Vﬁ*’enﬂ).

n+1l

Let for some cell e € K the intersection

X

W ’En+1 n VB,E"+1
is non-empty. Then the intersection is non-empty

W, gt NV ner = X (WY O V),

X

and the intersection as well

Winvg.
It follows from this that the intersection W7+ ﬂV[g‘”, B € B", is non-empty if and
only if the intersection W N Vg is non-empty, i.e., by the induction hypothesis,
when 8 € B™ and the intersection W'NV}" is non-empty. Thus, the construction
of coverings A" and neighbourhoods W by induction is accomplished for all n.
According to the above, it is thus proved that

Proposition 3.41. any open covering I' of a cellular decomposition K can be
refined into a locally finite open covering A.

In other words, we have proved that
Proposition 3.42. any cellular decomposition of K is a paracompact space.

Since the space K is, by assumption, Hausdorff, it follows directly from this
statement that

Proposition 3.43. any cellular decomposition of K is a normal (and even stably
normal) space.

Let us now consider the characteristic map yxxr : Pxkxr — K X L for the
pre-decomposition K x L which is the product of two cellular decompositions K
and L. By what has just been proved, the spaces K and L are regular. Moreover,
as we know, if the decomposition K is locally finite (resp. locally countable),
then the characteristic map yx : Pk — K is locally compact (resp. locally
countable). On the other hand, as noted at the end of §3.1, we can assume that
Pixxp = Pk X Pp and ygxr = Yk X xr- Therefore, by the theorem proved in
§1.5, the map ygxr is an identification map if at least one of the decompositions
K and L is locally finite or if both these decompositions are locally countable.
Since the pre-decomposition KX L is obviously point-wise finite, it is thus proved
that
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Proposition 3.44. The product K X L of cellular decompositions K and L is a
cellular decomposition if at least one of the decompositions K and L is locally
finite or if both these decompositions are locally countable.

In particular,

Proposition 3.45. for any cellular decomposition K, the product K X I is also
a cellular decomposition.

Remark 3.46. As Dowker showed, there exist cellular decompositions K and L
such that their product K x L is not a cellular decomposition.

3.4 Continuous maps of cellular decomposition

Let K be an arbitrary cellular decomposition and Y be an arbitrary topological
space.
Since the decomposition K is a free union of sets e, ¢ € K, then

Proposition 3.47. the single-valued map
f:K—>Y

is continuous if and only if for any cell e € K the map
fle:e—>Y

18 continuous.

Similarly, since a cellular decomposition K is a free union of its skeletons K",
then

Proposition 3.48. the map

f:K—>Y
is continuous if and only if for any finite n > 0 the map
f|K" K" —>Y.

18 continuous.

In what follows, we will repeatedly construct maps
f:K—>Y.

by constructing, for any n > 0, “consistent” continuous maps f”, i.e., continuous
maps
f" K" —>Y.
such that
fn+1|K" — fn
for any n > 0, and setting for any point x € K
fx) = f"(x), if xeK".

According to the previous assertion,
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Proposition 3.49. the map

f:K—>Y.
constructed in this way is continuous.

All these statements are applicable, in particular, to the decomposition K x I
and to continuous maps K X I — Y, i.e., to homotopies f; : K - Y, 0<t<1.
Since the decomposition K X I is obviously a free union of sets e X I, we obtain
from this that

Proposition 3.50. the family of maps
fi:K—>Y, 0<r<l1,
is a homotopy if and only if for any cell e € K the homotopy is the family
file;e—=Y, 0<t<1,
and also if and only if for any n = 0 the homotopy is the family
filgn : K" > Y.

Moreover,

Proposition 3.51. if for all n > 0 we are given “consistent” skeleton homo-
topies, i.e., homotopies

fn, K" —>Y, 0<r<l,

such that
f*Hgn e —Y, 0<t<l,

for any n > 0, then, setting for each point x € K and any t € I
Ji(x) = f*(x), if xeK”,
we obtain some homotopy

it K=Y, 0<t<1

Sometimes we will consider not the sequence KO K, ..., K", ... of skele-

tons, but an arbitrary increasing sequence
KhcKyc---CcK,C---

of sub-decompositions of the decomposition K, the union of which is the entire
decomposition K. Since the decomposition K is the free union of any such
sequence, then

Proposition 3.52. All the assertions proved above remain valid even if the
sequence of skeletons is replaced by an arbitrary increasing sequence of decom-
positions of the decomposition K, the union of which is this entire decomposition.
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On the other hand, since any closed (or open) subspace X of the decompo-
sition K is a free union of sets X Ne, ¢ € K, then everything said above is true
(with obvious modifications) for any such space. Thus, for example,

Proposition 3.53. the map
f:X->Y

is continuous if and only if for any cell e € K the map
flxre: XNe—-Y
is continuous, and also if and only if for any n > 0 the map
Flxngn : XNK* > Y

18 continuous.

A pair (K, L) consisting of a cellular decomposition K and an arbitrary sub-
decomposition L of it will be called a cellular pair. Using the above remarks, one
can easily prove that the extension property of maps of spheres, which underlies
the definition of m-connected spaces (see §2.1), holds for any cellular pairs (K, L)
for which dim(K\ L) < m+1, i.e., for which dime < m+1 for each cell e € K\ L.
Namely,

Proposition 3.54. if dim(K\ L) < m + 1, then any map f : L — Y of a sub-
decomposition L into an m-connected (m = 0) space Y can be extended to some
map g: K —>Y.

Proof. Indeed, let
K,=K"UL n=x=0.

Forany n =0, 1, ..., m+ 1, we construct a continuous map
gn Ky —>Y,

such that g,|z = f, gn+1lk, = gn- Then the map g,41 will be the desired map
g (since, according to the condition, K,,+1 = K).

We will construct the map g¢ by arbitrarily defining it on the vertices of the
decomposition K that do not belong to the sub-decomposition L (on L, it must,
of course, coincide with f). Clearly, this map is continuous.

Let g, already be constructed for some non-negative n < m. If K41 =
K,, then we set g,.1 = gn. Let K,41 # K, and let ¢! be an arbitrary n +
1-dimensional cell of the decomposition K that does not belong to the sub-
decomposition L. Having chosen a characteristic map for each such cell,

fen+l : En+1 - K,
we consider the composition

8n O Xentt|gn : S" =Y,
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of the restriction y,n+|sn of the map y.n+1 to the sphere S" and the ma g,.
Since the space Y is, by assumption, m-connected, and n < m, we can extend
this composition to some map

Xennt B Sy,

For any point x € K;;+1, we now set

8gn(x), if xé€Kp,

gn+1(x) = {fe"“()(enlﬂ (%)) if x¢Kp,

where ¢! is the cell of the decomposition K containing the point x. It is clear
that we thereby obtain a single-valued continuous map

8n+1 : Kny1 —Y,
possessing all the required properties. O
Let us now show that

Proposition 3.55. any cellular pair (K, L) satisfies the aziom of homotopy
ezxtension.

Proof. Indeed, let Y be an arbitrary space, f : K — Y an arbitrary map, and
g L —>Y, 0<1t<1, beahomotopy such that gg = f|L. We must construct
a homotopy f; : K — Y for which fy = f and f;|. = g; for any t € I. Let
K, = K, UL. According to the above, to construct a homotopy f;, it is sufficient
to construct for any n > 0 a homotopy

P Ky—Y,

such that
3 =flk, fl'le=g. and f' g, = f"

For any point x € Ky we define a homotopy f° by the formula
oo it el
L f, if xeKk°.

It is clear that this formula indeed defines a homotopy, for which fO0 = flk, and
f) =g, foranytel.

Let for n > 0 we have already constructed a homotopy f". If Ky+1 = Kp,
then we set "1 = ", 0 <t <1. Let K11 # K, and let ¢"*! be an arbitrary
n + 1-dimensional cell of K that does not belong to L. Having chosen for each
such cell e"*! a characteristic map

Xen+1 : B" — K,
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For each point x = yena(va), 0 < v < 1, |u|, of the set e"*' and any number
t €1 we set

FO (Za),  if 0<vs 3

1%
f2nv+t—2(XZ+1(u)), lf % S WY S 1

8entl ¢ ()C) = {

It is easy to see (Fig. 3.1) that this formula uniquely defines a certain map

Qe+ g el Sy

(depending on the choice of the map y). Moreover, since the family of maps
Gentl g O Yenrt B Y

is obviously a homotopy, the family of maps g.n+1, is also a homotopy (since
the characteristic map y,n+:1 considered as the map E"™*' — 2"*! is an identity
map, and the segment I is compact, so the map yenss X 1 : B x T — 2" x T

is also an identity map). This homotopy has the property that

gen+l 0 = flEnH and gen+1’t|én+1 = ftn|én+1

for any t €. Therefore, the formula

P fH(x), if xek,,
! gen+1 ¢ (X) if xee™ €K \K,,

defines a certain homotopy f"*!: K,+1 — Y, 0 <t <1, which obviously has all
the required properties.

Thus, the homotopies f;* are constructed, by induction, for all n > 0. The
proposition formulated above is thus completely proven. O
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Remark 3.56. A special case of the proved proposition is the statement for-
mulated in §2.4, since all pairs listed in this statement, as is easy to see, are
cellular.

We see, therefore, that all the results of §2.3 are applicable to arbitrary
cellular pairs (K, L), since, together with the pair (K, L), the pair (KxI,I(K, L))
is also cellular. Thus, firstly,

Proposition 3.57. for any cellular pair (K,L) of any space Y and any two
homotopic maps
f.g:L—>Y

the spaces KUy Y and K Ug Y are homotopically equivalent moreover, the corre-
sponding homotopic equivalence can be chosen so that it is the identity map on
K

J

and, secondly,

Proposition 3.58. For any cell pair (K, L), any space Y, any continuous map
f:L—>Y
and any space Z homotopically equivalent to Y, every homotopy equivalence
h:Y—>Z
can be extended to some homotopy equivalence
H:KUpY — K Upoy Z.

Generally speaking, the space KUY is not a cellular decomposition even in
the case when the space Y is a cellular decomposition. One can only say that

Proposition 3.59. for any cellular pair (K, L), any cellular decomposition Q
and any continuous map

fiL—=0

the space K Uy Q is homotopy equivalent to some cellular decomposition é that
contains the decomposition Q as a sub-decomposition, and the homotopy equiv-
alence K Uy Q — Q can be chosen such that it is the identity map on Q.

To prove this statement, we introduce continuous maps
f:K—Q

of a cellular decomposition K into a cellular decomposition Q, with the property
that

f(K") cQ"

for any n > 0. We will call such maps of cellular decompositions cellular. The
statement formulated above will obviously be proven if we show, first, that
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Proposition 3.60. any continuous map K — Q is homotopic to some cellular
map K — Q

and, secondly, that

Proposition 3.61. For any cellular pair (K, L), any cellular decomposition Q,
and any cellular map,

f:L—>Q
the space K Uy Q is a cellular decomposition containing the decomposition Q as
a sub—decomposition.

Let us first consider the second statement. Since the cellular decompositions
K and Q are, as we know, normal spaces, the space K Us Q is Hausdorff (§1.6).
Moreover, since the natural projection  : K UQ — K Uy Q onto K \ L and
Q is a homeomorphism, then for any cell e € (K \ L) U Q (with characteristic
map y) the set a(e) is a cell of the space K Uy Q (with characteristic map
@ o y). Moreover, given that the map f is cellular, all cells a(e), e € (K\L)UQ
constitute a cellular pre-decomposition of this space.

Let us show that this subdivision is point-finite, i.e., that any cell a(e) of it
belongs to some finite subdivision. For e € Q, this is obvious, since the map a|g
is homeomorphic, and therefore the image a(Q(e)) of the sub-decomposition
Q(e) under the map « is a finite sub-decomposition of the pre-decomposition
K Uy Q, containing the cell a(e). Let e € K\ L. Since the sub-decomposition
K(e)NL is finite, it is compact, and therefore its image f(K(e)NL) C Q under the
map f is contained in some finite sub-decomposition Q. of the decomposition
Q. Consider the set a(K(e) U Q,). It is obviously compact. Furthermore, it is
the union of cells of the form a(e), ¢ € (K(e) \ L) U Q.. Therefore, this set is
a finite sub-decomposition of the pre-decomposition K Uy Q, containing the cell
ale).

Thus, to prove the statement under consideration, we only need to prove
that the topology of the space K Uy Q is a weak topology. As we know, for
this it is sufficient to prove (see §3.1), that the set A ¢ K Uy Q is closed if its
intersection @ N P with any finite sub-decomposition P € K Uy Q is closed. At
the same time, since the natural projection « is an identification map, and the
topological sum K U Q is a cellular decomposition, the set A C K Uy Q is closed
if and only if for any cell e € K U Q the intersection a'(A) Ne is closed. Thus,
we need to prove that if the intersection AN P of some set A C KUy Q with any
finite sub-decomposition P ¢ K Uy Q is closed, then for any cell e € K U Q the
intersection @' (A4) Ne is closed. It is easy to see that this fact will be proved
if we show that for any cell ¢ € K U Q the set a(e) is contained in some finite
sub-decomposition P, of the pre-decomposition K U Q.

Indeed, since the subdivision P,., being finite, is closed, and a(e) C P,, then
a(e) c a(e) C P,, and therefore e ¢ @~ 1(P,). Therefore,

a A necatA)ne (P)neca (AnP,) cat(A)Ne,

and therefore
at(A)ne=a(ANP,)NE.
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By assumption, the right-hand side of this equality is closed. Therefore, its
left-hand side is also closed.

Thus, we only need to prove that for any cell e € K U Q there exists a finite
sub-decomposition P, C K Uy Q such that a(e) C P.. But if e ¢ L, then the
set a(e) is a cell of the pre-decomposition K Uy Q and therefore, as has already
been proved, is contained in some finite sub-pre-decomposition P, of this pre-
decomposition. Let e € L. Since the set f(e) C Q is compact, it is contained in
some finite sub-decomposition of the decomposition Q. Therefore, in this case,
the set a(e) = f(e) C f(e) (generally speaking, no longer a cell) is contained in
some finite sub-decomposition P, of the pre-decomposition K Us Q.

Thus, the statement that the pre-decomposition K Uy Q is a decomposition
is completely proven.

In particular, we see that

Proposition 3.62. for any cellular pair (K,L) the space K/L is a cellular
decomposition.

Similarly,

Proposition 3.63. the cylinder Zy of any cellular map f : K — L is a cellular
decomposition (with cells of the form e € K, e € L and e X (0,1), e € K).

Remark 3.64. For the above statement to be true, the requirement that the map
f be cellular is not necessary. It is sufficient that this map have the property
that f(LNé) c Q" ! for any cell e K\ L, where n = dime.

As for the first of the above statements, it can even be strengthened some-
what. Namely, it turns out that

Proposition 3.65. any continuous map K — Q that is a cellular map on some
sub-decomposition L C K is homotopic to the cellular map K — Q rel L.

We will prove this fundamental theorem about cellular maps in the next
section. We will dedicate the end of this section to deducing one important
consequence from it.

A homotopy

i K—>0Q, 0<t<1,

will be called cellular if the maps fy and f; are cellular and if
fi(K™) c Q"™ for any n>0.

Clearly, a homotopy f; : K — Q, 0 <t < 1, is cellular if and only if the
corresponding map K X I — Q is a cellular map. Cellular maps associated by a
cellular homotopy will be called cellularly homotopic.

It follows from the theorem on cellular maps that

Proposition 3.66. if cellular maps
f,.e : K—> 0

are homotopic relative to some (possibly empty) sub-decomposition L C K, then
they are also cellularly homotopic rel L.
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Proof. Indeed, the statement that the maps f and g are homotopic rel L means
that there exists a map
F:KxI—Q,

such that
F(x,0) = f(x), F(x,1) =g(x)
for any point x € K and
F(x,1) = f(x) = g(x)
for any points x € L and r € I. It is clear that the map F is cellular on the

sub-decomposition
I(K,L) = LXUK XxIULX1

of the decomposition K X I and therefore, according to the theorem on cellular
maps, it is homotopic relative to this sub-decomposition to some cellular map

G:KxI— Q.
The family of maps corresponding to G
g K—>Q, 0<t<1,
obviously represents a cellular homotopy rel L, connecting the maps f and g. O

Thus, when studying the homotopy properties of cellular decompositions,
we can, without loss of generality, restrict ourselves to considering only cellular
maps and their cellular homotopies.

Let us apply, for example, this remark to the study of homotopy groups
7,(X;xg) in the case where the space X is a cellular decomposition of K. Here
we can obviously assume that the point xg is some vertex e° of the decomposition
K.

Having agreed to regard the sphere S" as a cellular decomposition with
a zero-dimensional cell uy and an n-dimensional cell S" \ uy, we apply to an
arbitrary map

¢ (8" ug) — (K, e°)

the theorem on cellular maps. Since the points uy and e are vertices, this map
is cellular on uy. Therefore, according to the theorem on cellular maps, it is
homotopic rel ugy to some cellular map

lp : (Sn7u0) - (K, eo)'

But the last map, being cellular, is a map of the sphere S” into the n-dimensional
skeleton K" of the decomposition K. Therefore, any map (S", ug) — (K, €°) is
homotopic rel ug to a map of the form i oy, where i : K — K is an inclusion,
and ¢ is some map (S",ug) — (K", ). This means that

Proposition 3.67. the inclusion i : K" — K defines an epimorphism
i i p (K" e%) = 1 (K e?)

of the group m,(K™; %) onto the group m,(K;e°).
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Similarly, using the fact that homotopic cellular maps are cellularly homo-
topic, we obtain that

Proposition 3.68. the group m,(K;e?) is isomorphic to the group m,(K™*1; %)
(and, in general, to any group m,(K™;e%) withm >n+1).

In particular, it directly follows from this general statement that

Proposition 3.69. for any n < m, the following equality holds:
ﬂn(SmsuO) = 0’
i.e., that the sphere S™ is an (m — 1)-connected space.

We emphasise, however, that we obtained this statement by relying on the
theorem about cellular maps. On the other hand, in the next section, when prov-
ing the last theorem, we will make substantial use of this statement. Therefore,
to avoid a vicious circle, we will be forced to provide an independent proof of it
there.

3.5 Proof of the theorem on cellular maps
Let Q be an arbitrary cellular decomposition and

@=0-1CQpC--CQ,C---

be an arbitrary increasing sequence of its sub-decompositions (the union of these
sub-decompositions may be the decomposition Q or may not). A map

f:K—>Q

of some cellular decomposition K into a decomposition Q will be called subor-
dinate to the sequence {Q,} if

F(K") C Qn

for any n > 0. Accordingly, we will say that for a sequence {Q,} the theorem on
subordinate maps holds if for any cellular pair (K, L) each map f : K — Q whose
restriction f|;, is subordinate to {Q,} is homotopic rel L to the subordinate {Q,}
map g : K — Q.

In the case where the sequence {Q,} consists of skeletons Q" of the decom-
position Q, the subordination of the map f means its cellularity.

Thus, the theorem on cellular maps formulated in the previous section means
that

Proposition 3.70. for the sequence {Q,} of skeletons of the decomposition Q,
the theorem on subordinate maps holds.

The basis of the proof of the theorem on cellular maps is the fact that
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Proposition 3.71. if the sequence {Q,} is such that for any n > 0 every
map (E*,$" 1) = (Q,0,-1) is homotopic rel S"! to some map (E",$" 1) —
(Qn, On-1), then the theorem on subordinate maps holds for the sequence {Q,}.

In other words, if the sequence {Q,} has the indicated property, then every
continuous map f : K — Q subordinated on L to the sequence {Q,} is homotopic
rel L to some map g : K — Q subordinated to the sequence {Q,}.

Proof. According to the remarks made at the beginning of the previous section,
to construct a homotopy

fitrK—=Qrel L, 0<r<1,

connecting the map f with the map g, it is sufficient for us to construct for each
n > 0 a homotopy
T K—>Q, 0=<t<1,

such that

f()n:f|K"’ (K" € On, fi'len = flon, ftn+1|](n = f

forany n >0 and t € I

By hypothesis, every map (E",S"™') — (Q,Q,-1) is a homotopy rel S"~! to
some map (E",S" ') = (Q,,0,-1). For n = 0, this means that for any point
y € O, there exists a path u, : I — Q such that u,(0) = y and u,(1) € Qg. For
every point x € K and any number ¢ € I we put

0 _ Mf(x)(l), if x¢lL,
oo = {f(x), if xelL.

It is clear that this will give us a homotopy
ftO:KO—>Q, 0<t<1,
for which

1= fleo, LK) € Qo fPlro = flro.

Let for n > 0 a homotopy f" has already been constructed. If K"*! = K",
then we set f"*! = fI'. Let K"*! # K". Since the pair (K"*!, K"), being cellular,
satisfies the axiom of homotopy extension, there exists a homotopy

g K" 50, 0<r<]l,
such that

go = flgns1, and  g/lgn = f

for any r € I.
Let’s consider the map
g1 : K" = Q.
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Since g1|gn = ftl, then
gl(Kn) - Qn~
Let ¢"*!' be an arbitrary n + 1-dimensional cell of the decomposition K and let
y:E" S K
be an arbitrary characteristic map of this cell. Since é"*! ¢ K and g,(K™) € Qp,
then
groy: (E".8") — (Q.0n)

Therefore, according to the condition, there exists a homotopy
& B 5 Q0 rel §7,

such that
Eo=g1ox, &E(E™)C Q.

For any point x = y(vu), 0 <v <1, |u| = 1, any cell ¢"*!, and any number ¢ € I,
we set

v

1+
2
<L

IA

t

IA

1+v
2

<

g2 (x(vu)), if 0
hen+1,t(.x) = { v 1

§2t1—:z—1 (Vu), if S

~

It is easy to verify (Fig. 3.2) that we thereby obtain a certain uniquely defined
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To construct a homotopy f/"*!, we now consider an arbitrary point x € K"*!,

In the case where x ¢ K", the point x belongs to some uniquely determined n+ 1-

dimensional cell ¢"*! € K. For any number ¢ € 1

flH(x), if xeK”,
M x) =3 F(x), if xgK" and e"lel,
hensr (X)), if x¢gK" and e"t!'¢L.

It is easy to see that this gives us a homotopy
fn+l . Kn+1 — Q
t . >

such that
On+1 — f|K"+1s f1n+1(Kn+1) —C Qn+1

and
S e = fn, [ gn = f]" for any 1 € 1.

Thus, the homotopies f;* are constructed for all n > 0.
The proposition formulated above is completely proved. O

Now consider the following statement;:

Proposition 3.72 (A,). Any map
(E",s"1) = (0,0"™)
is homotopic rel S"~! to some map
(E",s" 1) = (0", 0" ).
According to the proposition just proved,

Proposition 3.73. To prove the theorem on cellular maps, it suffices to prove
statement (A,) for any n > 0.

Remark 3.74. For n = 0, the statement (A,) is true (since in this case it simply
states that any point of the decomposition Q can be connected by a path to
some of its vertices). Thus, this statement requires proof only for n > 0.

A pair (X, Xy) consisting of some Hausdorff space X and its closed subspace
Xp, which has the property that the complement X \ Xj is an m-dimensional
(m > 0) cell e™, we will call an m-dimensional relative cell.

Consider the following statement:

Proposition 3.75 (B,). For any m > n and any m-dimensional relative cell
(X, Xo), every continuous map f of the ball B™ into the space X that maps the
sphere S"~1 into the subspace Xy, i.e., a map of the pair (B, S*™1) into the pair
(X, Xy), is homotopic rel S*~! to some map E" — X,.

It is easy to see that
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Proposition 3.76. if for some n > 0 statement B, is true, then statement A,
is also true (for any cellular decomposition Q and any map f : (E",$"7 1) —

(0, 0")).

Proof. Indeed, let assertion (B,) be true and let f be an arbitrary map of
the ball E” into some cellular decomposition Q that takes the sphere $"! to
the (n — 1)-th skeleton Q""!'. Since the ball E* is compact, its image f(E")
under the map f is also compact and therefore is contained in some finite sub-
decomposition of the decomposition Q. Therefore, without loss of generality,
we can assume from the outset that Q is finite.

Using the finiteness of the decomposition Q, we will prove the statement (A;,)
for it by induction on its dimension m = dim Q and on the number a,,(Q) of its
m-dimensional cells. If m = n, then the assertion (A,) is trivially true. Assuming
that this assertion has already been proven for all finite decompositions of Q for
which either dim Q < m, where m > n, or the number a,,(Q) is less than some
positive integer k, consider an arbitrary decomposition of Q for which dim Q = m
and a,,(Q) = k. By choosing an arbitrary m-dimensional cell ™ € Q and setting
Qo = 0\ e™, we obviously obtain an m-dimensional relative cell (Q, Q). Since
any map (E",$"!) = (Q,0"!) is automatically a map (E",S$" 1) — (Q, Qo),
then, according to the statement (B,,), each such map is homotopic rel $*~! to
some map g : E" — Q.

On the other hand, it is clear that the subspace Qy is a cellular decomposition
such that either dim Q¢ < m or a,,(Qy) < k. Therefore, by the induction
hypothesis, the map g is homotopic with rel $"!) to some map h : E* —
0. Consequently, the map f is also homotopic rel S™*! to the map A. Thus,
assertion (A,) is completely proved. O

Thus, to prove the theorem on cellular maps, we only need to prove the
statement (B,) for any n > 0.

Remark 3.77. Like the statement (A,,), the statement (B,,) is trivially true when
n =0 (since the set " is path-connected).

Now consider the following statement:
Proposition 3.78 (C,). For any m > n and any m-dimensional relative cell
(X, Xp), every map f : (B, S 1) — (X, Xo) is homotopic rel "' to some map
g : E" — X with the property that the image g(E") of the ball E" under g does
not contain the entire cell e™ = X \ Xo.

It is easy to see that

Proposition 3.79. statement (C,,) implies statement (B,).

Proof. Indeed, let the statement (C,) be true and let xy be an arbitrary point
of the cell ¢” that does not belong to the set g(E"). Let us choose a map

x:E"—>e",
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characteristic of the cell ™ such that y(0) = xo (it is clear that such a map can
always be found). It is easy to see that, by setting

8(x) = x((v(x),u(x)), xeG

(where g is the map E" — X specified by the statement (C,)), we uniquely
define two continuous maps on the open subset G = g~'(e™) of the ball E":

v:G—=I, u:G—S"!

(since, by hypothesis, y(0) ¢ g(E"), then v(x) # 0 for each point x € G and
therefore the map u : G — $™! is uniquely defined). For any point x € E" and
any number ¢ € I, we now set

x (1T =1)v(x) + Hu(x)), if xegG,
gr(x) = .
g(x), if x¢G

It is clear that we thereby obtain a homotopy g; : E* — X rel $"~!, for which
go = and g1 (E") c Xy. Thus, the map g, and hence the map f, is homotopic rel
S"1 to some map E" — Xj. Assertion (B,) is thus completely proved. O

Thus, all that remains for us to prove is statement (C,) for all n > 0.
To this end, we consider the following statement:

Proposition 3.80 (D,,). For any m > n, any n-dimensional relative cell (X, Xo),
and any map f: (BE",S$" 1) = (X, Xy), there exists a map

8" (En’Sn_l) - (X’XO)’
such that

1) the image g(E™) of the ball E" under the map g does not contain the entire
cell e" = X \ Xp;

2) the map g coincides with the map f outside some open set U C E™;

3) the image of the set U under each of the maps [ and g is contained in the
cell e™.

It is easy to see that

Proposition 3.81. the map g provided by statement (D, ) is homotopic rel S"~*
to the map f.

Proof. Indeed, let
x:E"—>X

be an arbitrary map characteristic of the cell e™. Since, by hypothesis, f(U) c
e and g(U) C €™, then single-valued continuous maps are defined on the set U

f=xTlof:U—>E", g=xlog:U—E"
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For any point v € E" and any number ¢ € [ we put

,\/(tf’(v) +(1- t)g'(v)), if veU,
g(v) = { .
f(v)s lf \4 ¢ U.

Clearly, we thereby obtain a homotopy g; : E* — X rel $"°!, connecting the
map f with the map g. |

By condition 1) of assertion (D,), the proven proposition means that

Proposition 3.82. the truth of assertion (D, ) implies the truth of assertion

(Cn)-

Thus, to prove the theorem on cellular maps, we only need to prove statement,
(D) for any n > 0. We will carry out this proof by induction on the number n.
First, we will consider the case n = 1.

Proof. (the case n = 1) Let xo be an arbitrary interior point of the cell ¢ and
let F be its complete preimage f~'(xo) under the map f : E! — X. The set F is
a closed subset of the segment E' = [—1, 1] that does not contain its endpoints.
Since the map f is continuous and the cell €™ is open in the space X, on the
segment B! there exists a finite system of open intervals (a;,b;), i =1, ..., k
such that their union U contains the set F' and goes under the map f into the
cell e™. Since the set e™ \ x¢ is linearly connected (since m > 1), then for any
i =1, ..., k there exists a map g; of the closed segment [a;, b;] into the set
€™\ xg such that g;(a;) = f(a;) and g;(b;) = f(b;). But then it is clear that the
map g : B! — X defined by the formula
_ {gi("), if v e (ai,bi),
gv) = .
fv), if veU,

is continuous and satisfies all the conditions of assertion (D). Therefore, asser-
tion (D1) is completely proved. O

Now suppose that for some n > 1 the assertions (D1), ..., (D,-1) have
already been proved, and we prove the assertion (D).
To this end, we first note that

Proposition 3.83. the validity of the assertions (D1, ..., D,_1) implies that
for any m > n the sphere S™ is an n — 1-connected space.

Since the statement (Dg), k =1, ..., n—1, implies the statement (By), to
prove this proposition it suffices to prove that

Proposition 3.84. from the validity of the statement (By) it follows that for
any m > k the sphere S™ is a k-aspherical space.
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Proof. Let g be an arbitrary map S¥ — $™. Having chosen some map
X: EF — sk,

that maps the sphere S~ ¢ EF to the point ug = (1,0, ..., 0) € S¥ and
homeomorphically maps the open ball EX = EF \ k=1 to the set S¥ \ uq (i.e., a
characteristic ma of the cell S¥ \ u), we consider the map

f=gox: (EKSY - (5™, w),

where wg = g(up) € S™. Since the pair (S™,wq) is obviously an m-dimensional
relative cell and m > k, assertion (By) applies to this map. Therefore, it is
homotopic rel S¥~! to the map of the ball EX to the point wo. Let

fi Bk > §™
be the corresponding homotopy. Clearly, for any ¢ € I, the map
g =fiox t:8k—g"

is uniquely defined and that all these maps form a homotopy connecting the map
g with the constant map S¥ — w. Therefore, the sphere S™ is k-aspherical. O

Using the statements proved in §2.1, we immediately obtain from this that

Proposition 3.85. from the validity of the statements (D1), ..., (Dy) it fol-
lows that for any m > n the product S™ ! x (0,1) is an n — 1-connected space.

After these preliminary remarks, we can now proceed directly to the proof of
the assertion (D,) (assuming that the assertions (D1), ..., (D,—1) have already
been proven).

Proof. (of the assertion (D,)) Let m > n and let
£ (B8 - (X, Xo)

be an arbitrary map of the pair (E”, $*~!) into some m-dimensional relative cell
(X, Xo). Let, in addition, xg be an arbitrary interior point of the cell ™ = X\ X,
and let

F = f"(xo)

be its complete preimage under the map f. Since, by hypothesis, the boundary
S"~1 of the ball E" is mapped by f into the subspace Xy, the set F (obviously
closed) is contained in the open ball E" = E" \ S*~!. By similar considerations,
the set G = f~1(e™) (obviously open) is also contained in the ball E™. Since
F C G, there exists a cubillage of the Euclidean space R" (i.e., a partition of the
space R" into cubes by n orthogonal systems of parallel hyperplanes) so small
that the set F' has a neighbourhood U contained in the open set G, which is the
union of some open cubes of this cubillage. Let P be the closure of the set U
and Q be the boundary of this closure, i.e., its intersection with the union of all
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closed cubes of the cubillage under consideration that do not belong to it. It is
clear that the set P is a cellular decomposition of dimension n (whose cells are
the open cubes of the cubillage under consideration and their open faces), and
the subset Q is a cellular sub-decomposition of it. On the other hand, it is clear
that F N Q = @ and therefore

f(Q) ce™\xo,
so that we can view the map f|p as the map
flo:Q —e™\xo,

Finally, it is obvious that the set ¢\ xo is homeomorphic to the product §"~! x
(0,1) and therefore, by the induction hypothesis and the remarks made above,
it is n — 1-connected.

Thus, the map f|p is a continuous map of the sub-decomposition Q of P
into the n — 1-connected space €™ \ xg, where dim(P \ Q) < n. Therefore, by the
theorem proved in the previous section, there exists some extension

h:P— e\ xg
for this map. We define a map
g:E'"—> X

by putting

f(v), if veP

for any point v € E". Clearly, this map is continuous and satisfies all the
conditions of assertion (D,,). o

o) = {h(v), if veP,

Thus, the assertions (D,) are proved for all n > 0. Along with them, the
theorem on cellular maps is also completely proven.

Remark 3.86. Incidentally, we have proven that for any n > 0, the sphere S" is
an (n — 1)-connected space (see the end of §3.4).

3.6 Whitehead’s theorem. Quasi-polyhedra

Let us return to the proposition proved at the beginning of the previous section.
Setting in this proposition Q = K and Qg = Q1 = --- = Q, = --- = Ky, where
Ky is some sub-decomposition of the cellular decomposition K, we immediately
obtain that

Proposition 3.87. if for every n > 0 any map (E",S" ') — (K, Ky) is homo-
topic rel S*~1 to some map BE" — Ky, then every map

f (K, Ko) — (K, Ko)
is homotopic rel Ko to some map

g: K — Kp.
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According to the assertion proved at the end of §2.4, the conditions of this
proposition are satisfied if the sub-decomposition Kj is a representative subspace
of the space K. On the other hand, in the case where the map f is the identity
map lg of the decomposition K, the map g provided by this proposition is
obviously a retraction K D K. Thus,

Proposition 3.88. any sub-decomposition Ky of the decomposition K, which is
its representative subspace, is a deformation retract of the space K.

In other words,

Proposition 3.89. for sub-decompositions of cellular decompositions, the prop-
erty of being a representative subspace is equivalent to the property of being a
deformation retract.

It easily follows from this proposition that

Proposition 3.90. for any cellular decompositions K and L, every weak ho-
motopy equivalence
f:K—L

is a homotopy equivalence.
In other words,

Proposition 3.91. For cellular decomposition maps, the property of “being a
weak homotopy equivalence” is equivalent to the property of “being a homotopy
equivalence”.

Proof. Indeed, according to the theorem on cellular maps, we can assume with-
out loss of generality that the map f is cellular, and therefore its cylinder Zy
is a cellular decomposition. On the other hand, the fact that the map f is a
weak homotopy equivalence means, as we know, that the subspace K of the
cylinder Z; is representative. Therefore, since this subspace is clearly a sub-
decomposition of the cylinder Zy, it is a deformation retract of it, and therefore
the map f is a homotopy equivalence. O

The proved proposition is known as Whitehead’s theorem. It is one of the
fundamental tools for studying the homotopy properties of cellular decomposi-
tions. For example, this theorem almost immediately implies that

Proposition 3.92. any cellular decomposition K is the homotopy limit of every
imcreasing sequence
KhcKyc---CcK,C---

of its sub-decomposition, the union of which coincides with the entire decompo-
sition K.

Proof. Indeed, the space K* corresponding to the sequence under consideration
is, obviously, a cellular decomposition, and the natural map

pZ:K2—>K
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is weak homotopy equivalence. Therefore, according to Whitehead’s theorem,
this map is a homotopy equivalence. O

We will call a topological space X a quasi-polyhedron if it is homotopically
equivalent to some cellular decomposition. Clearly, Whitehead’s theorem re-
mains valid for quasi-polyhedra as well, i.e.,

Proposition 3.93. any continuous map
f:X->Y

of a quasipolyhedron X into a quasipolyhedron Y that is a weak homotopy equiv-
alence is a homotopy equivalence.

Moreover, from what was said at the end of §3.4 it immediately follows that

Proposition 3.94. for any cell pair (K, L) and any continuwous map f : L —> Y
of a sub-decomposition of L into an arbitrary quasi-polyhedron Y, the space
K UrY is a quasi-polyhedron.

Remark 3.95. Quasi-polyhedra constitute a remarkable class of topological spaces,
distinguished by the property that practically any “reasonable” operations on
topological spaces do not lead outside this class. For example, for any quasi-
polyhedra X and Y, the space YX of all continuous maps X — Y, considered in
the so-called “compact-open topology” (see §9.1), is also a quasi-polyhedron, and
every topological space X for which there exists a homotopically injective map
A — K into some quasi-polyhedron K is itself necessarily a quasi-polyhedron.
On the other hand, in all homotopy questions one can restrict oneself only to
quasi-polyhedra, since for any space X there exists a continuous map from some
quasi-polyhedron Z to the space X that is a weak homotopy equivalence. These
properties of quasi-polyhedra will not be needed by us, and we will leave them
without proof.



Chapter 4

Smooth Manifolds. 1

This chapter is mainly devoted to the construction of tensor calculus on arbitrary
smooth manifolds.

In the preparatory §4.1, we introduce the concept of a smooth premanifold
as a Hausdorff topological space on which a certain sheaf of germs of real-valued
functions is defined (to use the currently fashionable terminology).

In §4.2, which also has a preparatory character, we prove the classical the-
orem on differentiable maps with non-zero Jacobian for Euclidean spaces; in
doing so, we specifically emphasise some details that are essential for what fol-
lows, related to estimating the diameter of the domain in which the map is
diffeomorphic, which are usually left without consideration.

In §4.3, smooth manifolds are defined as smooth premanifolds that are locally
diffeomorphic to Euclidean spaces. Here, the concept of a product of smooth
manifolds is also introduced.

In §4.4, we prove analogues of Urysohn’s lemma and Tietze’s theorem for
smooth functions. Here, we also prove that any convex open subset of Euclidean
space is diffeomorphic to an open ball.

In §4.5, we introduce vector fields as derivations of the algebra of smooth
functions and show that in any coordinate neighbourhood, each vector field is
a linear combination of partial derivations with respect to local coordinates.

In §4.6, we introduce the concept of a vector at a point, define the manifold
M, of all vectors at all possible points of a given manifold M, and show that the
vector fields introduced in §4.5 can be interpreted as smooth maps M — M,.
In this section, we also introduce the concept of a differential of a smooth map
and, in connexion with this, the concept of a regular map.

In §4.7, linear differential forms are considered in a similar way, and in §4.8,
tensor fields of arbitrary type.

In §4.9, an algebra of tensors and tensor fields is constructed. In particular,
the operation of convolution is considered in detail here.

In the final §4.10, the concept of a Riemannian space is defined and, based
on the results of §4.4, it is proved that on any smooth separable (i.e., with a
countable base) manifold there exists a metric tensor field, i.e., that each such
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manifold can be defined as a Riemannian space.

4.1 Smooth premanifolds

Let M be an arbitrary set and let £, f%, ..., f” be some real functions defined
on the space M. We will say that a function f depends smoothly on functions
fY, ..., f7 if there exists an infinitely differentiable function u(¢', ..., ¢") of
real variables ¢!, ..., ", defined (and infinitely differentiable) for all values of
these variables, such that f = u(f', ..., f7) on M, i.e. such that

f(p)=u(f'(p) ..y f1(P) (4.1)

for any point p € M. If equality (4.1) holds only for points p of some set
U c M, then we will say that the function f depends smoothly on the functions
ft ..., f" on the set U.

Remark 4.2. Some authors require that the function u, which establishes the
smooth dependence (4.1), be defined (and infinitely differentiable) only in some

open set of the arithmetic space R”, containing all points of the form (f1(p), ..., f"(p)),
p € M. Tt is easy to show that this (formally more general) definition essentially
coincides with our definition. On the other hand, it is often required not that

the function u be infinitely differentiable, but only that it have a finite number

of derivatives (up to some fixed order N). It can easily be verified that all the

theory developed below remains valid with this definition of smooth dependence,
provided that the number N is sufficiently large.

Now let M be a topological space. We will say that a function f defined
on M depends smoothly on the functions f', ..., f" mear a point pg € M if
equality (4.1) holds for all points p in some neighbourhood of the point py.
Similarly, we will say that two functions coincide near a point pg € M if they
take the same values in some neighbourhood of this point.

Definition 4.3. By smoothness on a topological space M we will define a non-
empty set O of real functions defined on the space M such that

1) any function that depends smoothly on functions from @ itself belongs to 0;

2) any function that coincides near each point p € M with some function from
O (generally speaking, depending on the point p) itself belongs to O.

Condition 1) implies that all constant functions belong to @ and that the
sum and product of any functions from @ also belong to @. Consequently,

Proposition 4.4. every smoothness O is an algebra over the field R of real
numbers.

This algebra is commutative, associative, and has a unit.

A Hausdorff topological space M on which some smoothness 6 = O(M) is
defined will be called a smooth premanifold, and functions f € © will be called
smooth functions on M.
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Note that smoothness is very weakly related to topology (only through con-
dition 2). In particular, smooth functions, generally speaking, may not be
continuous. A close interaction between smoothness and topology occurs only
for manifolds (see below, section 4.3).

We obtain an important example of a smooth premanifold by considering an
arbitrary n-dimensional linear space L. By choosing a basis in this space, we can
consider every function on L as a function of m real variables - the coordinates
of vectors from L in this basis. Clearly, the set G(L) of all functions on L
that are infinitely differentiable functions of coordinates is independent of the
choice of basis and satisfies conditions 1 and 2) of the definition of smoothness.
Furthermore, when speaking of the linear space L as a smooth premanifold, we
will always imply that the functions in O(L) are considered smooth on L.

In particular, the arithmetic space R™ is a smooth premanifold. Smooth
functions on R™ are simply infinitely differentiable functions of the coordinates
t1, ..., t™ of its points.

Let N be an arbitrary subspace of some smooth premanifold M. A real
function f, defined on N, will be called smooth (on N) if, near any point € N,
it coincides with some smooth function on M, i.e., if for any point p € N there
exists in M a neighbourhood U and a smooth function g on M such that

flunn = glunn-
It is easy to see that

Proposition 4.5. the set O(N) of all smooth functions on N is a smoothness
(on N).

Proof. Indeed, let a function f on N depend smoothly on smooth functions
fl, ..., ffon N, ie., let

f=u(ft, ..., f) on N,

where u is some infinitely differentiable function of r real variables. By definition,
for any point p € N and any i =1, ..., r there exists in M a neighbourhood U;
of the point p and a smooth function g' on M such that

filUiﬁN =gi|uimv, i=1, ..., r.
Let U=n[_,U; and let g = u(g', ..., 8"). Then g € 6(M) and
flunn = glunn-

Thus, for any point p € N, there exists a neighbourhood U in M and a function g
smooth on M such that f = g on UNN. Consequently, the function f is smooth
on N. Thus, for the set O(N), condition 1) of the definition of smoothness is
completely verified.

Let us now check condition 2). Let a function f defined on N coincide near
any point p € N with some smooth function on N, i.e.; let for any point p € N
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there exist in N a neighbourhood V of p and a smooth function & on N such
that 2 = f on V. By definition, in M there exist a neighbourhood W of p and a
smooth function g on M such that A =g on NN W. Let U be a neighbourhood
of p in M such that UNN c WNV. Then f = g on NNU. Thus, near any point
p € N the function f coincides with some smooth function g on M. Therefore,
the function F is a smooth function on N. Condition 2) is thus also verified. O

The subspace N ¢ M considered together with the smoothness O(N) will
be called a sub-premanifold of the premanifold M. According to the proved
assertion, any sub-premanifold is a smooth premanifold.

A function f that is smooth in some neighbourhood of a point p € M (and
defined in this or a larger neighbourhood) will be called a function smooth at
p- Clearly, if we agree to consider two functions smooth at a point p to be the
same when they coincide near this point, then the set O(p) = Opr(p) of all such
functions will also be an algebra over the field R.

Remark 4.6. In the terminology of sheaf theory, the algebra O(p) is nothing
more than the algebra of germs of smooth functions in p, and the algebra 6(M)
is the algebra of sections of the sheaf of these germs. We will not use this
terminology, since we essentially do not need to employ the apparatus of sheaf
theory.

Let N and M be arbitrary smooth premanifolds. A continuous map
O:N->M

from a smooth premanifold N to a smooth premanifold M will be called smooth
at a point P € N if, for any function f that is smooth at a point ®(p) € M, the
composite function fo® is smooth at p. When a map ® is smooth at all points
p € N, we say that this map is smooth on N. An example of a smooth map is
the inclusoin i : N € M of an arbitrary sub premanifold N of the premanifold
M. Another example is an arbitrary smooth function f on M, considered as a
map of the premanifold M onto the real axis R.
A homeomorphic map
O:N—->M

of a premanifold N onto a premanifold M will be called a diffeomorphism (or
diffeomorphic map) if it is smooth on N, and its inverse map ®~! : M — N is
smooth on M. Premanifolds N and M for which at least one diffeomorphism
N — M exists are called diffeomorphic. As arule, we will consider diffeomorphic
premanifolds to be the same.

We will call a map ® : N —» M diffeomorphic at a point p € N if it is
a diffeomorphic map of some neighbourhood of p onto some neighbourhood
of ®(p). A map that is diffeomorphic at all points p € N is called locally
diffeomorphic. Clearly,

Proposition 4.7. ¢ map ® : N — M is diffeomorphic if and only if it is
bijective and locally diffeomorphic.



4.2. INVERSE FUNCTION THEOREM 141

4.2 Inverse function theorem

In the special case where the premanifolds N and M are open subsets U and V
of the space R™, each smooth map

O:U—->V

is defined by a system of m smooth (i.e., infinitely differentiable) functions

wut(et, o™, ou™ (i,
expressing the coordinates u', ..., u™ of the point ¢(f) € V in terms of the
coordinates t', ..., #™ of the point ¢ € U. The Jacobian

Dut, ..., u™ out

CACIRENE 0 NN (L

D(tt, ..., ™) ot ij=1, ... m

of this system of functions we will call the Jacobian of the map ¢ and will denote
it by the symbol D,. This Jacobian is a smooth function on an open set U.
From the rule for differentiating composite functions, it follows directly that
the Jacobian Dy, of the composition ¥ o ¢ : U — W of two smooth maps
p:U—-Vandy : V- W, where U, V, and W are open subsets of the space
R™, is expressed in terms of the Jacobians D, and D, of the maps  and ¢
according to the formula

Dyop = (Dy o) -Dyg. (4.8)
In particular, if the map ¢ is diffeomorphic, then

_ -1
Dy-10p =D,
Consequently,

Proposition 4.9. the Jacobian D, of the diffeomorphic map
p:U—>V
does not vanish at any point of the set U.

Furthermore, since for any open set Uy C U the Jacobian D, of the inclusin
t: Uy c U is obviously equal to one, we, by applying relation (4.8) to the map
@ o ¢, immediately obtain that

Proposition 4.10. the Jacobian D, of the restriction ¢ = ¢|u, of an arbitrary
smooth map ¢ : U — V on the set Uy C U is the restriction D , |y, of the Jacobian
D of the map ¢:

Dy, = D<P|Uo'

Therefore,
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Proposition 4.11. if the map ¢ : (U — V) is diffeomorphic at a point tg € U,
then its Jacobian D, is non-zero at this point.

In particular,
Proposition 4.12. the Jacobian D, of an arbitrary locally diffeomorphic map
p:U—>V
is monzero everywhere on the set U.
It turns out that the converse is also true, i.e.,

Proposition 4.13. if the Jacobian D, of a smooth map
p:U—>V
is monzero at a point ty € U, then the map ¢ is diffeomorphic at this point.

This statement is known as the inverse function theorem. Although its proof
can be found in any sufficiently comprehensive course on analysis, we will present
it here because we will need some aspects of this theorem that are usually left
aside.

It is clear that in proving the theorem on inverse functions, we can, without
loss of generality, assume that ¢y = 0, p(tg) = 0, and that the set U is a ball
|to| < R of some radius R > 0 with centre at the point 0. Since the map ¢ is
smooth by assumption, for any two points ¢, t + h € U the equality holds:

@(t+h)— o) = ¢ (t)h + |hle(h,1),

where ¢ (2) is a linear operator whose matrix is the Jacobian matrix of the map
¢, and &(h,t) is a vector whose length |e(h, ¢)| tends to zero as || — 0. The
operator ¢ (t) depends smoothly on the point ¢ = (t*, ..., ™) in the sense
that the elements % of its matrix are infinitely differentiable functions of the
variables ¢!, ..., ™. Therefore, this operator satisfies the Lipschitz condition
at the point 0, i.e., there exists a constant number M > 0 such that for any

points t € U, h € R™ the following equality holds:
@' (Oh ¢ (Oh] < M -|t] - |h|.
Let )
m = |}izr|l=fl|¢ (0)h|.
Since, by hypothesis, )
D, (0) =det ¢ (0) # 0,

then m > 0 and therefore ro = min (R, 557) > 0.
It is easy to see that for |¢| < ro the operator ¢ (¢) is invertible. Indeed, if

@ (t)h = 0, then

¢ (0)h| = | ()h — ¢ (0)h| < M - |t| - |h| < Mro < m,
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which is impossible for & # 0.

Now let |¢] < ro and |t + h| < rg. To each unit vector e € R™ we assign a
numerical function f(2) of a real variable A € I, equal to the scalar product of
the vectors ¢(t + Ah) and e:

F) = (et +Ah), e).

Since ) )
f )= (¢ (t+ah),e),

then, applying Lagrange’s theorem to the function f(1), we obtain that
¢(t + h’ e) - (Qﬂ(t, 8) = (‘Pl (t + /loh), 8),

where g is some number of the segment I (depending on the vector e). Hence,

|(p(t+h) = o(0)] 2 |g(t + h) = ¢(1). )| = |¢ (¢ + oh) . €)|
2 (¢ (0h.e)| = |(¢ (¢ + doh)h — ¢ (0. e)].

On the other hand,

(¢ (¢t + Aoh)h — ¢ (0)h,e)| < |¢ (t + oh)h — ¢ (0)h]
< M - |t + Aoh|-|h] < Mrolh| < %|h|.

o= € (Oh
Also, if e = T (Oh]’ then

¢ (0)h, )| = |¢ (0)h| > m|h|.

Hence m
lp(t+h) —p(t)] 2 Elhl- (4.14)

Moreover, as is easy to see, the equality is possible here only if A = 0. Therefore,
if h # 0, then

et +h) # ¢(1).

This means that on the ball Uy : |¢| < rg the map ¢ is injective, and therefore
on the set

Vo = ¢(Uo)

the inverse map
el Vo> U

is defined. By relation (4.14), the map ¢! is continuous.
Let us show that the set V; is open in the space R™, i.e., that any of its
points ¢(tg), |tg| < ro is its interior point. Let |ty < r < rg and let

5= %(r— Ito]) > 0.
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We will show that an open ball of radius 6 with centre at the point ¢(#() is
entirely contained in the set Vj, i.e., that for any point ¢ ¢ Vg (if such a point
exists) the inequality

lp(to) —¢| =6

holds.
For this purpose, we consider the number

n = inf |¢(t) —c| > 0.
lt|<r

By definition, in the ball |¢| < r there exists a sequence of points ¢, such that
lim |o(,) —¢| = 1.

Since the ball |¢] < r is compact, we can assume (passing to a subsequence if
necessary) that the sequence t,, converges to some point a. It is easy to see that

la| =r.

Indeed, since |a| < r < rg, the operator ¢’ (a) is invertible and therefore there
exists a vector h € R™ such that

¢'(@)h =c - p(a).
Let |a| < r and let A be a positive number so small that
la + Ah| < r.

Since
o(a+Ah) = p(a) + ¢ (a)h + 1&(Q),

where £(1) —» 0 as 1 — 0, then
p(a+Ah) —c=(1-2)(¢(a)—c) + &),
and therefore
le(a+ah) —c| < (1-Dl(g(a) - )| + (D] < (1 - D) + Ae(D)].
Therefore, if A is small enough, then
lo(a +Ah) —c| <.

This inequality contradicts the definition of the number 7, and, consequently,
the assumption |a| < r is false.
Let us now use inequality (4.14). According to this inequality,

m m
lo(to) — el +le(tn) —cl 2 @(tn) — @(to)| 2 5 ltn —to]2 7 (Ita] = lt0])-
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Passing to the limit as n — oo and taking into account that, as just proved,
|t,| — |a| = r, we obtain from this that

m
lolto) —cl 472 5.(r = 1t0) = 2.
Since 1 < |@(tg) — ¢|, this is possible only for
le(to) —c| > 6.

To complete the proof of the theorem on inverse functions, it remains to
prove that in the open set Vo the map ¢~! is smooth. To this end, we first
prove that it is differentiable, i.e., that for any point #; € Vj there exists a linear
operator (¢~1) (1) such that for any two points ¢1,¢, + k1 € V; the following
equality holds:

o7t + k) = (¢7) ()R + haln(ha, 1), (4.15)
where |np(hq,t1)| — 0 as |hy| — 0.
Let t = ¢ ' (t;) and t + h = ¢ (¢, + hy). Then
¢ MO hy = @7 (@t + h) — p(0) = h+ |kl () et + )
= ¢ (t1+hy) — o7 (1) + Rl (0 e(t + h).
But this means that for the map ¢~! the equality (4.15) holds with
,
71|
Since (@) (t1) = ¢ (¢£)7', it immediately follows from the elementary formu-
lae for the matrix of the inverse operator that all elements of the matrix of the
operator (¢!) (¢) are infinitely differentiable functions of the coordinates of the

point #;. Consequently, the map ¢! is smooth.
Thus, the inverse function theorem is completely proven.

(@) (t) = ¢ (7" and n(hi,0) = () et + h).

Remark 4.16. In what follows, we will have to consider not a single smooth map
@, but a whole family ¢, of such maps. We will assume that

1) all these maps are defined on the same ball || < R;

2) for any x, the Jacobian D, of the map ¢, at the point 0 is non-zero;

3) the parameter x ranges over some topological space X;
)

4) the maps ¢, depend continuously on the parameter x in the sense that the

functions u’ (¢!, ..., ™) defining these maps depend continuously on x.

In this case, the Lipschitz constant M can obviously be chosen so that it
depends continuously on the parameter x. Furthermore, it is clear that the
number m also depends continuously on x. Therefore, the number ro will also
depend continuously on x.

Thus,

Proposition 4.17. in the case under consideration, the radii ry of neighbour-
hoods of the point 0 in which the maps ¢y are diffeomorphisms can be chosen
so that they depend continuously on the parameter x.
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4.3 Smooth manifolds

A smooth premanifold M is called an m-dimensional smooth manifold if each of
its points p has a neighbourhood U diffeomorphic to some open subset of R™.
For m = 0, each such premanifold is a discrete space, i.e., it consists of separate
isolated points. Since this case is uninteresting, we will assume throughout that
m > 0.

The neighbourhood U of the point p, provided by the definition of a smooth
manifold, we will call the coordinate neighbourhood of this point, and its diffeo-
morphic map into the space R will be called the coordinate diffeomorphism.
On each coordinate neighbourhood U, the coordinate diffeomorphism

E:U—-R"
defines, according to the formula

£(q) = (x"(q). .... ¥"(q)), q€U, (4.18)

m real functions x' = x'(g), ..., x™ = x"(q), which we will call local coordinates
at the point p corresponding to the given coordinate diffeomorphism &.
It is easy to see that

Proposition 4.19. functions x', ..., x™ defined in some neighbourhood U of

a point p are local coordinates in the neighbourhood U if and only if

1) the map
£:U >R

defined by formula (4.18) is a homeomorphism of the neighbourhood U onto
some open set U° c R™;

m

2) the functions xY, ..., x™ are smooth on U;

3) each function f, smooth at a point g € U, depends smoothly near this point

on the functions x', ..., x™.
Proof. Indeed, if the functions x!, ..., x™ are local coordinates in a neighbour-
hood U, then

condition 1) is satisfied by definition,

condition 2) is satisfied because x' = ¢/ 0 &, where ¢’ are functions on R™ that
associate with each point of R™ its i-th coordinate, and, finally,

condition 3) is satisfied because, by the smoothness of the inverse map &1 :
U° — U, the function f o &~! is smooth at the point £(g) € R™, i.e., it
coincides near this point with some smooth infinitely differentiable func-
tion on R™, and, consequently, in the corresponding neighbourhood of the
point g the equality f = u o & holds, i.e. the equality f = u(x', ..., x™).
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Conversely, if the functions x!, ..., x™ satisfy conditions 1) - 3), then the map

¢ will be a diffeomorphism, since
condition 1) guarantees it is homeomorphic,

condition 2) guarantees it is smooth (since u o & = u(x!, ..., x™) for any
function u on R™) and

condition 3) guarantees the inverse map £71 is also smooth (since the relation
f=u(x', ..., x™) means that u = f o ¢!).

[m]

Since local coordinates x!, ..., x™ are obviously continuous, it follows di-
rectly from the proved assertion that

Proposition 4.20. any smooth function on a smooth manifold is continuous
on this manifold.

It is clear that at any point p of a smooth manifold M, there exist infinitely
many different systems of local coordinates. To obtain another system from a
given system of local coordinates x!, ..., x™, defined, say, in a neighbourhood
U, one can, for example, take an arbitrary neighbourhood V contained in U and
consider the restrictions

1

yi=xtly, ...y =x"y

of the functions x!, ..., x™ to the neighbourhood V. It is clear that the functions

yl, ..., ™ are local coordinates in a neighbourhood V. We can also take an
arbitrary diffeomorphism ¢ of the open set U° = £(U) (where £ is the coordinate
diffeomorphism defining the local coordinates x!, ..., x™) onto some other open
set Vo of the space R™ and consider the functions y!, ..., y" defined by the
diffeomorphism ¢ o £&. These functions will be local coordinates in the same
neighbourhood U as the coordinates x', ..., x™. It is easy to see that

Proposition 4.21. these two transformations are sufficient to relate two arbi-
trary systems of local coordinates at the point p.

Proof. Indeed, if one system is defined in a neighbourhood U by a coordinate
diffeomorphism &, and the other is defined in a neighbourhood V by a coordinate
diffeomorphism 7, then in a neighbourhood U NV the equality n = ¢ o ¢ holds,
where ¢ is a diffeomorphism no &~ : £(UNV) - n(UNYV). mi

These observations, together with the inverse function theorem, directly lead,
in particular, to the following statement, known as the local coordinate change
theorem:

Theorem 4.22. Smooth functions at a point p
yi=ul(xt Lo, x™), i=1, ..., m,

are local coordinates at this point if and only if the Jacobian of the functions

ul, ..., ™ at the point £(p) € R™ is nonzero.
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An example of local coordinates are functions defined on a linear space L that
associate with each vector of this space its coordinates in a given basis. (The
corresponding coordinate neighbourhood U coincides with the entire space L.)
This shows that

Proposition 4.23. any m-dimensional linear space is an m-dimensional smooth
manifold.

In particular, the arithmetic space R™ is an m-dimensional smooth manifold.

Pre-submanifolds of a smooth manifold, generally speaking, are not mani-
folds. A pre-submanifold of a smooth manifold that is itself a smooth manifold
will be called a submanifold of that manifold. It is easy to see that

Proposition 4.24. any open pre-submanifold W of a smooth manifold M is its
submanifold.

Proof. Indeed, for any point p € W, the intersection U N W, where U is an
arbitrary coordinate neighbourhood of the point p in the manifold M, is obvi-
ously a coordinate neighbourhood of the point p in the pre-manifold W. More-
over, the local coordinates in the neighbourhood U N W are the restrictions
xYuaw, - .., X™|luaw of the local coordinates x', ..., x™ defined in the neigh-
bourhood U. O

In particular,
Proposition 4.25. any open subset of the space R™ is a smooth manifold.

Let M and N be arbitrary smooth manifolds of dimensions m and n, re-
spectively. Let us consider their topological product M x N and the natural
projections

Tn:MXN-—->M, p:MXN—>N,

defined respectively by the formulae

n(p.q)=p. p(p.9)=q.  (p.q) € MXN.
For any function f on M, we assign a function f to M X N by setting
f=fom
Similarly, for any function g on N, we assign a function g to M x N by setting
g§=gop.

Thus, R
fp.a) = f(p), &p.q)=g(q).

for any point (p,q) € M X N.

Let O(M x N) be the set of all functions on M X N that near any point
(p,q) € M x N depend smoothly on functions of type f, f € O(M) and g,
g € O(N). (See Definition 4.3.)

It is clear that O(M x N) is a smoothness on the space M X N. Moreover,
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Proposition 4.26. The space M XN equipped with this smoothness is a smooth
manifold of dimension m + n.

Proof. Indeed, for any local coordinates x!, ..., x™ and y', ..., y" at the
points p and g of the manifolds M and N respectively, the functions x', ..., ¥, 3%, ...
form, as is easy to see, a system of local coordinates at the point (p, q). O

We will call the constructed smooth manifold M x N the product of the
manifolds M and N. By construction,

Proposition 4.27. natural projections
T:MXN-—->M, p:MXN-—>N
are smooth maps.

The product My X- - -XMy, of a finite number of smooth manifolds M;, ..., My
is defined similarly. By definition, functions smooth on this product are func-
tions that depend smoothly on functions of the form f; o 7; near any point of
the product, where m; : My, ..., My — M; is the natural projection, and f; is
an arbitrary smooth function on M;. The natural projections 7; in this case are
also smooth maps.

Clearly, the presence of a smooth manifold structure on a topological space
M imposes quite strong topological restrictions on this space. (The structure of a
smooth premanifold does not impose such restrictions.) In particular, since any
point of an arbitrary smooth manifold M has a neighbourhood homeomorphic to
an open set of the space R™, this manifold is locally compact and has countable
local weight. (Recall that the minimum cardinality of a base for its topology is
called the “weight”.) Furthermore, being Hausdorff by assumption, it is regular
due to its local compactness. Thus,

Proposition 4.28. any smooth manifold is a reqular locally compact space of
countable local weight.

In particular,

Proposition 4.29. any smooth manifold is a compactly generated (aka ‘kaonic”)
space of the second category.

Moreover,

Proposition 4.30. any separable smooth manifold is a paracompact space with
a countable base.

Remark 4.31. In particular, any separable manifold is a normal space. This is
generally not true for non-separable manifolds.
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4.4 E-manifolds

We call a smooth manifold N an E-manifold if, for any smooth manifold M, its
any compact subset C ¢ M, and any smooth map ¥ : C — N, there exists a
smooth map ® : M — N such that ¥ = ®|¢.

— s N

C b4
e
M

In this section, we prove that
Proposition 4.32. every open convex subset of R™ is an E-manifold.
To this end, we first prove that

Proposition 4.33. for any compact subset C of an arbitrary smooth manifold
M and any open set U D C, there exists a smooth function f on M, taking values
from the interval I = [0, 1], equal to one on C and equal to zero outside U.

This statement can be viewed as a refinement of Urysohn’s lemma for the
case of smooth manifolds. We will therefore call the function f envisaged by it
the smooth Urysohn function of the pair (U, C).

First, we consider the case M = R™.

Let a <t < b and let

d 1
F0 =k [ |- |

where the normalising factor k is chosen such that F(b) = 1. It is easy to see
that all derivatives of the function F(¢) at points a and b are equal to zero.
Therefore, by defining the function F(#) for all values of ¢ by the formula

if <
URS
1, if r>1,

we obtain an infinitely differentiable function on the entire R axis, taking values
from the I interval, equal to zero for t < a and one for ¢t > b.

Now let E and E" > E be two (closed) concentric balls in R™ with radii p > 0
and p > p, respectively. We define a numerical function g on R by setting for
any point t € R™

g(t) = F(r),

where F is the function we just constructed with ¢ = p and b = p" and r is
the distance of the point ¢ from the common centre of the balls E and E. The
function g is infinitely differentiable, takes values in the interval I, is equal to
zero on the interior of the ball E, and is equal to one outside the ball E .
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Let us consider all possible closed balls of the space R™ that contain at least
one point of the set C and are entirely contained in the open set U. Since the set
C is, by assumption, compact, there exists a finite system E;, ..., Ex of such
balls covering the set C. Since the set U is open, for each ball E; there exists
a concentric ball ]El of larger radius such that E; c U. Let g; be the function g
constructed for the balls E; and E; Clearly, the function g; - -- g is infinitely
differentiable, takes values from the interval I, is zero on the interior of each
ball E; and therefore on the set C, and is one outside all balls E; and therefore
outside the set U. Therefore, the function f = 1—gq - - - gx is the desired smooth
Urysohn function of the pair (U, C).

Let us now turn to the general case of an arbitrary manifold M. Let p be
an arbitrary point of the set C, and let U, be some of its coordinate neighbour-
hood. Since the manifold M is a regular locally compact space, the point p has
neighbourhoods W, and V), such that Wp CVp, Vp C Up NU, and the closure
W,, of the neighbourhood W), is compact. Let Wg and V,? be the images of the
neighbourhoods W, and V,, under the coordinate diffecomorphism ¢ : U, — R™.

Since the set W?, = f(W,,) is compact, and the set V,? is open and contains the
set Wg, the already proven special case of the statement under consideration is
applicable to these sets. Consequently, on the space R™ there exists an infinitely
differentiable function #,, taking values from the interval 7, equal to one on the

—0 .
set W, and zero outside the set V}.

We define a numerical function g, on the manifold M, setting for any point
qeEM

hp(xl(q), oo X)), if gelU,,

gp(q) = {0, i geU,

where x!, ..., x™ are local coordinates defined in the neighbourhood U,. It is
clear that the function g, is uniquely defined. Moreover, near any point g € M,
it either coincides with the smooth function h,(x!, ..., x™) at ¢, or with the
smooth function 0 (recall that, by hypothesis, V,, ¢ U,). Consequently, this
function is smooth on the manifold M. It takes values from the interval I, is
equal to one on the set W,,, and is zero outside the set V.

Since the set C is compact, it contains a finite system of points p1, ..., px
such that the corresponding sets Wpl, e, ka form a covering of the set C.
Let V,,, ..., Vp, be neighbourhoods of V,,, and g,,, ..., gp, be functions of
gp corresponding to points pi, ..., px. Clearly, the function

f=1-(0-gp)(1-gp)

takes values from the interval I, is equal to one on any set Wpi, and therefore
on the set C, and is equal to zero outside all sets V,,., and therefore outside the
set U.
Thus, this function is the desired smooth Urysohn function of the pair (U, C).
Let us now consider the question of a similar refinement of the theorem on
the existence of a partition of unity. Let {U,|@ € A} be an arbitrary locally
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finite open covering of M. A partition of unity {f,|a@ € A} subordinate to the
covering {Ug|a € A} will be called smooth if all its constituent functions f, are
smooth functions on M. From the just-proven refinement of Urysohn’s lemma
it follows immediately that

Proposition 4.34. if the manifold M is a normal space, then for each of its
open locally finite coverings {Ugyla € A}, which has the property that for any
@ € A the closure U, of the set U, is compact, there exists a smooth partition
of unity {fq|la € A} subordinate to this covering.

To prove this statement, it suffices to repeat (with appropriate trivial changes)
the proof of the similar statement from §1.3.

We obtain an important modification of the previous proposition by consid-
ering an arbitrary compact subset C in the manifold M (no longer necessarily
normal). Let {U,|a € A} be an arbitrary family of open sets of M that is a
cover of the set C (i.e., such that C c UU,). We will call a family {f,|a € A}
of smooth functions f, on M subordinate to a covering {Uy|a € A}, a smooth
partition of unity on the set C, if

1) for any @ € A the function f, is non-negative and its support [f, # 0] is
contained in the set Uy;

2) for any point p € C the following equality holds

D falp) = 1.

acA

Naturally, it is assumed that the last condition is meaningful. This assumption is
certainly satisfied if the covering {U,|a € A} is finite. On the other hand, given
the compactness of the set C, the assumption that the covering {U,|a € A} is
finite essentially does not limit generality. From now on, we will always assume
that this covering is finite.

Now suppose that for a (finite) covering {U,|a € A} there exists an open (in
M) covering {V4|a € A} of C such that for any e € A the set V,, is compact and
contained in U,. (This condition now replaces both the condition of normality
of the manifold M and the condition of compactness of the sets U,.) It turns
out that

Proposition 4.35. under this assumption there exists a smooth partition of
unity on the set C subordinate to the covering {Ugy|a € A}.

Proof. Indeed, let h, be a smooth Urysohn function of the pair {Ug, V).

Consider the function
ha

o = -
“ ZQ/EA ha
Since Y yea o # 0 on V = UgzeaVy, the function g, is defined on the open set
V and is a smooth function on V. At the same time

Zgazl-
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Since the manifold M is a regular space, the compact set C has a neighbour-
hood W such that W c V. Let h be the smooth Urysohn function of the pair
(W,C). For any a € A, we define a function f, on the manifold M by setting

ga(p)h(p)), if pev,

fa/(p) = {O, i pev.

Clearly, this function is smooth on M and its support is contained in the set

U,. Furthermore,
Z fa=1 on C.

a€cA

Thus, the above statement is completely proven. O
Now we can easily prove that
Proposition 4.36. the number line R is an E-manifold.

Proof. Indeed, let M be an arbitrary smooth manifold and C be its arbitrary
compact subset. We must prove that for any smooth function g on C, there
exists a smooth function f on M such that f|c = g. Let p be an arbitrary point
of C. By the definition of smooth functions on C, there exists a neighbourhood
U, C M of the point p and a smooth function g, on M such that

glu,nc = gplu,nc-

Let V), be a neighbourhood of the point p whose closure V,, is compact and
contained in the neighbourhood U,,. Since the set C is compact, there exists a

finite system of points p1, ..., px € C such that the set

V=Vl Vp
contains the set C. It is clear that the corresponding neighbourhoods U, ..., Up,
form a covering of the set C that satisfies all the conditions of the previous propo-
sition. Let {f1, ..., fu} be the corresponding smooth partition of unity on the
set C. Since for any point p € C and any i =1, ..., n either

8p: = 8p> if peUncC, or
filp)=0, if peU;nC,

then the formula
f= flgm + +fngpn

defines a smooth function on M possessing the required property (i.e., coinciding
on C with the function g).

Thus, the above statement (which is an analogue of Tietze’s theorem) is
completely proven. O

Remark 4.37. Tt is clear that the support [ f # 0] of the constructed function f
is compact. Thus, we have in fact proved that
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Proposition 4.38. any smooth function on a compact subset C of M is the re-
striction of some smooth function on M with compact support.

It follows from the proved statement that

Proposition 4.39. for any m > 1, the m-dimensional arithmetic space R™ is
an E-manifold.

Proof. Indeed, any smooth map C — R™ is defined by m smooth functions, and
in order to extend this map to the entire manifold M, it is sufficient to extend
these functions to M. ]

Let us now consider the unit open ball E™ of the space R™. It is easy to see
that

Proposition 4.40. the ball E™ is diffeomorphic to the space R™,

Proof. Indeed, by associating with each point ¢ = (¢, ..., ™) of the space R™
a point v = (v1, ..., v™) of the ball E" with coordinates
. 2 arctanlt| ;
v = 2 arctanjr| |t’, i=1, ..., m,
T e

we obviously obtain a diffeomorphism
R™ — E™,
O

Since a manifold diffeomorphic to an E-manifold is itself obviously an E-
manifold, it follows that

Proposition 4.41. the ball E™ is an E-manifold.

Now let D be an arbitrary open bounded convex subset of the space R™. To
prove that this subset is an E-manifold, it suffices, according to what was said
above, to prove that it is diffeomorphic to the ball E™.

For this purpose, we choose an arbitrary point xg € D and consider the
function ¢(u) of vectors u € S”~1, which defines the boundary of the body P = D
in “polar coordinates” with centre at the point xq. Simple elementary geometric
considerations show that the function ¢ satisfies the Lipschitz condition, i.e.,

there exists a number L such that

lo(u1) — @(uz)| < Lluy — us]

for any points w1, us € $™1.
On the other hand, it is easy to see that

Proposition 4.42. For any function ¢ satisfying the Lipschitz condition on
the sphere ™1, there exists a continuous function g in the closed unit ball E™
such that:
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1) the function g in the open ball E™ = E™ is a smooth function;

2) on the sphere S™1, the function g coincides with the function ¢;

3) at the point 0, the function g is non-zero;

4) along each radius of the ball E™, the function g increases monotonically.

Such a function g can, for example, be defined by the formula

glvu) = A (exp (1 - %) - 1) +
2" exp(1 — )
1-w / / [

0<v<l, wueS™?!

:ls

w(2(;l_—:t))l(p(;_')dtl_“dtm’

Il
—_

i

where

a) A is some sufficiently large positive number;

b) ul, ..., u™ are the coordinates of the point u € Sm‘l,
¢) tis a point in space R™ with coordinates t', ..., t™;
d) w(t) is a smooth function defined by the formula

L -, if |7l <1, ! 1
w([):{kexp(ﬂl) if | k:/ exp (m) drt.

0, if |7l =1, 1

Verifying that the function g defined in this way satisfies all conditions 1) - 4)
is quite elementary and we will omit it.

Having constructed a function g for the function ¢ corresponding to the
convex set D, we define a map

Il:E™=E" - D,
by setting for any point vu € ™, 0 <v <1, u € S"1,
O(vu) =xg + g(vu)u.

It is easy to verify that the map ® constructed in this way is a diffeomorphism.
We have thus proved that

Proposition 4.43. any open bounded convex subset D of R™ is diffeomorphic
to the ball E™ = E™ and is therefore an E-manifold.
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Finally, let us consider the case where the open convex set D is unbounded.
Let M be an arbitrary smooth manifold, C its arbitrary compact subset, and ¥
an arbitrary smooth map of C into the convex set D. Since the set C is compact
and the map ¥ is continuous, the image ¥(C) of the set C under the map ¥
is compact and therefore bounded, i.e., it is contained in some open ball of the
space R™ of sufficiently large radius. Let D" be the intersection of D with this
ball. The set D’ is open, bounded, and convex. Therefore, by what has already
been proved, this set is a E-manifold. On the other hand, since ¥(C) c D', we
can regard the map ¥ as a map C — D’. Therefore, there exists a smooth map
®: M — D’ such that ®|¢c = V. Finally, since D' ¢ D, we can assume that ®
is a smooth map M — D.

Thus, the proposition formulated at the beginning of this section is fully
proven.

Remark 4.44. The case of an unbounded convex set D can be treated similarly
to the case of a bounded set, by proving that any such set is also diffeomorphic
to the ball E™ = E™. If the set D does not contain any lines (for example,
the interior of a paraboloid of revolution belongs to this type), then by means
of a suitable projective transformation it is immediately transformed into some
bounded convex set. If the set D contains at least one line, then, as is easily
proved, it is a cylinder over some m — 1-dimensional convex set. In this case,
a diffeomorphism of the set D onto the ball E™ = E™ is easily constructed by
induction on the number m.

In conclusion, consider an arbitrary open submanifold W of some smooth
manifold M. By definition, the restriction f|w of an arbitrary smooth function
f on M is a smooth function on W. In other words, the correspondence f +— f|w
defines a certain map (the so-called restriction map)

O(M) — 6(W),

which is obviously a homomorphism of the algebra ©(M) into the algebra O(W).

Generally speaking, the restriction map O(M) — O(W) is not an epimor-
phism, i.e. (in contrast to the case of compact submanifolds) not every smooth
function on W is the restriction of some function that is smooth on M. However,
from the results proved above, it immediately follows that this map is locally
epimorphic in the sense that

Proposition 4.45. whatever the open set V.C W whose closure V is compact
and contained in W, for any smooth function g on W there exists a smooth
function f on M such that fly = glv.

4.5 Vector fields

Let M be an arbitrary smooth manifold. By a wvector field on M we mean an
arbitrary derivation of the algebra O(M), i.e., a linear map X of this algebra
into itself such that

X(fe)=f Xg+Xf-g
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for any functions f,g € ©(M). Obviously, the set G*(M) of all vector fields on
the manifold M is a O(M)-module with respect to the operations

(X+Y)g=Xg+Yg, X, YeO'(M), geOM),
(fX)g=f-Xg, Xe€O'(M), f,geOM).
Moreover, it is easy to see that for any vector fields X,Y € O0'(M), the map
[X,Y]: 6(M) — O(M),
defined by the formula
[X.Y]g = X(Yg) -Y(Xg), g€ OM),

is also a vector field, and the operation [X,Y] defines the module 6'(M) as a
Lie algebra, i.e., this operation is anti-commutative:

[X,Y] =-[Y.X], X.YeO'(M)
and satisfies the Jacobi identity:
[[X.Y],Z] +[[Y,Z].X] + [[Z,X].Y] = 0, X.Y,Z e O'(M).

Let W be an arbitrary open submanifold of M and let X be an arbitrary
vector field on M. As noted at the end of the previous section, for any smooth
function g on W and any point p € W, there exists a smooth function f on M
such that g = f on some neighbourhood of p. Let f; and f; be two smooth
functions on M with this property, and let V be a neighbourhood of the point
p such that f; = fo = g on V. Let, in addition, & be a smooth function on the
manifold M equal to one at some point ¢ € V and zero outside the neighbourhood
V. Then h(f1 — f2) =0 on M and therefore

h-X(fi—=f)+Xh-(fi-f2)=0 on M.
Since
h(q) =1, fi(q) = f2(q@), X(fi—fo) =Xfi—-Xfo,
it follows that

(Xf)(q) = (Xf2)(q) = (Xh)(q) - (fi(q) = f2(q)) =0,
i.e., that
(Xf)(q) = (Xf2)(q).

Therefore, setting
g(q) = (Xf)(q), q¢€V,

where f is an arbitrary smooth function on M for which f|y = g|y, we obtain on
V some uniquely defined, smooth on V, function g. It is clear that the functions
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g corresponding to different neighbourhoods V of the point p take the same
value at the point p. Therefore, by setting

(Yg)(p) =g(p), pev,

we uniquely define on W some function Yg. This function near any point p € W
coincides with a smooth function g at p and is therefore itself a smooth function
on W. Therefore, the correspondence g +— Yg defines a map

Y O(W) = 6(W),

and it is easy to verify that this map is a derivation of the algebra O(W), i.e., it
is a vector field on the manifold W.

We will call the field Y the restriction of the field X on the open submaniold
W and will denote it by the symbol X|w and even simply by the symbol X if
there is no misunderstanding. It is easy to verify that the restriction map

0 (M) - 61(W),

assigning to each field X € 0'(M) a field X|w € O' (W), reserves all the algebraic
operations introduced above, i.e., it is both a module homomorphism (if the
O(W)-module 6 (W) is considered, via the restriction map 6(M) — OG(W), as a
O(M)-module), and a Lie algebra homomorphism.

Just as for functions, the restriction map O'(M) — O'(W) is, generally
speaking, not epimorphic, i.e., not every field ¥ € 0'(W) is a restriction of some
field X € 0'(M). It is only locally epimorphic in the sense that,

Proposition 4.46. for any open set V.C W whose closure V is compact and
contained in W, for any field Y € O (W) there exists a field X € O (M) such
that

Xlv =Y]v.

This field X can be defined, for example, by the formula

EH ) = {h(p) WD) i pEW,
0, it peWw,

where f is an arbitrary smooth function on M, p is an arbitrary point of the

manifold M, and A is a smooth function on M equal to one on V and equal to

zero outside some open set U D V whose closure U belongs to W.

In the special case where an open submanifold W is a coordinate neighbour-
hood U, one can easily describe all vector fields on W. Let x!, ..., x be local
coordinates defined in a neighbourhood U. As we know, for any smooth func-
tion f on U and any point p € U, there exists a neighbourhood V c U of p such
that on V the function f depends smoothly on the coordinates x', ..., x™, i.e.,

f=ulxt ..., x™) on V
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where u = u(¢!, ..., t™) is some smooth function on R™ (uniquely determined
by f). Let V4 be another relative position of the point p with the same property,
i.e. such that f = u;(x', ..., x™) on R™ where u; = ui (¢!, ..., ™) is some
smooth function on R™. It is clear that the functions u and u; coincide in some
neighbourhood of the point £(p) = (x!(p), ..., x™(p)) (namely, in the neigh-
bourhood &(V N Vi), which is the image under the coordinate diffeomorphism
& : U — R™ of the neighbourhood V N V; of the point p), and therefore their
partial derivatives % and %, i=1, ..., m, take the same value at the point
&(p). Tt follows that formula

hi(p):(%) , i=1, ..., m,

"l ewp)

uniquely defines on U some functions hy, ..., h,. In a neighbourhood V,
the functions A4; coincide with the smooth functions %(xl, ..., x™) and are
therefore smooth functions in p. Since the point p is arbitrary, this means that
every function h; is smooth on U. We will denote it by the symbol % and
call it the partial derivative of the function f with respect to the coordinate x'.
According to this definition,

Proposition 4.47. if

f=ulx' ..., x™ on VcU,
then af o
u
ﬁ = W(Xl’ e, )Cm) on V.
It is easy to check that the map
9 af .
ﬁ:f'_)ﬁ’ l=1,...,m,
is a vector field on U and that the vector fields constructed in this way
0 0
oxt’ 7 gxm
satisfy the relations
OxJ j .
Wzéi’ l=1,...,m,

where 6{ is the Kronecker delta (6{ =0,if i # j, and 6{ =1,ifi=j.)
In particular, we see that

Proposition 4.48. the vector fields %, e are linearly independent (in

the O(U)-module O (U)).

> gxm

In the particular case M = R™, the neighbourhood U can be taken to be
the entire space R™, and the local coordinates xY, ..., x™ can be taken to be
the functions that associate with each point ¢ € R™ its coordinates #*, ..., ™.
Clearly, in this case,
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Proposition 4.49. the vector fields 6%1, cee, (%cim represent the usual opera-
.

tions of partial differentiation with respect to the variables t', ...,

In particular, for m = 1 there is only one coordinate ¢ = #/ and we obtain
that

Proposition 4.50. the vector field % represents the differentiation % with
respect to the variable t.

Returning to a smooth function f on U and a neighbourhood V in which

f =u(x', ..., x™), we can, without loss of generality, obviously assume that
the image £(V) of the neighbourhood V under the coordinate diffeomorphism
Eq) =g, ... x"(q), qeV
is an open ball in the space R™ centred at 0. In this open ball the function
u(tt, ..., ™) admits the representation’
Ly
u(tt, ..., ™) =u(0, ..., 0) +/ —u(stt, ..., st™)ds
0 as
1
; 0
=u(0, ..., 0)+17¢ / —u.(stl, coe, st™)ds.
o Ot

Therefore, defining smooth functions on V g; = g;(g) by the formula

1
G@ = [ Grex @, s @)

we obtain the relation _
f=f(p)+x'gi on V, (4.51)

where the number f(p) is considered as a constant function on V, taking the
same value f(p) at all points g € V.

Let X be an arbitrary vector field on a neighbourhood U. It is easy to see
that the formula

Xpf=(Xf)p), peY, [feO(p),

where X on the right-hand side is the restriction of X to the corresponding
neighbourhood of the point p, defines a certain linear map X, of the algebra
O(p) into the field R, with the property that

X,(fe)=Xpf-g(p)+ fp-Xpg (4.52)

for any functions f,g € O(p).
From relation (4.52) it immediately follows that

Proposition 4.53. X,(c) =0 for any constant c.

Here, as everywhere below, we (following the convention adopted in tensor calculus) as-
sume that summation is performed over two identical indices, one upper and the other lower
(the limits of which are each time clear from the context).
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Therefore, applying the map X,, to both parts of formula (4.51), we obtain
that

pr = pri - gi(p).

But,
L du ou af
gi(p) _./o W(O’ .., 0)ds = ﬁ(ﬂ, .. 0) = ﬁ(lﬂ)-
Thus,
X, f=X,x—(p). 4.54
»f pX Xl (p) (4.54)

Since by definition X, = (Xf)(p) and since the function f is an arbitrary
smooth function on U, and P is an arbitrary point in U, then

.0
X=Xx' — U. 4.55
x-o5 on (4.55)
Since the fields %, ces Bxim are linearly independent, it is thus proved that

Proposition 4.56. the module 0 (U) over the algebra O(U) has a basis %, ey

consisting of m elements; any field X € 0*(U) can be expressed in terms of this
basis by formula (4.55).

In the special case when M = R™, we obtain from this that

Proposition 4.57. the partial derivations %, e C.,xi,,, form a basis for the
module O (R™).

A basis X1, ..., X, of a module 61 (U) consisting of m fields will be called
holonomic if in U there exists a system of local coordinates x!, ..., x™ such
that p p

X1 = FCREEE X = T
Otherwise, we will call the basis X1, ..., X, non-holonomic.

In any basis X;, ..., X,, of the module 6 (U) consisting of m fields, each

field X € 0'(U) has the form
X =X'X;,

where X’ are some smooth functions on U. These functions are uniquely deter-
mined by the field X and are called its components in the basis Xy, ..., Xpu.
According to formula (4.55), for a holonomic basis

X' = Xx',

Linear operations defined in the 6'(U) module are expressed in terms of
components according to the formulae

(fX)' = fX', feoU), Xeo0' (),
(X+Y)' =X +Y!, X,Y € 6YU).

As for the Lie operation [X,Y], the following statement holds:
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Proposition 4.58. If the basis X1, ..., X, is holonomial, then
(X, Y] = Xf% - Yf%. (4.59)
Proof. Indeed,
[X,Y]' = [X,Y]x' = X(Yx') =Y (Xx') = X(Y") = Y(XY).
O
From formula (4.59), in particular, it follows that
Proposition 4.60. for any holonomic basis X1, ..., X, the equalities hold:
[X;. X;] =0. (4.61)

In the general case,

[X:, X;] = cf; X,
where ¢ are some smooth functions on U, and formula (4.59) is replaced by
the formula

[X, Y] = X7 X;(Y) =¥/ - X;(XT) + 2¢%, XY~

Remark 4.62. Formula (4.61) means that the result of applying two operations
% and % to an arbitrary smooth function on U does not depend on which of
these operations is applied first. In other words, as in elementary analysis,

9?2 02
xiox)  Oxioxt

4.6 Vectors

The linear map introduced in the previous section
X,:0(p) >R

will be called the vector of the field X at the point p. A linear map A : O(p) —» R
will be called a vector of the manifold M at the point p if in some neighbourhood
of the point p (or, equivalently, on the entire manifold M) there exists a vector
field X such that X, = A. It is easy to see that

Proposition 4.63. a linear map A : O(p) — R is a vector of the manifold M
at a point p if and only if

A(fg) =Af-g(p)+ f(p)-Ag

for any functions f,g € O(p).
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Proof. The necessity of this condition follows immediately from the relation
(4.52). On the other hand, in proving formula (4.54), we used only relation
(4.52), so for any linear map A : O(p) — R satisfying the conditions of the
theorem, a similar formula will hold:
0 , .
a—){l.(p), where a' = Ax', (4.64)
and therefore the vector field X defined on the coordinate neighbourhood U by
the formula

X=al

:aaxi’

will have the property that X, = A. O

Af=d A

The set of all vectors of the manifold M at the point p is, obviously, a linear
space over the field R. This space is called the tangent space of the manifold
M at the point p and is denoted by the symbol M, or the symbol 6'(p). It
contains, in particular, the vectors

0 0
_— —_— 4.
(axl)p, , (axm)p, (4.65)
1 m

where x*, ..., x™ is an arbitrary system of local coordinates at the point p.
Vectors (4.65) are linearly independent and any vector A € M, is expressed

linearly through them:
A = A.xl * (%) )
Y p

(see formula (4.64)). This proves that

Proposition 4.66. for any point p € M, the dimension of the space M, is
equal to the dimension m of the manifold M.

Let, in particular, the manifold M be an m-dimensional linear space L. It

is easy to see that for any vector A € L and any smooth function f on L, the
of

function 7z defined by the formula
af _df(B+1tA)
BA(B)_ d[ |t=0’ B€L3

is a smooth function on L, and the resulting map a% :0O(L) —> O(L) is a vector
field on L.

Let Ay, ..., A, be an arbitrary basis of the space L. Setting f(B) =
f(bY, ..., b™), where b', ..., b™ are the coordinates of the vector B in the
basis Ay, ..., A, we immediately obtain that

af\ _of
0A; )z Ob'

It follows that
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(i

Proposition 4.67. for any vector B € L, the vectors ((;3—1{1) DA )B are

JEEE
linearly independent and form a basis of the tangent space Lp.

This means, in particular, that

Proposition 4.68. for any vector B € L, the map A — (%)B of the space L

into the space Lg is an isomorphism.

In the future, we will, as a rule, identify the vectors A and ((%)B and, thus,

we will assume that L = Lp.
Returning to an arbitrary smooth manifold M, consider the set

M* = UpeMMp

of all its vectors at all points p € M. Denoting for each vector A € M, by the
symbol u(A), where A € M, for the point p of the manifold M, we obtain a
certain single-valued map

u:M.,— M.

Let U be an arbitrary coordinate neighbourhood in the manifold M and let
Ue=u'(U)

be its complete preimage under the map u. By choosing local coordinates
x', ..., x™ in the neighbourhood U and constructing the corresponding co-
ordinate homeomorphism ¢ of the neighbourhood U onto an open set U° of R™,
we define a map

& U, » U xR™

of the set U, into the topological product U° x R™ c R?™, setting for any point
A e U,

&(A) = (t,a),
where t is the image of the point p = u(A) under the homeomorphism &, and
a=(a', ..., a™) is a point of R” such that

A:ai(aai) .
X

It is easy to see that the map &, is bijective.

We introduce a topology into the set U, with respect to which the map &.
is a homeomorphism. Clearly, this topology is uniquely defined and does not
depend on the choice of the local coordinate system x!, ..., x™. In particular,
for any two coordinate neighbourhoods U,V c M, the topologies induced by the
topologies of the sets U, and V, on the set U, NV, = (UNYV), coincide with each
other, i.e., the intersection U, NV, is a subspace of each of the spaces U, and V..

Moreover, it is clear that this subspace is open in both U, and V.. Therefore
(see §1.1) on the set M, there exists a unique topology with respect to which
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this set is the free union of all subspaces of the form U,. Obviously, in this
topology, the set M, is a Hausdorff space.

A real function F defined on the space M, will be considered smooth if,
for any coordinate neighbourhood U ¢ M and any local coordinate system
x', ..., x™ defined on the neighbourhood U, the function Fo&,! on the product
U x R™ c R?™, where &, is the map U, — U® x R™ constructed above, is a
smooth function on U® x R™. It is easy to verify that the set O(M.,) of all
smooth functions on M, is smooth on M, and that the space M. equipped with
this smoothness is a smooth manifold. For coordinate neighbourhoods in M,
we can take, for example, subspaces U,, and for coordinate homeomorphisms -
maps

£ U, - R¥™,

We will call the constructed 2m-dimensional smooth manifold M, the man-
ifold of tangent vectors (or the tangent bundle) of the manifold M.
Continuous maps
X: M- M,

of a manifold M into the manifold M. for which
HoX =1y,

i.e., such that X(p) € M), for any point p € M, we will call continuous vector
fields on the manifold M. A continuous field X, which is a smooth map of
the manifold M into the manifold M., we will call a smooth vector field on the
manifold M.

The condition of smoothness of the field X means, by definition, that for any
smooth function F on M., the function f(p) = F(X(p)) of the point p € M is a
smooth function on M. Since for each coordinate homeomorphism &, : U, — R?"
the following relation holds,

f=(Fo& o (& 0Xy),

this condition is equivalent to the smoothness condition (for each coordinate
neighbourhood U c M) of the map

& X|ly - RP™,

Let x!, ..., x™ be the local coordinates in the neighbourhood U with the
help of which the homeomorphism &, was constructed, and let

X'(p) = X(p)x'

be the coordinates of the vector X(p), p € U, in the basis (%) REEEI (—) .
P P

Then, according to the definition of the homeomorphism &,

(o X)(p) = (& (p), .oy X™(p), X (p)s ooy X™(P))
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for any point p € U. Since the local coordinates x!, ..., x™ are smooth functions
on U, it follows that the map &. o X|y is smooth if and only if all functions X*(p)
are smooth. Since for any smooth function f on U the equality holds,

N
X(p)f =X () 5L
X

we thus finally obtain that

Proposition 4.69. A continuous vector field
X: M- M,

is smooth if and only if for any smooth function f on M, the function

glp)=X(p)f

at a point p € M is a smooth function on M.

Let us now consider on the manifold M an arbitrary vector field X : O(M) —
O(M) in the sense of the previous section. It is clear that, setting

X(p)=Xp, peEM,

we obtain a certain map
X M->M,,

which is a continuous vector field on the manifold M. Moreover, since for any
smooth function f on M the equality holds

X(p)f = Xpf =X (p),

the continuous vector field constructed in this way X : M — M, is smooth.

Conversely, let X : M — M, be an arbitrary smooth vector field on the
manifold M. We define a map X : O(M) — O(M) of the algebra O6(M) into
itself by setting

(X)) (p) =Xpf

for any smooth function f on M and any point p € M. It is clear that the map
X of the algebra ©(M) into itself defined in this way is linear. Moreover, for any
functions f,g € O(M), at each point p € M the equality holds

X(fe)(p)=X(p)(fg) =X(p)f-gp)+f(p)-X(p)g=(Xf-g+f Xg)(p).

Consequently, the map X is a derivation of the algebra O(M), i.e., a vector field
on the manifold M in the sense of the previous section. Thus,

Proposition 4.70. the concept of a smooth vector field essentially coincides
with the concept of a vector field as a derivation of the algebra O(M).
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The concept of a vector at a point allows us to specify a simple, but often use-
ful, necessary and sufficient condition for a system of vector fields X1, ..., X,
defined on a coordinate neighbourhood U, to constitute a basis (not necessarily
holonomic) of the module 0'(U). Namely, as is easy to see,

Proposition 4.71. vector fields X1, ..., X,, € 01 (U) form a basis of the O(U)-
module O (U) if and only if for any point p € U the vectors
(Xl)p, ] (Xm)p

form a basis of the space M,,.

Proof. Indeed, let the fields X;, ..., X,, form a basis of the O(U)-module
0'(U) and let A be an arbitrary vector in the space M,,. By definition, in the
neighbourhood U there exists a vector field X € 0'(U) such that X, = A. Let

X = X'X;
be the decomposition of the field X in the basis Xi, ..., X;,. Then
A=X'(p) (X0)p.
Therefore, the vectors (Xi)p, ..., (Xm)p generate the space M,. Since there
are m of them, they are linearly independent, i.e., they form a basis.
Conversely, let fields X, ..., X,, € O0'(U) have the property that for any
point p € U the vectors (X1)p, ..., (Xm)p form a basis for the space M), and

let X be an arbitrary vector field on the neighbourhood U. Then at any point
p € U the expansion holds

X =X'(p) - (Xi)ps

where X(p) are some functions of the point p. Let x 1, ..., x™ be local
coordinates defined in a neighbourhood U. Then, for any j = 1, ..., m, the
following equality holds:

X,,xj = )’(\i(p) . (X,-),,xj.

But the numbers prf are, as we know, the values at the point p of the

components X/ = Xx/ of the field X in the basis %, axiw Similarly,
(Xi)px! = XLJ (p), where Xij are the components of the field X;, in the basis
2, ... 32 Thus, . N '

X1 (p) = Xi(p) - X! (p). (4.72)

It is clear that the determinant det X/ (p) at any point p € U is nonzero. There-
fore, using the well-known Cramer formula, we can express the numbers )zi(p)
in terms of the numbers X/ (p) and th (p). Since the components X/ and Xl.j are
smooth functions of the point p, it follows that the functions X=X (p) also
depend smoothly on p. Thus,

X = X'X;
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where X' are smooth functions on U. Consequently, the fields X7, ..., X, €
O0'(U) generate the O(U)-module O (U). Since they are obviously linearly in-
dependent, they form a basis of this module. O

It immediately follows from the proved proposition that

Proposition 4.73. for any coordinate neighbourhood U, each basis of the O(U)-
module O (U) consists of m fields.

In connexion with this proposition, it is also worth noting that, in view of the
arbitrariness in the choice of local coordinates described in §4.3, the following
statement holds:

Proposition 4.74. whatever the point p of a smooth manifold M, for any

basis A1, ..., A, of the space M, there exists at the point p a system of local
coordinates xt, ..., x™ such that
), (o)
— | =44, ..., [—| =A.
1
(6x » oxm ),

In conclusion, let us consider an arbitrary smooth map @ at a point p € M
of the manifold M into some manifold N. To any vector A € M, we can assign
the map

d®,(A) : O(@(p)) — O(P(p)),

by setting
d®,(A)g = A(go @)

for any function g smooth at the point ®(p) € N. It is easy to see that the map
d®,(A) constructed in this way is a vector of the manifold N at the point ®(p).
Thus, we obtain a certain (obviously linear) map

d®, : M, — No(p)-

We will call this map the differential of the map ® at the point p.
It is clear that

Proposition 4.75. for any smooth manifolds M, N, and P and any smooth
maps ®: M — N and ¥ : N — P, at any point p € M, we have the relation

d(¥o®), = d¥sp) 0 dD,,. (4.76)

Let x', ..., x™ be local coordinates at a point p of a manifold M, and
y!, ..., " be local coordinates at a point ®(p) of a manifold N. Since the map
® is smooth, the functions y' o ®, ..., y™ o ® (defined in some neighbourhood
of the point p) are smooth functions at p and therefore depend smoothly near
the point p on the coordinates x', ..., x™, i.e., there exist smooth functions
ul(er, ..., ™), ..., u™(t', ..., ") of the real variables t', ..., ™ such that

yod=ul(xt, ..., x™, i=1,...,n, (4.77)
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near the point p. Following the accepted custom, we will write these equalities
in the form
yi=u(xt o, x™), i=1, ..., n, (4.78)

and we will say that they represent a notation of the map ® in local coordinates

xt, o, xm andyl, ey Y

From relations (4.77) and the definition of the map d®,, it easily follows
that

Proposition 4.79.
0 A(y/ o ® 0

dcbp(—l.) =((y—f)) (—,) . =1 ....m j=1 ... n
ox » ox » ay- o(p)

Proof. Indeed, let
g=uly's ..., "

be an arbitrary smooth function at the point ®(p) on the manifold N. By
definition,

% = %(yl, e Y.
On the other hand,
god=u(y'o®, ..., y'o®) =u(u'(x", ..., X", u"(x, ..., x™)
and therefore
af;;,q) _ %(ylod), y"o®)~%(x1’ ceey x™).

Therefore,

4O 0 _[(0(go®)\ (g d(y/ o @)
rlad) 8 \Tax ) T\ayi), .\ T ) >
X p X p Y o(p) X p

since relations (4.77) yield

oul 1 ey 0(y/ o @)
atl.(x,...,x)— Fr
Thus, relations (4.80) are completely proven. O

In accordance with the abbreviated notation (4.78), we will, as a rule, write
formulae (4.80) in the form

9\ _(00io®)) (8
0 (56), = (M) (35 )



170 CHAPTER 4. SMOOTH MANIFOLDS. 1

The matrix of order n x m with elements

ay’ A(y’ o @) : .
? = T N l=].,...,m, ]=1,...,n.
X p X p

i.e., the matrix of linear relations (4.80), we will call the matriz of the map © at
the point p (with respect to the local coordinates x!, ..., x™ and y!, ..., y").
For m = n, we will call the determinant of this matrix the Jacobian of the
map @ at the point p (with respect to the local coordinates x!, ..., x™ and
yl, ..., y"). Obviously, it coincides with the Jacobian (in the sense of §4.2) of
the map no® o &1, where 5 and ¢ are coordinate diffeomorphisms defining the
local coordinates y', ..., y" and x!, ..., x™, respectively.
A smooth map
O:M—->N

of an m-dimensional manifold M into an n-dimensional manifold N is called
reqular at a point p € M if the map

d®, : M, — No(p)-

has the maximum possible rank, i.e., if it is monomorphic for m < n and epi-
morphic for m > n (and hence isomorphic for m = n). From the elementary
properties of linear maps it immediately follows that

Proposition 4.82. g map ® : M — N is regular at a point p € M if and
only if the rank of its matriz at this point (calculated in arbitrary systems of
m

local coordinates x*, ..., x™ and y', ..., y" at the points p and ®(p) of the
manifolds M and N) is equal to m for m <n and n for m > n).

By way of the theorem on the replacement of local coordinates, it follows
that

Proposition 4.83. for m < n, the map ® : M — N is reqular at a point p € M
if and only if, for any system of local coordinates y', ..., ¥ at the point ®(p) of
the manifold N, from the functions y'o®, ..., y"o®, one can select m functions
that constitute a system of local coordinates at the point p of the manifold M.

Besides,

Proposition 4.84. for m = n the map ® : M — N is regular at the point p € M
if and only if its Jacobian at this point is non-zero.

The inverse function theorem from §4.2 states that for maps of domains
of the same Euclidean space, being regular at a point is equivalent to being
diffeomorphic at that point. Due to the local nature of this statement, it is
obviously also valid for maps of any manifolds (of the same dimension). Thus,

Proposition 4.85. A smooth map ® of a manifold M into a manifold N of the
same dimension is diffeomorphic at a point p € M if and only if it is reqular at
that point.
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Points p of the manifold M at which the map ® : M — N is not regular will
be called critical points of this map. Maps that have no critical points, i.e., are
regular at all points p € M, will be called regular (on M).

According to the previous proposition,

Proposition 4.86. A smooth map ® of a manifold M into a manifold N of the
same dimension is reqular if and only if it is locally diffeomorphic.

Let us now consider the product M X N of smooth manifolds M and N (see
§4.3). Let
n:MXN-—->M, p:MxN-—>N

be the natural projections of the product M X N onto manifolds M and N,
respectively. Since these projections are smooth maps, for any point (p,q) €
M x N the followwng maps are defined

dr(p.g) : (M XN)(pg) = Mp,  dp(p,g) : (M XN)(pg) — Ng.

Let A be an arbitrary vector of the manifold M X N at the point (p, ¢) and
let
B = dﬂ'(p’q) (4), C= dp(p’q)(A).

It is clear that for any system of local coordinates x', ..., x™ at a point p
of the manifold M the following equalities hold:
AX' =Bx', i=1, ..., m.
Similarly, for any system of local coordinates y', ..., y* at a point g of the
manifold N the following equalities hold:
Ay =Cy/, j=1, ..., n.

This shows, firstly, that A = 0 when and only when B = 0 and C = 0, and,
secondly, that for any vectors B € M), and C € N, there exists a vector A €
(M X N)(p,q) such that B =dn(, 4)(A) and C = dp(p,q)(A). In other words,

Proposition 4.87. the maps

M, dn(p.q) (M X N)(pa) 4p(p.a) N,.

define a decomposition of the space (M X N)(p.q) into a direct sum of the spaces
M, and Ng.

It is clear that this decomposition is consistent with the actions of vectors
A on functions smooth at the point (p,q), i.e., for any such function f, the
equality

Af=Bf+Cf,

holds where, say, Bf is the result of applying the vector B = dn(, 4)(A) to the
function f, considered as a function of one point p € M (for a fixed point g € N).

In the future, when it is convenient for us, we will denote the vector A €
(M X N)(p.q), for which B = dn(, 4)(A) and C = dp(, 4)(A), by the symbol
(B,C).

It is clear that similar direct sum decompositions also hold for products of
any finite number of smooth manifolds.
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4.7 Linear differential forms

Let, as above, M be an arbitrary smooth manifold of dimension m. By a lin-
ear differential form on a manifold M we mean a derivative O(M)-linear map
of the O(M)-module O'(M) into the algebra O(M) (considered as an O(M)-
module). Thus, each form w associates with any vector field X € 0'(M) some
smooth function w(X) on M, and for any smooth function f on M and any fields
X, X1, X € 0 (M) the following equalities hold:

w(fX) = fo(X),
a)(X1 + XQ) = a)(Xl) + a)(Xg)

Obviously, the set @1 (M) of all linear differential forms on the manifold M
is an O(M)-module with respect to the operations

(fw)(X) = fo(X), [eOM), web (M), X €6 (M),
((,4)1 +(,4)2)(X) = u)l(X) + Q)Q(X), w1, W9 € @1(M), X € @1(M)

Let W be an arbitrary open submanifold of M and let w be an arbitrary
linear differential form on M. Further, let ¥ be an arbitrary vector field on W.
For any point p € W, consider its neighbourhood V whose closure V is compact
and contained in W. As we know, on the manifold M there exist vector fields X
such that X|y =Y|y. Let X; and X5 be two fields on M that have this property,
and let 4 be a smooth function on M that is equal to one at the point p and
zero outside the neighbourhood V. Then & (X; — X3) = 0 on M and therefore

hw(X1) - w(X2)) = 0.

It follows that at the point p the functions w(X1) and w(Xz) coincide. Since the
point p was an arbitrary point of the submanifold W, it was thus proved that
the formula

wlw (Y)(p) = w(X)(p),

where X is an arbitrary vector field on M that coincides with the field Y on
V, identically defines on the submanifold W some (as is easily seen, smooth)
function w|w (Y). Thus, we obtain some (obviously linear) map

wlw : 61 (W) > 6(W),

i.e., a linear differential form on the submanifold W. We will call this form the
restriction of the form w on the open submanifold W and, when there is no
possibility of misunderstanding, we will denote it by the same symbol w.

Just as for vector fields, the restriction map w — w|w is, generally speaking,
not epimorphic, but only locally epimorphic in the sense that,

Proposition 4.88. Whatever the open set V. W whose closure V is compact
and contained in W, for any linear differential form 0 € O1(W) there exists a
linear differential form w € O1(M) such that

wly = 6ly.
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This form w is defined by the formula

0 outside W,

where g is a smooth function on M that is equal to one on V and zero outside
some open set whose closure is contained in W.

In the special case where W is a coordinate neighbourhood U, one can easily
describe all linear differential forms on U.

Let X1, ..., X,, be an arbitrary basis of the O(U)-module 6'(U). Clearly,
for any i =1, ..., m, the relations
a)i(Xj) :(5;, j=1, ..., m
uniquely determine on U some linear differential form w’. The forms w!, ..., o™

are linearly independent and have the property that for any vector field X €
0'(U), the following equality holds

X = w'(X),
where X’ are the components of X in the basis X1, ..., X,,. It follows directly
from this that
Proposition 4.89. the forms w1, ..., Wy form a basis for the module 01(U),

and
w = w(X;)wi

for any form w € O1(U).

We will call the functions w(X;) the components of the form w in the basis

Xy, ..., X (or in the basis w1, ..., wn).
If the basis Xy, ..., X, is holonomic, i.e., if
0 0
Xi=—, ..., = —,
LT oxt " gxm

where x!, ..., x™ is some system of local coordinates in the neighbourhood
U, then we will also call the basis a holonomic basis. In this case, the forms
w!, ..., o™ we will, as a rule, denote by the symbols

dxt, ..., ™.
The components of the form w (%) in the basis dx!, ..., dx™ we will sometimes
call its coefficients (in the system of local coordinates x!, ..., x™).

We obtain an important example of a linear differential form on a manifold
M by setting for some smooth function f on M and any field X € 6'(M)

df (X) = X(f).
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It is clear that this formula defines a certain linear differential form df on M.
We will call the form df the differential of the function f.

By definition, for any smooth function f on the manifold M (or at least on
the coordinate neighbourhood U), the following equality holds

df(a)—a—f i=1, ..., m,

oxi |~ oxi’

so that, as in elementary analysis,

af . .
d = —.dxl.
4 oxt
In particular, we see that the forms dx!, ..., dx™ of the holonomic basis are
nothing more than differentials of the local coordinates xt, oo, am,

Linear functionals defined on the space M(p) = 0'(p), i.e., linear maps of
this space into the field R, we will call covectors of the manifold M at the point
p- They form a m-dimensional linear space M},, dual to the space Mj,. We will
also denote the space M, by the symbol 0 (p).

It is easy to see that for any form w € 6;(M) and any field X € 6'(M), the
equality X, = 0 implies the equality w(X)(p) = 0. Indeed, in the coordinate
neighbourhood U of the point p, the following relation holds

0 .
wX)=w (—) - Xxt,
ox?
and therefore
9 i
It follows that, by setting for any vector A € M,

wp(A) = w(X)(p),

where X is an arbitrary vector field on M for which X, = A, we uniquely
determine on M), some covector w,.

In particular, the differentials dxt, ..., dx™ of the local coordinates x!, ..., x
define covectors

m

(dxl)p, ceny (dd™)p.

These covectors form a basis for the space M, (there are m of them, and they
are linearly independent). Any covector « € Mj, can be decomposed in this
basis according to the formula

o ;
a=a ((ﬁ)p) - (dx")p.

From this, in particular, it follows directly that
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Proposition 4.90. for any covector @ € O1(p) there exists on the manifold M
a linear differential form w such that w, = a.

Proof. Indeed, according to the local epimorphism property of the restriction
map, it suffices to construct the form w on some coordinate neighbourhood U
of the point p. On the other hand, the formula

w = a;dx',

where a; = « ((%) ), obviously defines a form w on a neighbourhood U for
p

which w), = a. ]

Analogously to the set of all vectors, the set M of all covectors of the
manifold M at all its points p € M can be defined as a 2m-dimensional smooth
manifold, after which the concept of a continuous (or smooth) covector field w
on the manifold M is naturally defined as a continuous (respectively, smooth)
map w : M — M; such that w(p) € M}, for any point p € M. Moreover, it
can be easily shown (see the corresponding arguments for vector fields) that a
covector field w is smooth if and only if for any vector field X € 0'(M) the
numerical function w(p)(X,) of a point p of a manifold M is a smooth function
on M.

However, to save space, we prefer not to introduce the manifolds M ex-
plicitly here, but instead adopt the latter property of smooth covector fields as
their definition. Thus, we define a smooth covector field on a manifold M as an
arbitrary function w that assigns to each point p € M a covector w(p) € M, and
possesses the property that, for any vector field X € 0'(M), the scalar function
w(p)(Xp) of the point p € M is a smooth function on M.

It is clear that for any differential form w € 6;(M), the formula

w(p) =wp, pPEM,

defines a smooth covector field on the manifold M. Conversely, every smooth
covector field w : M — M} uniquely determines, according to the formula

w(X)(p) =w(p)(Xp), X €O (M), peM,
a linear differential form w € O1(M). Thus,

Proposition 4.91. the concept of a linear differential form essentially coincides
with the concept of a smooth covector field.

Remark 4.92. Any smooth function f on M defines a covector (df), at each
point p € M. On the other hand, considering the function f as a smooth map
M — R, we can speak of its differential df), : M;, — Ry(p), where Ry(,) is the
tangent space of R at the point f(p). The space R, is one-dimensional and

is generated by the vector (%)f( . It is clear that if we identify each vector
p

a (%)f( ) € Ry(p) with a number a, then the differential df,, coincides with the
P
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covector (df)p. In this sense, the definition of the differential of a function is
consistent with the definition of the differential of a smooth map.

In conclusion, let us consider an arbitrary smooth map @ of some manifold
N into a manifold M. Let w be an arbitrary linear differential form on the
manifold M. At each point p € N, we can define a covector (®*w), by setting

(@*w)p(A) = wp(dPp(A))

for any vector A € N,. Thus, on the manifold N, we obtain a (obviously smooth)
covector field ®*(w), i.e., a linear differential form. It is easy to verify that the
map
@ : 01 (M) — O'(N)

defined in this way is a homomorphism of O(M)-modules (if the ©(N)-module
O'(N) is considered as a O(N)-module via the map ®* : O(M) — O(N), which
associates with each function f € O(M) the function @*f = f o @).

If @ is an inclusion of an open submanifold W into a manifold M, then the
map ®* is nothing more than a restriction map 0, (M) — O (W).

4.8 Tensors and tensor fields

Let r and s be arbitrary non-negative integers. By a tensor field of type (r,s)
on a manifold M we mean an arbitrary function

T(wh, ..., & X1, ..., Xy)
of r + s arguments, the first  of which are linear differential forms w!, ..., " €
01(M), and the last s are vector fields X1, ..., Xy € 61(M).

We will denote the set of all tensor fields of type (r,s) on a manifold M by
the symbol Of (M). Clearly, this set is naturally defined as an O(M)-module.
By definition, tensor fields of type (0,0) are nothing more than smooth
functions on M, so that
05 (M) = O(M),
and tensor fields of type (0,1) are nothing more than linear differential forms,
so that
OY(M) = Oy (M).
Moreover, any vector field X € 6'(M) can be considered as a tensor field
of type (1,0), i.e., as a O(M)-linear map of the O(M)-module O1(M) into the
algebra O(M), defining its value X(w) on an arbitrary form w € 0;(M) by the

formula
X(w) = w(X).

Since w(X) = 0 for all forms w € O;(M) only when X = 0, the module O (M)
is embedded in the module @3 (M). It turns out that these modules actually
coincide:

Oy (M) = 01 (M), (4.93)

ie.,
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Proposition 4.94. vector fields exhaust all tensor fields of type (0,1).

We will prove this important statement a little later, after we have studied
in more detail the structure of arbitrary tensor fields.

Let W be an arbitrary open submanifold of M, and let T be an arbitrary
tensor field of type (r,s) on M. It is easy to see that

Proposition 4.95. if at least one of the arguments w, ..., W', Xy, ..., X5 of
T is zero on W (i.e., its restriction to W is zero), then

T(w', ..., W X1, ..., X5) =0 on W.

Proof. Indeed, let p be an arbitrary point of W and let V be some neighbour-
hood of it whose closure V is compact and contained in W. Further, let f be
a smooth function on M equal to one at p and zero outside V. Assuming, for
definiteness, that w! = 0 on W, we obtain that fw! = 0 on M, and therefore

T(fol,o?, ..., &": X1, ..., X;) =0.
But
T(fw' o?, ..., X1, ..., X)) = [T, ..., 05 X1, ..., Xy).
so that
T(@!, .., &3 X1, o X)(p) = F(PT(@', ..., &5 X1, ..., X,)(p) =0.

since f(p) = 1. Thus,
T(wh, ..., o X1, ..., Xs)=0 on W.
O

Now let 6%, ..., 6" be arbitrary linear differential forms, and Y;, ..., Y
be arbitrary vector fields on an open submanifold W. For any point p € W,
consider on M the forms w?, ..., " and the fields X, ..., X, that coincide
in some neighbourhood of the point p with the forms @', ..., " and the fields
Y1, ..., Y, respectively. From the statement just proved, it immediately follows
(see the similar arguments above for vector fields and differential forms) that
the formula

Tlw(', ..., 0", ..., Y)(p) =T (', ..., o X1, ..., X5)(p)

uniquely defines on W some smooth function

T\lw(, ..., 011, ..., Yy).
It is clear that this function depends linearly on the forms ol ..., 9" and the
fields Y1, ..., Y, i.e., it is a tensor field of type (r,s) on the manifold W. We

will call the field T|w the restriction of the field T on the open submanifold W
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and, when there is no possibility misunderstandings, we will denote it by the
former symbol 7.

Obviously, the restriction map 07 (M) — O; (W), which associates with each
field T € 07 (M) the field T|wO; (W), is a O(M)-homomorphism of the O(M)-
module 07 (M) into the O(M)-module O (W) (considered, via the restriction
map O(M) — O(W), as an O(M)-module). Moreover, similar to the case of
vector zeros and linear differential forms, this homomorphism obviously has the
property of local epimorphism, i.e.,

Proposition 4.96. for any open set V.C W whose closure V is compact and
contained in W, for any field S € O7 (W) there exists a field T € O (M), such
that

Sly =Tly.

Let us consider, in particular, the restriction T|y of the field T € O] (M)
to some coordinate neighbourhood U ¢ M. Let Yy, ..., Y, be an arbitrary
basis of the module 6'(U), and 6!, ..., @™ be a basis of the module 6, (U)
defined by the conditions 6°(Y;) = 6}; i,j =1, ..., m. Then, for any forms
w', ..., W € 0;(U) and any fields X;, ..., X, € 0} (U), the following relation
holds:

T(w', ..., WXy, o X) =T w0l X X5 on U, (4.97)

where

Th

kr — T
o =Tk, ..., 0k v, ..., Y, (4.98)

and wi = w!(Yy), and Xf = HK(X]-) are the components of the forms w’ and the
fields X; in the basis Y1, ..., ¥,,. We will call functions (4.98) the components
of the tensor field T on a neighbourhood U in the basis Y1, ..., Y. They
completely determine the field T on U.

In particular, if the field T is of type (1,0), its components are the functions
T+ = T(6%). We define a vector field Xy on the neighbourhood U by setting

Xy = T*yy,

where, as above, Y1, ..., Y, is an arbitrary basis of the O(U)-module 6 (U)
(relative to which the components T* are calculated). Since for any form w €
01(U) the following equality

T(w) = w(Y)T(0") = 0(T*Yy) = w(Xy)

holds on U, then on the neighbourhood U the tensor field T coincides with the
vector field Xy. In particular, this implies that the field Xy is uniquely defined
(independent of the choice of the basis Y1, ..., ¥,;). Therefore, setting for any
point p e M

Xp = (Xu )p,

where U is an arbitrary coordinate neighbourhood of the point p, we obtain a
uniquely defined (obviously smooth) vector field X on the manifold M. Since
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T(w) = w(Xy) on U for any form w € O(M), then T(w)(p) = w(Xy)(p) =
wp((Xv)p) = wp(Xp) = w(X)(p), ie.

T(w)=w(X) on M.

In other words, T = X. Thus, relation (4.93) is completely proven.
Let p be an arbitrary point of a smooth manifold M. By a tensor of type
(r,s) at the point p we mean an arbitrary functional linear in each argument

L@, ..., @ A1, ..., Ay),
whose first r arguments are covectors a', ..., a” € MI*,, and the last s are
vectors A1, ..., Ay € Mp,. All tensors of type (r,s) at the point p obviously

form a linear space O} (p). It is clear that
03(p) = 0" (p), OY(p) =O1(p).

On the other hand, 6J(p) =R (and not 6(p)).

Let Bi, ..., B, be an arbitrary basis of the space M, and let ﬁl, ..., Bmbe
a basis of the space M}, defined by the conditions g'(B;) = 63, i, j=1, ..., m.
Then, for any tensor L of type (r,s) at the point p, the following equality holds

L(a', ..., a"sa1, ..., A) = L)y -ap A - AL, (4.99)

i

where @) = o' (By) and Af =p¢ (A;) are the components of the covectors @’ and

the vectors A; in the basis By, ..., By, and
kyooky -
Ly =L~ ..., BB, ..., Bg). (4.100)
We will call the numbers (4.100) the components of the tensor L in the basis
B1, ..., By. These numbers do not, generally speaking, satisfy any relations,
i.e., for any set m"** of numbers ngll_‘_‘_‘;ff, formula (4.99) defines a tensor L €

0! (p) with components L’;l_'_'_'llf’.

Just as for vectors, the set of all tensors of a given type (r,s) at all points
of a manifold M can be naturally defined as a smooth manifold, after which
one can define the concept of a continuous (or smooth) tensor field (r,s) on a
manifold M as a continuous (respectively, smooth) map T of a manifold M into
the manifold of all tensors such that T(p) € 07 (p) for any point p € M.
Without dwelling on this, as in the case of forms, we prefer to independently
define smooth tensor fields T of type (r, s) on a manifold M as functions T that
associate with each point p € M some tensor T(p) of type (r,s) at this point
such that for any forms w!, ..., " € 6;(M) and any vector fields X1, ..., X, €
0'(M) the numerical function

f(p) :T(p)((wl)]?’ R (wr)]?; (Xl)[?’ tet (XY)P)

at the point p € M is a smooth function on M.
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For any tensor field T € Of (M), it immediately follows from formula (4.97)
that if at least one of its arguments w!, ..., w" and X1, ..., X, is equal to zero
at the point p, then

T(w', ..., 0" X1, ..., X) =0.
Therefore, the formula
Tpy(a', ..., &A1, ..., A) =T(w' ..., &5 X1, ..., Xs)(p),
where the forms w!, ..., " and the fields X;, ..., X, are chosen such that
W, =a,i=1, ..., r,and (X;), = Aj, j =1, ..., s, uniquely determines a

tensor T}, of type (r,s) at the point p. Clearly, the resulting function T'(p) =T,
is a smooth tensor field in the sense of the previous definition. Conversely, any
smooth tensor field T'(p) € O] (p) is defined by the formula

T(w', ..o, @5 X1y ooy X)) =T()(@Y)py ooy (@)p; (X1)ps ooy (Xs)p)s
where w!, ..., " € 0;(M) and X1, ..., Xy € 01(M), is some field T € O (M).
Thus,

Proposition 4.101. the concept of a tensor field, as defined at the beginming
of this section, essentially coincides with the concept of a smooth tensor field
defined above.

This assertion has many important consequences. For example, it immedi-
ately implies the equality (4.93) already proven above. Indeed, any tensor of
type (1,0) at a point p is, by definition, a linear functional on the space M},
and therefore, by the inherent property of reflexivity of finite-dimensional linear
spaces, each such tensor can be considered as a vector at a point p.

Furthermore, any tensor L = L(a;A) of type (1,1) with a fixed argument
A is a tensor of type (1,0), i.e., a vector. Therefore, each such tensor can be
considered as a linear transformation of the space M,. With this in mind, we
will call an arbitrary function T that associates with each point p € M some
linear transformation T, : M, — M, the field of linear transformations on the
manifold M. We will call such a field smooth if, for any vector field X € 6 (M),
the field

T(X)p, =Tp(Xp), pPEM,

is a smooth vector field on M. From what has been said above it follows directly
that the concepts of a tensor field of type (1,1) and a smooth field of linear
transformations essentially coincide. On the other hand, every smooth field T
of linear transformations defines by the formula

T(X), =Ty(X,), peM, XeO (M),

some O(M)-linear map of the O(M)-module O' (M) into itself. Conversely, any
such map T : 6 (M) — O'(M) is defined by the formula

T,(A) =T(X),, AeM,,
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where X is an arbitrary field on M for which X, = A, is some smooth field T' of
linear transformations.
Thus,

Proposition 4.102. The following concepts are essentially the same:
1) a tensor field of type (1,1) on a manifold M;

2) a smooth field of linear transformations on M;

3) an O(M)-linear map of the O(M)-module O (M) into itself.

In this case, the tensor field T € T@ll (M) is defined by the linear map T :
0'(M) — 0'(M) by the formula

T(w;X) = w(T(X)), weO6,(M), X0 (M),
and the field of linear transformations 7, : M, — M, is defined by the formula
T,(A) =T(X),, A€M,

where X is an arbitrary vector field on the manifold M for which X, = A.

Remark 4.103. By fixing the argument « in the tensor L(a; A) of type (1,1) at
the point p, we can consider it as a linear transformation of the space M;,. This
linear transformation is conjugate, in the sense of the theory of linear spaces,
to the linear transformation of the space M, considered above.

After tensors of type (1,1), the next most complex ones are tensors of type
(1,2). Reasoning as above, we easily see that

Proposition 4.104. the following concepts are essentially the same:
1) a tensor field T(w; X;Y) of type (1,2) on a manifold M;

2) a smooth field of bilinear functions T,,(A, B), A,B € M, taking values in the
space Mp;

3) an O(M)-linear function T(X,Y), X,Y € O'(M), in both arguments, taking
values in the O(M)-module O (M).

In this case, the following relations hold:

T(w;X.Y) =w(T(X.Y)), we6,(M), X.Y €0 (M),
Tpy(Xp,Yy) =T(X,Y),, peM, X,Y €O (M).

Similarly,

Proposition 4.105. the following concepts are essentially the same:

1) a tensor field T(w; X;Y;Z) of type (1,3) on a manifold M;
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2) a smooth field of bilinear functions T,(A,B), A,B € M,, taking values in
linear transformations of the space M, ;

3) an O(M)-linear function T(X,Y), X,Y € O*(M), in both arguments, taking
values in the O(M)-linear maps of the O(M)-module O' (M) into itself.

In this case, the following relations hold:

w(T(X,Y)Z), we0, (M), X,Y,Z e 0 (M),
(T(X,Y)Z,), peM, X,Y,Z e 6 (M).

T(w;X,Y,Z)
T,(Xp,Yp)Z,

4.9 Operations on tensors and tensor fields

Let L and K be arbitrary tensors at a point p of a smooth manifold M, having
types (r,s) and (u,v), respectively. It is clear that the formula

(L®K)(al’ LR ] ar+M;A1’ L] AS+V) =
L(at, ..., a"; A1, ..., Ay) - K@@, ..., @™ Agir, ..., Agey),
where o, ..., @ € O,(p) and Ay, ..., Ag,, € O'(p) defines a tensor L ® K

of the type (r + u,s +v). We will call it the product of the tensors L and K.
On tensors of type (0,0), i.e., constant numbers, it coincides with the ordinary
product. In an arbitrary basis By, ..., By, of the space M,,, its components are
expressed, as is easy to see, by the formula

ki, ... ky+u — ki, ... ky kr+ s oo Kpvu
(L ® K)flls (R3] {)s-%-v Lglly “ees szfs+11y “ee €s+v.
Moreover, it is easy to verify that
Proposition 4.106. with respect to the multiplication ®, the direct sum
0*(p) = ), i (p)
r,s=0

of linear spaces O (p) represents an associative algebra with unity over the field
R.

Let By, ..., Bj be an arbitrary basis of the space M), and let Bl, e, BT
be a basis of the space M}, such that B (B;) = 6; Let, further, L be an arbitrary

tensor of type (r,s) at the point p and let L](fll’ ’;,’ be its components in the
basis Bi, ..., B,. Consider the tensor “

ki, . ke ot Ly
Lfll’ - [Sﬁl ®- QB By, ®---®By,.
It is easy to see that the components of this tensor are precisely the numbers
ki, .o ky
L€11’ e Therefore,
ks oo ke pf ‘s
L=L,>" /B"® - ®B*Bi, ® - ®By,.

Thus, it is proved that
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Proposition 4.107. the algebra O*(p) is generated over the field R by the
vectors Bi, ..., B,, and the covectors B, ..., B™.

Let i and j be arbitrary integers satisfying the inequalities 1 < i < s and
1 < j < r, respectively (here we assume that s > 0 and r > 0). By fix-
ing, in some tensor L(a', ..., @";A1, ..., Ay) of type (r,s), all arguments
al, ..., a" A, ..., Ag except for the i-th vector argument A; and the j-th
covector argument a’/, we obtain from the tensor L some tensor of type (1,1),

i.e., a linear transformation of the space M,. This transformation depends, of

course, on the covectors al, ..., @), ..., o and the vectors Ay, ..., AL, ..., A

(the sign “A” indicates that the corresponding covector - or vector - must be
omitted). Let

(D@, &AL R LAY

be the trace of this linear transformation. It is a linear function of the r — 1
covectors ', ..., @/, ..., o" and the s — 1 vectors Ay, ..., A, ..., Ay, ie,
it is a tensor of type (r — 1,5 — 1). We will say that this tensor is obtained from
the tensor L by contraction over the i-th upper and j-th lower indices. In each

: : i 7 \Kisennkro1 :
basis of the space M, its components (CjL)fl’ L, are expressed in terms of

the components L]tfll’ (Ifr of the tensor L according to the formula

ik, s Koy _ oy ki, o kicns s Bk, o ke
(C]'L)fh v bso1 T Ll’l, O T N1 e PR

The constructed map
Ci: 07 (p) > 6,1 (p),

is obviously linear. We will call it the contraction map.

All the above constructions are immediately transferred from tensors to ar-
bitrary tensor fields. For example, the product T ® S of tensor fields T € 07 (M)
and S € O (M) can be defined either by the formula

(TR®S)(w', ..., 0™ X1, ..., Xepv) =
T(w', ..., 0" X1, ..., XS, ..., 0" Xeets ooy Xgiv)s
wh ., DM e 01(M); Xy, ..., Xeoy € OX(M),

or by the formula
T®S),=T,®Sp,

where p is an arbitrary point of the manifold M. From the corresponding
statement for tensors, it follows immediately that

Proposition 4.108. with respect to the multiplication ®, the direct sum
0'(M) = )" O (M)
r,s=0

of O6(M)-modules, OF (M), is an associative algebra with unity over the ring
O(M).
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Consider, in particular, the algebra 0*(U), where U is an arbitrary coordi-
nate neighbourhood in the manifold M. Let x!, ..., x™ be an arbitrary system
of local coordinates on the neighbourhood U. By comparing the components,
we can easily obtain (see the similar arguments above for the algebra 0*(p))
that for any tensor field T € 07 (U)) the following formula holds

® ® 9
Oxk Oxkr’

T=T" " Falie - od®
15 «-e5 LUg

s ke
[s

Iél

where Tfl’ are the components of the field T in the basis % Q@ ® Fom-

1y wees
Therefore,

Proposition 4.109. the algebra 0*(U) is generated over the ring O(U) by the
forms dx', ..., dx™ and the fields %, el axi"v

The contraction operation Cj, for tensor fields is most easily defined by the
formula ) ‘
(CiT)p = CiT)p,

where p is an arbitrary point of the manifold M. Clearly, the resulting contrac-
tion map _
Ci:0{(M)—O;"}(M), 1<i<s, 1<j<r,

is a homomorphism of O(M)-modules.

Of particular interest is the case r = 5. In this case, by applying r folds of
the folding map to the field 7, we obtain a field of type (0,0), i.e., a smooth
function on M. We will say that this function is obtained from the field T as
a result of a complete fold. Clearly, in general, the result of a complete fold
depends on which pairs of indices were used to perform the r partial folds.

Consider, in particular, for an arbitrary tensor field T of type (r, s), the field

S=TRwW' ® Qw ®X;® - ® X,

of type (r + 5,7 + 5), where w', ..., 0" € 06;(M) and Xi, ..., X, € O (M).

Let p € M. Denoting by ', and X} the components of the covectors (w'),
and the vectors (X;), in some basis of the space M,, we obtain that the com-
ponents of the tensor S, in this basis are expressed by the formula

Kiv oo kpys Ky oo k1 Krs Kyss
(Sp)fll, = (Tp)fll’ W s wy, X7 X
where (TP)Z“ é‘r are the components of the tensor T,,. Therefore, contracting
the tensor S, over the indices (1,5 +1),(2,s+2), ..., (r,s+7r),(r+1,1),(r +
2,2), ..., (r+s,s), we obtain the number
iy o k1 krs Krss —
(T, {,11’ W s cu;,rﬂX1 L, X =
(Tp)(@Wps -y (@) (X1)ps -y (X)p) =T (0", ..., & X1, ..., X0)(p).

This proves that
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Proposition 4.110. As a result of the complete contraction of the tensor field

TRW' ® - ®w ®X,® & X

by the indices (1,s+1),(2,5+2), ..., (r,s+r),(r+1,1),(r+2,2), ..., (r+s,s),
we obtain the value

T(w', ..., W X1, ..., Xy)
of the field T on the forms w', ..., w" and the fields X1, ..., X;.

Let us consider in conclusion an arbitrary smooth map @ of some manifold
N into a manifold M. Let T be a tensor field of type (0,s) on a manifold M.
We define a tensor (®*T), of type (0,s) at each point p € N by setting

(D°T)p(A1s ..., Ay) =Tp(dD,(Ar), ..., d®,(Ay))

for any vectors Ay, ..., A; € N,. It is easy to verify that we thereby obtain a
smooth tensor field ®*T on the manifold N and that the map

o : 02(M) — 6°(N)

is a homomorphism of O(M))-modules (if the O(N)-module 6?(N) is considered
as an O(M)-module via the map ®* : 6(M) — O(N)).

Obviously, in the case where the manifold N is an open submanifold W of the
manifold M, and the map ® is an inclusion map, the map ®* coincides with the
restriction map OY(M) — OP(W). On the other hand, for tensor fields of type
(0,1), i.e., for linear differential forms, the map ®* coincides with the map ®*
constructed in §4.7. For fields of type (r,s) with #, the map ®* is not defined.

4.10 Riemannian spaces

A smooth m-dimensional manifold M is called a Riemannian space if it is given
a smooth field of symmetric bilinear positive definite forms, i.e., a tensor field
g of type (0, 2) such that

1) for any vector fields X,Y € O0'(M) the following equality holds:
g(X.Y) = g(¥, X);

2) for any point p € M the bilinear form g, on the space M), is positive definite.

We will call the tensor field g(X,Y) the metric tensor field of the Riemannian
space M. To simplify formulae, we will generally denote the function g(X,Y) by
the symbol (X,Y). It depends symmetrically on X and Y and is non-negative
for X =Y (and is equal to zero only at those points p € M for which X,, = 0).

For any point p in a Riemannian space M, the bilinear form g, defines a
scalar product in the tangent space M,

(A,B)=g,(A,B), ABeM,,
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which transforms this space into a Euclidean space. This allows us, in particular,
to talk about the length of vectors in M, and the angle between them. We will
denote the length +/(A, A) of a vector A € M), by the symbol |A].

Every vector field X on a Riemannian space M defines, by the formula

wx(Y) = (X,Y), YeO' (M),

a certain linear differential form w,. Conversely, by the well-known properties
of Euclidean spaces, every covector w, € M}, uniquely corresponds to a vector
X, € M, such that

wp(B) = (Xp’B)

for any vector B € M,. Moreover, it is easily verified that if the covectors
wp form a field w that is smooth on M, i.e., a linear differential form, then the
corresponding vectors X,, form a smooth vector field X for which wx = w. Thus,

Proposition 4.111. for Riemannian spaces, the concepts of a linear differential
form and a vector field essentially coincide.

In particular, for any smooth function f on M, there is a vector field grad f
associated with the differential df of this function by the formula

df (X) = (grad £, X), X e OY(M).

We will call this the gradient field of f.

Remark 4.112. Similar arguments show that on the Riemannian space M, we
can identify tensor fields of any type (r,s) with fields of every type (+',s") for
which " +5 = r+s. This identification is known as the operation of “raising and
lowering indices.” We will need it only in the case considered above r +s = 1.

Postponing a more or less in-depth study of Riemannian spaces until Chapter
7, we will limit ourselves here to proving that

Proposition 4.113. any smooth separable manifold M can be defined as a
Riemannian space, i.e., there exists at least one field g on it that has the above
properties 1) and 2).

To this end, we first note that, since any separable manifold M has a count-
able base, it can be covered by a countable system of coordinate neighbourhoods
U,, n > 1, and these neighbourhoods can be chosen so that the closure U, of
each of them is compact and so that the local coordinates x),, ..., x™ defined in
the neighbourhood U, are also local coordinates in some larger neighbourhood
containing the closure U, of U,.

Having chosen such a system of coordinate neighbourhoods U, we consider
the sets

A, = Uzlek.

Each of these sets is compact, and their union is the entire manifold M. First,
let n = 1. We construct a tensor field g on the set A; = U;, assuming that its
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components
a 0 P
1 —, — |, ti,)=1 ..., m,
8ij=§ 6x11 P J
1
in the basis =2;, ..., =%: are the numbers §. Clearly, the field g is thus
axl Bxl J

completely defined on A; and satisfies all the necessary conditions (symmetric
and positive definite).

Now let the field g already be constructed on the set A,,_1, where n > 1.
Then, in particular, it is also constructed on the set A,_; N U,, and therefore
for any point p € A,,-1 N U, the numbers are defined

o o0

axﬁ’ﬁ)’ ihj=1, ..., m.

n

gij(p) =g(

The set of @ smooth functions g;;(p) = g;i(p) can be considered as a

smooth map of the compact set A,_1 N U, into the set D of all symmetric
positive definite matrices of order m. The space of all symmetric matrices is
isomorphic to the W—dimensional arithmetic space R™5 and, as is easy
to see, the set D is a convex open subset of this space. Therefore (see §4.4)
the set D is an E-manifold. Consequently, the smooth map A,_; N U, — D
constructed above is the restriction of some smooth map M — D, i.e., on the

manifold M there exist W smooth functions g;;(p) = g;:(p) that coincide on

Ap_1NU, with the functions gi;j(p) constructed above, € A,,_4 NU,,, and have the
property that for any point p € M the matrix g;;(p) is symmetric and positive
definite. Taking the numbers g;;(p) for any point p € U, as components in the

basis (6%1) e (axim) of some tensor, we obtain a tensor field g on U, that
n p n p

coincides on A,_; N U, with the field g previously constructed on A,_;. We
have thus extended the field g from A,_; to A, = Ap,_q UU,. (In this argument,
we implicitly assumed that A,_; N U, # @. In the case when A,_, NU, = @,
the field g on A, is constructed in an obvious way.)

Thus, the field g is constructed by induction on all sets A,;, and therefore on
the entire manifold M.

Remark 4.114. Generally speaking, separability (or, equivalently, the existence
of a countable base) is not a necessary condition for constructing a metric tensor
field on a manifold M. Indeed, for example, it is clear that the topological sum
of any number of Riemannian spaces is automatically defined as a Riemannian
space. However, as we will show in Chapter 7, if M is connected, then this
condition is necessary, i.e., any connected Riemannian space is necessarily a
space with a countable base.






Chapter 5

Smooth Manifolds. 11

This chapter focuses primarily on the concept of a submanifold.

§5.1 presents the basic definitions related to the concepts of a curve and a
surface (of any dimension) in an arbitrary smooth manifold.

§5.2 proves a theorem on the possibility of extending an arbitrary tensor
field defined on a sufficiently “small” curve to the entire manifold.

§5.3 examines the interpretation of vector fields on a smooth manifold as
“fields of infinitesimal transformations” of one-parameter diffeomorphism groups.
In this regard, in particular, the existence of integral curves for an arbitrary vec-
tor field is proved.

§5.4 presents the simplest properties of submanifolds. In particular, it is
proved that any submanifold can be locally defined by a system of independent
equations.

In §5.5, the existence of tubular neighbourhoods is proved for closed sub-
manifolds of Euclidean spaces.

In §5.6, Whitney’s theorem on the embedding of any compact manifold into
Euclidean space is proved. In this section, Sard’s well-known theorem on critical
points of smooth maps of manifolds is proved.

In §5.7, Whitney’s embedding theorem is proved for any separable manifold
M. To this end, the manifold M is first embedded in a countable-dimensional
Euclidean space R®. The final transition from the space R® to the space R" is
accomplished through a series of suitably chosen projections.

5.1 Curves and surfaces

By a continuous curve on a smooth manifold M we will mean an arbitrary
continuous map vy : J — M of some open interval J of the real axis R into the
manifold M. The points p € M for which there exists a number ¢ € J such that
p = v(t) will be called points of the curve y and we will also say that the curve
v passes through these points.

189
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The restriction y|c of the curve v : J — M on some closed interval C c J
will be called a segment of the curve y (in this case, we will generally assume
that the interval C is not reducible to a single point). We will call the segment
v|c finite if the interval C is finite.

Allowing a certain freedom of speech, in what follows we will also call con-
tinuous maps into the manifold M of closed intervals C C R curves. By this
convention, the paths introduced in §1.5 are a special case of curves (obtained
when C = [0,1]). For each curve y : [a,b] — M, we will call the points p = y(a)
and g = y(b) its initial and final points, respectively. We will also say that the
curve vy : [a,b] — M connects the point p = y(a) with the point g = y(b).

Since curves y : J — M are, by definition, maps of smooth manifolds, it
makes sense to speak of curves that are smooth (at a given point ¢ € J or on the
entire interval J). A curve that is smooth at all points of the interval J, with
the exception of a finite number of them, is called a piecewise smooth curve. A
piecewise smooth curve can be thought of as a finite sequence of smooth curves
with the property that the initial point of each subsequent curve in this sequence
coincides with the endpoint of the previous curve.

An example of a smooth curve is the curve 6, : J — M, which is a constant
map of the interval J to some point p € M. We will call curves of this kind
degenerate.

A smooth manifold M is called connected if any two of its points can be
connected by a piecewise smooth curve. Every such manifold is automatically
connected as a topological space, i.e., it has no nonempty proper subsets that
are simultaneously closed and open. (See §1.2) It is easy to see that the converse
is also true, i.e.,

Proposition 5.1. any smooth manifold M that is connected as a topological
space is a connected manifold.

Proof. Indeed, let N be the subset of M consisting of all points p € M that can
be connected by a piecewise smooth curve to some fixed point pg € M. Clearly,
N # @ (since pg € N). Furthermore, it is easy to see that the subset N is open
in M.

(Indeed, each point p € N has in M a neighbourhood U diffeomorphic to an open
ball of Euclidean space and therefore consisting of points ¢ that can be connected
to the point p by a smooth curve; combining this curve with a piecewise smooth
curve connecting the point pg with the point p, we obtain a piecewise smooth
curve connecting the point po with the point g.)

By similar considerations, the complement M \ N of N is also open, i.e., N is
closed. Being a nonempty, simultaneously closed, and open subset of a connected
topological space, N must coincide with the entire space. Thus, any point of
the manifold M can be connected by a piecewise smooth curve to some fixed
point pg. But it is clear that this is only possible when the manifold M is
connected. O

Remark 5.2. It can be proven that a smooth manifold is connected if and only
if any two of its points can be connected by a smooth (and even regular, see
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below) curve. We won’t need this fact, so we’ll leave it unproven.

For any smooth function f on M, each curve y : J — M defines a numerical
function on the interval J

f()=fy@), tel.

This function is smooth (infinitely differentiable) if the curve y is smooth.
In particular, if the curve 7y is contained in the coordinate neighbourhood U,
i.e., if ¥(J) c U, then on the interval J the functions

) =x(y(@), s X0 =2y (1),
1

where x*, ..., x" are local coordinates in the neighbourhood U. These func-
tions uniquely define the curve y. We will say that they perform a parametric
definition of this curve in the neighbourhood U. It is clear that

Proposition 5.3. a curve y is smooth if and only if the functions x*(¢), ..., x™(t)
are smooth functions of the parameter t.

We can parametrically define an arbitrary curve on a manifold y on each
coordinate neighbourhood through which this curve passes.
Let M. be the manifold of tangent vectors of M (see §4.6) and let

u:M,—- M

be the natural projection (u(A) = p if A € M,,). By a vector field on a curve
v :J — M we mean an arbitrary curve

X:J-> M,
of M, that projects onto the curve v, i.e., has the property that

poX=y.

In other words, the vector field X(¢) on the curve y(¢) is a function that asso-
ciates with each point 7 € J a certain vector X(¢) € M, ;). On each coordinate
neighbourhood U, an arbitrary vector field X (#) has the form

X(r>=xf<r>~(%) "
(1)

where X/(¢) = X(t)x' are certain smooth numerical functions (components of
the field X(¢) in the local coordinate system under consideration). It is easy to
see that a vector field X(#) on a smooth curve y(¢) is smooth (i.e., is a smooth
curve of the manifold M,) if and only if all its components X'(¢), ..., X™(¢)
are smooth functions of the parameter 7.

An example of a smooth vector field on a smooth curve y : J — M is the
field

90 = v, ().
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We will call this field the field of tangent vectors to the curve y. It is identically
equal to zero if and only if the curve y is degenerate. A curve y : J —» M we will
call regular at a point t € J if y(¢) # 0 (this definition agrees with the general
definition of a regular map; see §3.6). We will call a curve y : J — M, regular
at all points of the interval J, a reqular curve, and a curve y : J — M, regular
at all points of the interval J, with the exception of a finite number of them, a
piecewise reqular curve.

Since for numerical functions of the parameter ¢ the operation % coincides
with ordinary differentiation with respect to ¢ and since for any function f that
is smooth at a point y(t) of the curve y : J — M, the following equality holds

i) 0 .
S0 = () 7 =70

thus L
t+ - t
S0 — tim LOUER) — FO(0) 5
h—0 h
In particular, the derivatives xi(¢) = dd—);i of the functions x'(r) = x'(y(1)),
which parametrically define the curve y(¢) in a certain system of local coordi-
nates x!, ..., x™ are expressed by the formulae
W) =y)xt, i=1, ..., m.

This means that

() = (1) - (%) g
y(t

i.e., that

Proposition 5.5. the functions X'(t) are components of the field v(t) in the
system of local coordinates x'(t), ..., x"™(1).

Therefore, for any smooth function f on M, the derivative f(r) = y(¢) f of the
function f(t) = f(y(t)) can be calculated using the usual “rule for differentiating
a composite function”;

o [(Of dx (1)
f(t)—(g)ym- T (5.6)

For any smooth curve y : / - M and any smooth map @ : M — N on the
manifold N, the curve is defined:

Yo = ®oy.

From formula (4.80) of §4.6 it follows directly that for any ¢ € J the following
equality holds

Yo = d®y ) (¥(1)). (5.7)

Along with vector fields, we will also consider (smooth) tensor fields of any
given type (r, s) on the (smooth) curve y : J — M. Since we have not introduced
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an analogue of the manifold M, for arbitrary tensors, we are forced to give an
independent definition to this concept here. Namely, by a tensor field T(t) of
type (r,s) on a curve y(t) we will call an arbitrary function that associates with
each point ¢ € J a certain tensor 7(¢) € 0% (y(t)). A tensor field T'(¢) of type (r, s)
on a smooth curve y(t) will be called smooth if for any linear differential forms
w', ..., W € 0,(M) and any vector fields X;, ..., X; € 6'(M) the numerical
function

T (@)@ (@ )ya); Xy (Xs)yar)

at a point ¢t € J is a smooth function on J. If the curve y(r) is contained in
a coordinate neighbourhood U, then for any t € J the following decomposition
holds:

4] 4]
ki, ..., ky 51 L

where x!, ..., x™ are local coordinates in the neighbourhood U, and

r a a
Tkl, vy kr(t) :T(t) (dxkl) (t)...(dxk ) (t)? (—) s e (_) .
by o b Y 4 x| ) 0xt |y

We will call the functions T;‘ll’___"é;; kr (t) the components of the field T(¢) in the

system of local coordinates x!, ..., x™. It is easy to see that the field T(¢) is
smooth if and only if all its components Tfklly"_'_‘_”k}Y (t) are smooth functions on J.

When considering tensor fields on the curve y : J — M, we will generally
assume that (r,s) # (0,0), since tensor fields of type (0,0) are nothing more
than numerical functions defined on the interval J and therefore, essentially,
not connected in any way with the manifold M and the curve y.

A generalisation of the concept of a smooth curve is the concept of an n-
dimensional (smooth) surface, i.e., a smooth map of some connected open set
G c R" into a manifold M. As a rule, we will consider the set G to be a rectangle
J1 X -+ X Jy, i.e., a product of n open intervals Jy, ..., J, € R". Furthermore,
to simplify the notation, we will assume that n = 2, although everything said
below will be true (with the appropriate obvious modifications) for any larger
n.

Let

p: i1 xJo > M

be an arbitrary surface. By a vector field on a surface ¢ we mean an arbitrary
(smooth) surface
X:JixJ, —> M,

of a manifold M, with the property that
poX =g,

where y : M, — M is the natural projection. In other words, the vector field
X(t',1%) on the surface ¢(z',1?) is a function that associates with each point
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(t',t%) € J1 x Jo a certain vector X(¢t',¢%) € My (1 42y and has the property
that for any function f that is smooth at the point p = ¢(¢!, %), the numerical
function g(¢',#?) = X(¢',#?) f is smooth at he point (¢!, ¢2).

Similarly, we can define the concept of a tensor field on a surface ¢ of any
given type (r,s). We will not dwell on this, since we will not need this concept
further.

At each point (t1,7?) of the rectangle J; x Jo, two vectors (% and % are
defined, forming a basis for the space (J; XJ2) (1 +2). The images of these vectors
under the map

d‘P(tl,t?) : (]1 XJQ)(tl,tQ) - M‘p(tl,t2)

We will denote them by the symbols %(1‘1, 2) and %(1‘1, t?) respectively and

will call them the basis tangent vectors of the surface ¢ at the point (¢!,7?).

Clearly, this gives us two vector fields % and % on the surface ¢.

We will say that a curve y : J — M belongs to a surface ¢ : J; X Jo — M if
there exist smooth functions ¢!(¢) € J1, t € J, and t2(t) € Jo, t € J such that

y(1) = o(t (1),1° (1))

for any r € J. It is easy to verify that, as in elementary analysis, the tangent
vectors of such a curve are defined by the formula

70 = SEEO.20) 10+ S50 0.20) (1),

For any n the corresponding formula is:

Y0 = S0, ) i),

where
y(@) =@t (1), ..., 1" (1))

Among the curves belonging to the surface ¢ : J; X Jo — M, the so-called
“coordinate curves’ are of particular importance.

0t Jo > M, @p2:J] - M.
The first of these curves is defined for each fixed ¢! € J; by the formula
o (%) = o(t',1%), 1% €,
and the second is defined for each fixed 2 € J5 by the formula
@2 (th) = o(t', %), e,
The tangent vectors of these curves are the base tangent vectors of the surface

(,DZ
dy

W(tl’ 1?).

0
Gu (%) = S5 gl =
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If the surface ¢ : J; X Jo — M is contained in the coordinate neighbourhood
U (i.e., if ¢(J1 X J3) c U), then then on the rectangle J; x Jo the functions

XLt ) = xt (et 1), ..., X2 = X (et 1)),

are said to be implementing the parametric definition of the surface ¢ in the
neighbourhood U. Moreover, in this case, any vector field X (¢!, #2) on the surface
¢ has the form

a )

Ox' ) o2y

where X(¢1,12) = X(¢!,1?)x" are some smooth functions on J; x J (components
of the field X(¢!,#?) in the local coordinate system under consideration). In
particular,

X', %) = Xi(tl,t2)(

k)

0 Ox(¢1, 12 0
99 g 2y 2 X1 (_)
@(tt,12)

ort ort oxt

(41 22
Gam =R
ot ot x| (i1 12

5.2 Extension of tensor fields

We will say that a tensor field T(¢) defined on a curve y(¢) of a manifold M is
extendable on a segment y|c of this curve if on M there exists a (smooth) tensor
field T - an eztension of the field T'(z) - such that

T(1) =Ty

for any t € C.

Moreover, we will say that a curve y : J — M (or its segment y|c) has
no self-intersections if y(¢1) # y(t2) for 11 # to (where 11, € J or t1,t2 € C,
respectively). We will call a finite segment y|c of a curve y elementary if it has
no self-intersections and is contained in some coordinate neighbourhood U of
the manifold M.

In this section, we will show that

Proposition 5.8. any tensor field T(t) on a regular curve y(t) is extendable on
each of its elementary segments y|c.

It is clear that to prove this statement it is sufficient to construct an extension
T of the field T'(¢) only on the coordinate neighbourhood U > y(C). Indeed, since
the segment C is finite and the curve 7y is continuous, the set y(C) is compact and
therefore has a neighbourhood V ¢ U with compact closure V c U. Therefore,
according to the local epimorphism property of the restriction map (see §4.8),
the field T defined on U coincides on V with some field defined on the entire
manifold M. This latter field will be the desired extension of the field T(z) on
the interval y|c.
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On the other hand, in order to construct an extension of the field T'(¢) to a
neighbourhood U, it is sufficient for each of its components Tél"""k’é () (in some

.

local coordinate system x!, ..., x™ defined in U) to find on M (dr at least on

U) a smooth function Tfkll’_":"gk’ such that

K1y ooor ki K1y oor Ky
Ty (=T, (y(@)
for any ¢ € C. Indeed, then the formula

0 0
a--’kr 51 . (s e N
‘s dx ® ®dx* ® Ak ® ® ke’
will define the extension T of the field T(¢) to the neighbourhood U.
Thus, to prove the statement under consideration, it suffices to prove that

Proposition 5.9. for any smooth function g(t) on C, there exists a smooth
function f on the manifold M such that

g() = f(y(1)
foranyteC.

Consider the functions

() =2y (@), s X" = 2" (v (1),

that parametrically define the curve y(¢) in the neighbourhood U. Since the
curve y(t) is, by assumption, regular, then for any point ¢ty € C there exists
an index iy such that %% (zy) # 0. Therefore, according to the inverse function
theorem, the function x%(¢) is a diffeomorphism on some neighbourhood |t—fg| <
§ of the point ¢y onto some neighbourhood of the point x%(zy). In other words,
in the neighbourhood of the point x'(#y) € R there exists a smooth function y
such that y(x’(¢)) =t for |t — ty] < 6. Consider the function

fo () = g(y(x™(p))).

This function is defined in some neighbourhood of the point po = y(70) and is
a smooth function at pg. Therefore, the point py has a neighbourhood Uy, in
which the function f,, coincides with some smooth function f;, on M.

We can assume that for [t—1¢| < ¢ the inclusion y(¢) € l~]t0 holds and therefore

fo (D) = iy (7(1)) = gy (y(1)) = g(y(x° (1)) = g(0).

Since the segment C is finite, the set C” obtained by removing from C the points
for which |r—1| < 6 is compact, and therefore its image y(C") under the map vy is
closed. Moreover, it does not contain the point pg, since the segment y|c has no
self-intersections, by assumption. Therefore, the point pg has a neighbourhood
U, such that

o]

U, Ny(C) = @.
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Therefore, if a number 7 € C has the property that y(t) € Uy, then |t —#y| < 6
and therefore, according to what was said above,

Jio (¥ (1)) = g(1).

Now let W;, be an arbitrary neighbourhood of the point py = y(¢y) whose
closure W, is compact and contained in the neighbourhood Uy,. Since the set
v(C) is compact, there exists a finite system of points 1, ..., f, on the segment
C such that the corresponding neighbourhoods

W1=W[1, “eny Wr=W,r
cover the set y(C). Then the neighbourhoods
UI:Utl» ey UrZUtr

form a covering of the set y(C) that satisfies all the conditions of the proposition
4.35 proved in §4.4. Therefore, there exists a partition of unity {hy, ..., h}
on the set y(C) subordinate to this covering. Let us consider the function

f=f1h1+°°'+frhr.

This function is smooth on M. Moreover, since, by construction, f;(y(z) = g(¢)
if y(t) € U;, and h;(y(t)) = 0 otherwise, then

fy(@) = g().

for any t € C.
Thus, the above statement is completely proven.

Remark 5.10. A similar statement holds for any segment y|c of the curve y
that has no self-intersections. We will not need this fact, and therefore we will
leave it without proof.

To understand the generality of the proved statement, it is useful to note
that

Proposition 5.11. any point pg = y(tg) of the reqular curve y : J — M belongs
to some elementary segment y|c.

Proof. Indeed, let x', ..., x™ be an arbitrary system of local coordinates at
the point pg. As we have already seen, the regularity condition for the curve
v implies that among the functions x’(¢) that parametrically define this curve,
there exists a function x%(f) whose derivative % () is nonzero at the point f,
and therefore also on some closed segment C > to. Since %™ (¢) # on C, we have
i (1) # %" (ty), and therefore y(t;) # y(t2) for any distinct points t1,1, € C.
Consequently, the segment y|c of the curve vy is elementary. O
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5.3 One-parameter diffeomorphism groups and in-
tegral curves

A smooth map
o:RxM-—->M

of the product R X M into a manifold M will be called a one-parameter diffeo-
morphism group of the manifold M if

1) ¢(0, p) = p for any point p € M;
2) ¢(t,¢(s,p)) = ¢(t + 5, p) for any point p € M and any numbers #,s € R.

For each fixed number ¢ € R, the group ¢ defines by the formula

¢i(p) =ot,p), peM
some (obviously smooth) map
oM —> M.
Conditions 1) and 2), respectively, mean that
1) the map ¢q is the identity map of the manifold M;

2) for any numbers ¢, s € R, the following equality holds
Pt © Ps = Pr+s-

From these conditions it immediately follows that for any number ¢t € R, the
map ¢; has an inverse map ¢_; and is therefore a diffeomorphism.
For each fixed point p € M, the group ¢ defines by the formula

¢p(t) = @(t, p), r€R,

a smooth curve
¢op:R—>M

on the manifold M. We will call this curve the trajectory of the group ¢ defined
by the point p. For ¢ = 0, it passes through the point p. We define a vector
field X on the manifold M by setting for any point p € M

Xp = ¢,(0).

According to formula (5.4) in §5.1, for any function f smooth at the point p,
the equality holds
X, f = lim Sl (p) = f(p)

12
t—0 t (5 )

In particular, it follows directly that for every smooth function f on M, the
function g(p) = X, f is also smooth on M, i.e., that the field X is a smooth
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vector field on the manifold M. We will say that this field is generated by a
given one-parameter group ¢ of diffeomorphisms of the manifold M.

Generally speaking, not every vector field X € O0'(M) is generated by some
one-parameter group of diffeomorphisms of the manifold M. However, it can be
shown that locally this is true. To give this statement a precise meaning, we
consider an arbitrary point pgo of the manifold M, some of its neighbourhood
Uy and some interval J of the axis R containing the point 0.

p: JXR—>M

of the product J X R into the manifold M will be called a local one-parameter
group of local diffeomorphisms if

1) ¢(0, p) = p for any point p € U;

2) o(t,¢(s,p)) = @(t + s, p) for any point p € U of any numbers ¢, s € J with
the property that r + s € J and ¢(s, p) € U.

For every fixed number ¢ € J, the local group ¢ defines by the formula

ep(t) = ¢(t, p), peU,

a smooth map
o U—->M

of the neighbourhood U into the manifold M. Conditions 1) and 2) respectively
mean that

1) the map ¢q is the identity map of the neighbourhood U;

2) for any numbers ¢, s € J, and any point p € U with the property that t+s € J
and ¢, (p) € U the following equality holds

@1 (ps(P)) = @r+5(p).

Elementary considerations using the continuity of the map ¢ and the local
compactness of the real axis R show that there exists a neighbourhood Uy c U
of the point pg and an interval Jy C J of the axis R centred at the point 0 such
that ¢;(Up) c U for any t € Jy. It follows that for t+ € Jy and for any point
p € Uy the equality following holds

o-i(@:(P) = @i (¢-¢(p)) = p.

In other words, the restriction ¢;|y, of the map ¢;, t € Jy, to the neighbourhood
Up has an inverse map ¢;, and therefore is a diffeomorphism of this neighbour-
hood onto the neighbourhood ¢, (Up) of the point ¢;(pg)-

For each fixed point p € U, the local group ¢ defines by the formula

¢p(t) = o(t, p), tel,
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a certain smooth curve
op:J— M.

As in the non-local case, we will call this curve the trajectory of the group ¢
defined by the point p. For ¢t = 0, it passes through the point p. We define a
vector field X on the neighbourhood U, setting for any point p € U

Xp = ¢p(0)-

As above, it is immediately verified that the vector field X constructed in this
way is smooth. We will say that it is generated by the local group ¢ of local
diffeomorphisms of the neighbourhood U.
We call a smooth curve y : J — M an integral curve of a vector field
X € 01 (M) if
(1) = Xy 1)
for any r € J. It is easy to see that

Proposition 5.13. every trajectory ¢, of a local group ¢ of local diffeomor-
phisms of a neighbourhood U is an integral curve of the vector field 01 (U) gen-
erated by this group.

Proof. Indeed, in view of condition 2), for any number 7 € J and any sufficiently
small (in absolute value) number s € R, the following equality holds

Satp,,(t)(s) = ()Dp(t +5).

Assuming here that ¢ is constant and the number s is a parameter on the curve
and moving to tangent vectors at the point s = 0, we immediately obtain that

X(pl,(t) = ¢g0p (0) = ‘P(t)
O

Let us now assume that the neighbourhood U specified by the definition of
the local one-parameter group

p:JxU—->M

is a coordinate neighbourhood of the point pg. Without loss of generality, we
can assume that the local coordinates x!, ..., x defined in the neighbourhood
U are equal to zero at the point pg, i.e., that the corresponding coordinate
homeomorphism ¢ : U — R™ maps the point py to the point 0 € R™. Fixing
such a system of local coordinates and setting

eH(r 1) =x M (e(t,E7HD), ..y @M () = X" (@(1,E7H(D))),

we immediately see that defining a local one-parameter group ¢ : J XU — M is
equivalent to defining, in the neighbourhood U° = £(U) of the point 0, a system
of m smooth functions

oLt 0),...,o" (1), tel,telU’,

having the following properties:



5.3. ONE-PARAMETER DIFFEOMORPHISM GROUPS AND INTEGRAL CURVES201

1) for any point ¢ = (%, ..., ™) € U°, the equalities
oM0,8) =11, ..., ™(0,8) =™
hold;

2) for any numbers t,s € J, and any point ¢ € UY with the property that
t+s € J and the point @(s,t) = (¢'(s,1),...,¢"(s,t)) € R™ belong to the
neighbourhood U°, then

o (1, @(s.0) = @' (t +5,1)
foranyi=1, ..., m.

On the other hand, defining a vector field X € 6 (U) in a neighbourhood U
is equivalent to defining a system of m smooth functions in a neighbourhood U°

X)) = X1t o, Y, LX) = XM, L,
related to the components X' = Xx!, ..., X™ = Xx™ of X by the relations
Xt=XYxt oo x™), L X = XM, L, X

Moreover, the field X is generated by a local one-parameter group ¢ if and only
if, for each point ¢ € U°, the functions

e (1) =@ (t,0), ..., (1) = " (1,0)
satisfy the differential equations
') =X (1), ..., "), teJ

expressing the fact that the trajectories ¢, () of the group ¢ are integral curves
of the field X.
From these considerations it easily follows that

Proposition 5.14. any vector field X € 6*(M) in some neighbourhood U of
each point pg € M is generated by one and only one local one-parameter group
p:JxU—->M.

Proof. Indeed, we choose a neighbourhood U; of the point py and a system of
local coordinates x', ..., x in this neighbourhood so that the corresponding
neighbourhood UY = ¢(Uy) of the point £(pg) =0isacube || <1,i=1, ..., m,
of the space R™. In this cube, we consider a system of differential equations

&) = XN (), .y @), i=1, ..., m, (5.15)

with respect to the unknown functions ¢’ (¢), ..., ¢"(t), where X'(¢!, ..., ™),
i =1, ..., m, are functions on U? corresponding, as described above, to the
given vector field X. According to the fundamental theorem of existence and
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uniqueness of solutions of systems of differential equations, there exist positive

numbers & and § < 1 such that for any point ¢ = (¢!, ..., ™) of the cube U° c U?
defined by the inequalities |f'| < §,i =1, ..., m, on the interval J = (-¢, €) of
the R axis there exists one and only one solution ¢1(¢) = @'(z,t), ... em(t) =
@™ (t,t) of system (5.15) satisfying the initial conditions

0 (0,6) =1L, ..., @™(0,t) = 1™,
Moreover, according to the theorem on the dependence of solutions of differential
equations on the initial condition, the functions ¢!(z,¢), ... ¢™(t,t) smoothly
depend on t,t!, ..., t"™.

Thus, on the interval J, we have found m smooth functions

el 0), ... ¢"(1,0), (5.16)

that smoothly depend on the point ¢ € U? and satisfy system (5.15) and the
above condition 1). Therefore, in accordance with what was said above, to
prove the existence of a local one-parameter group ¢ that generates a field X
on a neighbourhood U = ¢~1(UY), it is sufficient for us to show that functions
(5.16) also satisfy condition 2).

Let ¢ and s be integers in the interval J such that r + s € J, and let ¢ be a
point in the cube U° such that

o(s,t) = ('(s,1),...,¢"(s,1)) € U°.

Consider the functions

W) = @ (t+s,0), ..., ¥ (1) = " (1 + 5,1).

Clearly, these functions satisfy system (5.15) with the initial conditions

YH0) = @' (s, 1), ..., Y"(0) = " (s,0).

Therefore, by the uniqueness theorem for solutions of system (5.15),

i) = ot o(s,0), i=1, ..., m.

But this also means that functions (5.16) satisfy condition 2).
The uniqueness of the constructed local one-parameter group immediately
follows from the uniqueness of the solutions of system (5.15). |

From the proved statement, in particular, it follows directly that

Proposition 5.17. for any vector field X € O(M) and any point p € M, there
ezists one and only one integral curve y : J — M of the field X, defined on some
interval J of the R axis containing the point 0, and possessing the property that

y(0) = p.

Moreover, according to formula (5.12),
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Proposition 5.18. for any function f € O(p), the following equality holds
X, f = lim L) =S (2).

lim ; (5.19)

In what follows, we will also need the following somewhat more general
proposition, which follows directly from formula (5.4) in §5.1:

For any vector C € M), any function f € O(p), and any curve y : J — M
defined on an interval J C R containing the point 0 and possessing the property
that y(0) = p, v(0) = C, the following equality holds

Cf = tim OO = 1)

t—0 t

Consider now two points p'0 and pg of the manifold M and their neigh-
bourhoods U" and U”, in which the vector field X is generated by local one-
parameter groups ¢ :J xU — M and ¢” : J' xU" — M, respectively. From
the uniqueness of these groups it immediately follows that on the intersection
U NnU" the groups ¢ and ¢~ coincide, i.e., either this intersection is empty, or
@l au” = @1 Plyay for any number ¢ € J = J nJ". Therefore, putting

¢ (p), if U,

” . ” IE.,,
1¢/(p), it U,

¢:(p) = {

we define on U = U UU" a local one-parameter group ¢ : J x U — M, which
generates on U the field X.
This remark immediately implies that for any open set U ¢ M whose closure
U is compact (and therefore covered by a finite number of neighbourhoods in
which the field X is generated by some group), there exists one and only one
local one-parameter group
¢ IxU—> M,

where J is some interval of the R-axis containing the point 0, generating a given
vector field X € ' (M) on U.

For every vector field X € @' (M), the closure of the set of all points p € M
for which X, # 0 will be called the support of this field. From the above, it
easily follows that

Proposition 5.20. any vector field X € O'(M) whose support is compact is
generated by some one-parameter group

p:RxM—->M

of diffeomorphisms of the manifold M.

Proof. Indeed, by compactness, the support of the field X has a neighbourhood
U with compact closure. On the other hand, according to what was said above,
the field X on the neighbourhood U is generated by some local one-parameter

group
p:JxU—->M.
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We extend this group to the entire manifold M, setting

o:(p)=p

for all numbers ¢ € J and all points p € M \ V. Clearly, as a result we obtain a
local one-parameter group
p:JXM—> M.

generating the field X on the entire manifold M.

Let tg be a non-zero number in the interval J such that 7o € J. Any number
t € R can be written as the sum of some integer multiple of k#y of the number
to and a remainder r satisfying the inequality |r| < ¢ty and therefore belonging
to the interval J. We define a map ¢; : M — M by setting

Pty O Pty O+ O Pgy O Py, if k=0,
Pr = .
Gty O Pty O+ O Qs O Qp, if k<0,

where the map ¢;, (or, respectively, the map ¢_; ) is repeated k times (re-
spectively, —k times). A simple check shows that this gives us a certain one-
parameter group

¢or RxM—->M

of diffeomorphisms of the manifold M. Obviously, this group is an extension
(from J to R) of the local group ¢ : Jx M — M constructed above and therefore
also generates a vector field X.

Thus, the above statement is fully proven. O

In particular, we see that

Proposition 5.21. on a compact manifold M, any vector field X € 61 (M) is
generated by some one-parameter group

0:RXM—->M

of diffeomorphisms of the manifold M.

5.4 Submanifolds

We will call a smooth manifold N a (smooth) submanifold of a smooth manifold
M if it, as a topological space, is contained in the manifold M, its dimension
n does not exceed the dimension m of the manifold M, and the inclusion map
t: N C M is smooth and regular.

Remark 5.22. It can be shown that condition n < m follows from condition
NcCcM.

For each point p of a submanifold N in the space M), a subspace d,,(N)) is
defined that is isomorphic to the space N,. We will say that the vectors of this
subspace are tangent to the submanifold N at the point p. Furthermore, as a
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rule, we will identify this subspace with the space Np, i.e., we will consider the
monomorphic map d,, as an inclusion.

In the special case where N = M, we obtain, according to this definition,
that any vector of the space M), is tangent to the manifold M at the point p.
This explains the name “tangent space” for the space M.

Remark 5.23. The definition of submanifold adopted here differs in form from
the definition adopted in §4.3. However, it turns out that both of these defini-
tions are in fact equivalent, i.e., firstly,

Proposition 5.24. for any sub-premanifold N of M that is a manifold, the inclu-
sion map t: N C M is regular

and, secondly,
Proposition 5.25. any submaniold N of M is its sub-premanifold.

To prove the first assertion, we note that, according to the definition of
smoothness on a submanifold, for any point p € N, every function g smooth at
p on N is, near the point p, the restriction of some function f smooth at p on
M, i.e., near this point it has the form fo:. On the other hand, by the definition
of the map d,, for any vector A € N, the following equality holds

d, (A)(f) = A(f o).

Therefore, if d,,(A) = 0, then A = 0.
To prove the second assertion, we note that, due to the regularity of the

inclusion map ¢ : N ¢ M, for any system x!, ..., x™ of local coordinates on the

manifold M at an arbitrary point p € N, from the functions x' o¢, ..., x™ o1
we can choose n functions that form a system of local coordinates at the point
p on the submanifold N. Let these be the functions x' o, ..., x" or. Then, for
any function g smooth at the point p on the submanifold N near this point, the
equality

g=v(xtor ..., x" o),

where v is some smooth function of n real variables, holds. But then it is clear
that the function

f=v(xt, ..., x™

on the manifold M is smooth at the point p and has the property that f|y = g.
We have thus proved that any function on N that is smooth at some point of
the submanifold N is the restriction of some function on the entire manifold M
that is smooth at this point. Since the inclusion map ¢ : M C M is smooth, the
converse is also true, i.e., a function g on N is smooth at a point p € N if and
only if it is the restriction of some function f that is smooth on M near this
point. But this also means that the submanifold N is a sub-premanifold of M.
Note that along the way we also proved that
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m

Proposition 5.26. for any system of local coordinates x*, ..., x™ on the man-

ifold M at a point p € N, from the functions

xtou ..., xMou
one can choose n functions that form a system of local coordinates at a point p
on the submanifold N.

In particular,

Proposition 5.27. for any point p € N on the manifold M, there exists a
system of local coordinates x*, ..., x™ at the point p such that the functions

xllN’ AR xn|N
form a system of local coordinates at the point p on the submanifold N.

This property is possessed, for example, by every system of local coordinates

x1, ..., x™ for which the vectors (6%1) s e, (%) belong to the subspace
P P

N, (and therefore constitute its basis).
From the proposition proved above, it also easily follows that

Proposition 5.28. a smooth map
O:N—->M

of a manifold N into a manifold M is a diffeomorphism of the manifold N onto
the submanifold ®(N) if and only if this map is reqular and is a homeomorphism
of the manifold N onto the subspace ®(N) of the manifold M.

Proof. Indeed, let the map @ be a diffeomorphism of the manifold N onto the
submanifold ®(N), i.e., let
d=(0V¥

where ¥ : N — ®(N) is some diffeomorphism, and ¢ is the inclusion map
®(N) c M. Since the sub-premanifold ®(N) is diffeomorphic to the manifold
M, it is a manifold and therefore a submanifold of M. Consequently, the map ¢
is regular. The map ¥, being a diffeomorphism, is also regular. Therefore, the
map @ is also regular.

Conversely, let @ be a regular map and let it be a homeomorphism of N
onto the subspace ®(N) of M. We introduce smoothness on the space ®(N) by
defining a function f on ®(N) to be smooth if and only if the function f o ®
on N is smooth. Clearly, this defines the subspace ®(N) as a smooth manifold,
and the map

¥ :N — ®(N),

induced by @ is a diffeomorphism and therefore a regular map. Let ¢ : ®(N) c M
be the inclusion map. Since ¢ = ® o ¥~! and the map @ is, by assumption, reg-
ular, the map ¢ is also regular. Therefore, the manifold ®(N) is a submanifold,
and therefore a pre-submanifold of the manifold M. Thus, our proposition is
fully proven. O
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In particular, this proposition implies that for any coordinate neighbourhood
U on a submanifold N of a manifold M, the map

E U > M,
inverse to a coordinate diffeomorphism
£:U—->RY,

is a diffeomorphism of the open set U° = £(U) c R" into the manifold M and
is therefore an n-dimensional surface of this manifold. Conversely, for any n-
dimensional surface

0:G—> M, G cR",

that is a diffeomorphism of the set G onto the set ¢(G) c M, the set ¢(G) is
an n-dimensional submanifold of the manifold M. This submanifold is a coor-
dinate neighbourhood of each of its points, and the corresponding coordinate
diffeomorphism is the diffeomorphism ¢~*.

In particular, for every curve

y:J—->M,

that is a diffeomorphism of the interval J onto the set y(J), this latter set is
a one-dimensional submanifold of the manifold M. On the other hand, every
regular curve y : J — M that has no self-intersections on any closed interval
C c J is a homeomorphism of this interval into the manifold M (since the
interval C is compact, and the manifold M is Hausdorff) and therefore on every
interval Jy C C is a diffeomorphism of this interval into the manifold M. By the
results of point §5.2, it follows that

Proposition 5.29. for each point p = y(tg) of an arbitrary regular curve vy :
J — M there exists an interval Jy containing the point ty such that the set y(Jy)
is a one-dimensional submanifold of the manifold M.

It is clear that

Proposition 5.30. for each point p = y(t), t € Jo, the tangent space y(Jo)p of
the submanifold y(Jy) to the point p is generated by the tangent vector y(t).

In those cases where this will not cause misunderstanding, we will identify
each curve y : J — M that is a diffeomorphism with the submanifold y(J).

Clearly, every open submanifold of M has the same dimension m as M itself.
Conversely,

Proposition 5.31. every submanifold N of M whose dimension n is equal to
the dimension m of M is an open submanifold of M.

Proof. Indeed, since m = n and the inclusion map ¢ : N € M is regular, at each
point p € N this map is a local diffeomorphism (see §5.3). Therefore, in partic-
ular, every point p € N has a neighbourhood in N, which is its neighbourhood
in M. But this means that N is open in M. O
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We obtain an important example of an m — 1-dimensional submanifold by
considering an arbitrary smooth function f on the manifold M. For each real
number a, we will, following the accepted convention (and thereby admitting
some vagueness in terminology), call the sub-premanifold [f = a] of M consist-
ing of all points p € M for which f(p) = a the level surface of the function f
corresponding to the given number a. We will call a level surface [ f = a] regular
if the function f, considered as a smooth map M — R, is regular on [f = a],
i.e., if df,, # 0 for each point p € ([f = a]). We will show that

Proposition 5.32. any regular level surface [f = a] is an m — 1-dimensional
submanifold of M.

Proof. Indeed, let p be an arbitrary point on the level surface [ f = a] and let

x1, ..., x™ be an arbitrary system of local coordinates on the manifold M at
the point p. Since the level surface [f = a] is, by assumption, regular, at least
one partial derivative % of the function f is nonzero at the point p. Let, for
definiteness,

0

(a_fl) #0.

p

Then, by the theorem on the change of local coordinates, the functions f,x2, ..., x™

also form a system of local coordinates at the point p. Let U be the correspond-
ing coordinate neighbourhood and ¢ : U — R™ the corresponding coordinate
diffeomorphism. Let, further,

Y =2 p=als s Y =X (2
and
Vv=Un|[f=ad].
By definition, the functions y', ..., y™ ! are smooth at any point ¢ € V.
Moreover, every smooth function ¢ on [f = a] at g € V, being the restriction of
some smooth function ¥ = u(x!, ..., x™) to U at g, satisfies the relation
¢ =u(a,y, ..., y"h),

in some neighbourhood of point g, i.e., it depends smoothly on the functions
y!, ..., y" ! near q. Finally, the map

n:V—-R"
defined by the formula
n(q) = @) ... Y"HQ), qeV,
is related to the coordinate diffeomorphism & : U — R™ by the relation

£(q) = (a,n(q)), qce€V.
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Therefore, this map is a diffeomorphism of the neighbourhood V onto the section
of the set £(U) by the hyperplane t! = a. Thus, it is proved that the functions
yl, ..., ¥ 1 are local coordinates in the neighbourhood V of the point p on
the surface [f = a]. Since the point p is arbitrary, this proves that the sub-
premanifold [f = a] is a smooth manifold and therefore, by the statement
proved above, a submanifold of the manifold M. O

At each point p € [f = a], the space [f = a],, tangent to the submanifold
[f = a], is an m — 1-dimensional subspace of M,. Let ¢ : [f = a] — M be the
inclusion map. Since fot = a, we have d(f o), = df,odi, =0, ie., df,(A) =0
for any vector A € [f = a]. Since the covector df,, by assumption, is nonzero,
the vectors A € M, for which df,,(A) = 0 form an m — 1-dimensional subspace of
M. Since the space [f = a], is also m — 1-dimensional, it immediately follows
that

Proposition 5.33. a vector A € M), belongs to the subspace [f = al,, i.e., it
is tangent to the submanifold [ f = a], if and only if when

df,(A) = 0.

We obtain an example of a regular level surface by considering the function
on the space R™.
f= ()24 ()2,
For any a > 0, the corresponding level surface [f = a] is a sphere of radius va

centred at 0. Since
df =2trdet + - + 26" dr™,

this level surface is regular for all ¢ > 0. Thus,
Proposition 5.34. spheres of the space R™ are its submanifolds.

Now let f', ..., f" be an arbitrary finite system of smooth functions on
a manifold M and let al, ..., a" be arbitrary real numbers. Consider the
submanifold N of M consisting of all points p € M for which

fip)=d, ..., ff(p)=d",
holds, i.e., the intersection
[ff=aln--n[f =da]

of the level surfaces [f! =a'], ..., [f =d"].

We call functions f!, ..., f" independent at a point € M if the covectors
de}, ..., dfy, are linearly independent elements of the space 01(p). It turns out
that

Proposition 5.35. if functions f', ..., f" are independent at each point p of
the submanifold
N=I[f =a'ln-nlf =dl,
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then this submanifold is an m — r-dimensional submanifold of M, and at any
point p € N the subspace N, of M, is defined by the equations

dfy(A) =0, ..., dfj(A) =0, AeM,. (5.36)

For r = 1, this statement reduces to the proposition about regular level
surfaces already proven above. Arguing by induction, we assume that for r — 1,
the statement in question has already been proven and that, consequently, the
submanifold

N =[f'=dln-n[ft=a",
is an m —r + 1-dimensional submanifold of M. Consider the restriction f of the
function f” to the submanifolds N'. Since at each point p € N the subspace N;,
of M, is defined, according to the induction hypothesis, by the equations

dfy(A)=0, ..., df; ' (A) =0, AeM,, (5.37)
then (by the independence condition) the covector
dfy = d(f" 00y = df" |y,

is not identically equal to zero, and therefore the level surface [f = a"] of the
function f on the manifold N’ is regular. Consequently, this level surface (which
obviously coincides with the set N) is an m — r-dimensional submanifold of the
submanifold N, and therefore of the manifold M. To complete the proof, it
remains to note that the vector A € M), satisfies equations (5.36) if and only if
it satisfies equations (5.37) and the equation df,(A) = 0.

It is clear that if the functions f!, ..., f" are independent at a point p €
M, then they are also independent at any point in some neighbourhood U of
the point p. Applying the just proven statement to the manifold M = U, we
immediately obtain from here, that

Proposition 5.38. For any smooth and independent functions f', ..., f7 at
a point p € M, there exists a neighbourhood U of this point such that the set N
of all points g € U for which

fg)y=a', ..., f(¢=d",

where a* = f1(q), ..., a" = f"(q), is an m — r-dimensional submanifold (of the
neighbourhood U, and therefore of the manifold M) containing the point p.

Generally speaking, not every n-dimensional submanifold N of M can be
represented as an intersection [f! = a']n--- N [f" = a’] of level surfaces
r = m — n independent functions on N. This can only be done locally, i.e.,

Proposition 5.39. for any point p € N, there exists on the manifold M a
system of r = m — n functions f', ..., f" independent at the point p and
a neighbourhood U of the point p such that the point g € U belongs to the
submanifold N if and only if

fl(q) :al’ e fr(CI) =ar’
where a* = f1(q), ..., a" = f"(q).
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In this case, we will say that the submanifold N in a neighbourhood U is
defined by the equations
fr=at, ..., ff=d".
We will prove even more, namely, that

Proposition 5.40. at any point p € N, there ezists on the manifold M a system
xt o, x™ (5.41)

of local coordinates such that in the corresponding coordinate neighbourhood U,
the submanifold N is defined by the equations

xh=0, ..., x™=0.

Proof. To this end, we consider an arbitrary system of local coordinates x!, ..., x™

on the manifold M at a point p such that the functions

1

y =x' N, .o, y' = x"

N

are local coordinates at the point p on the submanifold N. Let

yn+1 — xn+1|N, .., ym — xm|N
Since the functions y™*!, ..., y™ are smooth at the point p € N, they depend
smoothly near this point on the functions y!, ..., y", i.e., there exist smooth
functions w1, ..., u™ of real variables ¢!, ..., #" such that near the point p on
the submanifold N the following equalities hold:
YUyt LYY, L Y = um (Y, L Y.
Let
x/l — xl’
x;n _ xn’
x'"“ = X"+l _ un+1(y1, Y,

x =" —u"m(yh Y.

The theorem on the change of local coordinates immediately implies that in
some neighbourhood U™ of the point p, the functions X", ..., X" are local
coordinates on the manifold M. Consider the functions x™", ..., x". Since
these functions are obviously independent at the point p, the equations

m+1

X=0, ..., X" =0. (5.42)

define in the neighbourhood U’ an n-dimensional submanifold N of the manifold
M. From the above, it immediately follows that N ¢ N'. Since dim N = dim N,
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this is possible only when the submanifold N is open in the submanifold N, i.e.,
in other words, when the submanifold N and N' coincide in some neighbourhood
U of the point p. Thus, in the neighbourhood U, the submanifold N is defined
by equations (5.42). To complete the proof, we can denote the coordinates
x", ..., x™ by the same symbols x!, ..., x™. ]

The construction of local coordinates (5.41) contains considerable arbitrari-
ness and therefore, in certain specific situations, they can be further specialised.

For example, let us assume that, along with the submanifold N, we are
given another submanifold N* (of dimension n'), also containing the point p
and possessing, in addition, the property that its tangent space N;, at this point
intersects the space N, only at zero. Then, as we will now show,

Proposition 5.43. the local coordinates (5.41) can be chosen such that they
additionally possess the property that the manifold N' in a neighbourhood U is
defined by the equations

xt=0, ..., x"=0, x™"*l=0, ..., xX"=0.

Proof. Indeed, by changing, if necessary, the numbering of the coordinates
X .., x™, we can assume, without loss of generality, that, the coordinates
(5.41) have the property that the functions x"*1|-, ..., x"* |\ are local co-
ordinates on the submanifold N* at the point p. But then, repeating the argu-
ments already used above in relation to the submanifold N, we immediately see

that there exist smooth functions vt, ..., v*,v* +L ™ of real variables
t', ..., t" such that, firstly, the functions defined by the formula
’i Xt if n+l<i<n+n,
X = . . ’ ,
X =i L X)) ifeither 1<i<n or n+n+<i<m,

are local coordinates on the manifold M at the point p and, secondly, near this
point the submanifold N is defined by the equations

’
1 m m+n +1 rm

x =0, ..., x =0, x =0, ..., x =0.
It is clear that, with respect to the submanifold N, the coordinates o x
still have the properties of coordinates (5.41). Therefore, our assertion is com-
pletely proven. O

In the particular case when the submanifold N is one-dimensional and has
the form y(J), where y : J — M is some regular curve on the manifold M, the
condition

Np NN, =0.

means that at the point p the curve vy is not tangent to the submanifold N, i.e.,
that its tangent vector at this point does not belong to the subspace N. Thus
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Proposition 5.44. for any submanifold N of manifold M, any point p € N
and any regular curve y : J — M passing through the point p and not tangent
to submanifold N at this point, there exists on the manifold M a system of local

coordinates x', ..., x™ at the point p such that in some neighbourhood of the
point p the submanifold N is defined by equations x*' =0, ...,x™ =0, and the
curve y is defined by equations x' =0, ..., X" =0, x"*2 =0, ..., X" =0 (or,
if you prefer, by equations x' =0, ..., x" =0, x"*"1 =0, ..., x"" 1 =0).

In conclusion of this section, to avoid possible misunderstandings, we note
that in the theory of smooth manifolds, the term “submanifold” is often un-
derstood in a somewhat more general sense than ours. Specifically, in many
questions, it is convenient not to assume that submanifolds are subspaces of the
ambient manifold M. It can easily be shown that all the fundamental properties
of submanifolds are fully preserved if by submanifolds of M we mean smooth
manifolds N, located as sets in M and possessing the property that the corre-
sponding inclusion maps ¢ : N ¢ M are smooth (and therefore continuous) and
regular. We will not need this general understanding of the term “submanifold”
(since, in essence, we will henceforth only deal with compact submanifolds), and
therefore we will not dwell on it further.

5.5 Submanifolds of Euclidean spaces

The study of submanifolds is especially simple in the case where the enclosing
manifold is Euclidean space R". For each submanifold M of the space R", the
tangent space M, at an arbitrary point p € M is a subspace of the tangent
space (R"),. But the latter space is naturally identified with the space R" itself
(see §4.6). Thus, for each manifold M c R", all spaces M, corresponding to all
possible points p € M can be considered as subspaces of the same space R".

This fact, while significantly simplifying the study of manifolds M embedded
in the space R", simultaneously significantly enriches their theory.

Let pg be an arbitrary point of the manifold M c R" and let ey, ..., e, bea
basis of the space R” such that the first m of its vectors ey, ..., e, form a basis
of the subspace M), c R". According to the results of §5.4, the coordinates
t', ..., t" of points in the space R" in the basis e1, ..., e, have the property
that the constraints

x1:t1|M, e xmztm|M (545)

of the first m of these coordinates constitute a system of local coordinates at the
point po on the manifold M. In this section we will call each neighbourhood U
of the point pg in the manifold M, on which functions (5.45) constitute a system
of local coordinates, a normal neighbourhood of the point pg (with respect to
the given basis ey, ..., e, of the space R").

For each such normal neighbourhood U we consider the set U of all pairs
(p,u), where p is an arbitrary point of the neighbourhood U and u is an arbitrary
vector of the space R" orthogonal to the subspace M, c R" (we will call such
vectors u € R" vectors orthogonal to the manifold M at the point p). By
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definition, a vector u is orthogonal to the manifold M at the point p if and only

if
0
Y p
for any i =1, ..., m. But, according to the formula in §3.6, the vectors (%) ,
P
i =, ..., m (considered as vectors of the space R"), are related to the vectors
e; = (a%) ,J =1, ..., n, by the relations
p

J
(%) =(a—tl) cej, i=1,...,m j=1, ..., n
X'/, Ox »

On the other hand, according to relations (5.45),

(?i =g
ox! i
p
for any i,j =1, ..., m, so that

a) $ (aﬂ)
i =ej+ T -ej,
(ébc » _Z: oxt],

Therefore, the vector u € R” is orthogonal to the manifold M at the point p if

and only if
n )
ot/
(e, u) + Z (%) (ej,u)=0
j=m+1 p
foranyi=1, ..., m.
To simplify the formulae, let us assume that the basis eq, ..., e, of the space
R”™ under consideration is orthonormal. Then the numbers (e, u), ..., (e, u)
are the coordinates u!, ..., u" of the vector u in this basis and therefore the
previous relations will be rewritten as follows:
n )
. ot/ R
W D (o=] wi=0, =1, m (5.46)
. ox!
j=m+1 P
Now let
E:U—-U°

be the coordinate diffeomorphism corresponding to the local coordinates (5.45),
and let

n:R*—>R'"™
be the natural projection of the space R" onto its subspace R"~" spanned by the

vectors €11, ..., €,. From relations (5.46) it immediately follows that being
defined by the formula

Eu(pou) = (£(p),n(u))
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the map
& U, —» R

is a bijective map of the set U, onto an open subset U° x R™™™ of the space
R™. We introduce into the set U, the identification topology defined by the map
&.. By definition, this topology depends on the choice of an orthonormal basis
e1, ..., e, of the space R". However, it is easy to see that for any other choice
of this basis (subject only to the condition that the neighbourhood U is normal
with respect to it), we obtain the same topology on the set U,. In other words,
the topology of the set U. under consideration does not actually depend on the
choice of the basis e;, ..., e,. Note that in this topology, the map &, is a
homeomorphism.

Let N. be the set of all pairs of the form (p,u), where p is an arbitrary point
of the manifold M, and u is an arbitrary vector of the space R" orthogonal to
the manifold M at the point p. This set is the union of subsets of the form
U, corresponding to all possible normal (with respect to some neighbourhood-
dependent basis of the space R™) neighbourhoods U of points of the manifold
M. Since the topologies of sets U, constructed above do not depend on the
choice of bases of the space R™, it follows directly that for any two normal
neighbourhoods U,V c M the topologies induced by the topologies of sets U,
and V, on the set (UNV), = U.NV, coincide with each other, i.e., the intersection
U.NV, is a subspace of each of the spaces U, and V.. Therefore (see §1.1) on the
set N, there exists a unique topology with respect to which this set is the free
union of all subspaces of the form U.. It is evident that, in this topology, the
set N, is a Hausdorfl separable space (since the manifold M, being a subspace
of Euclidean space, is separable).

A real function F defined on the space N, is considered smooth if, for any
normal neighbourhood U ¢ M, the function F o £, on the product U° x R"*~",
where &, is the homeomorphism U, — U°xR"™" constructed above, is a smooth
function on U® x R"™. It is easily verified that the set O(N,) of all smooth
functions on N, is a smoothness on N, and that the space N, endowed with this
smoothness is a smooth manifold. For example, we can take subspaces of U, as
coordinate neighbourhoods in N,, and maps

& U, —» R

as coordinate diffeomorphisms. The local coordinates corresponding to this
diffeomorphism

xl, Kt (5.47)
are defined by the formula
xi(pouw) =x(p), oo, X(pow) =" (p), X (pow) = u™ L X (pou) = u,
(p,u) € U,
(5.48)
where x!, ..., x™ are the local coordinates (5.45), i.e., the first m coordinates

in the basis ey, ..., e, of the point € M, considered as a vector in the space
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R”™, and wmtl . u" are the last n —m coordinates of the vector u (in the same
basis eq, ..., e,).

We will call the constructed n-dimensional smooth manifold N, the manifold
of vectors orthogonal to the manifold M. Its points of the form (p,0), p € M,
obviously form a submanifold that is naturally diffeomorphic to the manifold
M. We will identify this submanifold with the manifold M and, thus, assume
that M C N..

Remark 5.49. The construction of the manifold N, is very similar to the con-
struction of the manifold M, presented in §4.6. It can be shown that both of
these constructions are special cases of a certain general construction related to
arbitrary vector bundles. We do not need this construction in its full generality,
and therefore we will not present it here.

Consider a map
p:N,—>R"

of the manifold N. into the space R" that associates to each point (p,u) € N, a
vector

p(p,u)=p+u,

i.e., the vector u, measured from the point p. Clearly, the map p is smooth. On
the submanifold M c N, this map is the identity. Let us express the map p in
local coordinates.

Let x!, ..., x” be the coordinates (5.47) of the point (p,u). According to
the above, the point p, considered as a vector of the space R”, has (in the basis
e, ..., €,) coordinates

1 _ .1 m _ .m m+1l _  m+1 1 n n _ 4n 1 n
tt=x, ..., =Xt =" (xy, oo, XD, o=y, L., XD,

where ™t = pmri(xI 0 XM, L0 = (xL, ..., x") are some smooth
functions, and the vector u are the coordinates

n k n k

Z ot Z ot

I/llz— (@ uk,...,umz— ax—m uk,umH:x*mH,...,u":xf.
k=m+1 p k=m+1 p

Therefore, the coordinates v!, ..., v" of the point v = p(p,u) are expressed by
the formulae

n k
ot
1 1 1 my .k
Vi =X, — E —al(x*,...,x*)x*,
k=m+1 X
n k
ot
m m 1 my k
vt =Xt — c')x’”(x*’ cey XUOXL,
k=m+1 *
m+1 m+1l,/.1 m m+1
v =" (xy, L, XY+,

V= (xk, o XM



5.5. SUBMANIFOLDS OF EUCLIDEAN SPACES 217

These formulae represent the map p in local coordinates. Differentiating them,
we immediately obtain that

6;—22‘:m+1% XL xMxk, if 1<i,j<m;
ovi |-l L, X, if 1<i<mandm+1<j<n
5)61_ —gj’g(xi,...,x:"), if m+l<i<nandl<j<m;
5;, if m+1<i,j<n.
Thus,
dt@vi A T
© @"’T’ En-ml|’

where A is a matrix of order m X m with elements

n k
; 9%t
i 1 my _k
6] axlax-] Kys vons Xy )'x*a
k=m+1 Ak

T is a matrix of order m X (n — m) with elements

o |
—(xy, ..., x,

oxt

T is the transpose of T and E,_,, is the identity matrix of order n — m.
Multiplying this determinant on the right by the determinant

En 0 |_
T En_m| L,
we obtain that
vl S
det _v _ A+TT T ’
ox] 0 En-m
i.e, that
8 l ’
det | 22| = A+ 1T (5.50)
ox!

In particular,

avi ,
det|[Z] | = |E+ 7T
ox! »

at each point p = (p,0) € M. But it is easy to see that
|E+TT| >0

(since a quadratic form with matrix E+77T, being the sum of a positive-definite
form with matrix E and a non-negative-definite form with matrix 77, is a
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positive-definite form). Thus

o'
det || — # 0.
ox!
P
This means that at each point p € M, the map p is regular and therefore is
a diffeomorphism near this point. We have thus proved that

Proposition 5.51. the map p : N. — R" is a smooth map that is the identity
on the submanifold M C N. and, at each point of this submanifold, is a local
diffeomorphism from the manifold N. to the space R".

We call an open set V c R tubular if there exists an open set V° in the
manifold N, such that the map p takes the set VO to the set V and, considered
as a map V° — V, is a diffeomorphism of this set onto the set V. For each such
set, a diffeomorphism is defined

0':V—>V0,

inverse to the diffeomorphism p|yo. It is clear that any open set V' c V contained
in some tubular set V is also a tubular set, and the corresponding diffeomorphism
o is the restriction of the diffeomorphism o. The intersection V5 N Vs, of two
tubular sets V1 and Vs is, generally speaking, not a tubular set. However, if the
intersection VY NV3 of the corresponding subsets Vi’ and VJ of the manifold N,
is non-empty, then the set V = p(V10 N VQO) (contained in the intersection V; N'Vsy)
is open in R" and is a tubular set. The corresponding diffeomorphism o : V —
V2N VY is then the restriction of each of the diffeomorphisms o : V; — V! and
oo : Vo — Vg (so that, in particular, the diffeomorphisms o and o5 on the set
V coincide).

It is clear that a similar statement holds for any finite number of tubular
sets.

According to the assertion proved above, every point p € M has at least one
tubular neighbourhood in R”. If M is closed (i.e., is a closed subset of R"), then
the tubular neighbourhoods of all its points, together with the set R" \ M, form
an open covering of R". Since R" is paracompact, some locally finite covering
I' can be inscribed in this covering. Since the space R" is normal, there exists
an open covering A of it that has the same index set as the covering I' and is
such that the closure of each element of A is contained in the corresponding
element of T (see §1.3). Let {V4|a € A} be the subfamily of A consisting of all
its elements that intersect the manifold M, and let {U,|a € A} be the family
of corresponding elements of I'. It is clear that all sets U, are tubular sets.
We denote the diffeomorphism U, — U% c N, corresponding to the set U, by
the symbol o,. Since, by hypothesis, V, C U,, the set V, is also a tubular
set, and the corresponding diffeomorphism V, — VO is the restriction of the
diffeomorphism o,.

Consider the set W of all points ¢ in the space R", belonging to the set

V =UgeaVa
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and possessing the property that for any indices ', @” € A the following equality
holds

o () =0, (t)

whenever t € V, NV . Tt is clear that M c W.
We will show that

Proposition 5.52. the set W is open in the space R".

Proof. Indeed, let ty be an arbitrary point of this set. Since the family {V,}
is locally finite, the point #3 has a neighbourhood that intersects only finitely
many elements of this family. Therefore,

firstly there are only finitely many elements ‘_/al, ey Va, of the family {V,}
containing the point #y, and

secondly the point ¢y has a neighbourhood U(#() that does not intersect with
any other elements of this family.

In this case, we can obviously assume that U(ty) c V. Let

US =00,(Uay)s .., Uy =04, (Ug,).

a

Since tg € W and ¢t € Val, .o.s Va,, then oy, (tg) = -+ = 04, (o) and therefore
the intersection U, N---NUY is not empty. Let

V(to) = U(to) N p(Uy, N---NUY, ).

The set V(ty) is open in R" and contains the point ¢y, i.e., t is a neighbour-
hood of it. Moreover, it is contained in the set V. intersects only the ele-
ments Val, ey ‘_/(,,_ of the family {V,}, and has the property that all maps
Oay- --.» 0q, on this set coincide (since V(¢g) C p(U?X1 n-- -ﬂU(O,r)). Let ¢ be an
arbitrary point in the neighbourhood V(#y) and let a’,a” € A be indices such
that € V, NV . Since the neighbourhood V (#o) intersects only the elements
Va» --+» Va,, the indices @ and @” must necessarily be contained among the
indices @1 ..., a@,. Since all maps 0q,, ..., 0q, onto neighbourhoods V(¢y)
coincide, it follows that o, (t) = o, (¢). Consequently, £ € W. We have thus
proved that V(ty) ¢ W. Thus, every point tg € W has a neighbourhood V(#y)
contained in the set W. Therefore, the set W is open. O

It is clear that all maps oo, @ € A, on the set W are compatible with each
other, i.e., they are restrictions of some single map o : W — N,. This map is
obviously a diffeomorphism of the set W to some open subset W° of the manifold
N.. In this case, p(W°) = W and the map p|w,, considered as a map W" — W,
is inverse to the diffeomorphism o. This means that the set W is a tubular set.

Thus, we have proved that

Proposition 5.53. every closed submanifold M of the Euclidean space R" has
a tubular neighbourhood.
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Together with the constructed neighbourhood W, any neighbourhood of the
manifold M contained in the neighbourhood W will also be a tubular neighbour-
hood. Consequently,

Proposition 5.54. the tubular neighbourhoods of a closed submanifold M c R"
constitute a fundamental system of its neighbourhoods.

Let W be an arbitrary tubular neighbourhood of M in R", and let W° be a
neighbourhood of M in N, whose image is the neighbourhood W. For any point
p € M, we consider the set ,W of all points in R” that have the form p(p,u),
where (p,u) € WO, Clearly,

1) the set ,W is diffeomorphic to some open set (depending on p) in R"™
(containing the point 0);

2) the sets ,W corresponding to distinct points p € M are pairwise disjoint;

3) the union of the sets ,W corresponding to all possible points p € M coincides
with the neighbourhood W.

Properties 2) and 3) mean that the neighbourhood W is in some sense “foli-
ated” into sets ,W. Therefore, for each point p € M, we will call the set ,W a
fibre of the tubular neighbourhood W over the point p.

5.6 Embedding compact manifolds into Euclidean
space. Sard’s theorem

In order for a smooth manifold M to be diffeomorphic to some submanifold of
the Euclidean space R", it is necessary that this manifold be separable. It turns
out that this necessary condition is also sufficient, i.e.

Proposition 5.55. any separable smooth manifold M is diffeomorphic to a
submanifold of the space R", where n is some sufficiently large integer (depending
on the manifold M ).

We will first prove this embedding theorem for the simplest, but at the same
time most important case, when the given manifold M is compact.

To this end, we note that due to the compactness of the manifold M, it can
be covered by a finite number of coordinate neighbourhoods Uy, ... U;. Let
xl.l, R x{” be local coordinates defined in a neighbourhood U;, i =1, ..., s,
and let & : U; — R™ be the corresponding coordinate diffeomorphism. As is
easy to see, we can assume without loss of generality that each diffeomorphism
&; maps the neighbourhood U; onto the unit ball |¢] < 1 of the space R™ and
is the restriction of some coordinate diffeomorphism (which we will also denote
by the symbol &;, and the local coordinates corresponding to it by the symbols
xl.l, ..., x"), defined in some larger neighbourhood V; and mapping this neigh-
bourhood onto the ball |¢| < 3 of the space R™. (In this section we will call
coordinate neighbourhoods U; that have these properties special.)
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Let F(t) be a smooth non-negative function on the space R™, equal to one
on the ball |¢| < 1, less than one outside this ball and equal to zero outside
the ball |¢| < 2. Assuming that xl.1 =1lon U;, foreachi =1,..., s, we define

numerical functions 0, f, ..., f/" on the manifold M by setting

Fr(p) = K(p)FEp)), if peV,
i 7=, it pevi
for any point p € M and any number £ = 0,1, ..., m. Clearly, these functions
are smooth on M.

The functions fl.k, i=1,..., 55k=0,1, ..., m, taken in an arbitrary (but
fixed) order, define a certain smooth map ® of the manifold M into the space
R", where n = s(m+1) is the total number of all functions fik. We will show that
this map is a diffeomorphism of the manifold M onto the submanifold ®(M) of
the space R". As we know (see §5.4), for this it is sufficient to show that the
map @ is regular and is a homeomorphism of the manifold M onto the subspace
O (M) of the space R".

Let p be an arbitrary point of M, and let i be a number such that p € U;.
Consider the map ®@; of M into the space R" defined by the functions ft.l, co fM
Clearly, @ is regular at p if ®; is regular at this point. But on the neighbourhood
U;, ®; obviously coincides with the coordinate diffeomorphism &; and is therefore
regular. Thus, the regularity of ® on M is completely proved.

Since the manifold M is compact and the space R" is Hausdorff, to prove that
the map @ is homeomorphic it is sufficient to prove that this map is injective.

Let p and ¢ be points of M such that ®(p) = ®(g). Consider the neighbour-
hood U; containing the point p. Since fio < 1 outside U;, and fio(q) = fl.o(p) =1,
we have g € U;. Since ®(p) = ®(q), we have, in particular, ®;(p) = ®;(g). But
D; |y, = &i. Consequently, & (p) = &i(q) and therefore p = g.

Thus, the embedding theorem for compact manifolds is completely proved.

When trying to extend this proof to the case of an arbitrary separable man-
ifold M, we immediately encounter the impossibility of finding a finite covering
{U;} with the properties we need. However, since any separable manifold is para-
compact and has a countable base, it is easy to see that there exists a countable
and locally finite covering {U;} consisting of special coordinate neighbourhoods
U;,i=1,2, .... The functions fik, k=0,1, ..., m;i=1,2, ..., constructed
for this covering define (taken in an arbitrary but fixed order) a certain map
@ of the manifold M no longer into the space R", but into the space R®, the
points of which are infinite sequences (¢1,¢2, ..., ¢, ...) of real numbers, only
a finite number of which are non-zero. It is clear that this map is

smooth in the sense that for any i = 1,2, ..., the function ¢’ on the manifold
M, taking at the point p € M a value equal to the i-th coordinate ¢’ of
the point ®(p) € R, is a smooth function on M (since this function is
nothing other than one of the functions f;‘);

regular in the sense that for any point p € M there exists a neighbourhood
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U and a set i1, ...,in of indices i, such that the functions ¢ |y, ..., ¢
constitute a system of local coordinates on the neighbourhood U;

coordinate bounded in the sense that for any i = 1,2, ... ... the function ¢;
is bounded,;

locally finite-dimensional in the sense that for any point p € M there exists
a neighbourhood U on which only finitely many functions ¢' are non-zero.

Furthermore, it is proved verbatim, just as for compact manifolds, that the
map @ is injective. Thus, instead of an embedding theorem, we obtain for now
only that

Proposition 5.56. for any separable manifold M, there exists a smooth, requ-
lar, coordinate-bounded, locally finite-dimensional, and injective map of it into
the space R™.

To derive the embedding theorem from this proposition, we need a statement,
about smooth maps of manifolds into manifolds of higher dimensions, which is
of independent interest. On the other hand, in what follows, we will need a
similar statement about maps of manifolds of the same number of dimensions.
To avoid unnecessary repetition, I have presented both of these statements here.

Let M and N be two smooth manifolds of dimensions m and n, respectively,
and let

d:M—>N

be an arbitrary smooth map of M into N. We will show that

Proposition 5.57. if m = n and if M is separable, then the image of the set
of all its critical points under ® (see §4.6) is a set of the first category (in the
sense of Baire-Hausdorff) in N.

We will first prove this statement (known as Sard’s theorem) for the special
case where the manifolds M and N are the Euclidean space R™. Since the space
R™ can be represented as a union of a countable number of cubes, to prove
Sard’s theorem in this particular case it suffices to prove that

Proposition 5.58. for any smooth map ¢ : R™ — R™, the image ¢(K) of
the set K of all its critical points belonging to the unit cube I : 0 < t' < 1,
i=1, ..., m, is nowhere dense in the space R™.

Moreover, since the set K is obviously closed and therefore compact, its
image ¢(K) is closed in the space R™. Therefore, it suffices for us to prove that

Proposition 5.59. the subset ¢(K) of the space R™ has no interior point.

To this end, we note that, due to the smoothness of the map ¢ and the com-
pactness of the cube I, the map ¢ uniformly satisfies the Lipschitz condition
on this cube, i.e., there exists a number a > 0 such that

le(v) - ()] < alv - ul (5.60)



5.6. EMBEDDING COMPACT MANIFOLDS INTO EUCLIDEAN SPACE. SARD’S THEOREM?223

for any points u,v € I'". Moreover, it follows directly from Taylor’s formula that
for any point u € R™, the differential dy, of the map ¢ at this point, considered
as a linear map R™ — R™_ has the property that for every point v € R, the
following estimate holds:

le(v) — @(u) —deu (V)| < b(lv —ul), (5.61)
where b(7) is a positive monotone function of the variable T > 0 such that

b@

T

—0 as 7-o0.

In the case when u € K, all vectors ¢(u) + dg, (v), v € R™, belong to some
m—1-dimensional hyperplane L of the space R™ passing through the point ¢(u),
and for each point v € R the distance of the point ¢(v) from this hyperplane
does not exceed the number b(|v — u|). On the other hand, the distance of the
point ¢(v) from the point ¢(u) does not exceed the number a(|v—u|). Therefore,
if [v—ul) < g, then the point ¢(v) belongs to a body cut out from a ball of radius
ae with centre at the point ¢(u) by two hyperplanes parallel to the hyperplane
L and separated from it by a distance b(g). It is obvious that the volume of
this body does not exceed the volume of a cylinder of height 2b(¢), the base
of which is an n — 1-dimensional ball of radius ag, i.e., it does not exceed the
number ¢ - b(g) - ™1, where ¢ is some constant (depending on a and m).

Let us now partition the cube I'"* by m systems of parallel hyperplanes into
h™ cubes with edge 1/h and diagonal € = vm/h. According to what has just been
proved, each cube of this partition, containing at least one point of the set K, is
mapped to some solid whose volume does not exceed the number ¢ - b(g) - ™ L.
Therefore, the image ¢(K) of the entire set K is certainly contained in a solid
whose volume does not exceed the number

b(e)
e

c-b(e)-e™ b W™ = cm™? (5.62)
Since this number tends to zero as € — 0, it follows that the set ¢(K) cannot
contain any even arbitrarily small balls of the space R™, and therefore none of
its points can be its interior points.

Therefore, in the special case when M = N = R™, Sard’s theorem is com-
pletely proven.

Let us now consider the general case. Let pg be an arbitrary point of the
manifold M and let V,,, be an arbitrary coordinate neighbourhood of the point
®(pg) in the manifold N. Since the map ® is continuous, the point pg has a
coordinate neighbourhood Up, such that ®(U,,) € Vp,. Let £ : Up, — R™ and
n :Vp, = R™ be coordinate diffeomorphisms of the neighbourhoods U,, and
V,, into the space R™, respectively. Without loss of generality, we can obviously
assume that the diffeomorphism & maps the neighbourhood U, onto the entire
space R™. Consider the map

p=no®oé¢  :R™ - R™.
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It is clear that a point p € Up,, is a critical point of the map @ if and only if the
point £(po) € R™ is a critical point of the map ¢. Similarly, a point g € V,,, is
an image under the map ® of some critical point of this map belonging to the
neighbourhood U, if and only if the point n(g) € R™ is an image under the
map ¢ of some critical point of the latter map. By the already proven special
case of Sard’s theorem, it follows that the image ® (K, ) of the set K, of critical
points of the map ® belonging to the neighbourhood U,, is a subset of the first
category (the neighbourhood V,,, and therefore of the manifold N). On the
other hand, since the manifold is, by assumption, separable, it has a countable
base and therefore one can find in it a countable system of points p; € M such
that the corresponding neighbourhoods U, cover the entire manifold M. But
then the set of all critical points of the map ® will be the union of all sets of
the form K, and, consequently, its image under the map ® will be the union
of all sets ®(K,,). Thus, Sard’s theorem is completely proven, since the union
of a countable number of subsets of the first category is also a subset of the first
category.
Let us now consider the case m < n. It turns out that

Proposition 5.63. if m < n and if the manifold M is separable, then the image
D(M) of the manifold M under the map ® is a subset of the first category of
the manifold N.

To prove this assertion, we must essentially repeat verbatim the proof of
Sard’s theorem given above. Namely, the reduction to the special case of Eu-
clidean spaces (M = R™ and N = R") proceeds completely without any changes.
Inequalities (5.60) and (5.61) remain valid for the maps ¢ : R™ — R" (m # n).
The hyperplane L (now, of course, n — 1-dimensional) will now exist for any
vector u# € I and therefore nowhere dense in R will be not only the set ¢(K),
but the entire set ¢(I™) (for the volume of which, instead of estimate (5.62),
the estimate ¢ - b(g) - "1 - h = ecm™? - b(g) - 7).

Remark 5.64. The statements proved in this section are special cases of a certain
general theorem of Sard, which applies to any dimensions m and n. We will not
need this general theorem, and therefore we will neither prove nor formulate it
here.

5.7 Embedding separable manifolds into the Eu-
clidean space

To prove the embedding theorem formulated in the previous paragraph in the
general case, we must more carefully study the structure of the space R*.
This space is naturally defined as an (infinite-dimensional) linear space (with
respect to the coordinate-wise operations of addition and multiplication by a real
number). We will assume that its finite-dimensional subspaces are equipped
with the Euclidean topology and smoothness (note that we do not introduce
either the topology or the smoothness into the space R® itself). Among the
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finite-dimensional subspaces of R®, of particular importance for us will be
the subspaces R”, h > 1, spanned by the first & vectors of the natural basis
e, es, ..., e,, ..., and the subspaces RZ“, h > k, generated by the subspace
R" and the vector ey, (Thus, R/*! = R"*! for any & > 1.) Among the infinite-

h+1
dimensional subspaces of R®, we especially note the subspaces R®®,, k > h, h >0

)
spanned by all vectors of the natural basis, with the exceptior}ll ’lz)f the vectors
€n+1, ..., €g. (Thus, in particular, Rih =R*® and R® = R" x Rg‘jh.) It is clear
that each of the subspaces Riy ¢ 1s naturally isomorphic to the entire space R®.

In what follows, we will consider some integer n fixed, no less than 2m + 1,
where m is the dimension of the manifold M under consideration. A unit vector
u of the space RZ“, k > n, will be called a projector if its last coordinate u*
is non-zero. Each such vector defines a linear map m, of the space R;‘i k_1 onto
the space R, (projection along the vector u), which maps an arbitrary vector
te R;’Zk_l to the vector

(K
Tyt =1t — u—ku.

Let @ be an arbitrary smooth and locally finite-dimensional map of the
manifold M into the space R® and let p be an arbitrary point of the manifold
M. To each vector A € M, we associate a vector d®,(A) of the space R¥,
setting

d®,(A) = (Ap', Ag®,..., A¢', ...),

where ¢/, i =1, 2, ..., are functions on the manifold M that define the map
® (at the point ¢ € M, the function ¢', i = 1, 2, ..., takes a value equal to
the i-th coordinate of the point ®(g) € R™). It is clear that the map d®, is
linear, and therefore its image d®,(M) is an (at most m-dimensional) linear
subspace of R*. We will say that the vectors of this subspace are tangent to
the set ®(M) at the point ®(p). Clearly, if the map @ is regular, then the map
d®,, is injective. It is easy to see that, conversely,

Proposition 5.65. if for any point p € M the map d®,, : M,, — R™ is injective,
then the map @ s reqular.

Proof. Indeed, by hypothesis, the point p has a neighbourhood U in which
only a finite number of functions ¢’ are nonzero. Let these be the functions
¢, ..., ¢'s. Then, on the neighbourhood U, the map ® can be viewed as a
map of this neighbourhood into the finite-dimensional subspace R’ spanned by
the vectors e;,, ..., e; , and, accordingly, the map d®, can be viewed as a map
M, — R Thus, the map ® under consideration will be a smooth map of the
smooth manifold U into the smooth manifold ﬁs, and the map d®, : M,, — R
will (via the usual identifications) be its differential in the sense of §4.6. The
injectivity of this latter map means that the map ® : U — R is regular at
the point p. But then, as we know, from the functions ¢, ..., ¢’ we can
choose m functions that constitute a system of local coordinates at this point.
To complete the proof, it remains to note that, by definition, this means that
the map @ : M — R* is regular. O
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Let us now assume that the image ®(M) of the map ® belongs to the sub-
space R, ,. Then, for any projection u € R;{‘“, the map ¥ = 7, o @ of the
manifold M into the subspace R, is defined. This map is defined by functions

i

(r//i:(pi—(pk-—k, l:]., 2,...,
u

and therefore is also smooth and locally finite-dimensional. Moreover, since for
any vector A € M), the following equalities hold:

i

A = Ap —AG L =12
u

then
d¥, =y 0 d®,.

By the proposition proved above, it immediately follows that

Proposition 5.66. if the map ® is regular, and the projector u does not touch
the set ®(M) at any of its points, then the map ¥ = m, o d® is also regular.

A non-zero vector u € R* will be called a secant vector for the set ®(M) if
there exist two distinct points p and g of the manifold M such that the vector
u is proportional to the vector ®(g) — ®(p). Clearly,

Proposition 5.67. if the map ® : M — R, | is injective, then for any

projection u € RZ“ that is not a secant vector for the set ®(M), the map
Y =1, o d® is also injective.

Let @ be an arbitrary smooth, locally finite-dimensional, regular, and injec-
—n+l
tive map of a manifold M into R®, and let R"" be an arbitrary n+ 1-dimensional

— —n+1
linear subspace of R®. Let, furthermore, S" be the unit sphere of R Tt is
easy to see that

Proposition 5.68. the set D of vectorsu € gn, eithgrfl' tangent to ®(M) at some
point or intersecting this set, is of first category in S .

Proof. Indeed, let M, be the manifold of vectors tangent to M. We define a
map @, of this manifold into R™ by setting

®.(A) = dD,(A),

if A € M),. Clearly, this map is smooth. Let 7 be an arbitrary projection of the

space R* onto the subspace ﬁnﬁ. Consider the map ro @, : M, — ﬁnﬂ. This
map is smooth and therefore continuous. Therefore, the set W of all vectors
A € M, for which (mo®,)(A) # 0is open in M, and therefore is either empty or
a 2m-dimensional manifold. We define the map

¥Y.-W-o5S,
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by setting (0 B)(A)
mod,

(0 @.)(A)]

for any vector A € W. Clearly, this map is smooth and its image ¥(W) contains

P(A) =

all unit vectors of the space R"™! that are tangent to the set ®(M) at at least
one of its points. On the other hand, since, by hypothesis, n > 2m + 1 > dim W,
then, by the results of the previous section, the set ¥ (W), and therefore the set
D1 of all unit vectors of the space R"! that are tangent, to the set ®(M) at
least at one of its points, has the first category in the sphere s".

Let us now consider the product M x M of the manifold M with itself and

its map @ into the space RHH, defined by the formula
@ (p,q) = n(®(q) - D(p)), (p.q) € M XM,

where, as above, 7 is the projection of the space R® onto the space ﬁnﬂ. This
map is smooth and therefore continuous. Therefore, the set W of all points
(p.q) € M x M for which ® (p,q) # 0 is open in M x M and therefore is either
empty or is a 2m-dimensional smooth manifold. We define the map

v.w - gn,
by setting
/ Y(p,q)
Y (p.q) = o0
PO =W (p, )l

for any vector (p,q) € W'. Tt is clear that this map is smooth and its image
W' (W) contains the set D5 of all vectors u € §" secants for the set ®(M). Since
n>2m+1>dimW, this image - and consequently the set D, - is of the first
category in the sphere 5"

To complete the proof, it remains to note that the set D is the union of the
sets D1 and D4 and, therefore, is also a set of the first category. O

Since the sphere S is a Hausdorff locally compact space, we, by comparing
the proved propositions, immediately obtain that

Proposition 5.69. for any smooth, locally finite-dimensional, reqular, and in-
Jective map @ of the manifold M into the space R, |, the set of all projections

of the space R’,:“ for which the map 7, o ® is regular and injective is everywhere
dense in the unit sphere of the space RZ“ .

We will call the map ® of the manifold M into the space R®, defined by the
functions ¢!, 2, ..., bounded with respect to the k-th coordinate if the function
¢* is bounded (in absolute value).

Let @ be an arbitrary map of M into the space R::k_l bounded by the k-th

coordinate, u € RZ” be a projection, and

‘P:ﬂuo(D:M—>R;°’k
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k

be the composition of ® and the projection m,,. Further, let ¢!, ..., ¢", ...,0,¢k, ...

be functions defining the map ®. Consider the maps
nto®, ro¥: M — R",

where 7 is the natural projection of the space R® onto the space R". 1These maps
are defined, respectively, by the functions ¢!, ...,¢" and @' —@*, .. " -

(pkz_: . Therefore, for any point p € M, the relation

(1o W)(p) - (1o ®)(p) = —¢*(p) - ”—k

where u' = 7(u) is a vector of the space R” with coordinates (u', ...,u").
Denoting by K the maximum modulus of the function ¢* on the manifold M
and setting |u*| = cos @, we immediately obtain from this that

|(ro¥)(p) — (o ®))(p)| < K tana

for any point p € M.

We will call maps ®; and ¥; of a manifold M into the space R" &-close,
where ¢ is some positive number, if |¥1(p) — @1 (p)| < € for any point p € M. It
follows directly from the estimate just proved that

[ee]

Proposition 5.70. for any map ® of a manifold M into the space R, _,
bounded in the k-th coordinate and any € > 0, in every everywhere dense subset
of the unit sphere of RZ” there exists a projector u such that the maps m o ®@

and 7oV, where ¥ = m, o @, are e-close maps of the manifold M into the space
R™.

Comparing this assertion with the previous one, we obtain, in particular,
that

Proposition 5.71. for any smooth, locally finite-dimensional, regular, injec-
tive, and bounded in the k-th coordinate map ® of the manifold M into the
space R;’:k_l and any & > 0, there exists a smooth, locally finite-dimensional,
reqular, and injective map, ¥ of the manifold M into the space R;‘ik of the form
such that m, o ®, where u € RZ“ is some projection, such that the map m o ®
and m o ¥ are e-close maps of the manifold M into the space R".

Let us now prove that

Proposition 5.72. For any smooth, locally finite-dimensional, regular, injec-
tive, and bounded in all k-th (k > n) coordinates map ® of the manifold M into
the space R®, any € > 0, and any integer i > 0, there exists a smooth, locally
finite-dimensional, reqular, injective, and bounded in all k-th (k > n) coordinates
map ®; of the manifold M into the subspace RS . that

n,n+i

1) if a point p € M has the property that ®(p) € R""', then ®;(p) € R" and
®;(p) = ®;(p) for any j > i;



5.7. EMBEDDING SEPARABLE MANIFOLDS INTO THE EUCLIDEAN SPACE229

2) the composition o ®; of the map ®; and the natural projection m : R® — R"

1S a map (1 - 2—{) g-close to the map mo ®.

We will construct the map ®; by induction on the number i, assuming that
@Oy = ®@. Let the map ®; have already been constructed. We set ®;,1 = 1, o D;,
where u € RZ:}H is some projection. According to the proposition just proved,
the projection u can be chosen such that the map ®;,; is regular and injective
and such that the map 7o ®;,q is 2,-%—close to the map 7o @;. It is easy to see
that the map ®;,; constructed in this way will have all the required properties.
(Note that R+ n Ry 1is1 = R" and 7y (¢) = ¢ for any vector t € R ..,.)

From this proposition it follows easily that

Proposition 5.73. for any smooth map ¢o : M — R" and any € > 0, there
ezists a smooth, reqular, injective, map ¢ : M — R g-close to ¢g.

Proof. Indeed, in the previous section we proved that for the manifold M there
exists a smooth, locally finite-dimensional, regular, injective, and coordinately
bounded map into the space R*. Since the space R*® is isomorphic to the space

R{,; we can assume that this kind of map exists not into the space R*but into
the space RY’,. Multiplying this map by the given map ¢, (and using the fact

that R" xRy, = R*), we obviously obtain a smooth, locally finite-dimensional,
regular, injective and bounded in all k-th (k > n) coordinates map @ of the
manifold M into the space R, which has the property that 7 o ® = ¢y. Having
constructed for this map the maps ®; envisaged by the previous proposition, we
define a map ¢ of the manifold M into the space R" by the formula

o(p) =®i(p), peM,

where i is a number such that ®;(p) € R™. According to property 1) of the
maps ®;, this definition is correct, and according to 2) the map ¢ constructed
in this way is e-close to the map ¢y = 7 o ®. We will show that it is smooth,
regular, and injective.

Since the map @ is locally finite-dimensional, for any point p € M there exists
a neighbourhood U and an integer i > 0 such that ®(U) c R™*. Consequently,
on the neighbourhood U the map ¢ coincides with @; and is therefore smooth
and regular. Similarly, for any two points p,q € M there exists an integer
i > 0 such that ®(p), ®(¢) € R™, and therefore ¢(p) = ®;(p), ¢(q) = ®;(q).
Consequently, if ¢(p) = ¢(q), then ®;(p) = ®;(g) and therefore p = q. Thus,
the map ¢ is injective.

Thus, the above statement (known as the approximation theorem) is com-
pletely proven. O

The approximation theorem does not cover the embedding theorem, because
the map ¢ it implies may not be a homeomorphism. Nevertheless, deriving the
embedding theorem from it is no longer difficult. To do this, we first prove that

Proposition 5.74. for any separable manifold M, there exists a smooth map
of compact character to the real axis R, and therefore to the space R™.
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For this purpose, we will again consider the functions fl.k, k=0,1, ..., m
i=1, 2, ... constructed at the beginning of the previous section. We will now
need not all of these functions, but only the functions

fO 0 f(]
Tofas o fis e

These functions are smooth on M, have compact supports, take values from the
interval [0, 1], and have the property that in the neighbourhood of each point
p € M, only a finite number of them are non-zero. Therefore, the formula

fp)=fAp)+2f(p)+--+fP(p)+--. peM,

defines a smooth non-negative function f on M, with the property that for any
integer i > 0, the set [f <i] = f~1([0,i]) is compact. But it is clear that any
such function realises a smooth map of the compact nature of the manifold M
onto the real axis R.

We further note that

Proposition 5.75. any mapping ¢ : M — R" that is e-close for some € > 0 to
a map ¢y : M — R" of compact character is also a map of compact character.

Proof. Indeed, for any set A ¢ R", the set ¢~ '(A) is obviously contained in the
set goal(ga(A)), where S, (A) is the closure of the e-neighbourhood S(A) of A.
On the other hand, if the set A is compact, then the set S.(A), as is easily seen,
is also compact. O

Thus, applying the approximation theorem to an arbitrary smooth map
wo : M — R" of compact character, we obtain a smooth, regular, injective, and
compact map ¢ : M — R". However, since the space R" is a compactly generated
(or “kaonic”) Hausdorff space, every injective map of compact character from
an arbitrary Hausdorff space to R" is a homeomorphism onto a closed subset.
Consequently, in particular, the map ¢ is also a homeomorphism. Since this
map is also regular, it is a diffeomorphism of the manifold M onto some (closed)
submanifold of the space R".

Thus, the embedding theorem is completely proven.

Remark 5.76. We have proved even more than the embedding theorem asserted.

First, we have proven that the dimension n of the Euclidean space into which
a given m-dimensional manifold M is embedded can be any integer n >
2m + 1, and in particular, the number 2m + 1.

Second, we have proved that M can be realised in the space R” (in particular,
in the space R?"*1) as a closed submanifold.

It is also worth noting that the embedding theorem directly implies the
theorem in §4.10 on the possibility of defining any separable manifold as a
Riemannian space. Indeed, the space R" is obviously a Riemannian space, and,
on the other hand, each submanifold M of a Riemannian space N is obviously a
Riemannian space with a metric tensor field ¢*g, where ¢ : M C N is an inclusion
map and g is the metric tensor field of the space N.



Chapter 6

Critical points of smooth
functions

We finally turn to an exposition of Morse’s results on the relationship between
the topological structure of a smooth manifold M and the critical points of
smooth functions defined on M. We also present a generalisation of these results
(obtained by Bott), as well as some of their simplest applications.

§6.1 introduces the basic concepts of a critical point, a Hessian, a non-
degenerate critical manifold, and a non-degenerate critical point. Here we also
prove Morse’s fundamental lemma on the representation of a smooth function
in a neighbourhood of its non-degenerate critical point.

§6.2 proves, in two different ways, that on any separable smooth manifold
there exists a smooth function all of whose critical points are non-degenerate.

§6.3 is devoted to Morse’s fundamental theorem.

§6.4, based on Morse’s theorem, proves that any separable smooth manifold
is homotopy equivalent to some countable cellular decomposition.

The complex projective space CP" is considered as an example.

In the final section, §6.5, Morse’s theorem is generalised to the case where
the critical points of a given function are only weakly nondegenerate.

The appendix derives classical Morse inequalities for the Betti numbers of
the manifold under consideration. This appendix is the only place in the book
where the reader is required to be familiar with homology theory.

However, all the necessary properties of the Betti numbers are explicitly
formulated in this appendix.

6.1 Critical points and non-degenerate critical man-
ifolds

In accordance with the general definition (see §4.6), a point p of a smooth
manifold M is called a critical point of a smooth function f € O(M) if df, = 0,

231
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m

i.e., if in some (and therefore in any) system of local coordinates x!, ..., x™ at

the point p the following equalities hold

of of
(@) =0, ceey (ax_m) =
p p
A number a € R is called a critical value of the function f, if there exists a
critical point p € M such that a = f(p).
Since for every smooth function f on the manifold M and any vector field

X € 0" (M) the expression df (X) is a smooth function on M, we can talk about
its differential d[df(X)]. For any two vector fields X,Y € 0 (M), we set

HF(X,Y) = dldf (01(0) - ZdF(IX. V).

Obviously, the function H f of the pair of fields X,Y € 61 (M) defined in this way
is linear in each argument, i.e., it is a bilinear form on the linear space 6 (M).
(However, this function is not ©!(M)-linear, i.e., it is not a tensor field.) In

local coordinates x!, ..., x™, the form Hf is defined, as is easily seen, by the
equality
o*f .. 1af (oY) . 00X _.
Hf(X,Y)= ——XY + -— | —X"+ —VY'].
I ) ox'oxJ 2 0xJ \ Ox* oxt

From this, in particular, it follows that the value Hf(X,Y)(p) of the function
Hf(X,Y) at an arbitrary critical point p € M of the function f is expressed by

the formula 52
f v/
Oxiox/ » XpYp

Hf(X.,Y)(p) =(

and therefore depends only on the vectors X, and Y.
Therefore, the formula

pr(A9B) = Hf(X’ Y)(p)a

where A, B € M), and X and Y are vector fields on the manifold M such that
X, = A and Y, = B, uniquely defines a certain (obviously symmetric) bilinear
form H, f on the space M. The corresponding quadratic form

Hpf(A)=H,[f(A,A)

will be called the Hessian of the function f at the point p. In an arbitrary
system of local coordinates x', ..., x™ on the manifold M at the point p, the
Hessian H,, f is expressed by the formula

0% f
H,f(A) = — ‘A7
p/(A) (ax‘(ﬂx/)
p
where Al,..., A™ are the components of the vector A in the basis (%) ,

) p
i=1, ..., n.
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Let us emphasise that the Hessian H), f is defined only for critical points p
of the function f.
It is clear that the Hessian depends linearly on the function f, i.e.

Proposition 6.1. For any functions f,g € O(M) that have a critical point
p € M and any real numbers a,b € R, the following equality holds:

H,(af +bg) =aH,f +bH,g.

Let ® : N — M be an arbitrary smooth map, and let the point p € M be a
critical point of some function f € 6(M). Clearly, any point ¢ € N for which
®(q) = p is a critical point of the function fo® € O(N) (since d(fo®) = ®*(df)).
Moreover, as is easy to see,

Hy(f o®) = ®"H,f.

In particular, let N be an arbitrary submanifold of M and let a critical point
p of f belong to N. Then this point, considered as a point of N, is a critical
point of f|n, the restriction of f to N, and

Proposition 6.2. the Hessian H,(f|n) of the restriction f|n is the restriction
Hp fIN, of the Hessian Hy f of f to the subspace N, of M,,:

Hp(fIN) = Hpfln,-

We will use these simple but important properties of the Hessian repeatedly
in the future.

The corank of a quadratic form defined on a finite-dimensional linear space
is the difference between the dimension of that space and the rank of the form
in question, i.e., the rank of its matrix in an arbitrary basis. From the elements
of linear algebra, it is known that the corank of a quadratic form can also be
defined as the dimension of the form’s nullspace, i.e., the maximal subspace on
which the form is identically equal to zero.

We will call the index of a quadratic form its negative index of inertia,
i.e., the number of negative terms in its representation as an algebraic sum of
squares. This number can be characterised as the dimension of the maximal
subspace on which the given form is negative definite.

We will call the corank and index of the Hessian H), f of a function f at a
critical point p the corank and index of p, respectively, and will denote them by
the symbols c(p) (or cs(p)) and h(p) (or hy(p)). Sometimes we will also use
the rank r(p) = r¢(p) of a critical point p, i.e., the rank of the Hessian H, f at
this point.

A system of local coordinates x*, ..., x™ at a critical point p of a function
f will be called associated with the function f if

1) all coordinates x!, ..., x™ are equal to zero at the point p;
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2) in the neighbourhood of the point p, the following equality holds
mn . .
F=fm) === M2+ 24 (2 D hxxd, (6.3)
ij=r+l
where h;; = h;; are some smooth functions equal to zero at this point:

hij(p) =0, i, j=r+1, ..., m.

Differentiating equality (6.3) and settingx! = 0, ..., x™ = 0, we immediately
obtain that
-2, if 1<i=j<h,

82
( f) =142, if h+l<i=j<r,
P

Oxidx/ i
0, in all other cases.

Therefore,

Proposition 6.4. the numbers h and r involved in formula (6.3) coincide with
the index h(p) and the rank r(p) of the critical point p.

The foundation of the entire theory of critical points is the remarkable fact
that

Proposition 6.5. for any smooth function f on a manifold M, at each of its
critical points p there exists a system of local coordinates associated with this
function.

Proof. Indeed, let x', ..., x™ be an arbitrary system of local coordinates at
the point p, equal to zero at this point. According to formula (4.51), In some
neighbourhood of the point p, the following equality holds

f=r(p)+gx',
where g1, ..., gm are smooth functions at the point p such that
of .
gi(p) = (;) =0, i=1, ...,m.
x
p
For the same reasons, there exist smooth functions h?jxf, i,j=1, ..., mat
p such that _
gi = hiojx/
foranyi=1, ..., m, and
dg
hi;(p) = (—)
J
oxJ »
foralli,j =1, ..., m. We symmetrise the “coefficients” h?j, setting

ij

1
hij = §(h0 + h?i)~
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Since h?.xixj = h;jxx'x/, then in a sufficiently small neighbourhood of the point
p the following equality holds

f=f(p)+ hijxixj. (6.6)

Let not all functions &;; be zero at point p. After performing a linear coordi-
nate transformation (known from the elementary theory of reducing quadratic
forms to a sum of squares), we can assume that

hi1(p) # 0.
Therefore, the function
g = Vlhu|

will be smooth at point p. Following the standard algorithm for reducing
quadratic forms to sums of squares, we set

. -

4 1 1 i
x =[x+ —x'] g,
X =2 (6.7)
X=X

71 m
Since H = g(p) # 0, then, by the theorem on the replacement of local
. . 1 m . . .
coordinates, the functions x , ..., x  are local coordinates in some neighbour-

hood of the point p (equal to zero at the point p). On the other hand, it is
easily verified that near the point p the equality holds

F=rp)e )2+ D hxixd,
i,j=2

where h;.j = hj;,i,j =2, ..., m, are some smooth functions.
Continuing this process of “splitting off squares,” we will eventually obtain
at the point p a system of local coordinates associated with the given function

f. O

A closed submanifold N of a manifold M is called a non-degenerate critical
manifold of the function f if

1) the submanifold M is connected;
2) all its points are critical points of the function f;

3) in some neighbourhood of it there are no other critical points of the function

VE
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4) for any point p € N, the null space of the quadratic form H,, f coincides with
the subspace N, tangent to the submanifold N.

According to this definition, all points p € N have the same corank c(p),
equal to the dimension n of the manifold N. On the other hand, by obvious
continuity considerations, the index of a point p € N, as this point moves
continuously along the manifold N, can change only at the points where the
corank jumps. Therefore, all points p € N also have the same index h(p). We
will call it the index of the non-degenerate critical manifold N and denote it by
the symbol A(N).

We will call critical points belonging to non-degenerate critical manifolds
weakly non-degenerate critical points of the function f.

A non-degenerate critical manifold N containing a weakly non-degenerate
critical point p is defined in some neighbourhood of this point by the equations

0 0
OF _o . 9Ly,
ox! axm
where x', ..., x™ is an arbitrary system of local coordinates at the point p.

In the system of local coordinates x!, ..., x™ associated with the function f,
these equations have the form

m m h
i i
-2x' + Z —ljx”=0, R Z Lxix) =0,
X Oxh
i,j=r+1 i,j=r+1
m m
hi hi
2x /1 Z I yixl =0, -, 2" + Z Lyixi =0,
Oxh+1 ox’
i,j=r+1 i,j=r+1
m m m m
23 g+ Y Ohij ii_o ... o > g+ Y Ohij ii_y
}"+1,j axr+1 ’ ’ m,]j 6xm .
Jj=r+1 i,j=r+1 Jj=r+1 i,j=r+1
Let’s put it this way
1 < Oh 1 < Ohij . .
1 1 L h h ij
yi=ateg Y ol = g PRt
|4 X |4 ox
i,j=r+1 i,j=r+1
m m
h+l _  h+1 +1 6hU i ro_ T +1 ah‘] ij (68)
y X SR , Y X XX,
2 4 ox 2 Ox
i,j=r+1 i,j=r+1
yr+1 — xr+1, , ym = M

The theorem on the change of local coordinates immediately implies that the
functions y', ..., y™ on the manifold M are local coordinates at the point p,
equal to zero at this point. Therefore, the equations

y'=0, ...,y =0 (6.9)

define, in the corresponding coordinate neighbourhood U, a certain m — r-
dimensional submanifold N* of the manifold M containing the point p. Clearly,
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this submanifold has the property that
NNUCcCN'.

Since m — r = n, it follows that near the point p he submanifolds N and N’
coincide, i.e., near the point p the submanifold N is defined by equations (6.9).

Furthermore, as is easy to calculate, the system of local coordinates y*, ..., y"
is still associated with the function f. A system of local coordinates at a point
of a non-degenerate critical manifold that has these two properties will be called
rigidly associated with the function f. Thus, we have shown that

Proposition 6.10. at any point p of an arbitrary non-degenerate critical mani-
fold N, there exists a system of local coordinates rigidly associated with the given
function f.

In any associated system of local coordinates x!, ..., x™, the function f in
some neighbourhood U of the weakly non-degenerate critical point p™ under
consideration is given by the formula

F=fp)=GH2 = = M2+ M2+ ()% + i hijx'xt,

i,j=r+1
where h;j = hj;, i,j =r+1, ..., m, are some smooth functions at the point p
that are equal to zero at this point. If the coordinates x*, ..., x™ are rigidly as-

sociated with the function f, then the form of these functions can be specialised.
Specifically, it turns out that

Proposition 6.11. without loss of generality, we can assume that the functions
hij have the form

r

hij:Zhijkgxx, i,j=r+1, ..., m,
k=1

where h;jre are certain smooth functions.

Proof. Indeed, using formula (4.51) twice, we can write each of the functions
h;; in the following form:

hij = hf; +2:hﬂx-+§:hgwﬂwﬂ Lj=r+l ... om,
k=1
where the functions h?j and hO . depend only on the coordinates x"**, ..., x™.

Without loss of generality, we can assume that the functions ho h ik and h;jke
are symmetric with respect to the indices i and j, and the functlons hijke are
symmetric with respect to the indices k and £. Thus

ijs xS

0
of _ m (ah 5h.,k 6hijk(xkx[) Yixd

oh; i s
£2x7 + X (ho + 237y hijksx® + T ooy FEExt [)x’xf if 1<s<r;

Ox® Pimre1 | T+ Xket1 o x* + 2ht=1 o

m 0 roop0 Lk r k) i ;
+230, 4 (his+2k:1 hijkx + Dko=1 hijkex™x )x, if r+l<s<m.
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Setting here xt=0,..., x" = 0, we immediately obtain that on the set NN U
the following equalities hold:
m . .
Z hijsx’x] =0, s=1, ..., r, (6.12)
i,j=r+1
m 0 m
p #x’x’+2.z h?sx’:O, s=r+1, ..., m. (6.13)
i,j=r+1 i,j=r+1

But, by hypothesis, the functions h?j and h?js depend only on the coordinates

X1, ..., x™. Therefore, the left-hand sides of equality (6.12) and (6.13) depend
only on these coordinates and, therefore, are identically equal to zero, i.e., on
the entire neighbourhood U.

Since
m ahQ_ m 9 m
i . o
E —Lxix) +2 E hox' = — E h) x'x!
oxs 1 ox* y
ij=r+1 i=r+1 ij=r+1
and since the functions h?/. do not depend on the coordinates xt, ..., x" and

are equal to zero at the point p, it follows from relations (6.13) that in the
neighbourhood U the following equalities hold:

m
Z h?jx’x] =0.
i,j=r+1
In view of relations (6.12) we obtain from here that
m r m
Z hijx'x) = Z Z hijkgxkx‘)x‘x/.
i,j=r+1 k(=1 j=r+1
Thus, the above statement is completely proven. O

This proposition immediately implies, in particular, that at all points of the
manifold N belonging to a neighbourhood U, the function f takes the same
value f(p). Since the manifold N is connected, it follows that f(p) = f(q) for
any points p,g € N. In other words,

Proposition 6.14. on every non-degenerate critical manifold N, the function
f is constant.

A critical point p of a function f is called non-degenerate if its corank c(p)
is zero. In the neighbourhood of any point p € M, one can define a smooth
function f for which the point p is a non-degenerate critical point of any given
index h. Such a function can be defined, for example, by the formula

f — _(x1)2 T (Xh)2 + (xh+1)2 Tt (xm)2 (615)

where x!, ..., x™ is an arbitrary system of local coordinates at the point p that
vanish at this point. Up to an arbitrary constant, this is the general form of
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smooth functions that have p as their non-degenerate critical point. Indeed, any
such function f in normal (with respect to this function) coordinates x!,..., x™
has the form (6.15) (up to a constant term f(p)). Thus,

Proposition 6.16. a point p € M is a non-degenerate critical point of index h of
a smooth function f if and only if at p there exists a system of local coordinates
xt o, ™ (equal to zero at this point) such that in some neighbourhood of this

point the following equality holds
f=Fp) =) = = 2+ (M) e (2

From this statement (known as Morse’s lemma) it follows directly, in partic-
ular, that

Proposition 6.17. every non-degenerate critical point of the function f is iso-
lated in the set of all critical points of this function, i.e., it has a neighbourhood
free of other critical points.

Thus, each non-degenerate critical point p, considered as a zero-dimensional
submanifold of M, satisfies the isolation condition (condition 3)) of the definition
of a non-degenerate critical manifold. The remaining conditions of this definition
are obviously satisfied. Thus,

Proposition 6.18. any non-degenerate critical point is a weakly non-degenerate
point.

Consider again an arbitrary non-degenerate critical manifold N of the func-
tion f. Let p be an arbitrary point of it, and let N# be an arbitrary r-
dimensional (r = m —n) submanifold of M complementary to the submanifold N
at the point p (i.e., having only one common point p near the point p with the
submanifold N and possessing the property that its tangent space N# intersects
the space N, only at zero).

By hypothesis, the subspace N, is the null space of the quadratic form
H, f. Therefore, on the complementary space Nﬁ, this quadratic form is non-
degenerate. But we know that the restriction pr|Nf of the Hessian H, f to

the subspace Nf is nothing other than the Hessian of the restriction f|y# of
the function f to the submanifold N#. Thus,

Proposition 6.19. the function f|y+ on the submanifold N* has the point p
as its non-degenerate critical point.

Remark 6.20. It can be shown that, conversely, any connected submanifold N
of M consisting of critical points of f is a non-degenerate critical manifold if, for
any point p of N and any submanifold N# complementary to the submanifold
N at p, the latter point is a non-degenerate critical point of f|y#«. We will not
need this fact and therefore we will leave it without proof.
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6.2 Functions all of whose critical points are non-
degenerate

In this section, we prove that

Proposition 6.21. on any smooth separable manifold M, there exists a non-
negative smooth function f of compact character (i.e., representing a map of the
compact character of the manifold M onto the real azis R), all of whose critical
points are non-degenerate.

In proving this statement, by the embedding theorem proved in the previous
chapter, we can, without loss of generality, assume that the manifold M under
consideration is realised as a closed submanifold of some Euclidean space R".

Let u be an arbitrary vector R". Consider on the manifold M the function
f defined by the formula

f(p)= %Iu -pl’>, peM. (6.22)

Clearly, this function is smooth, non-negative, and has the property that for
any a € R", the set [ f < a] (being a closed and bounded subset of the space R™)
is compact. On the other hand, it is obvious that a non-negative function on a
manifold M has the latter property if and only if it maps the compact character
of the manifold M onto the real axis R. Thus, to prove the above statement,
it suffices to show that for at least one vector u € R", function (6.22) has only
non-degenerate critical points.

Let p be an arbitrary point of M. Formula (6.22) immediately implies that
for any system x', ..., x™ of local coordinates on the manifold M and the point
p, the following equalities hold:

a—fz—u—p,i , i=1, ..., m,
oxt axlp

%) €M,,i=1, ..., m, are considered as vectors of the
P

space R". Therefore,

where the vectors (

Proposition 6.23. a point p € M is a critical point of function (6.22) if and
only if the vector u — p is orthogonal to the manifold M, i.e., when the pair
(p,u — p) belongs to the manifold N. constructed in §5.5.

Further, if the local coordinates x',..., x™ are defined by formulae (5.45),
then
ootk
— =e; + —
oxt ¢ Pt ox? ¢k

(To simplify the formulae, we omit the reference to the point p here) and there-
fore

of _ | i A

ﬁ—— u —x + Z @(u —I)

k=m+1
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(We use the notation and conventions introduced in §5.5; in particular, we

assume that the basis ey, ..., e, of the space R" is orthonormal). Therefore,
% f 5 N 0%k Wk — %) + S otk ork
T T = s T T u - - .
Oxiox7 J Oxiox7 oxt  OxJ
k=m+1 k=m+1

Using the matrices A and T introduced in §5.5, we can, as is easily seen, rewrite
these relations as a single matrix equality

0% f
Oxiox/

(meaning that the matrices A and T are calculated at the point (p,u —p) € N,).
Comparing this equality with formula (5.50), we immediately obtain that

=A+TT

Proposition 6.24. the determinant

(92f
Oxiox/

det

of the Hessian of function (6.22) at the critical point p € M coincides with the

Jacobian ‘
o'

j
ox;

det

of the map p : N, — R" at the point (p,u — p) € N,.
Therefore

Proposition 6.25. A critical point p € M of function (6.22) is degenerate if
and only if the point (p,u — p) € N, is a critical point of the map p.

Since p(p,u — p) = u, it follows that

Proposition 6.26. if the vector u € R" is not the image under the map p of
any critical point of this map, then all critical points of the corresponding vector
and function (6.22) are non-degenerate.

Since the set of vectors u € R" possessing the latter property, being - by
Sard’s theorem - the complement of some set of the first category, is not empty,
the existence of functions (6.22) having only critical points is thereby completely
proven.

Although functions (6.22) are analytically quite simple, they do not have a
simple, visually understandable geometric interpretation. We will now present
another method for constructing functions with only non-degenerate critical
points that avoids this drawback. However, the functions obtained by this
method are, generally speaking, unbounded below and are not compact maps
onto the real axis. Nevertheless, for the most interesting case of compact mani-
folds, this circumstance is unimportant, since any function on a compact mani-
fold is automatically a compact map and bounded below (and therefore can be
converted into a non-negative function by adding some constant).
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Let L""! be an arbitrary n — 1-dimensional linear subspace (hyperplane) of
R". (We still assume that M c R"). Consider on the manifold M a numerical
function f whose value f(p) at an arbitrary point p € M is (taken with a certain
sign) the distance of the point p from the hyperplane L" . Considering the
hyperplane L"~! as horizontal, we can visualise the number f(p) as the “height”
of the point p above the hyperplane L" 1.

Let L! be a one-dimensional linear space (line) orthogonal to the hyperplane
L™ !, and let 7 be the projection of the space R onto the line L'. Then we can
define the function f by the formula

n(p)=f(p)u, peM,

where u is a unit vector located on the line L!, i.e., a unit vector orthogonal to
the hyperplane L"!. Tt is clear that

f=&omoy, (6.27)

where ¢ is the inclusion map M C R, and & : L' — R is the coordinate diffeo-
morphism corresponding to the vector u (which is a basis for the space L%).
Therefore,

dfp = déz(p) o dmp o dup

for any point p € M. Since the map d¢(p) is isomorphic, this formula immedi-
ately implies that df,, = 0 if and only if dr}, o di, =0, i.e., when dn,(Mp,) = 0.
On the other hand, it is clear that, by standard identifications, the linear map
m:R" - L' coincides with its differential dr), : (R"), — (Ll),r(p). Therefore,
dn,(Mp) =0 if and only if 7,(M},) = 0, i.e., when the vector u is orthogonal to
the subspace M, C R".

Let ¢ be a smooth function on the manifold N, that associates with each
point (p,u) € N, the length |u| of the vector u. Consider the level surface N =
[¢ = 1] of ¢, i.e., the set of all pairs (p,u) € N, for which |u| = 1. Obviously, this
level surface is regular and therefore represents an n—1-dimensional submanifold
of the manifold N.. We will call this submanifold the manifold of unit vectors
orthogonal to the manifold N.

In accordance with the above,

Proposition 6.28. the point p € M is a critical point of function (
refeq:6-2-2) if and only if the vector u is orthogonal to the manifold M at the
point p - that is, when the pair (p,u) is a point of the manifold N.

Let (po,uq) be an arbitrary point of the manifold N. According to what
was said in §5.5, in order to construct local coordinates on the manifold N,
at the point (pg,uq), we should choose in the space R" an orthonormal basis
ey, ..., e, with the property that its first m vectors ey, ..., e, form a basis
of the space M,,. Moreover, since the vector uy is orthogonal, by hypothesis,
to the space Mp,,, we can, without loss of generality, assume that e, = uo.

Let x!, ..., x* be the local coordinates at the point (p, ) of the manifold N,
corresponding to the basis ey, ..., e,_1, €, = ug (see formula (5.48)). Consider
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the subset of the neighbourhood U, consisting of all its points (p,u) for which
x*(p,u) > 0, i.e., for which u" > 0. Clearly, this subset is open and contains the
point (pg,ug). Let V be its intersection with the submanifold N and let

1_ .1 At X!
v =xi0N, ., Y =" N, Y = 7 Ny ooy YT = s In- (6.29)
% %

It is easy to verify that functions (6.29) are local coordinates of the manifold N
at the point (pg, ug) with coordinate neighbourhood V.
In explicit form, coordinates (6.29) are defined by the formulae

yi(p.u)=xt(p), ..., y"(p,u) =x"(p),
m+1 n—1

u _ u
Y pouw) = ——, . Y (pou) = ——, (pu) €V,
u u

where, in particular, ¥™*!, ..., u" are the last n — m coordinates of the vector

u in the basis e, ..., e,. From this and from relations (5.46) it immediately
follows that for each point (p,u) € V the coordinates u', ..., u” of the vector
u are connected with the coordinates y', ..., y"~! of the point (p,u) by the
formulae:

n—1 P n—1 i
ot/ : ot" ot/ . ot"
=1 _ _ Jj_ amo_ J _
=Y (_axl)py (_axl)p, e Y (axm)py (M)

j=m+1 Jj=m+1

(6.30)

where u! = Z—,ll, R T “:;1. In these formulae, the functions %, i =
1, ..., m;j=m+1, ..., n,should be considered as functions on the manifold
N and, accordingly, considered as functions of the local coordinates y*, ..., y*~!
(in fact, only the coordinates y!, ..., y™).

Let us now consider the map
v:N— st

of the manifold N into the unit sphere S"~! of the space R", defined by the
formula

v(p,u) = u.
Since the quantities ', ..., 7" ! can obviously be taken as local coordinates
on the sphere S"~! at the point ug = e,,, then formulae (6.30) represent nothing

more than expressions of the map v in the local coordinates y!, ..., y" ! and
ﬁl, L uvh Differentiating these formulae and taking into account the iden‘pi—
ties yH(p,u) = xY(p), ..., y™(p,u) = x™(p) and the fact that the functions %,
i=1,...,m;j=m+1, ..., n, do not depend on the coordinates y', ..., y"7!,

we immediately obtain that

et (aztj ) yi_(azt") . if 1<ik<m,
P

J=m+1 \ §xigxk p Axtoxk

oul o
= = —(ﬁ) , if 1<i<m m+1<k<n-1,
P

s, in other cases.
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m+1 n—-1

Since at the point (pg,ug) the coordinates y™**, ..., y
then, in particular,

are equal to zero,

_ ~(25) o i 1<iksm,
ou' ik p
Ik = —(#) , if 1<i<m m+1<k<n-1,
YT (pouo) . P
6;{, in other cases.

It follows that the point (pg,ug) is a critical point of the map v if and only if

%"
(6xi6xk ) »
On the other hand, it is clear that the function #" is nothing other than function
(6.27) corresponding to a hyperplane orthogonal to the vector ug, so equality
(6.31) represents a condition for the degeneracy of the critical point pg of this

function. We have thus proved (we drop the index 0 in the notation of the point
po and the vector ug) that

det =0. (6.31)

Proposition 6.32. « critical point p € M of function (6.27) is non-degenerate
if and only if the pair (p,u) (which is a point of the manifold N) is not a critical
point of the map v : N — S"1.

Therefore,

Proposition 6.33. if the vector u € S"~! is not the image under the map v
of any critical point of this map, then all critical points of function (6.27) are
non-degenerate.

Thus, according to Sard’s theorem, we can always choose the hyperplane
L""1 (or, equivalently, the vector u € $"7!) so that function (6.27) has only
non-degenerate critical points.

6.3 Morse’s theorem

Let M be an arbitrary separable smooth manifold and f an arbitrary smooth
function on M. In this section, we describe the evolution of the sets [f < a]
as the parameter a increases. Although this evolution can, generally speaking,
be traced up to a diffeomorphism, for simplicity we restrict ourselves to the
more elementary problem of studying the evolution of the sets [f < a] up to
homotopy equivalence.

First, we consider the case where the parameter a does not pass through any
critical value of the function f. It turns out that in this case, the set [f < a] is
essentially unchanged. Specifically, as we will now show,

Proposition 6.34. if the numbers a and b > a have the property that the set
[a < f < b] is compact and does not contain any critical point of the function
f, then there exists a diffeomorphism @ of the manifold M onto itself that maps
the set [ f < a] onto the set [f < b].
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Moreover,

Proposition 6.35. in this case, the set [ f < a] is a deformation retract of the
set [f < b].

Since the manifold M is, by assumption, separable, we can define it as a
Riemannian space (see §4.10) and therefore introduce the gradient field grad f
of the function f. This field, and hence the function (grad f,grad f), is zero
at the critical points of f and only at these points. In particular, on the set
[a < f < b], which, by assumption, does not contain critical points of f, the
function (grad f, grad f) is positive. Therefore, the function 1/(grad f, grad f)
is smooth on the set [a < f < b]. Since the set [a < f < b] is, by assumption,
compact, there exists a positive smooth function 4 with compact support on
the manifold M, which is an extension from the set [a < f < b] of the function
1/(grad f, grad f) (see §4.4). Let

X="h-grad f.

It is clear that the support of this vector field, being, obviously, a subset of
the support of the function A, is compact. Therefore, on the manifold M there
exists a one-parameter group of diffeomorphisms

¢:RxM—->M

generating the field X (see §5.3).
Let p be an arbitrary point of M and let

g(t) = fep(t), teR,

where, as in §5.3,
@p(t) = @(1,p)

be the trajectory of the group ¢ passing through the point p. Since this trajec-
tory is an integral curve of the field X, then

8(1) = Xy, f = (X, grad f) (¢, (1)) = (h- (grad f, grad f)) (¢, (1)).

Since h = 1/(grad f,grad f) on [a < f < b], it follows that g(r) = 1 if
pp(t) € [a £ f < b], ie., [a < g(t) < b]. Furthermore, the function g is
obviously monotone. Therefore, denoting by ¢y the value of the parameter ¢ for
which g(#9) = a (if it exists), and setting d = b — a, we obtain that

<a, if <1,
gt)y=t—-t+a, if tg<t<tg+d,
> b, if tp+d<t.

Now let p € [f < a], i.e., let g(0) < a. Then

either g(¢) <a for any t € R and, in particular, for ¢t = d,
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or there exists ¢ € R such that a < g(¢) < b.

In the latter case, the function g(z) has the form described above, and the
corresponding number ¢y is obviously non-negative. Therefore, d <ty + d and,
consequently, either g(d) < a (if d < ty), or g(d) =d—-to+a=b—-1y < b (if
to < d). Thus, in all cases g(d) < b, i.e.,, ¢,(d) € [f < D].

Conversely, let a point p € M have the property that ¢,(d) € [f < b], i.e.,
that g(d) < b. Then either g(¢) < a for any ¢ € R and, in particular, for t = 0, or
the function g(¢) has the form described above, and the corresponding number
fo is non-negative (since if g(d) < a, then d < 1y, and if a < g(d) < b, then
d—to+a=b-—ty<bg). Therefore, in this case too, g(0) < a, i.e., € [f < a].

Let us now consider the diffeomorphism

0a:M—> M,
defined by the formula

va(p) =¢(d,p), peM.

Since for any point p € M the following equality holds

va(p) = ¢p(d)

then, according to what has just been proved, this diffeomorphism maps the
set [f < a] onto the set [f < b]. Therefore, we can take it for the desired
diffeomorphism ®.

Next, for any point p € [f < b] and any number ¢ € I, we set

ep(tla—f(p)), if pelasf<b]

It is easy to see that this gives us a homotopy

re:[f<b] > [f<b],

for which the map rq is the identity map of the space [f < b], and the map ry
is a retraction map of this space onto the subspace [f < a].

The homotopy r; can be visually described as a “shift” of the set [f < b]
onto the set [f < a] along the “flow lines” of the function f.

Thus, the above statements are completely proven.

Let us now consider an arbitrary critical value ¢ of the function f. Let this
critical value

rt(p):{p, if pelf<adl,

1) be isolated in the sense that for some gy > 0, the interval [c¢ — &g, ¢ + o] does
not contain any other critical values of f;

2) be compact in the sense that for some g9 > 0, the set [c —go < f < c+¢go] is
compact (clearly, under both conditions, we can consider the number g > 0
to be the same);
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3) be non-degenerate in the sense that all critical points p1, ..., p, of f located
on the level surface [ f = ¢] are non-degenerate. (By condition 2, the number
of these points is finite.)

Remark 6.36. It is easy to see that condition 1) follows from conditions 2) and
3). Perhaps it is also worth noting that, generally speaking, it does not follow
from condition 3) alone (even if the number of critical points of the function f
on the level surface [f = c] is finite).

It is clear that the points pi, ..., p, have pairwise disjoint coordinate

neighbourhoods Uy, ..., U, such that

a) for any i = 1, ..., n, the local coordinates on the neighbourhood U; are
restrictions of some smooth functions x*, ..., x™ on M (and independent of
i);

b) on each neighbourhood U;, i =1, ..., n, the coordinates xb, ..., x™ satisfy

the conditions of the Morse lemma, i.e., in this neighbourhood the following
equality holds

f =c— (X1)2 L (xhi)Q + (xhi+1)2 +eeet (xm)Q,
where h; is the index of the critical point p;;

c¢) the coordinate homeomorphism of the neighbourhood U;, i =1, ..., n, into
the space R™, corresponding to the local coordinates x!, ..., x™, maps the
neighbourhood U; onto the open ball |t|> < 2g¢, where gy is the positive
number stipulated by conditions 1) and 2) above.

To simplify further calculations, it is convenient to introduce on the set
U=U,VU---UU,
smooth functions defined on U;, i =1, ..., n, by the formulae
a=hH2+ o+ ()2 = M2 ()2
According to the above, the function f on the set U; is expressed by the formula:
f=c—a+p.

Let & be an arbitrary positive number less than g3. We will henceforth
assume this number to be fixed. Since € < g¢, the inequality

a+p <2

obviously defines, in each neighbourhood Uj;, a subset homeomorphic to a closed
n-dimensional ball.
Let us now introduce the function g, defined by the formulae:

2(p) = f(p) —ula(p) +2B(p)), if pel,



248 CHAPTER 6. CRITICAL POINTS OF SMOOTH FUNCTIONS

where u is a smooth numerical function such that
u(0)>e, u()=0fort<e, -1<pu (1)<0forallreR.

For example, we can assume that

2&-t :
ev (2£1L), if t<2e,

u(r) = ) .
0, if t>2e,

where v(1) = £ exp (% - %2) It is clear that the function g constructed in this

way is a smooth function on M (since for a(p) + B(p) > 2¢ it is necessary that
a(p) +2B(p) = 2¢ and therefore u(a(p) + B(p)) = 0). Let us show that
Proposition 6.37. the set [f < ¢ + €] coincides with the set [g < ¢ + €].

Proof. Indeed, by definition, we have g < f. Therefore, [ f < c+¢€] C [g < c+€].
Conversely, let p € [g < c +¢], i.e, let g(p) <c+e. If a(p) +2B8(p) <2< ¢,

then
) =c-a(p)+Bp) s e+ W s ppy<cre.

i.e.,
pelf<c+e]
If a(p) + 28(p) = 2¢, then f(p) = g(p) and therefore again pe [f <c+¢&]. O

Further, it is easy to see that

Proposition 6.38. the critical points of the function g coincide with the critical
points of the function f.

Proof. Indeed, since f = g outside the set U, to prove this statement it is
sufficient to show that the points pq, ..., p, are critical points of the function
g and that in U; for any i =1, ..., n this function has no other critical points.
But in this neighbourhood

dg =d — i (a + 2B)(da + 2dB)
= (-1 -4 (@ +2B))da + (1~ 24 (a + 2B))dp
=2(=1 =g (a +2B))(x dx" + - + (X dx")
+2(1 =24 (a +28)) (I H e+ 4 (XM d™),
moreover, du,e to the conditions imposed above on the function u, the expres-
sions —1 — u (@ + 2B8) and 1 — 2u (a + 2B) are everywhere nonzero. There-

fore, the point p € U; is a critical point of the function g if and only if
xt(p)=---=x"(p) =0, i.e., when p = p;. O

Now consider the set [c—e < g<c+¢]. Since f <c+e]=[g<c+¢] and
g <, we have
[c—e<g<c+e]cClc—-e< f<c+e]
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Therefore, the set [c —e < g < ¢+ €] is compact. Furthermore, since g(p;) = ¢ —
1(0) < c—g, this set does not contain the points p1, ..., pn, and, consequently,
does not contain any critical points of the function f, and hence of the function
g. Therefore, according to what was proved above,

Proposition 6.39. the set [g < €] is a deformation retract of the set [g <
c+el=[f<c+e].

Remark 6.40. By similar considerations, the set [g < c] is also a deformation
retract of the set [f < ¢ + €].

This is also true in the case when conditions 1) and 2) are satisfied only
“from above”, i.e., if there exists g5 > 0 such that the segment [c,c + g¢] does
not contain critical values of the function f different from ¢, and the set [¢ <
f < ¢+ gg] is compact.

Let Q be the set of points p € U for which

a(p) <e, PB(p)=0.

It is clear that for any i = 1, ..., n the intersection Q N U; is homeomorphic
to the unit open ball E™ of the space R™. Its closure Q N U; consists of points
p € U; for which

a(p) <&, pB(p)=0.

and is therefore homeomorphic to the closed ball E". Thus, the set Q is the
union of n disjoint cells

em=0nU, ..., " =0nU,

of dimensions hi, ..., hy, respectively. For any i = 1, ..., n, the boundary ¢’
of the cell e’ consists of points p € U; for which

a(p)=¢, PB(p)=0,
and therefore coincides with the intersection [f < ¢ — €] Nne". This means that

Proposition 6.41. the set [f < c—&]UQ can be viewed as the result of gluing
n closed balls of dimensions hy, ..., hy to the set [f < ¢ —&] by means of some
continuous maps of their boundaries into the set [f < c—¢g].

Since B8 =0 on Q, then
g=c—a-pu(a)on Q, where 0 < a <e.

On the other hand,
o+ u(a) = p(0) + / (L4 1 (1)di > u(0) > &,
0

since, by hypothesis, 1 + u (f) > 0. Therefore,

g<c—egongQ,
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i.e., O C [g < ¢ — €]. Therefore,
[f<c-€el]uQclg<c—g].
We now show that

Proposition 6.42. the set [f < c — €] U Q is a deformation retract of the set
[g <c—e¢].

Proof. To this end, we consider the intersection F of the set [g < ¢ — ] with
the set @ + B < 2¢ (which, as we know, is the union of n disjoint closed m-
dimensional balls). This intersection is contained in the set U and is defined by
the inequalities

a+pB<2, a-B+ule+2p)=e.

We can represent the set F as the union of three sets Fy, Fo, and F3, the first
of which is defined by the inequalities

a<e, a-B+ula+2B)=e¢,
the second by the inequalities
e<a<B+e, a-B+ula+2p)=c¢,
and the third by the inequalities
B+e<a, a+pB<2

(see Fig. 6.1).

Figure 6.1:
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Let 0 <t < 1. To each point p € F we assign a point g = r,(p) € U, located in
the same neighbourhood U; as the point p, whose coordinates x'(g), ..., x™(q)
are related to the coordinates x'(p), ..., x™(p) of the point p by the relations:

x(g) = x'(p),

(q) = x"(p),

A (q) = sx"™ (p),

x"(q) = s;x"(p),

where
1—[, if P €F1,
§; = 1—t+t,/%, if peky,
1, if peF;s.

As is easy to see, despite the fact that for @ = & and B = 0 the function s, has a
discontinuity, the point r;(p) depends continuously on ¢ and p, i.e., the family
of maps

re: F—->U

is a homotopy.
Since for any point p € F the following equalities hold:

a(ri(p)) = a(p), B(r(p)) =s;B(p),
then

a(ri(p)) + B(ri(p)) = a(p) + s}B(p) <= a(p) + B(p) < 28,
a(ri(p)) = B(ri(p)) + u(a(r(p)) +2B(r:(p))) =

a(p) - s7B(p) + u(a(p) + 257 B(p)B(p) >

a(p) - B(p) + u(a(p) +2B(p)) = &,

since 0 < s? < 1. Thus, r,(p) € F for any ¢ € I, i.e., in other words, the
family r; is a homotopy of maps of the set F into itself. Since r,(p) = p for
a(p) + B(p) = 2¢, we can extend this homotopy to a homotopy

rilg<c—el - [g<c-el.

assuming that r,(p) = p for p ¢ F.

It is clear that for + = 0 the map r, is the identity map of the set [g < ¢ — €],
i.e. the homotopy r; is a deformation of the set [g < ¢ — &]. Consider the map
Ve

Let p e F.

If p € F; then sy =0, and therefore B(r1(p)) = 0. Since, in addition, a(r1(p)) =
a(p) < g, then, therefore, r1(p) € Q.
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If p € F, then s? = al(f(’l)jgg and therefore B8(r1(p))) = a(p) — ¢, i.e. f(ri(p)) =
c—a(ri(p)) +B(ri(p)) =c - &

If p € F3 then s; = 1 and therefore f(ri(p)) =c—a(p)+B(p) <c-e.

Thus, for any point p € F, the inclusion r1(p) € [f < ¢ —€]UQ holds. Since the
sets [g < c—¢&] and [f < ¢ —¢€] coincide outside the set F, this inclusion remains
valid for p ¢ F. Moreover, if p € [f < c—-€] UQ, i.e., if either f(p) < c—¢€ or
a(p) < € and B(p) = 0, then, as is easy to see, r1(p) = p. Consequently, the
map r is a retraction of the set [g < ¢ — &] onto the set [f < c—¢e]UQ. Thus,
the statement formulated above is completely proven. O

Remark 6.43. Similarly, one can prove that the set [f < ¢] is a deformation
retract of the set [g < c].

Indeed, it suffices to set & = 0 in the proof given above. In this case, the set
F; can be ignored (since it will consist of only one point). The set Fo will be
defined by the inequalities

a<B, a-B+ula+28)=0,
the set F3 by the inequalities
B<a, a-B+ula+2B) =0,

and the numbers s; by the formula

_ a(p) :
s,:{l t+t,lﬁ(p), if pekF,,

1, if peFs.
Comparing the assertions proved above, we immediately obtain that

Proposition 6.44. under assumptions 1), 2), and 3), the set [f < ¢ + €]
contains a subset [ f < c —&] U Q, which is obtained from the set [f < c — €] by
gluing n balls of dimensions hy, ..., h, (via certain maps of their boundaries)
and is a deformation retract of the set [f < c + €].

In particular,

Proposition 6.45. under assumptions 1), 2), and 3), the set [f < ¢ + €] is
homotopically equivalent to the set [f < ¢ — &], to which n balls of dimensions
hi, ..., hy, respectively, are glued.

This statement was first proved by Morse and is known as Morse’s theorem.

Remark 6.46. Combining the above remarks, we similarly obtain that under
assumptions 1), 2), and 3), the set [f < c] is a deformation retract of the set
[f <c+e].

Moreover, in accordance with the above, we can assume that conditions 1)
and 2) are satisfied only from above.
By Morse’s theorem, it follows directly that



6.4. SMOOTH MANIFOLDS AND CELLULAR DECOMPOSITIONS 253
Proposition 6.47. under assumptions 1), 2), and 3), the set [ f < c] is homo-
topy equivalent to the set [f <c—¢€]UQ.

Proof. Indeed, as proved above, the set [ f < ¢] is homotopy equivalent to the
set [ f < c—g], which in turn is homotopy equivalent to the set [ f < c—e]UQ. O

6.4 Smooth manifolds and cellular decompositions

It follows from the results of the previous subsection that

Proposition 6.48. if a smooth function f on a separable smooth manifold M
and a number a € R" have the property that

1) for some € > 0, the set [f < a + €] is compact;
2) the set [a < f < a+ & does not contain critical points of f;
3) all critical points of f belonging to the set [f < a] are non-degenerate,

then the set [f < a] is homotopy equivalent to some cellular decomposition
K whose cells are in one-to-one correspondence with the critical points of f
belonging to the set [f < a], where the dimension of each cell is equal to the
index of the corresponding critical point.

Proof. Indeed, it is clear that the function f has only a finite number of critical
values not exceeding a given number a, and all of these critical values

cp<c1<---<cCy

are isolated, non-degenerate, and compact (see §6.3). Therefore, according to
Morse’s theorem, there exist numbers

g >0,>0, ..., >0,

such that for any i =0, 1, ..., n, the set [f < ¢; + &;] is homotopy equivalent
to the set [f < ¢; — &;], to which some number of closed balls are attached.
Moreover, without loss of generality, we can obviously assume that for any
i=0,1, ..., n—1, the inequality

Ci + & <City1 — Ei+ls
and for i = n, the inequality
Cht+ep<a+eg

Then, by what was proved in the previous section, the set [f < ¢; + &;] for
i=0,1, ..., n—1 will be a deformation retract of the set [c;+1 —&;+1], and the
set [f < cn + &,] will be homotopy equivalent to the set f < a].

We now show that
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Proposition 6.49. there exists an increasing sequence
KocKyC---CK,

of finite cellular decompositions K;, i = 0, 1, ..., n, each of which is a sub-
decomposition of the next decomposition, and homotopy equivalences

pi:lf<ci+te]l—K;,, i=0,1,...,n,

such that for anyi =0, 1, ..., n—1, the equivalence ¢; is the restriction of the
equivalence @41 :

¢i = Qistl[f<citail-

To this end, we note that since the number c¢q is obviously the minimum of
the function f, the set [f < co — 9] is empty. Therefore, the set [f < c¢o + &g]
is homotopically equivalent to the topological sum Ky of some (finite) number
of closed balls. Let

%o : [f <co+&0] = Ko
be the corresponding homotopy equivalence.

Arguing by induction, suppose that for some i = 1, ..., n the partition K;_;
and the homotopy equivalence

i-1: [fScici+ei1] = Ko

have already been constructed.

Since, according to what was said above, the set [f < c¢;—1 + &;-1] is a
deformation retract of the set [f < ¢; — &;], we can extend the equivalence ¢;_1
to some homotopy equivalence

Vit lf<ci—g] > K

On the other hand, according to Morse’s theorem, the set [f < ¢; + &;]
contains a subset of the form [f < ¢; — ;] U Q, where Q is the topological sum
of some number of closed balls, which is its deformation retract. Let

rii[f<ci+e] > [f<ci—-&lUQ

be the corresponding retracting map.
Consider the union Q of the boundary spheres of all balls whose sum is the
set Q. Let
Ui 0 — K

be the restriction of the map y; to the subspace QO C [f < ¢; — &;]. According
to the results of §2.3, we can extend the homotopy equivalence ¥; to some
homotopy equivalence

Ei:[fﬁci—si]UQ_’Ki—lulZGQ’
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On the other hand, according to the results of §3.4, the space K;—1 U,;, Q is
homotopy equivalent to some cellular decomposition K;, containing the decom-
position K;_; as a subdecomposition. Moreover, we can choose the homotopy
equivalence

Wi . Ki—l Ulﬁ[ Q — Kl'.

such that it is the identity map on the decomposition K;_1.
We set
pitwioy;or:[f<ci+e] oK.

Clearly, this map is a homotopy equivalence, coinciding on the sub-decomposition
K;_1 with the equivalence ¢;_1.

Thus, the existence of decompositions K; and equivalences ¢; is proven for
alli = 0, 1, ..., n and, in particular, for i = n. To prove the proposition
formulated at the beginning of this section, it remains to set K = K,,. O

From the proved proposition it easily follows that

Proposition 6.50. every smooth function of compact character bounded below
on a smooth separable manifold M, having only non-degenerate critical points,
defines a homotopy equivalence of the manifold M with some cellular decompo-
sition K, whose cells are in one-to-one correspondence with the critical points
of the function f, where the dimension of each cell is equal to the index of the
corresponding critical point.

Proof. Indeed, it is clear that every number a € R satisfies (together with the
function f) the conditions of the previous proposition. Therefore, for any n > 0,
there exists some homotopy equivalence

QDii[fS”]—)Kn,

where K, is a finite cellular decomposition whose cells are in one-to-one corre-
spondence with the critical points of the function f belonging to the set [f < n].
Moreover, it is clear that the decompositions K, can be chosen so that

KhcKyc---CcK,CKuy1C---

and so that for any n > 0 the decomposition K, is a sub-decomposition of
the decomposition K,+1, and the homotopy equivalence ¢, coincides with the
restriction ¢,+1|k, of the homotopy equivalence ¢,41 to the decomposition K.

Let K be the free union of decompositions K,, n > 0. By the results of
§3.2, this union is a cellular decomposition containing the decompositions K,, as
sub-decompositions. We define the map

¢: M —K,

assuming that
Clif<n) = ¢n

for any n > 0. Clearly, this map is uniquely defined and continuous.
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Since the manifold M is paracompact and is the union of the interiors [ f < n]
of sets [f < n], it is a homotopy limit of sets [ f < n]. The decomposition K is
also a homotopy limit of the decompositions K;. Since for any n > 0 the map
is, by construction, a homotopy equivalence, it follows from the results of §2.5
that the map ¢ is also a homotopy equivalence. O

Since, according to §6.2, a function f satisfying the conditions of this propo-
sition exists on any separable smooth manifold, we, in particular, obtain from
this that

Proposition 6.51. every separable smooth manifold is homotopy equivalent to
some countable cellular decomposition.

In the case where the function f is defined in a more or less observable way
on the manifold under consideration M, one can, from the proved proposition,
obtain quite complete information about the homotopy type of the manifold.

Ezample 6.52. Example. Let C"™*! be a complex n + 1-dimensional arithmetic
space whose points are n+1-tuple (z°, z%, ..., z") of complex numbers. Consider
the unit sphere S?"*! of this space, i.e., the set of all points (z°,z', ..., z") €
C"*+! for which

|ZO|2+|ZI|2+"’+|Zn|2 =1.

On this sphere, we define an equivalence relation by considering two points
%z ..., 29 and (20, 7', ..., 7% are equivalent if and only if there exists a
complex number A # 0 (whose modulus is necessarily equal to unity) such that

7' =47

forall i =0, 1, ..., n. The corresponding factor space of the sphere S$?"*! is
called the complez projective space of complex dimension n. We will denote it by
the symbol CP". The point of this space containing the point (z°,z%, ..., 7)€
S2+1 will be denoted by the symbol (z% : z' : ---: z"). Clearly, the space CP"
is a compact Hausdorff space.

Let U;, i =0, 1, ..., n, be the set of all points (z°,z%, ..., z") € C™!
for which z# # 0. (Clearly, this condition is invariant, i.e., it does not de-
pend on the choice of the representative (z°,z%, ..., z"%) € S?**! of the point
(2% izt 2 --- 1 2".) Each point (% : z! : --- : z") € U; has one and only
one representative (z°,z%, ..., z%) € $?"*! for which 7/ = 1. This establishes
a one-to-one correspondence between the points of the set U; and the points
of the space C". Tt is easy to verify that this correspondence is a homeomor-
phism. Since the space C" is naturally homeomorphic to the space R?" (the
corresponding homeomorphism maps each point (z', ..., z*) € C" to the point
(x', ¥', ..., x*, y™) € R?", where x' is the real part and y is the imaginary part
of the complex number 7%, i =1, ..., n, thereby a homeomorphism is defined

&:U —»R™ i=0,1,...,n.
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For example, the homeomorphism & : Uy — R?* maps the point (z°:z' : - :

Z") € U;, to the point x*, y', ..., x", y" € R?" for which
1 n
1 <01 < n s N <
iyt =, iyt = 2
Yy 0 y 0
Let
n: S cpr
be the natural projection (associating the point (z°, z!, ..., z) € $?"*! with
the point (z° : z! : --- : z") € CP"). We call a function f on the space CP"

smooth if f om is a smooth function on the sphere $?"*!. It is easily verified
that the set O(CP™) of all functions smooth in this sense is a smoothness on the
space CP" and that the space CP" equipped with this smoothness is a smooth
2n-dimensional manifold. (The homeomorphisms &;,i=0, 1, ..., n constructed
above are diffeomorphisms with respect to this smoothness and can therefore
be taken as coordinate diffeomorphisms.)

Consider the function f on the manifold CP" defined by the formula

FE@ 2t ) = ol P el P+ + cnl2

where cg, ¢1, ..., Ccn, are some pairwise distinct real numbers. Clearly, this
function is uniquely defined and is smooth on the manifold CP".

On the coordinate neighbourhood Uy, this function is expressed through the
local coordinates constructed above

according to the formula

FE@ izt = co+ (e = co) (B + (7)) + -+ (en = o) () + (™)),

Consequently, in the neighbourhood Uy, the function f has one and only one
critical point
po=(1:0:---:0).

This point is non-degenerate, and its index is equal to twice the number of
coefficients c;, with the property that ¢; < cg.

Similarly, in the coordinate neighbourhood Uj;, j =1, ..., n, the function f
has one and only one critical point

pj=0:--:0:1:0:---:0), i=1, ..., n.

This point is non-degenerate, and its index is equal to twice the number of
coefficients ¢; with the property that c; < c;.

Thus, the function f has n+1 critical points, all of which are non-degenerate.
Moreover, among the indices of these points, each even number from 0 to 2n
occurs (exactly once).

By the above remark, it is thus proved that
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Proposition 6.53. the manifold CP" is homotopy equivalent to some cellular
partition containing n + 1 cells

of dimensions 0, 2, ..., 2n, respectively.

Remark 6.54. A closer examination of the structure of the manifold CP" reveals
that it is not only homotopically equivalent, but even homeomorphic to the
indicated cellular decomposition. In general, by way of refining the general
proposition proved in this section, it can be shown that

Proposition 6.55. any smooth separable manifold is the body of some countable
cellular decomposition.

However, as long as we are only interested in the homotopy properties of
manifolds, this refinement is useless. For this reason, and also because its proof
is quite difficult, we will not dwell on it.

6.5 Bott’s theorem

In all the preceding discussions, the assumption of non-degeneracy of the crit-
ical points of the function f under consideration played a significant role. In
this section, we will show that, in a somewhat weakened form (more sufficient
for most applications), the main result of §6.3 remains valid even under the as-
sumption that the critical points of f are only weakly non-degenerate. Namely,
we will show that

Proposition 6.56. if a critical value ¢ of f is isolated, compact, and has the
property that all critical points of f located on a level surface [ f = c] are weakly
non-degenerate, then for some € > 0, the set [f < ¢ + €] contains a subset of
the form [f < ¢ —&] U Q, where Q is the topological sum of a finite number of
closed balls, which is its deformation retract; moreover, the dimension of the
balls that make up the set Q is not less than the smallest of the indices of the
critical points p € [f = c].

Clearly, to prove this assertion (first proved by Bott), it suffices to prove
that

Proposition 6.57. on the manifold M there exists a smooth function g such
that

1) for some € > 0, the following equalities hold:

[g<c—¢e]=[f<c-¢€], [gsc+e]l=[f<c+e];

2) the set
[c—e<g<c+e]l=[c—-e<f<c+eg]

is compact and contains only non-degenerate critical points of g;
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3) all these critical points are located on the level surface [f = c], and the
index of each of them is not less than the smallest index of the critical points

pelf=cloff.

The condition of weak non-degeneracy of critical points p € [f = c¢] of
the function f means that each of these critical points belongs to some non-
degenerate critical manifold. Since the set [f = c] is compact, each of these
manifolds is compact and their number is finite. Let

Nl, R NS

be all non-degenerate critical manifolds of the function f located on the level
surface [ f = c], and let
hi, ..., hs

be their indices. We set
h=min(hy, ..., hy).

According to the Whitney embedding theorem (see §5.6 and §5.7), we can
assume without loss of generality that the manifold M, and therefore the man-
ifold

N=N;U---UNg

are closed submanifolds of some Euclidean space R’.

By hypothesis, for the function f there exists a number & > 0 such that the
set [c —& < f < ¢+ €] is compact and does not contain any critical points of
this function that are different from the points of the manifold N. Let W be an
arbitrary tubular neighbourhood of N in the space R’ with the property that

WﬂMc[c—gsfSc+g].

Furthermore, let W; and Wy be (necessarily tubular) neighbourhoods of N in
the space R? with compact closures W, and W5, such that Wy ¢ Wo and W C W.

According to the definition of non-degenerate critical manifolds, the man-
ifold N has a neighbourhood U in the manifold M such that no point of this
neighbourhood, distinct from points of the manifold N, is a critical point of the
function f. Consider the set

V=UOW10M.
This set

1) contains the submanifold N;

)

is open in the manifold M;

<

)
) is contained in the compact set [c — £ < f <c+ £];
)

4) 1is the union of sets

pV=Un,W,NnM pEeN,
where ,W, are the fibres of the tubular neighbourhood W;.
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We will call the sets ,V the fibres of the neighbourhood V. Clearly, each
fibre ,V is a submanifold of M complementary to the submanifold N at the
point p.

By construction, for each point ¢ € V'\ N, the differential df,, of the function
f is nonzero. Furthermore, it is easy to see that (reducing the neighbourhood
U if necessary) we can, without loss of generality, assume that this differential
is non-zero already in the subspace (,V)q of My, where ,V is the fibre of the
neighbourhood V containing the point g.

Assuming that the manifold M is defined as a Riemannian space, consider
the gradient grad f of the function f. By hypothesis, this gradient is non-zero
at every point of the set [c —& < f < ¢+ €] \ V. Therefore, since the set
[c—e < f<c+e]\Vis compact, there exists a number K > 0 such that

lgrad f]>K onfc—-e<f<c+e]\V.

According to the theorem proved in §6.3, on the manifold N there exists
a smooth function @ with only non-degenerate critical points. We extend this
function to the neighbourhood W, assuming that on each fibre of this neighbour-
hood the function @ is constant. Since the set W, is compact and is contained
in the neighbourhood Wy c W, there exists a smooth function 5 on the space
R’ that coincides with the function @ on the neighbourhood W; and vanishes
outside the neighbourhood Ws.

The restriction _

¢ =9¢lm

of the function g on the manifold M is a smooth function on M with the following
properties:

a) the function ¢|y has (on N) only non-degenerate critical points;
b) on each fibre ,V, p € N, of a neighbourhood V, the function ¢ is constant;

c¢) the support [¢ # 0] of the function ¢ is compact and contained in the set
[c-$<f<c+£];

From property b) it follows directly that

d) at any point ¢ € ,,V, the differential dg, of the function ¢ is equal to zero
on the subspace (,V), of My;

e) the point p € N is a critical point of the function ¢ if and only if this point
is a critical point of the function ¢|y (on the manifold N).

Moreover, in view of property a)
f) for any critical point p € N of the function ¢, the maximal subspace of M),

on which the Hessian H,¢ is identically zero coincides with the space (,V)
tangent to the fibre ,V at the point p.
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Finally, since, in view of property c) the function ¢ on the manifold M is
bounded, we can, without loss of generality, assume (multiplying, if necessary,
the function ¢ by some constant) that

g) for any point p € M the following inequality holds

i

N M

le(p)] <

Furthermore, by similar considerations, we can assume that

h) on the entire manifold M the following inequality holds
K
lgrad ¢| < X

Let us now consider the function
g=f+e.
Let p be a point of the manifold M such that
g(p)<c+e.
Ifpe [c —£<f<c+ %], then g(p) = f(p) and therefore
f(p) <c+e.

If c— £ < f<c+ £, then even more so

f(p)<c+e.

Conversely, let
f(p)<c+e.

If c- £ < f<c+ %, then in view of property g)
g(p)<c+e.
Ifpe [c —£<f<c+ %], then in view of property c) ¢(p) = 0 and therefore
g(p)<c+e.
[g<c+e]l=[f<c+e].
Similarly, it is proved that

[c—e<g]l=[c-e<f].
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By construction, for any point g € V \ N, the differential df, of df is no-
nzero on the subspace (,V), of M,, where ,V is the fibre of the neighbourhood
V containing the point g. By property d), it immediately follows that the
differential dg, of g is also non-zero on the subspace (,V),;. Therefore, it is
non-zero on the entire space M,. Thus, no point ¢ € V\ N is a critical point of
g.

Similarly, by the inequality h), no point g € [c—e < f <c+¢]\Vis also a
critical point of the function g. Consequently, all critical points of the function g
belonging to the set [c —& < f < c¢+¢&] are located on the manifold N C [f = ¢].

On the other hand, since df, = 0 for any point p € N, this point is a critical
point of g if and only if it is a critical point of ¢. Moreover, at any such point,
the following equality holds

H,g=H,f+H,qp.

Since the maximal subspaces N, and ( pr) of M, on which the quadratic
forms H), f and H,¢ are identically zero are mutually complementary subspaces
of M, it follows immediately that the quadratic form Hp,g is non-degenerate
and that its index is equal to the sum of the indices hy(p) and hy,(p) of Hp f
and Hp,¢ and is no less than the number & < hy(p).

This proves that the function g satisfies all the conditions listed above.

Remark 6.58. The theorem just proved admits of a refinement that is completely
analogous to Morse’s theorem and transforms into this theorem when the critical
value ¢ is non-degenerate. However, in practice, this refinement is essentially
useless. Therefore, we will not present it here.

Bott’s theorem applies to the problem of describing the homotopy type of
smooth manifolds in exactly the same way as Morse’s theorem (see §6.4). For
example, we immediately obtain from it that

Proposition 6.59. every smooth function f of compact character bounded be-
low on a smooth separable manifold M, having only weakly non-degenerate crit-
ical points, defines a homotopy equivalence of M with some space obtained from
the set N of all minimum points of f (which, by assumption, is a submanifold
- generally, not connected - of M) by successively gluing together a countable
number of closed balls whose dimensions are no less than the smallest of the
indices of the critical points of f that are not minimum points.
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Morse inequalities

Strictly speaking, the fundamental theorem of §6.3 was only implicitly contained
in Morse’s research. In fact, Morse described the relationship between the topol-
ogy of a smooth manifold M and the critical points of a smooth function f on
M using so-called Morse inequalities. Although these inequalities convey signif-
icantly less information than the theorem of §6.3, we will nevertheless present
them here, since it is often sufficient to use only these inequalities without re-
sorting to the more complex theorem of §6.3. Furthermore, these inequalities
have a certain historical interest.

Morse inequalities involve the so-called Betti numbers of the manifold M
(the ranks of its homology groups). Referring the definition and proof of the
basic properties of these numbers to any algebraic topology textbook (see the
historical and literary commentary at the end of the book), we will only recall
here that

1) The definition of Betti numbers involves a certain field, called the coefficient
field; all results of this section remain valid regardless of the choice of this
field;

2) Betti numbers are defined for certain pairs (X, A) consisting of a topological
space X and its subspace A and are non-negative integers; we will denote
them by the symbols

bn(X, A),

where n =0, 1, ...; for A = @, we will write b, (X) instead of b,(X; @);

3) if the number b, (X, A) is defined for the pair (X, A), then it is also defined
for any pair (X', A") that is homototically equivalent to the pair (X, A), and

ba(X',A') = by(X, A);

4) the number b, (X, A) is a priori defined if the pair (X, A) is cellular and the
number of n-dimensional cells of the decomposition X that do not belong to
the sub-decomposition A is finite;

5) if the number b,(X, A) is defined for a cellular pair (X, A), then it is also
defined for any pair of the form (X" U A, A), where X" is the n-dimensional

265
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skeleton of the decomposition X, and
bn(Xm ) A’ A) = bn(X’ A)a
if n <m;

6) if the space X is obtained from the space A by gluing & closed m-dimensional
balls (via some maps of their boundaries), then

k, if n=m,

b,(X,A) =
( ) {0, it n#m.

We'll need another property of Betti numbers, usually not specifically mentioned
in textbooks.

Let s(X,A) be an arbitrary numerical invariant defined for some pairs (X, A)
of topological spaces. We will call this invariant subadditive if, for any three
nested spaces X D A D B, the relation

s(X,B) <s(X,A) +s(A,B) (6.60)

(provided, of course, that all numbers involved in this relation are defined). In
the case where equality always holds in relation (6.60), we will call the invariant
s(X,A) additive.

Using the so-called “exact homotopy sequences of pairs”, one can easily prove
that

7) for any n > 0 the number b,(X, A) is subadditive
and, moreover, that

8) for any n > 0 the following number is subadditive
Cn(X’A) = bn(X’A) - bn—l(X’ A) +---t (_1)nb0(X’ A)
For every pair (X, A) with the property that b,(X,A) = 0 for all sufficiently
large n, there is a number
X(X,A) =bo(X,A) = b1(X,A) + -+ (=1)"bu(X, A) + -,

called the Euler characteristic of the pair (X, A). Similarly to property 8), it
can be easily proved that

9) the Euler characteristic y(X, A) is additive.
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Let K be an arbitrary cellular decomposition such that for any n > 0, the
number a,(K) of its n-dimensional cells is finite. Then (see Property 4)) for
any n > 0 and m > 0, the number b, (K™, K™ !) and also the number b, (K)
are defined. Moreover, according to Property 6), for any n > 0 and m > 0, the
equality holds
ay(K), if m=n,

b Km,Km_l —
n( ) {0, if m#n.

Summing these equalities over m, we obtain that for any n > 0, the equality

n+l

Z bp(K™, k") = a,(K). (6.61)
m=0

Applying the subadditivity relation to this equality the required number of
times and taking into account that b,(K™*',K~') = b,(K), we immediately
obtain that

b,(K) < a,(K). (6.62)

Similarly, taking the alternating sum of relations (6.61) and using the addi-
tivity property of the Euler characteristic, we obtain (assuming that dim K = m,
i.e., that a,(K) =0 for n > m) the relation

bo(K) = b1(K) + -+ (=1)"bm(K) = ao(K) —a1(K) +--- + (-1)"am(K) (6.63)

More precise relations can be obtained using the subadditivity of the in-
variants ¢, (X, A). Indeed, taking the alternating sum of the first n relations in
(6.61), we immediately obtain that

Proposition 6.64. for any n > the following inequalities hold:
bp(K)=bp-1(K)+---+(=1)"bo(K) < an(K)—an-1(K)+---+(-1)"ao(K). (6.65)

It is clear that inequalities (6.62) are immediate consequences of inequali-

ties (6.65). (To obtain inequality (6.62) for n = k, it suffices to add together
inequalities (6.65) corresponding to the values n = k and n = k — 1.) Equality
(6.63) also follows from inequalities (6.65) (it suffices to compare inequalities
(6.65) corresponding to the values n = m and n = m + 1, and to use the fact that
am+1(K) = bypp1(K) = O)
Remark 6.66. Inequalities (6.62) follow directly from the definition of Betti num-
bers as the ranks of homology groups. Equality (6.63) is known as the “topolog-
ical invariance theorem for the Euler characteristic,” and its proof (essentially
identical to the above) can be found in any algebraic topology textbook. In con-
trast, inequalities (6.65) are much more profound and are usually not presented
in topology textbooks.

Let M be an arbitrary smooth separable manifold, and f an arbitrary
smooth, lower-bounded function of compact character on M with only non-
degenerate critical points. By §6.4, this function defines a homotopy equiva-
lence of M with some cellular decomposition K, whose cells are in one-to-one
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correspondence with the critical points of f, where the dimension of each cell is
equal to the index of the corresponding critical point. Suppose that the number
of critical points of f is finite (this condition is necessarily satisfied, for example,
if M is compact). Then the decomposition K has the above property, and there-
fore all the results obtained above are applicable to it. Given that the numbers
bn(K) are equal to the numbers b,(M) (by Property 3) of the Betti numbers)
and that for any n = 0, 1, ..., m, where m = dim M, the number a,(K) is
equal to the number a, (f) of critical points of the function f with index n, we
immediately deduce from this that

Proposition 6.67. for any smooth separable manifold M, any smooth function
f bounded below of compact character on M, having only a finite number of
critical points, all of which are non-degenerate, and any n > 0, the following
equalities hold

bu(M) = bu-1 (M) + -+ + (=1)"bo(M) < an(f) = an-1(f) +--- + (=1)"ao (/).

where b, (M) are the Betti numbers of M, and a,(f) is the number of critical
points of f with index n.

In particular,

Proposition 6.68. for any n > 0, the following inequalities hold

bp(M) < an(f).

Furthermore, the following equality holds
bo(M) = by (M) + -+ (=1)"bm(M) = ao(f) —ar(f) +--- + (=1)"am(f).

These relations sometimes allow us to quite accurately estimate the Betti
numbers of a given manifold M (or, conversely, to obtain information about the
number of critical points of the function f from knowledge of its Betti numbers).
For example, it easily follows from them that

Proposition 6.69. if a,_1(f) = an+1(f) =0, then b,—1(M) = b,+1(N) =0 and
bn(M) = an(f).

Remark 6.70. We emphasise that all these results are valid only for functions
of a compact nature that are bounded below.



Chapter 7

Elements of Riemannian
Geometry

This chapter contains a strictly selected minimum of information from the the-
ory of Riemannian spaces (and spaces with affine connexions) necessary for the
subsequent chapters. Therefore, this chapter does not contain any specific the-
ory. However, the entire presentation is conducted with complete rigour, with
particular attention to details that are usually overlooked in classical exposi-
tions.

The first six sections are devoted to spaces with affine connexions.

§7.1 introduces the basic concepts of the theory of spaces with affine con-
nexions.

§7.2 - §7.4 construct the formal apparatus of covariant (absolute) differenti-
ation.

§7.5, after a few simple remarks on geodesics, proves the existence of neigh-
bourhoods normal with respect to each of their points (Whitehead’s theorem).

§7.6 derives the well-known Cartan equations for differential connexion forms.

The remaining sections (§7.7 - §7.12) consider proper Riemannian spaces.

§7.7 proves the existence and uniqueness of a Riemannian connexion.

§7.8 constructs and studies the Riemannian curvature tensor. In this same
section, the metric tensor is expressed in terms of differential connexion forms
of the corresponding Riemannian connexion.

In §7.9, the intrinsic metric of a Riemannian space is introduced and its
simplest properties are considered.

In §7.10, the existence of normal convex neighbourhoods is proved. A con-
vergence lemma, needed in the next section, is also proved here.

In §7.11, it is proved that in a complete Riemannian space, any two points
can be connected by a shortest arc (the Hopf-Rinow theorem).

Finally, in §7.12, it is proved that a Riemannian space is complete if and
only if it is metrically complete.

269
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7.1 Affine connexions

Let M be an arbitrary smooth manifold. An affine connexion on M is a function
V that associates with each vector field X € O (M) a linear (but not @(M)-linear)
map

Vx : 01 (M) - 61 (M),

with the property that for any functions f,g € O(M) and any fields X,Y €
0'(M), the following relations hold:

Vix+gy = fVx +gVy (O(M) - linearity in X),
Vx(fY)=Xf-Y+f-VxY (the product differentiation rule).

An alternate definition

Definition 7.1. Let M be an n-dimensional smooth manifold. An affine con-
nexion, or simply connezion, is a map V : OY(M) x 01 (M) — O6'(M) where
O0'(M) denotes the space of smooth vector fields, such that for vector fields
X1, X0, X,Y,Y1,Ys € 6Y(M) and function f : M — R, the following holds:

(1) V(fxl + XQ’Y) = fV(Xl, Y) + V(X29Y)7
(2) V(X,aY1 +Y2) =aV(X,Y1) + V(X,Ys) for all a € R,
(3) VX, fY) =X(f)Y + fV(X,Y).

We write V(X,Y) = VxY.

Caveat: One should not attempt to read anything into the word “connexion”
- it is just an operator like the directional derivative. Note the asymmetry in
the roles of the first and second vector fields X and Y; V is O(M) linear in X but
not in Y. However, if f is a constant function, then X f = 0; thus V is R-linear
in both variables.

It should be emphasised that Postnikov later shows that his definition of V
is equivalent to our alternate one (See Proposition 7.31).

A manifold M on which an affine connexion V is defined is called a space of
affine connezion, and the map Vy is called a covariant differentiation along the
vector field X (with respect to the given affine connexion V).

The concept of affine connexion is local, i.e.,

Proposition 7.2. If at least one of the vector fields X or Y is zero on an open
submanifold W of M with affine connexion, then the vector field VxY is also zero
on W.

Proof. Indeed, let f be a smooth function on M, equal to one at some point
p € W and zero outside W. Then if ¥ = 0 on W, then fY = 0 on M, and therefore
Vx(fY) =0on M. But

Vx(fY)=Xf-Y+f-VxY,
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so that
f-VxY=-Xf-Y onM,

and therefore
(VxY)p ==X (p) - Yp =0,

since f(p) =1and ¥, =0.

Similarly, if X = 0 on W, then fX =0 on M and therefore VyxY = 0 on M.
But VyxY = fVxY, so (VxY), =0, since f(p) = 1. Since p is an arbitrary point
of the set W, this proves that in both cases VxY =0 on W. O

Now let X and Y be arbitrary vector fields on an open submaifold W of the
affinely connected space M. As we know, for any point p € W there exists a
neighbourhood V ¢ W and vector fields X" and ¥’ on M such that X' = X and
Y =Y on V. We define an affine connexion V|y on W, setting

((V|W)XY)p = (Vx’Y,)p, peEWw.

Due to the local nature of the affine connexion, the vector (Vy Y')p for any
point p € W does not depend on the choice of the fields X" and ¥'. Therefore,
this formula uniquely defines the vector field (V|w)xY on W. The fact that the
constructed function V|w is an affine connexion is verified directly.

We will call an affine connexion V|y the restriction of V to W, and the open
submanifold W equipped with this connexion an open subspace of M. In the
case where no misunderstandings are likely to occur, we will denote the affine
connexion V|w on W by the same symbol V as the affine connexion on the entire

space M.
In particular, an affine connexion V|y is defined on any coordinate neigh-
bourhood U of the space M. Let Xi, ..., X, be an arbitrary basis of the module

0 (U) and let . .
X=XX, Y=YX;

be arbitrary vector fields on U. Then, as is easy to see,
VxY =X XY/ X; + X'X'Vx,(X;) onU.

Setting
Vx, (X)) =T X,

where Ffj are some smooth functions on U (called the connectivity coefficients

of V in the basis X1, ..., X), we obtain from this the following expression for
the components (VxY)¥ of the field VxY:

(VxV)* = (v + Ty X (7.3)

In particular, if X; = %, then

oYk o
(VxY)k = (W +THY)X" (7.4)
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For any vector fields X, Y defined on a space of affine connexion M, we set

K(X,Y) = Vx¥ — Vy X — [X, Y],
R(X,Y) = VxVy = VyVx - V|x,v]-

Thus, K(X,Y) is a vector field on M, and R(X,Y) is a map O'(M) — O'(M).
Clearly, the following “antisymmetry properties” hold:

K(X.,Y)=-K(Y,X), R(X.,Y)=-R(,X).

Moreover, it is directly verified that for any three fields X,Y,Z € 6'(M) the
identity holds

R(X,Y)Z+R(Y,Z)X + R(Z,X)Y =
K(X,[Y,Z]) +K(Y,[Z,X]) + K(Z,[X.Y]) + VxK(Y,Z) + Vy(Z, X) + VzK(X.Y).

In particular,

Proposition 7.5. if K =0 then
R(X,Y)Z+R(Y,Z)X+R(Z,X)Y =0. (7.6)

The last identity is known as the Bianchi identity.
As a rule, it is more convenient to consider, instead of the field K(X,Y) and
the map R(X,Y), the tensor fields K and R, defined by the formulae:

K(w;X,Y) = w(X,Y), we0, (M), X,Y € O (M),
R(w;Z,X,Y) = w(R(X,Y)X), weO (M), X,Y,ZcO\(M)

(See §4.8). We will call the field K (of type (1, 2)) the field of torsion tensors,
and the field R (of type (1, 3)) the field of curvature tensors of the affinely
connected space M under consideration.

At each point p € M the field K defines a certain tensor K, € @21 (p) - the
torsion tensor at the point p. For any vectors A, B € O'(p), the function

K,(A,B)(a@) =Kp(a; A, B)

of the covector @ € O;(p) is a tensor of type (1,0), i.e., a vector. Thus, the
tensor K, allows us to associate with any vectors A,B € M, a certain vector
K,(A,B) € M,
Similarly, at each point p € M the field R defines a certain tensor R, € 03 (p)
- the curvature tensor at the point p. For any vectors A, B,C € O'(p)O;(p), the
function
[RP(A’ B)C] (a) = RP(O/; C’ A’ B)

of the covector @ € O1(p) is a tensor of type (1,0), i.e., a vector. It is clear that
the correspondence C — R, (A, B)C is linear. Thus, the tensor R, allows us to
associate with any vectors A, B € M), some linear transformation R, (A, B) of
the space M.
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Let U be an arbitrary coordinate neighbourhood in the space M, and let
X1, ..., X, be an arbitrary basis of the ©(U)-module 6'(U). Setting

[Xi, X;] = ¢} X,
using formula (7.3), we easily find that for any vector fields X,Y € 0 (U), the
components K(X,Y)* of the vector field K(X,Y) on U are expressed by the

formula o
K(X,Y)* = (T}, - T = e} )XY/,

when for the components Kfl. of the tensor field K, we obtain the formula
k k k
K;; =Ty -T}. (7.7)
In particular, if the basis Xy, ..., X,, is holonomic, then

k k k k
L A (7.8)

Therefore,

Proposition 7.9. the field K of torsion tensors is zero if and only if, for any
system of local coordinates on the space M, the corresponding connexion coeffi-
cients Ffj are symmetric with respect to the subscripts:

k _ 1k
Iy =T}

Similarly, by calculating the components of the fields VxVyZ and VyVxZ
using formula (7.3), we can easily find that for any three fields X, Y, Z € 6*(U),
the field R(X,Y)Z € 6'(U) has components

(R(X,Y)Z)* = (TKTS, — T} T3, + Xil'§, = X,;Tfy = ¢ Ti) X 'Y/ Z8,

i.e., the components thfij of the tensor field R are expressed by the formulae

R = TR, = TR + XU, = X;T, — e} T, (7.10)
In particular, if the basis Xy, ..., X,, is holonomial, then
ark  ark
k _ 1k k it i
Ryiy =Tl =Tyl + ol 6_xll (7.11)

7.2 Covariant differentiation of vector fields

Let y : I — M be an arbitrary regular curve in a space M with affine connexion,
and let X(¢) be some smooth vector field on the curve y. Consider an arbitrary
elementary segment y|c of the curve y. As we know (see §5.2), on the manifold
M there exists a vector field X such that

Xy)=X(t) foranyteC
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and a vector field A such that
Ayiy =v(t) foranyteC.

We define a vector field %(i) on y|c, setting

VX
E(I) =(VaX),t) foranyteC.

It turns out that

Proposition 7.12. the field Z—}f(t) is independent of the choice of the fields X
and A, i.e., it is determined exclusively by the field X(t) and he curve y.

Proof. To prove this statement, we consider local coordinates x*, ..., x™ de-
fined in the coordinate neighbourhood U > y(C). Let

X(1) =X (1) (%) " on C
y(t

and
;0
X=X'"— on U,
ox!
where X! = Xx' are smooth functions on U, and X’(¢) are smooth functions on
C related to X' by the relations

X'(1) = X' (y(1).

Similarly, let
; 0
v(r) = A'(¢t) (—) on C
y(1)

Oxt

and

A= A"i on U

T oxd ’
where A’ = Ax’ and A’(t) = A’(y(t)). Then
LXKk .
(VaX)k = s +TEAX), k=1, ..., m,
oxt y

where F{‘j are the connectivity coefficients of V. Denoting the components of the

vector Z—f(r) = (VaX), () in the basis (6%1)7(,) y ey (‘%‘im)y(z) by the symbols
Vd—)gk, k=1, ..., m, we immediately obtain from this that
vxk . axk o
= A1) == (y(1)) + TE(HA () X7 (1),
e = A S () + T (OA (DX (1)
where

T (1) = T (v ().
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But we know (see §6.1) that _ _

A'(1) = x(1),
from which, according to the rule for differentiating a composite function, it
follows directly that

k
A(t)—( =20

Thus
vxk dx*(r)
dr
Since the right-hand side of this formula does not depend on the choice of the
fields X and A, the statement formulated above is thus completely proven. O

+T5OFOX/ (1), k=1, ..., m. (7.13)

Since any point of a regular curve y belongs to some elementary segment,
the construction described above uniquely determines the vector VX - (¢) for any
t € I. Tt is clear that the vector field constructed in this way dt X (1) on the
curve y(?) is a smooth field. We will say that this field is obtained by covariant
differentiation of the field X(t) along the curve vy.

It is clear that on the set of all fields X(7) the covariant differentiation -
is linear, i.e. for any two fields X;(¢) and X3(f) on the curve y(¢) the following

formula holds
VX1 VX,

ar T ar

When multiplying a vector field by a numerical function, covariant differentia-
tion obeys the product differentiation rule, i.e., for any function f(¢), t € I, and
any field X(¢) on the curve vy, the follwing formula holds:

f()

T 000 + X)) =

%(f(t)X)(t)) =——X() +f(t) ()

In any system of local coordinates x!, ..., x™ the components (t) of

the field VX ~(t) in the basis (%) o’
y(t

by formulae (7.13), regardless of whether the segment of the curve y contained

in the corresponding coordinate neighbourhood is elementary or not.
Therefore, these formulae can be used as the basis for the “coordinate” def-

(#om) o are obviously expressed
y(t

inition of the operation %, since it is easy to verify that the numbers Vd—)ik(t)
defined by these formulae serve as the coordinates of a well-defined vector (in-
dependent of the choice of local coordinates x!, ..., x™). It is important to
note that this new definition is also applicable in the case where the curve y(t)
is irregular. Thus, we can assume that

Proposition 7.14. the operation % of covariant differentiation of vector fields
along a curve is defined for any smooth curve y(t).

With this in mind, consider an arbitrary smooth surface ¢ : Iy X Is — M in
the space M and some vector field X (z!,#2) on the surface ¢. (As in §5.1, we
assume that the surface ¢ is two-dimensional, although everything that follows
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is valid, mutatis mutandis, for any n.) For each fixed t? € I, the vectors X (¢!, 12)

form a field X,2 (') on the smooth curve ¢,2(z') = ¢(t!,?), and hence the field
Vdf’f is defined on this curve. Clearly, the formula

2Ry = S

defines a vector field ¥ 5T X (t1,1%) on the surface ¢. Similarly, the formula

th

6t2(1 2)_ ( )

where th(tZ) = X(¢', t2) defines a vector field ¥ 5% (1%, 1%) on . We will call the

operations W and W the operations of covariant differentiation on the surface
@ with respect to the parameters t' and 2, respectively.

Let x', ..., x™ be the local coordinate of the point p = (¢!, ¢2). It
,12) of the vector ;f(tl,t2) in the basis

(%) s (axim) , D= <p(t1,t2) are expressed by the formula
P P
vxk AXk(1,1?) ox (t1, %) .
i - (t1,12) = B — Ff,-(ll,ﬁ)TXj(fl,lQ),

where Xk (',7?) are the components of the vector X(¢!,7?), and
X (1) = X (p(rh,1%),
and accordingly
Th (et 1) =T (e('1%).
k
In particular, for the components (%%@) (t',12) of the vector BYI = (')
we obtain from this that

V 8(,0 , (tl 12) _ a2xk(t1’t2)
ol dr2 T 9o

oxt (11, £2) ox7 (¢, 1?)
ot o2

T (1)

(Here we take into account that the components of the vector (w 2 (t1,1?) are
derivatives %;2’2)) Similarly
Ax'(t1,1?) ox7 (11,12)

k 1 .2
(10 or? o

v dg\* (1,12 = Oxk (!, 1)
ot2 orl ot20t1

If K =0, then Ffj = F}‘i and these expressions coincide. This proves that

Proposition 7.15. if K = 0, then for any surface o(t',t?) the following formula
holds:
V dp 'V dy

PRl ae (7.16)
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Returning to an arbitrary vector field X (!, ¢2) on the surface ¢, consider the
field % ¥X(¢1,£2). Its components are as follows

or2 or!
k .
(lv_x)k (tl t2) _ 82Xk(t1’t2) + 6Fl/ (tl t2) ax[(tl’tQ) axl(tl’tz)xj(tl t2)
012 ot T 9200 axt ™’ or? ort ’
92t (L, 2) . Ax'(t1,12) X7 (¢4, 12
+Fk (¢, ;2)—;28;1—))@(; 2)+1ﬂ (', 1%) a (atf ) ;tz’ )
oxt(tt, 1) (XSt 1% oxt ( ! t2)
+ 5,4, 1%) 90 ( o +I7(t ) —F—=X/ (', ],
where
k r‘k

h(rl 1?) = h(go(zl 1))
axi axi T T

k
Subtracting from this formula a similar formula for (6—31%) (t', %) we obtain
that

(lV_X) G 2)_(1V_X) (t4,1%) =

ot? otl tl 012
k

k 2\ Tk 2 2 6F
('t )l—‘t,(t )Fjs(t S, (eh )+at

ark
(t',1%) - ( 2))
oxi(t',1?) oxI (4, 12)

o1 2
0t2 ott X0,

i.e., (see Formula 7.10) that

( v VX) (1. 1%)— ( v VX) (.12 = &J(t )6xi(t1,t2) axf(tl’t2)Xf(t1’t2)’

o2 o1 1 or2 o12 oL

where
RE (1'.1) = RE, (¢t 1)),

Returning from components to vector fields, we obtain from this that

VvV VX A Oy
gz an ) - t1 6:20 9 =Ry, ’2>(6t2 atl) (i),

i.e., that
\% \%
g5 (128 = Ry

—6162 (7.17)

¢ d¢
ot? orl

where both parts of the equality are considered as operators acting on vector
fields X (¢1, £2).
Let
y(1) = o(1' (1), 1% (1))
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be an arbitrary curve belonging to the surface ¢. The vector field X(z',¢2)
defines a field on this curve

X(1) = X(t' (1), (1)).
In an arbitrary system of local coordinates xY, ..., x™ we have

Eﬁa>‘“?n+ﬂﬂawwn

(t (1), 7(1)) + X (t (0,7°(1))
+ 5 (1 (1), 1 (t)) (t (1), 22 ()i ()X (¢ (1), 1% (1))
+Tf (t (1).1 (t)) (tl(t),t2(t))t'2(t)Xj(t1(t),tz(t))

= atl (t (), 22 ()i (1) + 2 (t (0,22 ()i (1).

Therefore, as in elementary analysis,

VX VX .
0 = SO0 0 + 25 (0. AW ).

It is clear that the corresponding formula

—( ) = W(I (), os (D)) (7.18)

also holds for any n.

7.3 Parallel translation along a curve

We will say that a vector field X () on a curve y(z), t € I, is a field of parallel
vectors if

VX
W(t) =0 foranyrzel.
According to formula (7.13),

Proposition 7.19. a field X(¢t) is a field of parallel vectors if and only if, for
any system of local coordinates x', ..., x™, its components X*(t) = X(t)x*

satisfy the equations
ax*(r) i .
T + Flkj(t)x (t)X] (t), k=1, ..., m. (720)

Let p = y(ty) and ¢ = y(#1) be two arbitrary points of the curve y(¢), t € I.
We will say that a vector B € M, is obtained from a vector A € M), by parallel
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translation along the curve 7, if for some interval J C I containing the points t
and #; there exists on the curve y|; a field X (¢) of parallel vectors such that

X(to) =A, X(tl) = B.

In this case, we will write
B = qu A.

From this definition it follows directly that the parallel translation 7 = ‘rg

has the property of transitivity:

Proposition 7.21. For any three points p = y(ty), g = y(t1), and r = y(t3) of
the curve vy and any three vectors A € M, B € My, and C € M,, the relations
B = Tf;A and C = 7! B imply the relation C = 17 .

Let us now show that

Proposition 7.22. for any vector A € M,,, the vector T/ A € My always exists
and is uniquely defined, and the resulting map

p.
T, M, — M,
is an isomorphism of linear spaces.

Proof. Due to the transitivity of the translation 7, this statement suffices to be
proven for the case when the curve 7y is entirely contained in some coordinate
neighbourhood. Furthermore, since the map ‘r,‘,7 is the identity, the fact that the
map 7/ is isomorphic follows from its linearity and transitivity (since 7j o7} =
7).
With this in mind, let us consider equations (7.20) satisfied by the compo-
nents X*(z) of an arbitrary field of parallel vectors on the curve y. According

to a well-known theorem from the theory of differential equations, there exist

smooth functions g'(t;a', ..., a™) on the interval I, linearly dependent on m
numerical parameters a', ..., @™, such that
1) for any a', ..., a™ the functions X'(t) = g'(t;a’, ..., a™) satisfy equations
(7.20);
2) gi(tg;al, ..., a™) =d,
and these conditions determine the functions g’ uniquely. In geometric language,
this theorem means that for any a', ..., a™, the formula
1 m i 1 m 0
X(t;a -, ..., a")=g"(t;a", ..., a™) e
Yy

defines on vy a field X(¢;a', ..., a™) of parallel vectors such that

(0
X(to;at, ..., a™) =d (—l) .
Ox y(to)
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Since the vector a’ (i

0xi) P
follows that the mapping Ty (150 )deﬁned on the entire space M. Since the functions
g' are uniquely determined by conditions 1) and 2), the map 7 is single-valued.
Since the functions g depend linearly on a', ..., @™, the map 7 is linear.
Therefore, the above statement is completely proved. O

runs through the entire space M, ,) = M,p, it

The operation 7 = 75 of parallel translation along the curve y from the
point p to the point ¢ can be defined not only for vectors, but also for tensors
of arbitrary type (r,s) # (0,0).

First, let @ be an arbitrary tensor of type (0, 1) at the point p, i.e., a covector
@ : M, — R. We define the covector 7 : M; — R by setting for any vector
AeM,

ra(A) = a(t7A),

L= TZ : My — M), is the parallel translation along the curve y from

where 7~
the point ¢ to the point p, inverse to the translation 7 = 2.

Next, for any tensor L € O] (p), r +s > 0, we set
tL(at,...,a AL, ... Ay) =Lttt .. v et AL L T AY),

where a!,...,a" € 0:(q), A1, ..., As € O'(q).
It is clear that the map thus defined

T:0;(p) — O (q), r+s>0,

is also an isomorphism of linear spaces.
We will extend it to the entire algebra 0*(p), assuming that on @8 = R this
map is the identity. It is clear that the resulting map

7:0%(p) > 0"(q)
is an isomorphism of algebras, i.e.
T(L1 ® Ly) = 7(L1) ® T(L2)

for any tensors Li, Lo € O*(p). Moreover, it commutes with the contraction
maps C;., ie.
T(C;L) = Cj-(‘rL),

whenever the tensor C;.L is defined (i.e., for i < s and j < 7).

Let T(¢) be an arbitrary tensor field (of the type (r,s) # (0,0)) on a curve
v(t), t € I. We will say that this field consists of parallel tensors if for any points
to,t1 € I the equality T'(¢t;) = 7T (tg) holds, where 7 is the parallel translation
along the curve y from the point y(#y) to the point y(#;). Clearly, for vector
fields, this definition is equivalent to the original one.

Let us find the conditions that must be satisfied by the components of the
tensors T(t) parallel on the curve y(¢) (under the assumption that the curve
v : I — M is entirely contained in some coordinate neighbourhood U).
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First, let r = 0, s = 1, i.e., let the tensors T(¢) be covectors a(t). Then, in
any system of local coordinates x', ..., x™ defined in a neighbourhood U, the
following equalities hold:

a(t) = ax(t) (dx)y ),

where ay(t) are some smooth functions on I. By definition, the condition a(¢) =
ta(ty) of parallelism of covectors a(t) at points tg,7; € I is equivalent to the
equality for any field

axk

0
X(1) = X*(1) ( )
y(t)
of parallel vectors on the curve y

a(n)(X(11)) = a(to) (X (10)).

Thus, covectors a(t) are parallel on vy if and only if, for any field X(z), the
number of vectors parallel on y

a(t)(X(1) = ax ()X (1)
does not depend on ¢t. Differentiating the equality
ar (1) X (1) = const

with respect to 7, taking into account formula (7.20), we obtain that this equality
is equivalent to the relation

(@ (1) = TJx (Na; (0)X* (1) = 0.
Since for each t € I the numbers X*(¢) can take any values, this relation is
possible only when

day (1)
dt

-T & (e (0) =0, k=1, ..., m. (7.23)

This proves that

Proposition 7.24. a field a(t) is a field of parallel covectors if and only if its
components ay(t) satisfy equations (7.23).

Now let » =1 and s = 1, so that

T(t) = TH(O) (dxl)y () ® (%) -
Yt

It is easy to see (as for the case r = 0, s = 1) that tensors T(¢) are parallel on
v(t) if and only if for any covectors a(z) and vectors X(¢) parallel on y(¢), the
function

T(1)(a(1); X(1)) = T;(1)a; (1) X! (1)
does not depend on t. Differentiating this function with respect to ¢ and taking
into account formulas (7.20) and (7.23), we immediately obtain that
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Proposition 7.25. a field T(t) of type (1,1) is a field of parallel tensors if and
only if, in any local coordinate system, its components T(t) satisfy the equations
de‘.'(t)

— T (DX (T (1) = T (055 ()T} (1) = 0. (7.26)

The case of arbitrary r and s is treated in a completely similar manner.
The equations defining the components of the field 7'(¢) contain r terms of the
“vector” type (analogous to the second term of formula (7.26)) and s terms of
the “covector” type (analogous to the third term of formula (7.26)).

7.4 Covariant differentiation of tensor fields

Let T be an arbitrary tensor field on a space M with affine connexion, having
type (r,s) # (0,0), and let X be some vector field on M. Further, let p be an
arbitrary point of M and y(¢) be the integral curve of X for which y(0) = p. We
define the tensor (VxT), at the point p by setting

7' Ty T

(VxT), = lim 02—, (7.27)

where 7, is the parallel translation along the curve y from the point p to the
point y(¢z). The limit here is taken in the sense that for any system of r covectors
and s vectors at a point p, the value of the tensor (Vx7'), on this system is equal
to the limit of the values of the tensor %(T,‘lTy(,) —T,). In particular, this means
that for any basis of the space M, the components of the tensor (Vx7), are the
limits of the corresponding components of the tensor %(Tt_lTy(,) —Tp).

We will calculate these components assuming that r = s = 1, since consider-
ing the general case would only unnecessarily complicate the calculation.

Having fixed some value ¢ = f( of the parameter ¢, we will transfer the tensor
T,(to) along the curve v in parallel to all points y(¢), 0 <t < 5. As a result,
on the interval y|[q s, the field of parallel tensors S(z) will be defined, and the
following relations will be satisfied.

S(t0) = Ty(rp) S(0) = 73 Ty (1)
Let S;.(t) and T]’f () be the components of the tensors S(¢) and T(¢), respectively,
AxT Bxm
at the point p; we assume that ¢y is so small that the entire segment y|[o ] is

contained in the coordinate neighbourhood of the system of local coordinates
x%, ..., x™. Then, since §(t0) = T}(to), the tensor

in the basis ( 'l ) s ,( 9 ) . Here x!, ..., x™ are local coordinates
v (1) v (1)

Ttng)’(to) =Ty _ S(0) - Ty (1)
to to

will have components

S0 =TJO) _ $0) = Sji10) T} ~T}(0)

Iy ) to
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By Lagrange’s theorem, the first term on the right-hand side is equal to S; (%),
where 0 < t* < tg, and therefore tends to S; (0) as 19 — 0. As for the second term,
its limit is TJ’:(O) as tg — 0. Thus, for the components ((VXT),,);. of the tensor

(VxT)p (in the basis (%) y s ([)xi’") ) we obtain the following expression:
p p

((VxT)p); = =8%(0) + T}(0).

On the other hand, the components S;'.(t) satisfy equations (7.26), i.e., the
equations 3 4 _
S5(1) + T (08 (1) S5(1) = T, (0 ()8}, (1) = 0,

from which it follows that
=8%(0) = Ty, (10)i" (20)T (10) — T ; (10)3* (£0) T} (1o),

since S(t9) = T(to). Introducing the components X* = Xx* and TJ’f =T (dxi, a%)
of the fields X and T and passing to the limit as ¢y — 0, we obtain the relation

=8%(0) = T}, (0)£*(0)T}(0) — Ty, (0)£*(0)T;(0) = (T}, X*Tf — Ty, X*T)),,

where the index p indicates that all quantities in parentheses are calculated
at point p. (Recall that y(f) is an integral curve of the field X and therefore

#*(0) = X5 (p).)
Further, since

Ti(1) = Tj(y(1),
then, by the rule for differentiating a composite function,
dT; (1) _(95)  afo
dt Oxk dt ’
y(1)

from which it follows that
J vk
— X

TH(0) =
(0 o

p

Thus, for the components of the tensor (VxT'),, we obtain the following final
expression (we omit the index p):

[Ty .
(VxT)} = (a—xj( + 1,7 - T 1) | x5 (7.28)

Since all functions on the right-hand side of this formula are smooth functions,
it follows that

Proposition 7.29. the field VxT is a smooth tensor field on the space M.



284 CHAPTER 7. ELEMENTS OF RIEMANNIAN GEOMETRY

A formula analogous to formula (7.28) holds, of course, for any r and s. It
contains r terms of the “vector” type (analogous to the Iy (,Tf term) and s terms
of the “covector” type (analogous to the F,ijéf term). In particular, for vector
fields we obtain that _

. [oY! AN
(VXY)Z = (W +F;€[Y )X .

Since this formula coincides with formula (7.3), we thus see that

Proposition 7.30. on vector fields, the operation Vx coincides with the oper-
ation Vx corresponding in the affine connexion V to the field X.

We extend the operation Vy linearly to all elements of the algebra 0*(M),
assuming that on functions f € O(M) = @g(M) it coincides with the operation
X:

Vx=Xf, feOM).

It is clear that formula (7.27), which defines the operation Vx, remains valid for
any elements of the algebra 0*(M) (for T = f it goes over to formula (5.19)).

By definition, the operation Vx preserves the type of tensor fields. Moreover,
since for any fields T, S € 0" (M) the following equality holds

Tl_l(T ®S)y(t) - (T ®S)p _ Tt_lTy(t) ®7}_1Sy(t) - Tp ® Sp _

t t
Tt_lT’Y(t) -Tp Tt_lsy(t) -Sp
t

®7 'Sy +Tp ®
and since 7,18, ;) — S, as t — 0, then
Vx(T®S)=VxT®S+TQVyS,
i.e,
Proposition 7.31. the operation Vx is a differentiation of the algebra 0*(M).
Finally, it is clear that

Proposition 7.32. the operation Vx commutes with all the contraction maps
Ci.
J

Let y : I — M be an arbitrary regular curve of the space M and let T(¢) be
an arbitrary smooth tensor field (say, of type (r,s)) on this curve. As we know,
on any elementary segment y|c of the curve y, the field T(¢) can be extended to
some field T on M. We define a tensor field %(t) on the interval y|c by setting

vr
E(t) =(VaT))y) forany treC,

where A is the extension to M of the field y(¢r) (cf. the similar definition for
vector fields in §7.2). Just as in §7.2 (but using formula (7.28) instead of formula
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7.3), we immediately obtain that the components E(z‘) of the field YL (¢) are
di dr
expressed (for (r,s) = (1,1)) by the formula

VTJl: dTJl: i -k 4 4 .k i
o S ar + T ()X (DT} (1) - ij(t)x ()T, (1). (7.33)

Therefore,

Proposition 7.34. the field %(t) does not depend on the choice of the fields
T and A, i.e., it is determined exclusively by the field T(t) (and the curve y(t)).

Since any point on the curve y(z) belongs to some elementary segment, this
construction uniquely defines the tensor %(t) for any t € I. Moreover, in view

of formula (7.33), the tensors %(t) form a smooth tensor field on the curve
v(t). We will say that this field is obtained by covariant differentiation of the
field T(t) along the curve y(t).

Comparing formula (7.33) with formula (7.26), we immediately obtain that

Proposition 7.35. a tensor field T(t) on a curve y(t) is a field of parallel
tensors if and only if
vTr
E(t) =0 forany tel.
Thus, the parallelism of any tensors can be characterised in the same way
as the parallelism of vectors (cf. §7.3).

Remark 7.36. The right-hand side of formula (7.33) makes sense for any smooth
curve y(t) and, as is easily seen, defines the components of a certain tensor field
%(t), independent of the choice of local coordinates. Therefore, just as for
vector fields,

Proposition 7.37. the operation of covariant differentiation of tensor fields along
a curve is defined for any smooth curve y(t).
7.5 Geodesic. Normal neighbourhoods

A smooth curve y : I — M in a space of affine connexion M is called a geodesic
if the vectors of the field y(¢) are parallel on v, i.e., if

vy
d—?(t) =0 forall rel.

This means that the functions x*(¢), parametrically defining the geodesic y(t)
in some local coordinate system, satisfy the equations
d?x* (1)
dr?

dx'(t) dx/ (1) ~0o

k(¢
* ”() dt dt

(7.38)

It is clear that
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Proposition 7.39. for any geodesic y(t) and any numbers a and b, the curve
y(at + b) is also a geodesic.

We will say that the geodesic y(at + b) is obtained from the geodesic y(t) by
a linear transformation of the parameter.
In what follows, we will need the following simple remark (as a proposition:)

Proposition 7.40. Let a continuous curve y(t) be twice continuously differ-
entiable, i.e., let for each of its points p and any system of local coordinates
xY ..., x™ at the point p the functions x'(¢), ..., x™(t), which in the cor-
responding coordinate neighbourhood parametrically define the curve y(t), have
continuous second derivatives. Then, if these functions satisfy equations (7.38),

then the curve y(t) is smooth and therefore geodesic.

Proof. Indeed, we can successively determine all derivatives of the functions
x'(¢) by differentiating relation (7.38) the required number of times. ]

It is also useful to keep in mind that the property of “being geodesic” is local
in nature, i.e.,

Proposition 7.41. a curve y(t) in the space M is geodesic if it is geodesic
locally, i.e., any point of it has a neighbourhood such that the segment of the
curve y(t) contained in this neighbourhood is a geodesic.

Note also that
Proposition 7.42. any geodesic is either a reqular or a degenerate curve.

Proof. Indeed, if the vector y(t) is zero for at least one value of the parameter
t, then it is zero for all ¢ (since parallel translation is an isomorphism). O

From the theorem on the existence and uniqueness of solutions of systems
of differential equations (applied to system (7.38)) it immediately follows that

Proposition 7.43. for any point p € M, any vector A € My, and any number
to, there exists a geodesic y(t) defined in some neighbourhood of the point tg
such that

y1(to) = p,  ¥1(to) = A,

and any two such geodesics coincide near the point ty.
Further, it is easy to see that

Proposition 7.44. if two geodesics y1(t) and y2(t), defined respectively on
(intersecting) intervals Iy and I, have the property that for some point ty €
I, N I the following equalities hold

y1(to) = v2(to), vi(to) = y2(t0),

then the geodesics y1(t) and y2(t) coincide on the entire interval [ = Iy N I5.
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Proof. Indeed, let C be the set of all points ¢ € I for which

y1(t) = y2(t),  y1(t) = y2(2).

According to the previous statement, this set is open.

On the other hand, since the curves y1(f), y2(f) and the fields y4(t), y2(¢)
are continuous, and the space M is Hausdorff, this set is closed (in I). Since it
is not empty (since #p € C and the interval I is connected), this is possible only
for C=1. O

A geodesic vy is called maximal if it is not the restriction of any other geodesic
defined on a larger interval of the R-axis. From the statement just proved, it
immediately follows that

Proposition 7.45. for any point p € M, any vector A € My, and any number
to, there exists one and only one maximal geodesic vy, defined on some interval
containing the point ty, for which

y(to) = p, 7¥(t0) = A. (7.46)

Proof. Indeed, let € be the set of all geodesics y(f) satisfying relations (7.46).
Each of these geodesics is defined on some interval I, of the R-axis containing
the point #y. By what has been proved, the set € is nonempty and any two
geodesics y1,y2 € € coincide on the interval I, N I,,. Therefore, the formula

y(@) =y(@), if tel,
uniquely defines on the interval
I =VUyeel,

a certain curve y : I — M. Clearly, this curve is the desired maximal geodesic.
It is regular if A # 0, and represents a constant map of the R-axis to the point
pif A=0. O

In what follows, we will always assume that tg = 0. The maximal geodesic y
for which

y(0)=p, 7(0)=A4,

we will denote by the symbol y, 4 or, if it does not cause confusion, by the
symbol y4.
It is easy to see that

Proposition 7.47. for any number a, the following equality holds:

Yaa(t) = yal(at). (7.48)

Proof. For proof, it suffices to note that y4(at)|;=0 = aA, and to use the unique-
ness property of geodesics y4. O
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Let D, be the set of vectors A of the space M, for which the geodesic y4 is
defined on a segment of the R-axis, containing the point r = 1. For any vector
A€ D, we set

expA = ya(l). (7.49)
We will call the map exp : D, — M defined in this way the ezponential map at
the point p.

According to formula (7.48), for any # € R for which the point y4(f) € M is

defined, the following equality holds

va(t) = exp(1A).
A neighbourhood Vj of the zero vector of the space M), is called normal if

1) it has the “star” property, i.e., if for any vector A € V; and any non-negative
number a < 1, the vector aA belongs to the neighbourhood Vj;

2) the map exp is defined on Vy, i.e., Vo C D);

3) the map exp on V; is a diffeomorphism of this neighbourhood onto some
neighbourhood V(p) of the point p.

The neighbourhood
V(p) =expVy
specified by condition 3) will be called a normal neighbourhood of the point

pEM.
It turns out that

Proposition 7.50. every point py of the affinely connected space M has a
normal neighbourhood V(pg).

Proof. To prove this statement, we will choose (and once and for all fix) a
system of local coordinates x', ..., x™ at the point pg such that

x'(po) =+ =x"(po) = 0.

Having reduced (if necessary) the corresponding coordinate neighbourhood U,
we can assume that the coordinate homeomorphism & : U — R™ maps the
neighbourhood U onto the open ball (¢')? + - -- + ()% < ¢? of the space R™ of
radius ¢; with centre at the point 0 € R™.

We will introduce a metric in the neighbourhood U, taking the distance
p(p,q) between any two of its points p and ¢ to be the Euclidean distance

Jpr) —xi(q))?
i=1

between the corresponding points £(p) and &(g) of the space R™. We will use
the symbol Us(p) to denote the d-neighbourhood of an arbitrary point p € U in
this metric, i.e., the set of all points ¢ € U for which p(p, q) < é. In particular,

Uc,(po) = U.
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Moreover, in each of the spaces M, p € U, we introduce a scalar multiplica-

tion that turns it into a Euclidean space, considering the basis (%) Y e (ﬁxi’")
P
of the space M, to be orthonormal.
Let us apply the theorem on the dependence of solutions of differential equa-
tions on initial conditions to equations (7.38). According to this theorem, for

any c1 > 0, there exist ¢ > 0 and smooth functions

(8 L Emat, Lo, a™)
of 2m+1 variables ¢, &%, ..., €™, a', ..., a™ such that for any fixed &', ..., &™,
a', ..., a™ satisfying the inequalities

EH2+-+(E?2<c? (@D ++ (@< P
the functions
x(1) =xi(; &L L, EMal, oL, d™)

satisfy equations (7.38) for |f| < 2¢ with the initial conditions
X(0)=¢&, F0)=d, i=1, ..., m,
and, moreover, have the property that
L)+ -+ ((1)? < for |t] < 2c.

In the language of curves in the space M, this means that for any point
p € Uc(po) and any vector A € M), with |A| < ¢, the maximal geodesic y, 4 for
|t] < 2c is contained in a neighbourhood U and depends smoothly on the point
p and the vector A in the sense that the functions

x(t;ps A) =x"(:EN(p), ..., €™(p)iat, ..., a™)

that parametrically define the geodesic y, 4 on the interval |f| < 2c¢ depend
smoothly on the coordinates x*(p), ..., x™(p) and a', ..., @™ of the point p
and the vector A.

According to formula (7.48), for any number a for which the expression
x'(at; p; A) is defined, the following equality holds:

x'(at; p; A) = x'(1; p; aA). (7.51)

In particular, this equality is certain to hold for |a| < 1.
Differentiating relations (7.51) twice with respect to a and setting

. 8% .
2 - — “ -
D xl(t7p7A)_ atQ'xl(t?p?A)’

2

. 9 . .
Djix'(t;p3 4) = ey 2! (6 p3 A), - Jok =1, ....om,
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we obtain that _ . _
1?D%x (at; p; A) = aJaijkx‘(t;p; al).

From this and Maclaurin’s formula
() = f(0) + f(0)r + %f'(ez)r?, 0<6<1,
applied to the function f(¢) = x'(#; p; A), it immediately follows that
X' (t;p; A) =X (p) +a't + %ajaijkxi(t; p;0A),
since according to the initial conditions

. . oxt .
x'(0; p; A) = x'(p), E(O;p; A)=ad".

Therefore, _
Oxi(t: p: .
LA
da’ a0’
and, in particular,
Oxi(c:p: A .
A CIE) S (7.52)
oa’l A0 J

By hypothesis, for any of the vectors A under consideration, the point
va(c) = vp,a(c) is defined. Therefore, for the vector cA, the point y.a(1) =
exp(cA) is defined, so that cA € D,. This means that the map exp is defined
on some neighbourhood V of the vector 0 € M), (namely, on the neighbourhood
consisting of vectors A for which |A| < ¢?).

For any vector A in this neighbourhood, the point expA = ya/.(c) has
coordinates

xt(e;piAle), ..., X" (c;p;AJc)). (7.53)

This means that the composite map & o exp of the neighbourhood V c M,
into the space R™, where ¢ is the coordinate homeomorphism corresponding
to the system of local coordinates x!, ..., x™, is defined by functions (7.53).
According to formula (7.52), the Jacobian of this map at the point A = 0 is
equal to one. Therefore, there exists a positive number g, < ¢? such that in the
neighbourhood Vj of the vector 0 € M, consisting of vectors A € M,, for which
|A| < &p, the map ¢ o exp is a diffeomorphism. Consequently, the map exp is
also a diffeomorphism on Vj. Since the neighbourhood Vj obviously satisfies the
star-like condition, it is thus proved that

Proposition 7.54. any point p € U.(pg) has a normal neighbourhood V(p) =
exp(Vo).

In particular, the point pg also has a normal neighbourhood. Thus, the
above statement is completely proven. O
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Remark 7.55. According to the remark made at the end of §4.2,

Proposition 7.56. The “radii” &, of the normal neighbourhoods Vy constructed
above can be chosen so that they depend continuously on the point p.

It follows directly from this remark that

Proposition 7.57. on the neighbourhood U.(pg) there exists a continuous func-
tion n(p) such that for any point p € U.(pg) the spherical n(p)-neighbourhood
Uy(py(p) of this point p is contained in its normal neighbourhood V(p).

Proof. Indeed, it is possible to put

m A 2
n(p) = min ¢ >, (x" (C; p; ;) - xi(p)) :

i=1

[m]

It is clear that any star-shaped neighbourhood of the zero vector of the
space M), contained in a normal neighbourhood is also a normal neighbourhood.
On the other hand, star-shaped neighbourhoods of the vector 0 in the tangent
space M), form a fundamental system of neighbourhoods of this vector. This
immediately implies that

Proposition 7.58. normal neighbourhoods V(p) form a fundamental system of
neighbourhoods of the point p in the manifold M.

The significance of normal neighbourhoods is determined by the fact that

Proposition 7.59. any point q in a normal neighbourhood V(p) can be con-
nected in V(p) to a point p by a unique (up to a linear transformation of the
parameter) geodesic.

Proof. Namely, the geodesic y4, where A is a vector such that expA=¢g. 0O

One should not assume that any neighbourhood of a point p with this prop-
erty is necessarily a normal neighbourhood. We can only assert that

Proposition 7.60. a neighbourhood V contained in some normal neighbourhood
of a point p is a normal neighbourhood of that point if any point g € V can be
connected in 'V to p by at least one geodesic.

Proof. Indeed, in this case the preimage Vy = exp~!(V) of the neighbourhood
V under the exponential map exp will be a normal neighbourhood of the vector
0 € M, which goes over to the neighbourhood V under the map exp. O

Suppose that a certain basis A1, ..., A,, is defined in the space M,,. Then a
linear isomorphic map « of the arithmetic space R™ into the space M is defined,
mapping the point @ = (a1, ..., a™) to the vector a'A. Let

E = expoa.
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The map E~! is a diffeomorphism of the normal neighbourhood V(p) of the point

p onto the open set a~'(Vy). The corresponding local coordinates x!, ..., x™
at the point p (with the coordinate neighbourhood V(p)) we will call the nor-
mal coordinates at the point p (defined by the basis Ay, ..., A,;). Thus, by
definition,

ENg) =("(q), ..., "), q€V(p)

from which it follows that for any vector A = a'A; in the space M, the following
equality holds
x'(expA) =a".

Since ya(t) = y;a(1), it follows that

Proposition 7.61. in normal coordinates x', ..., x™, each geodesic ya is
defined in the neighbourhood V(p) by linear functions

x1(t) =a't, ..., X™(1) = a™t.

A significant strengthening of the theorem proved above on the existence of
normal neighbourhoods is the following theorem, first proved by Whitehead:

Theorem 7.62. Every point pg of a space M with affine connexion has a neigh-
bourhood V that is a normal neighbourhood of any of its points.

Since any two points p,q € V can be connected in V by a unique geodesic
(since V is a normal neighbourhood of, say, the point p), it follows from this
theorem that

Proposition 7.63. every point pg of a space with affine connexion has a neigh-
bourhood V in which any two points can be connected in V by a unique geodesic.

To prove Whitehead’s theorem, we again turn to the above-considered sys-
tem of local coordinates x!', ..., x™ and the metric p(p,q) defined by this

system in the neighbourhood U = U, (po) of the point py.

Proof. For each point p € U.(pg), where ¢ is some positive number, we con-
structed above a normal neighbourhood V(p) and a positive number r(p), con-
tinuously depending on p and having the property that the spherical neigh-
bourhood U, (p) is contained in the neighbourhood V(p). Since 5(p) depends
continuously on p, then for any positive § < ¢ the lower bound 14 of the num-
bers n(p) on the closure Ugs(po) of the spherical 6-neighbourhood Us(pg) of
the point pg is positive (since this closure, being homeomorphic to a closed
Euclidean ball, is compact). Since when 6 decreases the number ns can only
increase, there exists dg > 0 such that n(d) > 269. But then for any § < 69 and
any point p € Us(po) will have the inclusions

Us(po) C Uzs(p) CUazs,(p) C Uy(sy)(P) CUysy(p) CUypy(p) CV(p).

This proves that
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Proposition 7.64. there exists a number 6o > 0 such that for any positive
6 < 6g and any point p € Us(pg), the neighbourhood Us(po) is contained in
some normal neighbourhood of the point p.

From this, in particular, it follows that

Proposition 7.65. any two points p and g in the neighbourhood Us(pg) can
be connected by a geodesic.

Proof. Indeed, as has been proved, there exists a normal neighbourhood V(p)
of the point p such that Us(p0) c V(p) and, consequently, g € V(p). Therefore,
in V(p) there exists (and, moreover, only one) geodesic y(f) connecting the point
p with the point g. O

However, generally speaking, this geodesic does not lie in the neighbourhood
Us(p0). To ensure that this property is also satisfied, we must appropriately
manage the “radius” c¢; of the coordinate neighbourhood U = U, (po), which
have so far been completely arbitrary.

Specifically, we assume that the number ¢; is chosen so small that at any
point p € U, (po) the matrix

(5,7 - ; rk (p)xk<p>)

is positive definite. Since, by hypothesis, x!(pg = --- = x™(pg) = 0, such a
choice of ¢y is always possible.
Let us show that

Proposition 7.66. with the given choice of the number c1, the above-constructed
geodetic y(t), connecting the points p and q, lies entirely in the neighbourhood

Us(po)-

Proof. Indeed, let the parameter ¢ on the geodesic y(t) be chosen such that
y(0) = p, y(1) = q. Setting x'(¢) = x*(y(t)), we consider the function on the
interval [0, 1]

m

F(1) = (x'(1))?

i=1
(the squared distance p(y(t), po) of the point y(#) from the point py). Since the
functions x(¢) satisfy equations (7.38), then

F(r) =2 i((}ék(t))2 + &K (0" (1) =2 i(()‘ck(t))2 - T (0 (10)x* (1))
k=1 k=1

=2 (&- = Z r{;(r)xk(z)) ()3 (1),
k=1

which is because
F(r)>0, 0<t<1
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(recall that the geodesic y(¢) is contained in the neighbourhood V(p), and there-
fore in the neighbourhood U = U, (py).
Thus, the function F(f) on the interval [0, 1] is convex and therefore

F(r) <max(F(0),F(1)), 0<r<1.

But F(0) = p2(p, po) < 6% and F(1) = p3(q, po) < 62. Consequently, F(t) < 62,
i.e., p(y(1), po) < 6. Therefore, y(t) € Us(po)- O

Thus, we have proved that for any ¢ < dp, the neighbourhood Us(pg) of the
point pg is contained in some normal neighbourhood V(p) of its arbitrary point
p, and that, moreover, each point ¢ € Us(pg) can be connected to the point p
by some geodesic lying entirely in Us(po). But then, as we know (see above),
the neighbourhood Ugs(pg) is a normal neighbourhood of the point p. Thus,
Whitehead’s theorem is completely proven. O

7.6 Differential forms of connexion

Let p be an arbitrary point in the space M with affine connexion, V; be some
normal neighbourhood of the zero vector in the space M), and V(p) = expVj
be the corresponding normal neighbourhood of the point p. As we know, for
any point g € V(p) there exists in V(p) a unique geodesic connecting the point
p with the point q. Let 7, : M, — M, be the parallel translation along this
geodesic. To any vector A € M, we assign a vector X, € M, setting

Xy = 14A.
Obviously,
Proposition 7.67. the vectors X, form a smooth vector field X on V(p).

We will say that the field X is obtained by parallel translation of the vector
A along geodesics.

Now let Ay, ..., A, be an arbitrary basis of the space M,. Consider
in a neighbourhood V(p) the fields X;, ..., X, obtained from the vectors
A1, ..., Ay by parallel translation along geodesics. Since at any point g € V(p)
the vectors (X1)g, ..., (Xm)q are obviously linearly independent, the fields
X1, ..., X,, form a basis of the module 6 (V(p)) (see §4.6). We will call this
basis a normal basis (generated by the given basis Ay, ..., A, of the space
M,). As a rule, this basis is not holonomic.

Let @', ..., @™ be a basis of the module 6'(V(p)) conjugate to a normal
basis X1, ..., Xum, i.e., such that

@' (X)) = 6",
and let F{‘j be the connectivity coefficients of V in the basis Xy, ..., X,

Il =@ (Vx,X;).
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We will put _ .
@}(X)) =T ;@".
Let Q be the set of all points (t,a', ..., a™) = (t,a), t € R, a € R™, in the
space R = R x R for which ta’A; € V. Consider the map

E:Q—V(p),

defined by the formula R
E(t,a) = E(ta),

i.e., by the formula R .
E(t,a) = exp(ta'A;).

The set Q is open in R™*! and therefore is a smooth manifold (of dimension
m+1) with local coordinates t,a', ..., a™ (defined on the whole Q). Tt is clear

that the map E is smooth at any point (¢, a) € Q and therefore linear differential

forms E*@' and E*E; are defined on Q (see §4.7).

Having fixed the numbers at, ..., a™, consider the curve

y(0) = E(t,a).
This curve is a segment of the geodesic y4, where A = aXAy, so that
7(0) = a*Ay.
Since the tangent vectors on the geodesic are parallel, it follows that for any ¢
y(1) = (a"Ar)y (). (7.68)

On the other hand, it immediately follows from the definitions that

~ 0 0
dE — | =dy: | = | =v().
(t.a) (ar) Vi (&) (1)
Therefore 5
(E*@") (E) =@ (a*Xy) = d'.
This proves that the form E*@' defined on 0 has the form
EQ =ddt + ',

where «' is some form of the differentials da', ..., da™ (with coefficients de-
pending on 7).
Similarly

k—i 0 —i -7
(E"w}) (E) = wj(aka) =Tkjiar.

But, since the vector (aka)y(t) is a tangent vector of the geodesic y(¢) and for
any j the vectors (X;),(;)) are parallel on y(f), then

Vi, (X)) = Tp;a"Xi = 0,
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and therefore
ik
I Ja = 0.

This proves that the coefficient of df in the form E*E; is equal to zero, i.e.,

similar to the forms w/, this form depends only on the differentials da', ..., da™.
We will put o
wl = B,

We will call the constructed forms «?, w; of the differentials da', ..., da™

connexion forms.
It is easy to see that

Proposition 7.69. at t = 0 all connexion forms vanish (i.e., all their coeffi-
cients vanish).

Proof. Indeed, at the point (¢,a) for any function f € O(p) the following rela-
tion holds:

~ 0 0 —~ 0 ~
dE.q) (ﬁ) f= (ﬁ(fo E)) = ﬁ(fo E)i—o = 0.

=0

since (f o E),:O = 0. (Recall that the operations % applied to the function

fo E are ordinary differentiations with respect to coordinates.) Thus,

—~ 0
dE(t,a) (ﬁ) = 0,

and therefore 5 5
o' (—) (0,a) =0, a);- (8_) (0,a) =0

dak ak

Further, it is easy to see that

Proposition 7.70. for any vector fields X,Y € O(V(p)) the following relations
hold:

X&' (Y) - Y& (X) - @ ([X,Y]) = 0" (X))@ (Y) - @* ()@, (X) + KL, 0" (X))@' (V),
X@h(Y) - Y@, (X) = @}([X,Y]) = @) (X)@ (Y) — @} (V@ (X) + R, @ (Y),

(7.71)
where K,"d, and R;‘ké’ are the components of the fields K and R of torsion and
curvature tensors of the affine connexion V in the normal basis X1, ..., X,.

Proof. Indeed, since relations (7.71) are linear in X and Y, it is sufficient to
check them only for the basis fields X = X;, Y = X, s, r =1, ..., m. But, due
to the equalities . . _ .

0'(X)) =0} Wi (Xe) =Ty,
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relations (7.68) for fields X = X;, ¥ = X, have the form

i _ 7 i i
—Csr _Frs _Fsr +K

Sr?

i i ik _ ki k i i
Xy j = XUy = Doy = T U = T Ug + R,

where Cér are the expansion coefficients of the field [Xj, X, ] in the basis X1, ..., Xju:
(X, Xr] = ¢l X;.

To complete the proof, it remains to note that the last relations essentially
coincide with formulae (7.7) and (7.10). m]

Now let X and Y be vector fields on Q. By writing relations (7.68) for any
point g = E(t,a) € V(p), substituting into the resulting relations the vectors
df(t,a)(X(t’a)) and df(t,a)(Y(t,a)) instead of the vectors X, and Y,, and using
the formula defining the differential dE(t,a) (see §4.6), we immediately see that
relations (7.71) remain valid for fields on Q, provided that the forms @' and 53

in them are replaced by the forms E*@' = a'dt + ' and E *55- = ;, respectively

(and if by the functions K, and R’ , we understand the functions Ki, o E and
j

R;'.k[ o E, respectively). After obvious elementary transformations, we obtain

from this that

Proposition 7.72. for any vector fields X and Y on Q, the following relations
hold:
X(d'dt(Y)) + X' (Y) =Y (a'dt(X)) - Yo' (X) —a'dt([X,Y]) — &' ([X,Y]) =
(a®dt(X) + 0" (X))wi (Y) = (a¥dt(Y) + o* (V)0 (X)+
i, (a*dt(X) + 0" (X)) ((a’dt(Y) + W' (Y)),
X' (Y) = Yo' (X) — 05 ([X,Y]) =
W (X)w (V) = 0 (Vi (X) + RYy, ((a*di(Y) + 0" (V) (@’ d1(Y) + 0 (Y)),

We apply these relations to the field X = % and the field Y of the form

Yi%, where the functions Y? do not depend on ¢. Since in this case
di(X) =1, '(X)=0, w}(X)=0, di(¥Y)=0

and

;0 ;0 0 oYt o
Y ==,
da' Ot ot dat

[X,Y] =%(Y —

we get that
9 i ki i kot
i Y)=Yad +a"w (Y)+ K ,a”w" (Y),

o . .
E“’lf'm = Rl a* (V).

(7.73)
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It is clear that for any form w = w;da’, whose coefficients w; depend on ¢,

the formula P P
w
— ) = —wlY
ar( ) at‘“( )

defines for any ¢ on the set Q; of points a € R for which (¢,a) € Q, some form

90 with coefficients %. Therefore, given that Ya' = da’(Y), we can rewrite

relations (7.73) in the following final form:

0 i R . .

9 da' + akw’k + K,’d;aka)[,

ot 7.74)
6w"4 ) ( .
= R’.k[akwf.

ot J

These differential equations were first discovered by Elie Cartan. Together with
the initial conditions _ _
w'li=0 = ‘U;’|t=0 =0

they allow us to uniquely reconstruct the connexion forms from the tensor fields
K and R.

7.7 Riemannian connexions

Let M be an arbitrary Riemannian space with metric tensor field g (see §4.10).
We will call an affine connexion V defined on a space M a Riemannian
connexion if

1) its torsion tensor field K is equal to zero, i.e.
VxY - VyX = [X,Y] (7.75)
for any vector fields X,Y € 0'(M);

2) a parallel translation along any curve on M is an isometric map of tangent
spaces.

Condition 2) means that for any points p, g € M, and any curve y connecting
points p and ¢, the following equality holds:

8q = T8p>

where 7 is the parallel translation along the curve y from the point p to the
point ¢g. It immediately follows that condition 2) is equivalent to the fulfilment
of the relation for any vector field Z € 0'(M)

Vg =0. (7.76)

Since the operation Vz is a differentiation of the algebra O(M) (see §7.4),
then for any fields X,Y,Z € 6*(M)) the following equality holds

Vz2(g®X®Y)=Vzg0X®Y+g®VzX®Y +g®X®V,Y.
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Carrying out a complete contraction here and recalling that on smooth functions
the operation Vz coincides with the operation Z, we immediately obtain that

Zg(X,Y) = (Vzg)(X,Y) +g(VzX.Y) + g(X,VzY).

It follows that equality (7.76) is equivalent to the fulfilment of the relation for
any two vector fields X,Y € 01(M))

Zg(X,Y) =g(VzX,Y) +g(X,VzY). (7.77)
Further, from equality (7.77) and the definition of the field K it follows that
Zg(X.Y) = g(VzX.Y) +g(X,VzY) + g([Z,X].Y) + g(K[Z, X]. Y).

Since at any point p € M the bilinear form g, is positive definite and therefore
non-degenerate, it follows that condition 1) is equivalent (if condition 2) is
satisfied) to the equality

Zg(X,Y) = g(VzX.,Y) +g(X,VzY) +¢([Z, X].Y). (7.78)
Thus, it is shown that

Proposition 7.79. a connexion V is a Riemannian connexion if and only if
for any vector fields X,Y,Z € OY (M) equalities (7.77) and (7.78) hold.

Cyclically rearranging the symbols X, ¥, and Z in relation (7.78), we obtain
two more similar relations. Adding the first relation to the third and subtracting
the second, we obtain

28(X,VzY) = Zg(X,Y)-Xg(Y,Z)+Yg(Z,Y)+g(Z, [X,Y])-g(X, [Y, Z])+g(Y, [Z, X]).

(7.80)
Since at each point p € M the form g, is non-degenerate, this relation uniquely
determines the field VY.

By defining a vector field VzY on an arbitrary Riemannian space M for any

vector fields Z,Y € 0'(M) using formula (7.80), we obtain a map Vz : O'(M) —
O'(M). Since the right-hand side of formula (7.80) is linear in Z, the map Vz
depends linearly on Z.
Furthermore, expanding the expression 2g(X,Vz(fY)), where f € O(M), we
immediately obtain that it is equal to 2Zfg(X,Y) +2fg(X, VzY), which implies
that the differentiation rule for the product fY is valid for the map Vz. Thus,
the correspondence Z — Vz is a certain affine connexion on M. Next, by
rearranging the symbols X and Y in formula (7.80) and adding the resulting
formula to formula (7.80), we, after reductions, obtain relation (7.77).

Similarly, by cyclically rearranging the symbols X, ¥, and Z in formula (7.80)
and adding the resulting formulae to formula (7.80), we obtain relation (7.78).
This means that the constructed affine connexion is Riemannian.

This proves that

Proposition 7.81. on an arbitrary Riemannian space there exists one and only
one Riemannian connexion V.
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In what follows, we will consider each Riemannian space to be a space with
an affine connexion with respect to this Riemannian connexion V. Thus, all the
results of the previous sections will be applicable to every Riemannian space.

Let x', ..., x™ be an arbitrary system of local coordinates of a Riemannian
space M, and let Ff be the coefficients of the connexion V in this system of
local coordinates. As we know (see §7.1), the connexion V satisfies condition 1)
of the definition of a Riemannian connexion if and only if

k _ 1k
rk =rk. (7.82)

Ou the other hand, it is clear that equality (7.77) holds for any fields X, Y, Z
if and only if, in each coordinate neighbourhood it holds for fields of the form

ax,. But, setting in this equality X = x,, Y = ax,, Z = %, we, as is easy to
see, obtaln the relation

98ij ¢ ¢

m = ggjrkl- + g[irk’j, (783)
where g;; are the components of the tensor field g in local coordinates xb, o xm

We have thus proved that

Proposition 7.84. a connexion V is Riemannian if and only if, in any local
coordinate system, its coefficients Fj.k satisfy relations (7.82) and (7.83).

Let y(f) be an arbitrary regular curve and X (¢) and Y () be two vector fields
on the curve y(t). According to relation (7.77), for each elementary segment of
the curve, the following equality holds

Ag(X,Y) = g(VaX,Y) + g(X,V4Y),

where X, Y, and A are the extensions of the vector fields X (¢), Y (¢) and y(¢) from
the elementary segment in question to the entire space M. But, by definition,

g(VAX,Y)(v(1) = gy (t) (VaX)y (1), Yy(r)) = (Vd—):(f),Y(t)),

and similarly

8(X,VaY) = (X(t) (t))

On the other hand,

0
AN = Ay 800D =FO000) =40 ) sk -
y(t
0 d
0 (57 = IO = e G Fain) = FKO.Y(0)

This proves that
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Proposition 7.85. for any vector fields X(t) and Y(t) on the curve y(t), the
following formula holds:

d(X(1),Y(1)) (VX vY
— = (E(t),Y(t)) + (X(t), E(I))' (7.86)

Remark 7.87. Formula (7.86) can be easily proved based on relations (7.83),
using formula (7.13). This proof also works without assuming the curve is
regular, so that

Proposition 7.88. formula (7.86) holds for any smooth curve y(t).

7.8 Riemannian curvature tensor and connexion
forms

By definition, the torsion tensor field K for any Riemannian space M is zero. As
for the curvature tensor field R, it is often more convenient to consider instead
the field R(X,Y,Z,V) of type (0,4) (called the Riemannian curvature tensor
field), which is defined by the formula

R(X,Y,Z,V)=g(R(X,Y),Z,V).
It turns out that

Proposition 7.89. this field has the following symmetry properties:

R(X,Y,Z,V) = -R(Y,X,Z,V), (7.90)
R(X.Y,Z,V) = -R(X,Y,V,Z), (7.91)
R(X,Y,Z,V) =R(Z,V,X,Y). (7.92)

Proof. Property (7.90) follows immediately from the relation R(X,Y) = -R(Y, X).
To prove property (7.91), it is obviously sufficient to prove it at any point p € M,
which in turn requires showing that for any three vectors A,B,C € M, the
equality holds.

Rp(A,B,C,C) =0.

Let V be a normal neighbourhood of a point p and let Z be the vector field
on V obtained by parallel translation of the vector C along geodesics (see the
beginning of §7.6). According to formula (7.80)

2¢(Z,VxZ) = Xg(Z,7)

for any vector field X on V. But, since the field Z is obtained by a parallel
translation that preserves the field g, then

gq(Zq,Zq) = gp(Ca C)a
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for any point g € V, i.e.
g(Z,Z) =const, on V

and therefore
Xg(Z,7) =0.
Thus,
g(Z, V)(Z) =0.

By formula (7.77), this relation implies that for any fields X,Y € 0(V), the
following equality holds:

R(X,Y,Z,Z) = g(R(X,Y),Z,Z) = g(VxVyZ,Z) - g(VyVxZ,Z)
= Xg(VyZ,Z) - Yg(VxZ,Z) = 0.

Now, setting X,, = A and Y, = B, we obtain from this that Rp(A,B,C,C) = 0.
Thus, property (7.91) is completely proven.

To prove property (7.92), we note that due to the Bianchi identity (7.6), a
similar identity also holds for the Riemannian curvature tensor

R(X,Y,Z,V)+R(Y,Z,X,V) + R(Z,X,Y,V) = 0. (7.93)

By interchanging the symbol V with the symbols X, Y, and Z in this relation,
adding the resulting three relations to (7.93), and aking into account properties
(7.90) and (7.91), we obtain the relation

R\V,Y,Z,X)+R(V,Z,X,Y) =0.
Similarly,
RY,X,V,Z)+R(Y,V,Z,X) =0.
Adding the last two relations and taking into account property (7.91), we obtain

R(Y,X,V,Z)+R(V,Z,X,Y) = 0.

equivalent to relation (7.92). Therefore, property (7.92) is also completely
proven. i

Let us now consider for the Riemannian manifold M the corresponding con-
nexion forms w' and a)’j. Since K = 0, the Cartan equations for these forms have
the form

dw'
ot
du i k

J 4 i
7 = Rjk[a w, (1);-|1:0 =0.

=da" + akw}c, w'li=0 =0,

(7.94)

We constructed the differential forms w’ and w’, starting from some normal
basis X3, ..., x™ in a normal neighbourhood V = V(p) of the point p. In



7.8. RIEMANNIAN CURVATURE TENSOR AND CONNEXION FORMS303

the case of a Riemannian space, we will additionally assume that this basis is
orthonormal, i.e., that at the point p, and therefore, due to the normality of
the basis and the invariance of the tensor field g under parallel translation and
at any point g € V, the following relations hold

g(Xi, Xj) = 6ij. (7.95)
Thus, the functions g(X;, X;) are constant on V and, consequently, Xz g(X;, X;) =
0 for any k =1, ..., m. Hence, by the relation (7.77), it immediately follows
that

g8(Vx, Xi, X;) + g(X;, Vx, X;) = 0.
But, by definition,
2(Vx Xi, X)) = (T4, Xn, Xj) = Tionj = T},
and similarly
g(Xi, Vx, X;j) = F/iqw
Therefore, ) _
Iy, +Ti; =0.
ie., ' _
o] +wy; = 0.
and therefore ' .
w! + w} =0. (7.96)
Further, by definition, Ei(X i) = 6; Consequently, calculating the value of
the form @' ® @' on the fields X; and Xj, we obtain that
(@ @ @) (X, Xx) = @' (X))@' (X) = 66
It follows directly from this that

g:Zw"cmi
i

(since both sides of this equality take on the same values on any field) and
therefore o J
Eg=EooEw.
i

Recalling that Ea@ =ddt+ w', we obtain the following equality from here:

Eg= lZ(ai)2 dt® dr + (Z aiwi) Qdt+dit® (Z aiwi) + Z W' ®W'. (7.97)
Now consider the subset Q¢ of Q consisting of the points (¢, a) € Q for which

(@) +---+(d?=1.

Being a regular level surface [¢ = 1] of the function ¢(f,a) = ¥,(a")?, this
set is a smooth manifold (see §5.4). Let ¢ : Qg — Q be the inclusion map. It is
easy to see that
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Proposition 7.98.
A (Z aia)i) =0. (7.99)
i
Proof. Indeed, due to Cartan’s equation and relations (7.96)
9 il — igi_ 2|
2E(Zaw)—22i:ada =d Zi:(a) =dy,
and therefore

0
2_
ot

I Zaiwi) = QL*% (Z aiwi) ='de=d(por) =0,

13 13

since ¢ o ¢ = 1. Thus, the form * ; a'w’ does not depend on t. But for ¢ = 0,
this form, due to the initial conditions w'|;=¢, is equal to zero. Consequently, it
is equal to zero for any t. m]

Let H be the restriction EIQ0 = E o of the map E on Qp. Then
H'g=0(Eg),
from which, by formulas (7.97) and (7.99), it follows that

H'g = dt®dt+Zwi®wi, (7.100)
i

where 7 and ' are understood, respectively, as the function |, and the form
Col

We will make substantial use of this important relation repeatedly. In this
regard, it is useful to note that

Proposition 7.101. the map H is a diffeomorphism of the set Qg of points
(t,a) € Q¢ for which t > 0 onto the “punctured neighbourhood” V \ p.

Moreover, if g = exp A, where g € V\ p, and S € V \ 0, then

q = H(|A|, a), (7.102)
where a = (a*, ..., a™) is the row of coordinates of the unit vector A/|A| in the
basis A1,..., A, with the help of which the map H is constructed (or, more

precisely, the corresponding map E, see §7.5).

7.9 Curve lengths and intrinsic metrics

Let y(s), @ < s < B, be an arbitrary piecewise smooth curve (or, more precisely,
a segment of such a curve) of the Riemannian space M. The number

B
J(y) = / 17(s)ds
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we will call the length of the curve y (the fact that at some points of the segment
[a, B] the integrand is undefined does not deprive the integral of its meaning).

In the case where the curve y(s), @ < s < g3, lies entirely in some normal
neighbourhood V(p) of the point p and does not pass through the point p, to
calculate the length of this curve, it is convenient to go to the corresponding set
0}, i.e., to introduce into consideration the curve

yo=H "oy

on Qf, where H is the diffeomorphism Qf — V(p) \ p constructed above. Since
v = H o g, then

Y(s) = dHy,(5)(Y0(s)),
and therefore

[7()1? = gy(5) (7(5), 7(5)) = (H )y (5) (Y0 (5), Y0(5)),

whence, due to formula (7.100), it immediately follows that
[y ()I? = [d(y0(5))]* + Z[wi()’o(S))]2-

On the other hand, setting

Yo(s) = (1(s),a(s)), a<s<p,

where t(s) is a positive numerical function of the parameter s, and a(s) is a
piecewise smooth (but generally irregular, even if the curve y(s) is regular)
curve on the sphere (a')2 +--- + (a™)? = 1, we immediately obtain that

o) = dno (51) = 6015 + )

where 7(s) is the derivative of the function #(s) with respect to s, and a(s) =
da (%) is the tangent vector of the curve a(s). Thus

d1(y0(s) = i(s), @' ((Go(s)) = W' (a(s)).

From here, for the number |y(s)| we obtain the formula
7 ()1 = [i()]* + Z[w"(il(S))]2

and, therefore, for the length J(y) of the curve y, we obtain the formula

B
J(y) = / \/[i(s)P +Z[wi(a(s))]2ds (7.103)

Two piecewise smooth curves y1(t), a1 <t < B1 and ya(s), az < s < B9,
are called equivalent if on the interval [as, B2] there exists a function ¢(s) that



306 CHAPTER 7. ELEMENTS OF RIEMANNIAN GEOMETRY

is monotone and smooth outside the discontinuity points such that 7(as) = a1,
t(B2) = B1, and ya(s) = y1(t(s)) for all s € [as,B2]. For points sq € [a2, B2]
at which the function 7(s) has a discontinuity of the first kind (a jump), this
equality means that

y2(s0) = y1(t)

for any ¢ subject to the inequalities
t(SO —0)<t<t(so+ 0)

It is clear that the equivalence relation of curves is reflexive, symmetric,
and transitive, so that the set of all curves decomposes into classes of pairwise
equivalent curves.

Since for almost all s the equality y2(s) = y1(#(s))#(s) holds, it is clear that

Proposition 7.104. equivalent lines have the same length.

Note that an irregular curve may well be equivalent to a regular curve.
Fixing a point pg = y(fg) on the curve y(¢), we define the function s(¢) by
setting

s(1) = / (1) ldr.

Thus,
s(1) =T Yliro,e1), it >10,

and
s(t) = _J(yl[lo,[])> if t < t().

It is clear that the function s(¢) is monotone and continuous. It is constant
if and only if the curve y(¢) is degenerate. Its inverse function ¢(s) obviously
has the property that for any point so at which it has a jump, the equality
y(t(s0 = 0)) = y(t(so + 0)) holds (since the curve y|;(s,-0),:(s,+0) is degenerate).
Therefore, if the curve y is non-degenerate, then a piecewise smooth curve is
defined

Y (s) = y(t(s)),

equivalent to the curve y. This curve y* has the property that the length of any
of its segments y/|[s, s, ] is equal to the corresponding increment of the parameter
s:

J(y*l[so,sl]) =51 — S0

We will say that curves with this property have arc length (measured from the
point pg) as their parameter. Thus,

Proposition 7.105. any non-degenerate piecewise smooth curve is equivalent
to a curve whose parameter is arc length.

In connexion with the last proposition, it is useful to note the following
obvious statement:
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Proposition 7.106. The arc length is a parameter on a smooth curve y(s) if
and only if for any s the vector y(s) is unity, i.e., |y(s)| = 1.

Thus,

Proposition 7.107. any non-degenerate piecewise smooth curve is equivalent
to some piecewise reqular curve.

For geodesics, the condition |y(s)| = 1 only needs to be verified at one point
(since on the geodesic y(s), the vectors y(s) are obtained from each other by
parallel translation and therefore have the same length). In particular,

Proposition 7.108. the arc length is a parameter on the maximal geodesic ya
if and only if |[A| = 1.

Let us assume that the Riemannian space M under consideration is con-
nected, i.e., that any two of its points can be connected in M by a piecewise
smooth curve (see §5.1).

The distance p(p, g) between any two points p and ¢ of a connected Rieman-
nian space M will be defined as the lower bound of the lengths of all piecewise
smooth (or, equivalently, all piecewise regular) curves y connecting these points:

p(p.q) = ifylfJ(V)-

It turns out that

Proposition 7.109. the distance p(p, q) transforms the Riemannian space M
into a metric space, i.e., this distance

is symmetric p(p,q) = p(q.p), p.q €M,
satisfies the triangle inequality p(p,r) < p(p,q) +p(q,r), p,q.r € M,
and is non-degenerate, i.e. p(p,q) =0 if and only if p = q.

Proof. The first two properties are obvious. As for the third, to prove it, we
only need to show that

e(p,q) >0, if p#gq,
since it is clear that p(p,¢q) = 0 when p = gq.

Let us first consider the case when the point ¢ belongs to some normal
neighbourhood V(p) of the point p. Let y(s), @ < s < B, be an arbitrary
piecewise smooth curve in V(p) connecting a point p with a point g, and let sg
be the largest value of the parameter s for which y(sg) = p (obviously, such s
always exists). Let us consider the segment Y = Yliso,p) Of the curve y. It is
clear that

J(y) 2 ().
On the other hand, for any & > 0 the segment y, = Ylso+s,8) of the curve Y
lies in V(p) \ p, and therefore formula (7.103) is valid for its length, from which

follows the estimate
B
/ i(s)ds
Soté&e

J(7e) 2 = |1(B) —t(s0 +£)|.
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Since, as & — 0, the number J(y,) obviously tends to the number J(y'), and
the number ¢(sg + &) tends to the number t(sqg) = 0, it follows from this and
from the previous inequality that

I(y) = tg. (7.110)

where t;, = #(B) is the value of the coordinate ¢ > 0 for which the equality
H(t,,a) = g holds.

By definition, a normal neighbourhood V(p) is the image under the map exp
of some normal neighbourhood Vj of the zero vector of the space M,. If this
neighbourhood Vj consists of all vectors A € M, for which |A| < 6, then we will
call the corresponding neighbourhood V(p) a normal spherical 6-neighbourhood
of the point p and denote it by the symbol Vs(p). From inequality (7.110) and
formula (7.102) it follows directly that if a point g belongs to the boundary of
the neighbourhood Vs(p), then for the length of any curve y connecting a point
p with a point ¢ in Vs(p), the following inequality holds:

J(y) > 6. (7.111)

Since any curve in M emanating from a point p and not lying entirely in
Vs(p) necessarily intersects the boundary of the neighbourhood Vs (p), it follows
that inequality (7.111) holds both for an arbitrary curve not lying entirely in
Vs(p) connecting a point p with any point ¢ € Vs(p), and for an arbitrary curve
in M connecting a point p with any point g ¢ Vs(p).

Thus, we have proved that, for any point g in M, either inequality (7.110)
or inequality (7.111) holds for the length of any curve y connecting p with q.
Consequently,

p(p.q) = irylfJ(y) >0y,

where 6, =1, if g € Vs(p) and 64 = ¢ if g & Vs(p). Since t, > 0 if g # p, the
non-degeneracy of the distance p is completely proven. O

We will call the constructed metric p(p, g) the intrinsic metric of the Rie-
mannian space M.

A piecewise smooth curve vy connecting points p and g will be called a
shortest curve if it has the smallest length among all curves on M connecting
these points, i.e, if

J(y) = p(p.q).

Generally speaking, for any points p and g, a shortest path connecting these
points may not exist, or, conversely, there may be several such shortest paths.
However,

Proposition 7.112. if the points p and q are sufficiently close, namely, if the
point q belongs to some normal spherical §-neighbourhood Vs(p) of the point p,
then there exists one and (up to equivalence) only one shortest path connecting
these points. This shortest path is the geodesic y, connecting the point p with
the point g in Vs(p).
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Proof. Indeed, setting g = exp A, where |A| < §, we obtain that the geodesic
Yq is a segment y4l[0,1] of the maximal geodesic y4, defined by the relations

ya(0) = p, 7a(0) = A.
Consequently,

1 1
Trg) = /0 [Fa()ld = /O |Aldt = |A]. (7.113)

Since |A| = t4, where, as above, f, is the value of the coordinate ¢ for which the
equality H(t4,a) = q holds, it follows from this and inequality (7.110) that

J(y) 2 J(yq)

for any curve y connecting the points p and g in Vs(p). Moreover, since |A| < 6,
then, in view of inequality (7.111), this inequality is also valid for any curve y
connecting points p and ¢ in M. Thus, it is proved that the geodesic y, is
indeed the shortest curve in M connecting points p and q.

Let us now prove the uniqueness of this shortest path. Let y(s), @ < s < 83,
be an arbitrary shortest path in M connecting the points p and g. Without loss
of generality, we can assume that it is piecewise regular. Since

J(y) = (vg) = 1A| <6,

by inequality (7.111), the shortest arc vy is entirely located in the neighbourhood
Vs(p), and therefore, for it, inequality (7.110) holds. But since the curve vy is a
shortest curve and J(y) = |A| = t4, this inequality is in fact an equality. On the
other hand, its proof immediately implies that the equality in it holds if and
only if the number « is the unique value of the parameter s € [, 8] for which
¥(s) = p, when w'(a(s)) =0 for all i and all s € [a, ] (i.e., when a(s) = 0 and
therefore a(s) = const), and finally, when the function #(s) is non-negative. But
in this case, due to the piecewise regularity of the curve y, the function #(s)
can vanish only at a finite number of points. Therefore, the function #(s) has a
continuous inverse function s(¢). It is clear that the curve y(s(¢)), equivalent to
the curve y(¢), coincides with the geodesic y,.

Thus, the above statement is fully proven. O

We needed the assumption that the neighbourhood Vs(p) is a spherical
neighbourhood only to compare the length of the geodesic y, with the lengths
of curves y that do not lie entirely in the neighbourhood Vs(p). Therefore, for
an arbitrary normal neighbourhood V(p) of a point p, the following statement
holds:

Proposition 7.114. A geodesic v, connecting a point p with a point q in some
normal neighbourhood V(p) of p is the unique shortest path in V(p) connecting
points p and q.

From formula (7.113) and inequality (7.111) it follows directly that
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Proposition 7.115. a point g € M belongs to a normal spherical §-neighbourhood
of a point p if and only if p(p, q) < 8, i.e., when the point g belongs to a spherical
o-neighbourhood Us(p) of the point p in the metric p.

In other words,
Vs(p) = Us(p)

for any 6 > 0 for which the neighbourhood Vs(p) is defined.
Since the neighbourhoods Vs(p) obviously form a fundamental system of
neighbourhoods at p, it follows that

Proposition 7.116. the neighbourhoods Us(p) form a fundamental system of
neighbourhoods at p.

This means that
Proposition 7.117. the metric p is compatible with the topology of M.

But we know (see §1.4) that any connected locally compact metric space is
separable. Therefore,

Proposition 7.118. any connected Riemannian space is separable.

Thus, for connected manifolds, separability is not only sufficient (see §4.10),
but also a necessary condition for the possibility of defining this manifold as a
Riemannian space.

7.10 Normal convex neighbourhoods

According to the Whitehead theorem proved in §7.5, any point pg of a Rieman-
nian space M has a neighbourhood V(pg), which is a normal neighbourhood of
each of its points, and according to the proof presented there, for the neigh-
bourhood V(pg) one can take a spherical neighbourhood Us(pg), § < 8, of the
point pg with respect to some metric defined in the neighbourhood of the point
Po, which depends on the system of local coordinates x!, ..., x at the point

Po

From the definition of this metric it follows directly that if we take x!, ..., x™

to be the normal coordinates at the point pg, then the neighbourhood Us(pg)
will be the image under the map exp of the spherical neighbourhood |A| < §
of the vector 0 € M,,, i.e., it will be a normal spherical neighbourhood Vs (po).
Thus,

Proposition 7.119. for sufficiently small § > 0, the normal spherical 6-neighbourhood
Vs(po) is a normal neighbourhood of each of its points.

Remark 7.120. We should not assume that the metric used in the proof of
Whitehead’s theorem (constructed using normal coordinates at the point pg)
coincides with the metric p (although, as we have seen, the spherical neigh-
bourhoods of the point pg coincide in both metrics). These metrics are merely
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equivalent at the point pg, i.e., the ratio of the distances in both metrics be-
tween any two points p and g tends to one as (p,q) — (po,qo)- We will leave
this fact unproved.

We call a normal neighbourhood V of a point pg a normal convex neighbour-
hood if it is a normal neighbourhood of each of its points and if, for any points
p,q €V, the geodesic y,, connecting p and ¢ in V is the unique shortest path
connecting these points. It turns out that

Proposition 7.121. for sufficiently small 6 > 0, a normal spherical neighbour-
hood Vs(po) is a normal convex neighbourhood.

Proof. Indeed, let §y be the least upper bound of the numbers § for which
the neighbourhood Vs(pg) is a normal neighbourhood of each of its points, and
let 6 < 80/4. As we know, the geodesic y,, contained in Vs(po) is the only
curve in Vs(po) that has length p(p,q) and connects the points p and g. On
the other hand, any curve in M connecting the points p and ¢ and not lying
in Vs(po) obviously has length > 36 and therefore cannot be shortest, since

p(p.q) < p(p,po) + p(po.q) < 26. o
It immediately follows from the proved assertion that

Proposition 7.122. for any compact subset C of an arbitrary (connected) Rie-
mannian space M, there exists a number d = dp; such that any points p,q € C,
the distance p(p,q) between which is less than d, can be connected in M by a
unique shortest path.

Proof. Indeed, due to compactness, there exist points p1, ..., p, € C and num-
bers 61 >0, ..., 6 > 0 such that the neighbourhoods Vas, (p1), ..., Vas, (pr)
are normal convex neighbourhoods of the points py, ..., p,, respectively, and
the neighbourhoods Vs, (p1), ..., Vs, (p,) cover the entire set C. But then any
number d < min(8;, ..., ¢,) will obviously have the required property. O

We can now prove that

Proposition 7.123. on any Riemannian space, every shortest path is (up to
equivalence) a geodesic.

Proof. Indeed, each point of a shortest curve belongs to some normal convex
neighbourhood, and a segment of the shortest curve contained in this neigh-
bourhood is, as we know, a geodesic (since any segment of a shortest curve is
also a shortest curve). Therefore, in the neighbourhood of each of its points,
the shortest curve under consideration is a geodesic, and therefore the entire
shortest curve is also a geodesic. O

In particular, this statement implies that

Proposition 7.124. with an appropriate choice of the parameter t, every short-
est path (connecting two distinct points) is a reqular curve.
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Let pg again be an arbitrary point in a Riemannian space M, and let V =
Vs, (po) be some normal convex neighbourhood of it. Then, for any point p € V,
any vector B € M, and any sufficiently small number o > 0, the segment of
length o of the maximal geodesic yp emanating from the point p lies entirely
in V. We will denote this segment by the symbol vy, p o, assuming that the
vector B is unity, so that the parameter on this segment of the geodesic is the
arc length s.

Let x!, ..., x™ be an arbitrary system of local coordinates defined in a
neighbourhood V, and let x!(s), ..., x™(s), 0 < s < o, be functions that
parametrically define the segment y,, g .- in this coordinate system and therefore
satisfy the differential equations of geodesics on the segment [0, o]

ATt L M =0 (7.125)

with initial conditions
X(0) =d', X =0,

where
aizxi(p), b’ = Bx', i=1, ..., m.

Let’s use the theorem on the dependence of solutions of differential equations
on initial conditions. According to this theorem, on the interval [0, o] there exist
smooth functions

¥(s)=x'(s;at, ...,a™%b,....,b ),

smoothly depending on the parameters 51, e, Em;E s ey Em, such that for

@' sufficiently close to a' and for b sufficiently close to b’ the functions x'(s)
satisfy system (7.125) and the initial conditions

) =a, 0 =0

Since for any s € [0, 0] the numbers X' (s) are close to the numbers x(s), there
exists a point ¥(s) in V such that x’(¥(s)) = X'(s). Since the functions X' (s)
satisfy system (7.125), the map s +— Y(s) of the segment [0, o] into the space
M is a geodesic. This geodesic originates from the point p with coordinates

xi(p) =@ and has a tangent vector B at this point with coordinates Bxi = b'.
Thus, for any point p close enough to p and any vector B € My close

enough to B € M, (in the sense that its coordinates b = Bx' in the basis
(%)7, ""(axim)f are close enough to the coordinates b’ = Bx’ of B in the
P iz
basis (a—il) e (mim) )), in a neighbourhood V there exists a geodesic y(s),
p P

0 < s < o, emanating from p and having a tangent vector B at this point. If
the vector B is unit, then this geodesic is, by definition, a segment Y5.B.o This
proves that
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Proposition 7.126. if for a point p € V, a unit vector B € M,,, and a number
o > 0, the segment y, p.o is defined and contained in V, then for any point p
sufficiently close to p, any unit vector B € My sufficiently close to B € M, and
any positive number o < o, the segment Y5.B5 18 defined and contained in V.

The endpoint g = (o) of the segment Y585 and the tangent vector

_ V5,85
C=v;3 (o) at this point have coordinates

@ at, ...,a" b, ...,b)

and
= =1
Xt(oya, ...,d" b, ...,b)

from which it immediately follows that

Proposition 7.127. point g and vector C continuously depend on point P,
vector B and number .

We will apply these statements to the proof of the following convergence
lemma:

Lemma 7.128. Let p be an arbitrary point of a Riemannian space M and let
vu(t), 0 <t <t, be a sequence of geodesics emanating from p, on each of which
the parameter t is the arc length. Suppose that the tangent vectors A, = y,(0)
of the geodesics y,(t) at p converge as n — oo to some vector A, € My, and
the numbers t, converge to some number t.. Then, if the maximal geodesic
v(t) = ya,(t) emmanating from p, having a tangent vector A. at p, is defined
fort =t., then

YA. (t*) = V}E}C}o Yn (tn)-

Proof. Indeed, the segment y4, [0, of the geodesic y is divided into a finite
number of segments y;, i = 1, ..., r, each of which lies in some normal con-
vex neighbourhood V; and, therefore, has the form vy, g, o,- Therefore, for
sufficiently large n, each segment vy,|[o,] is divided into segments of the form
Ypi)n,Br,on lying in the neighbourhoods V;, where the points p} are close to
the points p;, the vectors B} are close to the vectors B;, and o' = oi for
i=1,..., r—1and 0y = o, +1, —t. Moreover, since for any i > 1 the points p}
and the vectors B} continuously depend on the points p! |, the vectors B} ; and
the numbers o', the point y,(#,) = p!,, continuously depends on the number
tn = 2; 07" and therefore as t, — t. tends to the point ya, (z.). O

7.11 Complete Riemannian spaces
We will call a connected Riemannian space M complete if any of its maximal

geodesics is defined on the entire real axis R.
It turns out that
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Proposition 7.129. any two points in a complete Riemannian space can be
connected by at least one shortest arc.

Proof. Indeed, let p be an arbitrary point of a connected complete Riemannian
space M, r be some non-negative number, C, be the set of all points ¢ € M such
that

p(p.q) <,

where p is the intrinsic metric on M, and let E, be the subset of C, consisting
of all points ¢ € C, that can be connected to p by at least one shortest arc.
Since for any point ¢ € M there exists a number r such that g € C,, to prove
the above statement it suffices to prove that for any r > 0 the following equality
holds

E, =C,. (7.130)

We will first show that

Proposition 7.131. for any r > 0 the set E, is compact.

Proof. Since the metric space M is separable, to prove the compactness of the
set E, it is sufficient to prove that from any sequence of points g, € E, one
can choose a convergent subsequence whose limit belongs to E,. By definition,
for any point g, € E, there exists a shortest path y,(¢), 0 < ¢ < t,, connecting
the point p with the point g,. Assuming that the parameter ¢ on each shortest
path vy, is the arc length, we consider the vectors A, = y(0). Since the lengths
of these vectors are equal to one, then, passing, if necessary, to a subsequence
of the sequence ¢,, we can assume that the vectors A, converge to some unit
vector A, € M,,.

Similarly, since 0 < f,, < r, we can assume that the numbers ¢, converge to
some number t,. Moreover, due to the completeness condition, the maximal
geodesic ya,(¢) is defined at ¢ = ¢.. Thus, for the shortest paths vy, (which, as
we know, are geodesics), the conditions of the convergence lemma proved above
are satisfied. Therefore, v, (t,) — ya,(t:), i-e., gn — ¢«, Where g. = ya,(t.).
Since 1, = p(p, qn), it follows that 7. = p(p, q.), i.e., the geodesic y4, on the
segment [0, 7] is shortest. Consequently, the point g. = y4,(t.) belongs to the
set E,.. Thus, the compactness of the set E, is completely proven. O

Let’s now apply “induction over the continuum.” It is clear that equality
(7.130) is automatically satisfied when r = 0. Moreover, it is clear that if it
holds for r = rg, then it holds for any r < ry. Finally, if it holds for all r < rg,
then it also holds for » = rp, since any point g € C,, is the limit of points
qgn € C,, = E, NE,, where r, <rp, and the set E,,, being compact, is closed.
Therefore, to prove equality (7.130), it suffices to show that if it holds for some
number r > 0, then it also holds for some larger number r + 6. Moreover, we
can assume that C, # M.

Thus, let equality (7.130) hold for some r > 0, and let C, # M. Denoting, as
above, by the symbol Vs(g) the spherical §-neighbourhood of the point ¢ € M
in the intrinsic metric p, due to the compactness of the set E, we can find a
finite system of points ¢1,..., ¢, and positive numbers 8y ..., §, such that
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1) the neighbourhoods V;,(g;) cover the set E,;
2) the closure of each neighbourhood Vs, (g;) is compact;

3) each neighbourhood Vs, (g;) is a normal convex neighbourhood of the point
qi-

Let
V =UL, Vs (qi),

and let V be the boundary of the open set V. Since the sets E, and V are
compact and disjoint (since E, C V), the function p(q,q), where ¢ € E, and
g €V, has a positive lower bound py. Any piecewise regular curve connecting
a point p with an arbitrary point g ¢ V intersects the boundary S, of the set
E, = C, and the boundary V of the set V (or ends at V), and therefore its length
is not less than r + pg. This means that p(p,q) > r + pg. Therefore, for any
positive & < pg, the set C,;¢ is entirely contained in the set V. Let us show that
for § < min(8y1, ..., d,) the following equality holds

E s =Crsis. (7.132)

Let g € Crys. If g € Cp, then ¢ € E, C E,+5. Therefore, we can assume
that ¢ ¢ C.. Let ¢ be the point of the set S, that is the least distant from
the point ¢ (such a point exists, since the set S, C E, is compact). Since any
piecewise regular curve connecting points p and g intersects the set S, its length
>r+p(g,¢’). This means that

o(p.q) =7 +p(q.q)

and therefore
p(q.q) <p(p,q) —r<6.

Since
6 <min(dy, ..., 6n),

it follows that the points ¢ and ¢ lie in the same normal convex neighbourhood
Vas, (i) (indeed, since the neighbourhoods Vs, (g;) cover E,., there exists i such
that g € Vs, and therefore q € Vs;(qi) C Vas,(gi). Therefore, the points ¢ and
g can be connected by a shortest curve. Combining this shortest curve with
the shortest curve connecting p and ¢, we obtain a curve connecting p and ¢
of length

r+p(g.9) <p(p.q),
i.e., of length p(p, q), and therefore a shortest curve. Therefore,

q € Er+6~

Thus, equality (7.132), and therefore the statement formulated above, are com-
pletely proven. O



316 CHAPTER 7. ELEMENTS OF RIEMANNIAN GEOMETRY

Remark 7.133. In proving the compactness of the set E,, we used only its
boundedness (in the metric p) and the fact that

q* = YA*(t*) € EV7

apart from, of course, the assumption that any point on it can be connected to
p by at least one shortest arc. Due to the proved assertion, the latter condition
is satisfied for any subset E of the complete space M. Since the inclusion

qg. € E
due to the equality
q. = lim gy,
n—0oo
follows from the inclusions
qn € E

and the closedness of the set E, we conclude that

Proposition 7.134. any bounded closed subset E of the complete Riemannian
space M is compact.

For any connected Riemannian space M, the distance p(p, q) can be viewed
as a function defined on the product M x M of two copies of the manifold M. It
turns out that

Proposition 7.135. if points p and q are distinct (p # q) and sufficiently close
(contained in the same normal convexr neighbourhood), then the distance p is a
smooth function at the point (p,q) € M X M.

Proof. Indeed, if points p and ¢ are contained in some normal convex neigh-
bourhood V, then the distance p(p,q) is equal to the length of the geodesic
connecting the point p with the point ¢ in V. But we know that this length
is equal to the length of |A| of the vector A € M, for which expA = ¢. Since
A # 0 (because g # p), the length |A| is a smooth function of the coordinates
of the vector A, i.e., the normal coordinates of the point q. Thus, the distance
p(p,q) depends smoothly on the point g. A similar argument shows that it also
depends smoothly on the point p. Consequently, the function p is smooth at
the point (p,q) € M X M. O

At points of the form (p, p), the function p(p,g) no longer possesses the
smoothness property. However, it is clear that its square p2(p, ¢) is smooth at
these points (since the square of the length |A|? of the vector A is smooth even
for A =0).

Remark 7.136. It is impossible to assert that the function p?(p,q) is smooth
at all points (p,q) € M X M: this is not true even for such simple manifolds as
spheres.
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7.12 Conditions for the completeness of Rieman-
nian spaces

Quite unexpectedly, complete Riemannian spaces, in the class of all Riemannian
spaces, can be characterised by extremely simple, essentially purely topological
properties. Specifically, it turns out that

Proposition 7.137. for any connected Riemannian space M the following three
properties are equivalent:

1) the space M is complete in the sense of §7.11, i.e. each of its mazimal
geodesics is defined on the entire axis R;

2) the space M is complete with respect to the intrinsic metric p, i.e. each
fundamental sequence of its points converges;

3) each bounded (in the metric p) closed subset of M is compact.

The fact that property 1) implies property 3) was already noted in §7.11,
and the fact that property 3) implies property 2) was proven in §1.4 Thus, we
essentially only need to prove that property 2), i.e., metric completeness, implies
property 1), i.e., completeness in the sense of §7.11.

Let y : I —» M be an arbitrary geodesic of a metrically complete Riemannian
space M, defined on a right-finite interval I = (a,b). For any sequence t,, € I
of points of the interval I converging to a number b, the sequence p,, = y(t,) is
fundamental (= Cauchy) in M (since, under the assumption that the parameter
t is the arc length, p(p;, pj) = |ti —t;]) and therefore has a definite limit p in
M. Clearly, this limit does not depend on the choice of the sequence t,,. Let V
be an arbitrary normal convex neighbourhood of a point p, and let x*, ..., x™
be a system of local coordinates defined in the neighbourhood V. Consider the
functions x’(#) = x'(y(t)), which parametrically define a geodesic y(¢) in the
neighbourhood V. These functions are defined on some interval Iy ¢ I by the
right endpoint b, and the limit lim,_,;_ox'(¢) exists for any i. We extend the
definition of the functions x’(¢) at the point b by setting

AN i
x'(b) = tl}}r)riox (1).

Since on the interval Iy the functions x'(¢) satisfy the differential equations of
geodesics . . 4
BT (e L M =0, (7.138)

then, since the first derivatives %' () are bounded on Iy (since };[4/(¢)]? = 1 for
any t € Iy), the second derivatives ' (¢) are also bounded on Iy. Therefore, the
first derivatives () are uniformly continuous on Iy, from which, in particular,
it follows that as t — b — 0 they have a certain limit lim,_,;_¢%(¢). Since,
according to Lagrange’s theorem,

xi()—x'(b)
?—X(f), 1<ELD,
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then this limit coincides with the left derivative %’(b) of the function x’(¢) at
the point b: _ _
x'(b) = lilr)nox’(t). (7.139)
t—b—

The existence of the limit lim,_,_oX(f) due to the equations (7.138) implies
that the limit lim,_p,_o¥'(¢) also exists. Applying Lagrange’s theorem to the
function %’ (¢), as above, we find that this limit coincides with the left derivative
i#1(b) of the function %' (¢) at the point b:

i(b) = lim x'(r). (7.140)
t—b-0
Now setting,
; 0
b=t ) |
oxt],

let us consider a geodesic yp emanating from the point p, tangent to the vector B
at this point. Let the parameter ¢ on this geodesic run through the half-interval
b <t <c. Let us define a continuous curve y : (a,c) — M on M, setting

_ (1), if a<t<b,

y(1) = .

vp(1), if b<sr<e.

For ¢ # b, the functions X' (¢), which parametrically define this curve in a neigh-
bourhood V| satisfy equations (7.138). Furthermore, at the point b, there exist

derivatives );cl(b) = x’(b) Moreover, since the curve yg(t) is a geodesic, there
exist right derivatives x(b), and these right derivatives satisfy equations (7.138).

But due to equalities (7.139) and (7.140), the left derivatives X (b) = ¥ (b) also
satisfy these equations. Therefore, at the point b, the usual second derivatives
of the functions X' (¢) exist, and these derivatives are continuous and satisfy sys-
tem (7.138). As we know (see §7.5), it follows from this that the curve ¥ is
regular and geodesic.

Thus, any geodesic y defined on a right-finite interval (a, b) is the restriction
of some geodesic ¥ defined on a larger interval (a, c). Similarly, it can be proved
that if the interval (a,b) is left-finite, then the geodesic y can be extended
to a larger interval (c, b), ¢ < a. Consequently, every maximal geodesic must
necessarily be defined on the entire R-axis. Thus, the equivalence of properties
1), 2) and 3) is completely proven.

From the proven statement, in particular, it follows that

Proposition 7.141. any compact connected Riemannian space is complete.



Chapter 8

Variational theory of
geodesics

This chapter presents the fundamental analytical-geometric Morse index theo-
rems, which reduce the calculation of the number of conjugate points located
on an arbitrary interval to the calculation of the negative index of inertia of a
certain quadratic form.

After the introductory §8.1 - 8.2, §8.3 - 8.4 present the basic concepts of a
Jacobi field and a conjugate point and prove their simplest properties.

In sections §8.5 - 8.7, it is established that Jacobi fields are nothing more
than fields that minimise a certain quadratic functional.

In sections §8.8 - 8.10, the fundamental Morse form is constructed.

In sections §8.11 - 8.12, the fundamental Morse theorems are proved.

In section §8.13, Morse’s theorems are reformulated in a more convenient
form.

In the appendix, the main results of the chapter are extended to the case of
a problem with a moving end.

8.1 Geodesics as lines of fixed length

Generally speaking, a geodesic is not a shortest path, i.e., its length (between
two arbitrary points) is not minimal. We can only assert that the length reaches
its extreme (stationary) value on the geodesic. This section is primarily devoted
to proving this assertion (see below for its precise formulation).

Let y : [t1,12] — M be an arbitrary regular curve in the Riemannian space
M (more precisely, a segment of such a curve) and let p and ¢ be its endpoints:

p=vy(t1), q=vy(t2).

Let, further, G be a subset of the R? plane consisting of all points (z,7) € R?
for which
1(t) <t <ts(1), -T90<T<T0,

319
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where 7y is some positive number, and #1(7) and #2(7) are smooth functions
defined for |7| < 1y such that 71 (1) < t2(7) and #1(0) = 11, t2(0) = 15.
A surface
0:G—>M

(more precisely, the restriction to G of some surface defined on a domain in R?
containing the set G) will be called a variation of a curve y if the curve

@o(1) = ¢(t,0)

coincides with the curve y(z). Each variation ¢ defines two (generally speaking,
irregular) bounding curves on M

@p(1) = 0(11(7), 7). ¢q(7) = ¢(12(7), 7),
passing through the points p and ¢, respectively:
ep(0) =p,  ¢4(0) =q.
If these curves degenerate, i.e., if
ep(T) =p, @q(1)=¢q

for all 7, then we will call the surface ¢ a variation with fized ends.

At each point ¢(f,7) € M, where (t,7) € G, the variation ¢ defines two
vectors: '?,—‘f(t, 7) and g—f(t, 7). In particular, at each point y(¢) of the curve vy,
the variation ¢ defines the vectors %—‘f(t, 0) and g—f(t, 0). It is clear that

dp
—(1,0) =y(1).
5 (0 =7()
As for the vectors g—f(t, 0), they form a new vector field

X(1) = g—f(t, 0)

on the curve y(r). We will say that this vector field is associated with the

variation ¢. With the tangent vectors ¢, (0) and ¢4(0) of the curves ¢,(7) and

@4 (7) at the points p and g it is related by the formulae
¢p(0) =1 (0)y(t1) + X(11),

$q(0) = i2(0)7(t2) + X (t2). (8.1)
Therefore,

Proposition 8.2. if ¢ is a variation with fized ends, then

X(t1) = 11 (0)y(t1),
X(t2) = —12(0)y(t2).
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In particular,

Proposition 8.3. if t1(7) = 11 and t2(r) = to for all T (i.e., the set G is a
rectangle), then for any variation with fived ends

X(11) = X(12) = 0.
Obviously, this necessary condition is also sufficient, i.e.,
Proposition 8.4. any vector field X(t) on the curve y(t) for which
X(t1) = X(t2) = 0.
is associated with some fized-endpoint variation ¢, defined on the rectangle
11 <t<ty, -T90<T<T0,
where 1y is some (sufficiently small) positive number.
Each variation ¢ defines for any 7 a curve
@ (1) = p(t,7) t1(7) <t <t2(7),
with tangent vector
52 () = 2 (1,7)
= —(t,7).
Pt ET:
Let
12(7)
1@ = [ g lar
t

1(7)
be the length of this curve. Differentiating the function J(7) with respect to 7
and noting that, according to formula (7.86), the derivative with respect to 7 of

the function
. _ |{9¢ d¢
|Q0T(t)| - J( 6[ (ta T)7 ﬁt (th))

is expressed by the formula

1 (Vatp

d¢
O (t’T)5 ([’T))’
%_f(t’ T)‘ ot Ot ot

d,
g2 (1)) =

we obtain, using formula (7.16), that

Ay

i@ = )| 2 (1, 0| i (7) 2 1, 7)

+/tt 1 ( v a¢(t,r),?9—f(t,T))dt.

\(1) %—‘f(r,‘r)| dt ot

Assuming here T = 0 and assuming for simplicity that |y(¢)] = 1, i.e. that the
parameter ¢ on the curve y(¢) is the arc length, we obtain the formula

J(0) = i5(0) - ,(0) + / 2 (Z—f(r),w)) dr.

151
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But, according to formula (7.86),
VX )\ _d _ vy
(S 070) = S xwyo - (xo. o).
so that

J(0) = ia(0) = £1(0) + (X (12). 9(12)) — (X(12), 9(12)) - / 2 (Xm, %(r)) dr.

51

In other words (see formulae (8.1)),

10 = 44059 (2, 0.5 - [ [x0. F0)ar e3)

51

where y, = y(t2) and y, = y(t1) are the tangent vectors of the curve y at the
points g and p. In particular,

Proposition 8.6. for any variation ¢ with fixed ends
. 2 vy
J(0) =—/ (X(t),—y(t))dt. (8.7)
f dt

The number J(0) is called the first variation of the arc length of the curve
v corresponding to a given variation ¢ of the curve y. If for any variation ¢
with fixed endpoints it is equal to zero, then the curve vy is covered by a curve
of stationary length. From formula (8.7) it follows directly that

Proposition 8.8. any geodesic y(t) is a curve of stationary length.
Remark 8.9. The converse is also true, i.e.

Proposition 8.10. Any curve of stationary length (where the arc length is the
parameter) is a geodesic.

Proof. Indeed, due to the so-called fundamental lemma of the calculus of vari-
ations (for the application of which the scalar product (X (1), %(r)) at each

point ¢ € [#1, 2] should be expressed through local coordinates) from the condi-
tion J(0) = 0 it follows (in view of the fact that for #; <t < t5 the vector X(r)
can be chosen completely arbitrarily) that %(t), i.e., that the curve y(¢) is a
geodesic. O

For an arbitrary variation ¢ of the geodesic y, formula (8.5) implies that

J(O) = (¢q(0),7q) - (¢p(0)»7p)' (8-11)

We will use this important formula repeatedly in the future.

Consider, for example, the function p = p(p,g) on the manifold M x M.
As we know (see §7.11), the function p is smooth at a point (p,q) € M x M
if the points p and ¢ are distinct but sufficiently close (contained in the same
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normal convex neighbourhood V). Therefore, for any vector C € (M X M)(p.4),
the number C, is defined.

Let C = (C1,Cs2), where C; € My, Co € My (see §4.6). Consider in the
manifold M X M an arbitrary curve ¢(7), |t| < 79 for which

¢(0) = (p,q), ¢(0)=C.
Let @(1) = (¢1(7), 02(7)), where ¢1(1), ¢2(7) € M. Then

01(0) =p, ¢1(0) = Cy,
@2(0) =g, ¢2(0) =Cs.

We define the numerical function p(7) by setting

p(1) = p(e(1)) = pe1(7), 2(7)).

According to the remark made in §5.3, the number C, is equal to the value p(0)
of the derivative p(7) of this function at 7 = 0:

C, = p(0).

To calculate this derivative, we note that for sufficiently small 7o > 0 all
points of the curves ¢1(7) and ¢5(7) belong to a neighbourhood V containing
the points p and ¢, and therefore for any 7 € (—19, 79) the points ¢ (1) and 2 (1)
can be connected in M by a unique shortest arc y,(#). Taking the parameter ¢
on this shortest geodesic to be the arc length measured from the point ¢q(7),
we immediately obtain that the formula

QO(I, T) = yT(t)’ |T| < 7o, 0<r< p(T)’

defines a certain variation ¢(#,7) of the shortest geodesic y = 7y connecting
the points p and ¢. The bounding curves ¢,(7) and ¢,(7) of this variation
are obviously the curves ¢1(7) and @2(7), and the corresponding function J(7)
coincides with the function p(7). Therefore, according to formula (8.11),

.0(0) = (¢2(0)’ ')’q) - ((,le(O), ')’p) = (C29 Vq) - (Cl’ '}’p)
We have thus proved that

Proposition 8.12. if points p and q # p of a Riemannian space M are suf-
ficiently close, then for any vector C = (C1,C2) € (M X M)p.q), C1 € Mp,
Cy € My, the followwing equality holds

Cp = (C2’7q) - (Cy, 7./]))’ (8'13)

where y, and y, are the unit tangent vectors at points p and q of the shortest
geodesic y connecting these points.
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In the future, we will have to use formula (8.11) without the assumption
that the parameter ¢t on the geodesic vy is the arc length. It is clear that in this
case it takes the following form:

(4(0),74) — (¢(0),7,)
7 ;

J(0) = (8.14)

where ¢ = |y(r)| (as we know, this number does not depend on ¢), and y, and
vq are, as above, the tangent vectors y(f1) and y(f2) of the geodesic y at the
points p and ¢, respectively.

8.2 The second variation of the length of the geodesic
arc

In the future, we will also need the second variation J(0) of the arc length of

the curve y(t), but only for the case when the curve y(¢) is geodesic. We will

calculate this variation under the additional assumption (quite sufficient for our
purposes) that

(@) for any point (¢,7) € G, the length

K|

of the vector %—‘f(t, 7) = ¢(¢) is non-zero and depends only on 7 (but does
not depend on 7).

This assumption means that each curve ¢, (¢) is regular and that the param-
eter ¢ on it is proportional to the arc length with a proportionality coefficient
k(t) > 0 depending only on 7.

In view of this assumption,

J(1) = k() (t2(7) = 11(7)),
and therefore
J(7) = k(7) (12(7) = 11(7)) + 2k (7) (2(7) = i1(7)) + k(7) (P2 (7) = 11 (7)),
so that
J(0) = k(0)(12(0) = 11(0)) + 2k (0) (72(0) = 1(0)) + k(0)(#2(0) = #1(0)).
But, as we have already seen (see the formula for £|¢.(¢)| in §8.1),

. 1 V d¢ 0p
ko=t \arar 5 D)
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from which it follows that

(L (T Y00,
k(@) = k() (61’ ot ot ) (t T))
V d¢ V d¢ 1 (Vdyp
* (EE(“)’EE(’ )) IGE (a T 0.5 a0 T)
Thus
. 1 V de
KO0 = 155 3 0015 um)
a1 V V dp
k(ﬂ—m(gga( 0), (l 0))
V dy V dy 1 (Vg d¢
+(aﬁﬂﬁmﬁ?5“ﬂﬂ‘ums@7m“0> “Oﬂ
But, according to formulae (7.16) and (7.17),
\Y (9<p
grar 0T 6t6 PG

V V dy V V dy dp dg d¢
a_a_ a, \Us =\ R T a_ U s Tq, U o U
graror "D T aarac T Ree )(67' (t.7), 5, T)) a7

and therefore

dy B

2000 =20,
dy VV dp
ot

\%
ot
\%
ot 01 9t ot

T 02000) = 228 10) + Ry (X(0), HO)X ()

Thus

K0 = 155 (G 070 (815)

(we have already essentially derived this formula once above) and

1 V Vo
k(0) (ara a‘p(’ 0), V(f)) + Ry (1) (X (1), 7(1), X (1), 7/(1))

VX 1 (vx .\
(—() —()) (W(t),y(t)) :

k(0) =

k(0)3
Since k(0) does not depend on ¢ and #5(0) = to, #1(0) = #1, then
t2 .
Ea0) =10 = [ kyar
n

On the other hand, since the curve y () is geodesic (here we use this assump-
tion for the first time), then %)‘/(I) = 0 and therefore

V Vo d (Vo
Ea_a_(’ ,0), y(t)) — (a—a—(t 0), V(I))
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Therefore, rearranging the arguments of the Riemannian tensor, we obtain
that

. 0

FO00) -10) = 5 | (55 520201502 - 55100500 |+
o1 [(VX 1 (VX 2

/ {—[(Em,w(r))—Rw)(xa),y'(r),y'(z),X(r» -z o 070 }dr

k(0)
Let us now introduce into consideration the bounding curves ¢,(7) and
@4 (1) of the variation ¢. Since

0 0
6p(1) = SEL @D + S (11(7)

then
v vV vV .
0 (1) = L9 1 ) (O + 25 2 11, )i ()
Ay V 9y
+ _(tlaT)tl(T) + a_a_(’”)
and therefore
Vgop

2 (0) = 2 (1) () + 70O + 2= (11,0,

v
for d—:’(t) =
Hence,

o
3= 220500 = (200 30) =2 (T30 0 - e 50 O

_ (%(0),7(t1>) — 2k(0)K(0)£; (0) - k(0)% (0);

in the last transformation we used the fact that the numbers k(0) and k(0) do
not, depend on ¢, so that

k(0) = |7(r1)l, and k(0) = (VX( 1) 7(t1))

k(0)

It is clear that a similar formula also holds for (ar 5e £ (t2,0), ')/(tz)) Substi-

tuting these expressions into the formula for k(t5(0) — £1(0)), we immediately
obtain that

Proposition 8.16. the second variation J(0) of the length of the geodesic arc
v(t) for any variation ¢ satisfying assumption (a) is expressed by the formula

Vo V¢
IO = 75 [( 1003 - (2007, )+
1

ta 2
/ {m (T 0. T 0) - o 3050300 - 15 (G050 }dr
(8.17)
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8.3 Jacobian variations and Jacobian fields

Assuming for simplicity that the Riemannian space M is complete, we consider
its arbitrary maximal non-degenerate geodesic y : R — M. We will call a
variation

p:RXI—- M

of a geodesic v, defined in a strip R x I ¢ R?, where I is some interval of the
form (-7, 19), a Jacobian variation if for any 7 € I the curve

(1) =p(t,7), teR,

is a geodesic.

For each fixed #p € R, the Jacobian variation ¢ defines a smooth (but gener-
ally not regular) curve

a(t) = (tg, 1), TEI,
and a vector field
A(r) = 6—‘p(t0,‘r), Tel,
ot
on the curve a(t). Since
A(T) = ¢+ (t0),

then for any 7 € I, the vector A(t) uniquely determines the geodesic ¢ (¢). This

means that

Proposition 8.18. the curve a(t) and the vector field A(t) uniquely determine
the Jacobian variation .

The curve a(7) and the field A(7) are related to the geodesic y(z) by the
relations

a(0) = y(t0), A(0) = y(10). (8.19)

It is clear that these conditions are not only necessary but also sufficient for the
curve (1) and the field A(1) to determine some Jacobian variation ¢ of the
geodesic v, i.e.

Proposition 8.20. for any smooth curve a(t) of the space M and any vector
field A(t) on the curve a(t), related to the geodesic y(t) by relations (8.19),
there exists a Jacobian variation ¢ of the geodesic y for which

0
a(7) = plto. 7). A(T) = Z (1o 7).
This variation is determined by the formula

p(t, 1) = Ya(r),A(T) (1),

where yq(7),a(7)(7) is the maximum geodesic that passes (at ¢ = #y) through the
point (1) and has a tangent vector A(7) at this point.
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We call a vector field X(f) on a geodesic y(z) a Jacobi field if there exists a
Jacobi variation ¢ of the geodesic y such that

0
X(1) = 8—‘:0, 0) forany fe€R,
i.e., if the field X(¢) is associated (in the sense of §8.1) with the variation ¢.

According to what was said above,

Proposition 8.21. any Jacobi field X(t) on the geodesic y(t) is uniquely de-
termined by defining a curve a(t) and a vector field A(t) that satisfy relations
(8.19).

Therefore,
Proposition 8.22. for any two wvectors A,B € M,,), there exists on the
geodesic y(t) a Jacobi field X(t) with the property that
VX
X(tg) = A, —(t9) = B. (8.23)
dt
To construct this field, it is sufficient to construct a curve a(r) such that
a(0) = y(to), «(0) =4,

and on this curve a vector field A(t) such that
. VA
A(0) = y(t0), E(O) =B.

Let us now show that
Proposition 8.24. any Jacobi field X (t) on a geodesic y(t) satisfies the equation

\%

X0 + Ry (X0, 70)7(0) = 0 (8.25)

Proof. Indeed, let ¢(¢,7) be the Jacobian variation with which the field X(¢) is
associated. Applying formula (7.17) to the vector field %—‘f(z, 7) on the surface
¢ and recalling that, according to formula (7.76),

V d¢ V dy
— 7)== (71),
TR P G
we obtain the relation
V Vdgp V Vdp (") dy dy
a_ a, a. t? T a. ., a_ ta =R T a_ ta s oL t’ ., t’
groror "D T ararar 00 T Rewn | Gp 0T G (D)) 5 (0 T)

Assuming here that 7 = 0 and taking into account the equality

de .
E([’O) - ’Y(t)7

we immediately obtain equation (8.25) (since V—Z’(t) = 0, since the curve y(r) is

a geodesic). i
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Let us now assume that on the geodesic y(¢) there is a field of frames, i.e.,
a system of m vector fields Aq,... , A, (f), with the property that for any
t € R the vectors Ay,... , Ay(t) € M, form a basis of the space M,
(such a system can, for example, be constructed by taking an arbitrary basis of
the space M, ;) and transferring it in parallel to all points of the curve y(z)).
Having introduced into consideration the components X'(#) of the vector X (r) in
the basis A1,... , An(?), we can rewrite equation (8.25) in the form of a system
of m ordinary differential equations of the second order for unknown functions
X'(1),... , X™(t). Therefore, due to the uniqueness theorem for solutions of
a system of differential equations, each solution X(¢) of equation (8.25) (and,
in particular, each Jacobi field) is uniquely determined by the values at ¢ = ¢,
of its components X'(¢) and their first derivatives %(r). But it is clear that
these values are uniquely determined by conditions (8.23). Therefore, despite
the arbitrariness that exists in the construction of the curve a(r) and the field
A(T):

Proposition 8.26. The Jacobi field X(t) constructed above from the vectors A
and B is uniquely determined by these vectors.

Moreover,

Proposition 8.27. any solution of equation (8.25) is a Jacobi field, since each
such solution X(t) is uniquely determined by the vectors A = X(ty), B = %(IO)
and therefore coincides with the Jacobi field constructed for these vectors.

Since equation (8.25) is linear, it follows that

Proposition 8.28. the set J, of all Jacobi fields on a geodesic is a 2m-dimensional
linear space.

By scalar multiplying equation (8.25) by an arbitrary Jacobi field Y (r), we
obtain the equality

VvV
dt dt

——X(r),Ym) Ry (X0, 70, 70, Y (1)) = 0.

Similarly,

(%%Y(’)’X(”) + Ry (Y (1), 7(1), 9(1), X (1)) = 0.

But, due to formula (7.92),
Ry (1) (Y(1),7(2),7(1), X(2)) = Ry (1) (X(2), 7(1), 7(2), Y (1)).
Therefore,

Proposition 8.29. for any two Jacobi fields X (t) and Y (t), the following equal-
ity holds

(%%X(tﬂ(t)) . (X(w, %%m)) . (8.30)
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Of particular importance to us will be the Jacobi fields X (¢) for which
X(t9) =0

Obviously, the set A, (#9) of all such fields is a linear subspace of the space J,,
and

Proposition 8.31. the map
VX
X(t) —» — (¢
(1) >~ (1)

is an isomorphism of the space A, (ty) onto the space M,(ty).
In particular, we see that
Proposition 8.32. the dimension of the space A, (tg) is m.

From formula (8.30) and formula (7.86) it easily follows that for any two
Jacobi fields X () and Y () the following equality holds

d|(V
o [( X (1), Y(t)) (X(t) Y(t))]

i.e. the equality

v
(EX(I)’ Y(t)) (X(t) Y(t)) = const .
If, in particular, X(7),Y () € A,(fo), then this expression is equal to zero
when ¢ = ty, and therefore is equal to zero for any ¢. This proves that

Proposition 8.33. for any fields X(1),Y(t) € A,(tg) the following equality
holds:

v
(EX(t),Y(t)) (X(t) Y(t)) (8.34)
Now we take the scalar product of equation (8.25) by the field y(#). Then,

taking into account the symmetry properties of the Riemannian tensor (formula
(7.91)), we obtain the relation

Vv
|32 x0.70) =0,

i.e., the relation

d2
ﬁ(X(t),)'/(t)) =0
Therefore,
(X(1),y(t)) = at + b,
where a and b are constants.
If now X(¢) € Ay(l‘o) N Ay(l‘l), where tg # t1, then

aty+b =at; +b =0.

which is possible only if a = b = 0. Thus,
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Proposition 8.35. for any field X(t) € A, (to) N A, (t1), the following equality
holds
(X(1),7(1)) =0, (8.36)

i.e., any such field is “orthogonal” to the geodesic y(t).

8.4 Conjugate points

Points pg = y(#9) and p; = y(z1) of a geodesic y (or the corresponding points g
and 71 of the R-axis) are called conjugate (on the geodesic y or with respect to
the geodesic y) if there exists a non-zero Jacobi field X () on the geodesic y(r)
that is equal to zero at these points:

X(to) = X(11) =0,
i.e., if the subspace A, (tp) N A,(t1) of the space J, is non-zero. The dimension
Ao (1) = dim(Ay(tO) N Ay(tl))

of this subspace we will call the index of the point p; = y(#1) (or the point #;)
with respect to the point pg = y(#g) (the point o). Thus,

Proposition 8.37. A point 11 is conjugate to a point ty if and only if its index
At (t1) is non-zero.

The significance of the concept of conjugate points is determined primarily
by the fact that

Proposition 8.38. if points ty and t1 are not conjugate, then for any vectors
A € My, and B € My, there exists one and only one field X(t) € J, for
which

X(lo) =A, X(tl)ZB.

Proof. To prove this statement, we consider the linear map A, (t1) — M, (4,
which associates with each field X(¢) € A, (#1) a vector X(t9) € M, (). The fact
that the points 7y and #; are not conjugate means that this map is monomorphic
and therefore isomorphic (since the dimensions of the spaces A, (11) and My )
are the same). Consequently, for any vector C € M, there exists one and
only one field Y (#9) € A, (#;) for which Y (#) = C.

Now let Xo(¢) be an arbitrary field from J, for which X¢(#9) = B. Then any
other field X(¢) € J, with this property is defined by the formula

X(1) = Xo() +Y (1),

where Y (¢) is some (uniquely defined) field from A, (#1). Now choosing the field
Y(t) so that Y(zg) = A — X (tg), we obviously obtain the desired field X(z). O

To study the properties of conjugate points, we note that when constructing
fields from A,(#9) using Jacobian variations, we can, taking advantage of the
arbitrariness of the choice of the curve a(7) and, obviously, assume that the
curve a(7) is degenerate. Thus,
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Proposition 8.39. each field X(t) € A,(to) is associated with a Jacobian vari-
ation ¢(t,7) such that

o(tg,7) = y(tp) for all 7.

Jacobian variations with this property can, for example, be defined by the
formula

@(t,7) = exp((t — 10) (¥ (t0) + TA)), (8.40)

where
exp: My, —> M

is the exponential map at the point pg = y(to) (due to the completeness of the
space M, this map is defined on the entire space M), and A is an arbitrary
vector in the space M. Indeed, for any 7, the curve ¢, (1) = ¢(z,7) is a geodesic
that passes at ¢ = 7 through the point py (and has a tangent vector y(to) + TA
at this point).

From formula (5.7) it follows directly that for each such variation the fol-
lowing relation holds:

0
Go(t.7) = dexpyg o (1= 10)A),

where A(t,7) = (t — 10)y(to) + TA € M, and where the vector (t —t))A € M,
is considered as the tangent vector of the linear space Mp,, at the point A(z,7).
Therefore, the Jacobi field X () € A, (#9) associated with this variation is defined
by the formula

X(1) = deXp(l—tO))'/(tO)((t —19)A). (8.41)
Let x!, ..., x™ be normal coordinates at a point p, (relative to some basis
A1, ..., A, of the space M),), defined in a normal neighbourhood V = V(po)

of the point pg. In these coordinates, the geodesic
y(1) = exp((z - 10)7(t0))
is defined by the functions
X () =x0)(r-1), i=1, ..., m,

and the variation ¢(t,7) is defined by the functions

X, 1) = X(0) + AN (1 —10), i=1, ..., m,
where A!, i = 1, ..., m, are the coordinates of the vector A in the basis
A1, ..., Am. For components X’ (z) of the field X (¢) in the basis (%) PR (—
y(t

it immediately follows that

X)) =A(t—1y), i=1, ..., m.

0

oxm

)Y(t)
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That’s why
vx\’ o
(E) (t):Al+F;kxj(0)Ak(t—[0), i:l’ Cm
In particular, .
vx\' .
(E) (o) =A', i=1, ..., m.

i.e.
—(19) = A.
It ( 0)

Since an arbitrary field X(¢) € A,(#o) is uniquely determined by the vector
%(ro), we obtain from this that

Proposition 8.42. Every Jacobi field X(t) € A,(to) is supposedly associated
with some variation of the form (8.40).

Namely, with a variation ¢(#, 7) for which A = YX(z).
From this proposition and formula (8.41), it follows directly that

Proposition 8.43. points pg = y(tp) and p1 = y(t1) are conjugate (with respect
to the geodesic y(t)) if and only if there exists a non-zero vector A € M, such
that

d XD (119310 (A) = 0,

i.e., when the vector (t —ty)y(to) € Mp, is a critical point of the map
exp: My, —> M.
In particular,

Proposition 8.44. points pg,p1 € M are conjugate on at least one geodesic
connecting them if and only if the point p1 is the image under the exponential
map

exp : Mp, —» M.

of some critical point of this map.
Applying Sard’s theorem (§5.6), we immediately obtain from this that

Proposition 8.45. for any point pg € M, there exist points that are not con-
jugate to the point pg on any geodesic connecting them.

Oun the other hand, for any geodesic y(t) (passing at ¢t = ro through the point
po) with #; sufficiently close to ¢, the vector (t; — o)y (¢) belongs to a normal
neighbourhood of the point 0 in the space M, and is therefore not a critical
point of the map exp. Consequently,

Proposition 8.46. for any geodesic y and any point ty € R, all points t; in
some neighbourhood of the point ty are not conjugate (with respect to the given
geodesic y) to the point tg.
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Namely, all points #; for which the point p; = y(#1) = exp((t1 — t9)y(¢9))
belong to some normal neighbourhood of the point py have this property. Since
any point in the space M has a neighbourhood that is a normal neighbourhood
of each of its points, we therefore obtain that

Proposition 8.47. each point on the real azis R has a neighbourhood in which
any two points are not conjugate (with respect to a given geodesic ).

In a well-known way, it follows from this that

Proposition 8.48. for any finite segment [a, b] of the R-axis, there exists a
number d > 0 such that for |ty —t| < d, the points ty and t1 of the segment [a, b]
are not conjugate (with respect to the given geodesic y ).

We know (see §7.10) that for any compact set C ¢ M there exists a number
d > 0 such that any two points p,q € C for which p(p,q) < d, belong to the
same normal convex neighbourhood and therefore can be connected by a unique
shortest arc y,,. According to what was said above,

Proposition 8.49. the points p and g are not conjugate on the shortest arc
Vpq-

Let us now find all points #; conjugate (with respect to a given geodesic y)
to some fixed point 7y € R.

Let X;(¢), ..., Xm(?) be an arbitrary basis of the space A, (#p). By choosing
a field of frames A;(r), ..., A, (f) on the geodesic y(z) (see above, §8.3), we can
write )
Xi() =X (nA;(t) i,j=1, ..., m,

where Xl.j (t) are some smooth functions.

By definition, a point #; is conjugate to the point f( if and only if there exists
a non-trivial linear combination of the fields Xi(¢), ..., X,,(¢f) with constant
coefficients that is equal to zero at ¢;. Therefore

Proposition 8.50. A point t; is conjugate to the point ty if and only if the
determinant )
D(1) = det| X/ (1)

is equal to zero at t = ty.

It is clear that (up to a constant non-zero factor) the determinant D(r)
does not depend on the choice of the basis X;(¢), ..., X;u(#). Using this (and
assuming that the points 79 and 71 are conjugate), we choose this basis so that
the first A = A, (¢1) of its fields form a basis of the space A, () N A, (#1). Then

Xl.j(t) for 1 <i <A, 1< j<m, and therefore near the point 7; (i.e., on some
interval centred at this point) the following equalities hold:

J _ J . .
X/ () =(-t)p; (1), 1<i<A 1<j<m,

where go{ (t) are continuous functions. It follows from this that
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Proposition 8.51. near the point t; the equality holds

D(t) = (t - t1)'®(2),

where ©(t) is some continuous function.

It is easy to see that

Proposition 8.52.

Proof. Indeed, since

D(11) # 0.

J

x/

i dX; VA
@i (1) = T(tl) = (t1),

335

(8.53)

vx/ . . )
where %(h) is the j-th component of the vector %(rl), then

D(t1) =

Therefore, if ®(¢;) = 0, then there exist numbers ¢!, ...

zero, such that for the fields

vx!
dtl (tl)

vxt
— (1)
X/Ll(tl)

X1 (t1)

VX
(1)
yxm
—i- (1)
X{"(t1)

X (t1)

U(t) = ' X1 (0) + -+ + ' Xa (1),

V()= X1 () + -+ "X (1)

(if 2 = m, then V() = 0) the equality holds

i =vn).

Since U(r),V(t) € A, (1), according to formula (8.34),

vU vv
(W(n, v<r>) - (Um, Em),

and therefore

bl

Cc

m

, not all equal to

VoV = (T Vi) = (v, S ) <o,

since, by construction, U(f) € A,(t1). Consequently, V(t;) = 0, ie., V(1) €
A, (1), which is possible only when the field V(¢) is identically zero. Thus,
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Furthermore, %(ll) = V(t1) = 0, which implies, in view of the inclusion U(¢) €
A, (1), that U(¢) is identically zero, i.e.,

cl=-=ct=0.
Thus, contrary to the assumption, all numbers ¢!, ..., ¢™ are equal to zero.
The resulting contradiction proves relation (8.53). o

From relation (8.53), due to the continuity of the function ®(¢), it immedi-
ately follows that

Proposition 8.54. near the point t1, the determinant D(t) vanishes only at
the point tq,

i.e., that

Proposition 8.55. near the point t1 there are no points t # t1 conjugate to the
point tg.

Since this statement is true, as we showed above, and for #; = tg, it follows
that

Proposition 8.56. the points conjugate to the point ty are located on the R
axis in isolation, i.e., their set does not have limit points in R.

Therefore,

Proposition 8.57. on each finite (open or closed) interval I of the R axis, there
are only a finite number of points conjugate to the point t.

We will call the sum of the indices of these points the indez of the interval
I and will denote it by the symbol A, (I).

Remark 8.58. The fact that there are no points conjugate to #y near tg can be
proven without using Jacobian variations. Indeed, it is easy to see that near ¢
the equality holds:

D(t) = (1 —10)" ¥ (1),

moreover,
vx/

1
— (7
dt (o)

W(to) = det £0.

In conclusion, we prove that

Proposition 8.59. the index A, (11) of any point t; # to (with respect to an
arbitrary geodesic y) does not exceed m — 1.

To prove this important assertion, it is obviously sufficient to prove that

Proposition 8.60. for any number to € R on the geodesic y, there exists a
Jacobi field X(t) € A, (to) that does not vanish at any point t1 # to.
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Such a field is, for example, the field

X(1) = (1= 10)y(2). (8.61)

Proof. Indeed, this field is zero only when ¢ = tg. Furthermore, since the curve

v is a geodesic, then
VAAY Vy
——X(t)=—= =0,
dt dt @) dt
and, on the other hand, by virtue of the symmetry properties of the operator

R

)

Ry 1y (X(2), (1)) = (1 = t0) Ry (1) (¥(2), 7(1)) = 0.
Therefore, the field X (¢) satisfies equation (8.25), i.e., it is a Jacobi field. O

Furthermore, we will call field (8.61) the singular Jacobi field on the geodesic
Y-

8.5 Piecewise smooth and discontinuous vectors

For a more in-depth study of Jacobi fields and conjugate points, it will be
convenient for us to somewhat generalise the concept of a vector field on a
curve.

Let y(¢), a <t < b, be an arbitrary regular curve (more precisely, a segment
of such a curve; in applications of the general theory developed below, the curve
v will be geodesic). A function X(z) defined on an interval [a, b] whose values
for each t € [a, b] belong to the space M, ;) will be called a piecewise smooth
vector field on the curve y(t) if there exists a partition

a=agp<ay <---<ap<dps1 =b

of the interval [a, b] such that on each partial interval [a;,a;+1] the function
X(t) is a smooth vector field. Each such field is nothing other than a piecewise-
smooth curve of the manifold M, projected onto the given curve y. We will
denote the field X(¢) on the interval [a;, a;+1] by the symbol X;(z). We will call
the points ai, ..., a, breakpoints of the field X(t). We emphasise that these
points, generally speaking, depend on the field X(¢) (in particular, their number
n can vary from field to field).

It is clear that the set of all piecewise smooth fields on the curve y (1), <t < b,
naturally includes the structure of a linear space. We will denote this space by
the symbol M,, or simply M.

Along with the space M, we will also need the space M, consisting of dis-
continuous fields X(1), i.e., functions X(t) € M, defined everywhere on the
interval [a, b], with the exception of a finite number of discontinuity points
a; < -+ < a, and outside these points, satisfying the smoothness condition.
Each such field X(¢) can be considered as a set of smooth fields X;(¢), defined
respectively on the intervals [a;, a;+1]. We set

X(a;-0)=X;_1(a;), X(a;+0)=X;(a;).
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If X(a; —0) = X(a; +0), then we will consider the field X(z) to be defined at the
point a; according to the formula

X(ai) = X(al- —0) = X(lli +O)

In view of this agreement, the space M will obviously be a subspace of the space

’

" .
For each field X(r) € M (and even for each field X(r) € M), the vectors

%(t) for t # ai, ..., a, constitute a certain field %(t) e M. If this field
belongs to the space I, i.e., if for any i = 1, ..., n the following equality holds
VX

VX
E(ai -0) = E(ai +0),
then we will call the field X (¢) € M differentiable. Similarly, a differentiable field
X (t) for which the field %%X(r) belongs to the space M will be called twice
differentiable, and so on.

Generally speaking, twice-differentiable fields are not smooth. However,

Proposition 8.62. if a twice-differentiable field X (t) satisfies equation (8.25),
then it is smooth, i.e., it is a Jacobi field.

Proof. Indeed (see §7.4 for a similar argument for geodesics), by covariantly
differentiating equation (8.25), we can successively express all higher covariant
derivatives of the field X() through the fields X (), %X () and - - X(¢). Con-
sequently, all higher covariant derivatives of this field exist, which immediately
implies that this field is smooth. O

A piecewise smooth field Y (z) € M is called a covariant integral of the field
X(1) e M if
o x
dt
for all ¢ for which X(#) is defined.
Clearly, if X (¢) is piecewise smooth, then Y (¢) is differentiable.

Further, it is easy to see that

Proposition 8.63. for any field X(t) € M and any vector A € My (q), there
exists one and only one field Y(t) € M that is a covariant integral of the field
X(t) and such that Y(a) = A.

Constructing this field on each segment of the curve y(f) that does not
contain discontinuity points of the field X () obviously reduces to solving some
inhomogeneous system of first-order differential equations. At the discontinuity
points, these solutions must be matched to each other.

It is possible to prove the existence of the covariant integral Y (f) without
using differential equations. Indeed, first of all, it is clear that it is sufficient
to prove the existence of a covariant integral Yy(¢) equal to zero at the point
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a, since, as is easy to see, the covariant integral Y (¢) for which Y(a) = A is
expressed in terms of the integral Yy(¢) according to the formula

Y(t) =Yo(r) + 1A,

where 7/ : My, — M, ) is the parallel translation along the curve y under
consideration.
Let us now consider an arbitrary partition

a=t)<h <<ty <lyy1 =t

of the segment [a,t] and assign to it the “integral sum”

n

DX (1) (b - 10),

i=0

where 7' : M, ;) — My is the parallel translation along the curve y. The
limit of integral sums of this kind as max;|t;4+1 — #;| — 0 (which obviously ex-
ists) is analogous to the “definite integral fa ! f(t)dt with a variable upper limit*
known from elements of analysis. Repeating verbatim the arguments known
from analysis, we immediately see that this limit is the covariant integral Yy (t).

It is clear that the properties of the covariant integral Yy(f) are analogous
to those of the ordinary integral fa b f(t)dt. Without listing all these properties
(since we will not need them), we will only note the following property (which
we will have occasion to use):

Proposition 8.64. for each t € [a, D], for any field X(t) € M and any vector
B; € My, the following formula holds:

(B, Yo(1)) = /0 t(B,, 77X (6)do, (8.65)

where Yy(t) is the covariant integral of the field X(t), equal to zero at the point
a, and 7 : M, 9y — M, (t) is the parallel translation along the curve y.

Proof. To prove this formula, it is sufficient to note that, by definition, its left
and right sides are limits of the same sum:

n

By, Z X (1) (tie1 — ti)) = Z(BhTte(X(ti)(tHl —t;).
i=0

i=0
O

In conclusion, let us consider an arbitrary family X4 () of fields from MM’
that depend on the parameter 0 € (-6, 8p), where 6, is some positive number.
We will say that the fields of this family depend smoothly on the parameter
0 if for any ¢ € [a, b] for which the vector Xy (¢) is defined, its components X; (1)
in some system of local coordinates x', ..., x™ at the point y(¢) are smooth
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functions of the parameter 6. Clearly, this condition does not depend on the
choice og local coordinates.
X . . ; .
Let 6"9(t> be the partial derivatives of the components X, (z) with respect

to the parameter 6. It is easy to see that the derivative

dXg(t) _ OX(0) (i)
a6 90 \ox')

does not depend on the choice of coordinates x', ..., x™ and is uniquely de-

termined by the field X4(¢). The resulting field % also belongs to the space
M’ and depends smoothly on the parameter 6. If the fields Xg(¢) are piecewise
smooth (belong to the space M), then the field a)f;g(t) also belongs to the space
m

In what follows, we’ll need the following simple proposition, the detailed

proof of which we leave to the reader:

Proposition 8.66. for any fields X(t), A(t) € M there exists a family Xqy(t) €
M, smoothly depending on the parameter 6, such that

6X9(,)

Xo() =X(0), —

lo=0 = A(t).

Moreover,

Proposition 8.67. if the field A(t) is zero at the points a and b, then the family
Xg(t) can be constructed so that X¢(a) = X(a), Xe(b) = X(b) for any 6.

8.6 Minimal vector fields

Let us consider the functional

b
12(X(1)) = / (VX

dt
defined on the space M = M, (the fact that the integrand is undefined at
individual points of the interval [a, b] does not, as is well known, prevent the
existence of the integral). We will assume that the curve y(#), on which the
fields X (r) € M are considered, is a geodesic.
We will call a field X(f) minimal if

(1), Vd—’fm) = Ry (X (0. 7(0).7(0. X(1) | dr,

12X (1) < I5(Y (1))

for any field Y (¢) € M that coincides with the field X(¢) at the endpoints of the
segment [a, b], i.e., such that

Y(a) = X(a), Y(b) = X(b).

Assuming that minimal fields exist, consider an arbitrary such field X (¢). As
we know (see the end of §8.5), for any piecewise smooth field A(#) on a geodesic
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v(t) equal to zero at points a and b, there exists a family Xg(¢) of piecewise
smooth fields smoothly depending on the parameter 6 € (-0, 0y) such that

5X9(t)

Xo(1) = X(1), Xg(a) = X(a), Xg¢(b) =X(b), lo=o = A(1).

Let’s consider the function
1(60) = 1, (Xo(1)).

Differentiating this function with respect to 6, we, as is easy to see, obtain
(using, in particular, the symmetry properties of the Riemannian tensor) that

1) = 2/ [(VXH() iw(t)) Ry (Xe(f) y(0),7(0), H(t))]

dt 00 dt
and therefore that
( VX

1’(0):2/: s

Let Yy(¢) be the covariant integral of the field

—Ry (1) (X (1), 7(1))7 (1),

equal to zero at the point a. According to formula (7.86) (which is obviously
also valid for piecewise smooth fields outside their breakpoints), the following
equality holds

= Ry (1) (X (1), 7(2), 7(1), A(1)) = (=Ry (1) (X (1), 7(1))7(1), A(1)) =

(%(n A(r))) = Ly, 40 - (Yo(f) <t>)

(1), Vd—?(t)) - Ry(t)(X(t),Y(t),Y(I),A(I))] dr

Since, by hypothesis,
A(a)=0 and A(b) =

it follows that by v
, X A
1 (O) = 2/ (E(l) - Yo(l), E(l)) dt. (868)

But, due to the minimality of the field X(z), the function () for any family
Xg (1) has a minimum at the point 6 = 0, and therefore I'(0) = 0. This proves
that

Proposition 8.69. if the field X(t) is minimal, then for any field A(t) € M
equal to zero at the points a and b, the following equality holds

b
/ (—(r) Fo(o), (1)) d

where Yy(¢) is the covariant integral of the field

Ry (1) (X(1), 7(0)y(1),

equal to zero at the point a.
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Let Zo(1) be the covariant integral of the field ¥X (t) Y(0)(1)), equal to zero
at the point @, and let B(t) be the vector field on the geodesic y(t) obtained by
parallel translation along the curve y(t) of the vector ZbUT(bq). Consider the field

A(t) = Zy(t) — (t — a)B(1).

It is clear that A(a) = 0 and A(b) = 0, and therefore

/ (V—Xm Yo(o). (t))dt—

But
VA VZ, VB VX,
E(t)—W(t)—B(t)—(t—a)E(t)— 7 (1) = Yo(t) — B(2).

for %(t) = 0. Hence,
b
/ (—( ) — Yo(t) (t) Yo(t) - B(t)) dt =0,

and therefore

/ (V—Xm Yo(t) = B(), (1) - Yo(r)—B<r))dr

—/a (B(t),E(t)—Yo(t)—B(t)) dz=—/a (B(t),d—to(t)—B(t)) dt =
b b

- [ G020+ [ 50,500 -

= (B(b), Zo()) + (B(b), Bo(b))(b—a) =0

(here we have used the fact that the scalar product (B(r), B(t)) does not depend
on t and, in particular, is equal to (B(b), B(b))). This proves that

X0~ ¥ot) - By =0,

i.e., that
VX
E(t) =Yo(r) + B(r). (8.70)
Since the fields Yy () and B(t) are differentiable, and
VY, . . VB
—2 = —RX(@, 7)) and =0,

it immediately follows that the field X (z) is twice differentiable and satisfies
equation (8.25). Therefore, this field is smooth and, therefore, a Jacobi field. In
other words, we have proven that

Proposition 8.71. every minimal field is a Jacobi field.
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8.7 Existence of minimal fields

The results proved in the previous section are conditional in nature, since the
question of the existence of minimal fields remains open. In this section, we will
show that

Theorem 8.72. if the interval [a, b] has no points conjugate to b, then for any
field Y(t) € M the following inequality holds

(X (1) < I5(Y (1)), (8.73)

where X (t) is the Jacobi field that takes the same values at the endpoints of the
interval [a, b] as the field Y (¢):

X(a) =Y(a), X(b)=Y(D);
however, the equality in formula (8.78) holds only for Y (1) = X(¢).
In other words,

Theorem 8.74. under the given constraint on the interval [a, b], any Jacobi
field X(t) is minimal.

This theorem completely solves the question of the existence (and unique-
ness) of minimal fields, since, as we know, for a not conjugate to b, for any
vectors A € M, () and B € M, ;) there exists a unique Jacobi field X(¢) for
which

X(a) = A, X(b)=B.

Proof. (of 8.72) Let X1(t), ..., Xmu(r) be an arbitrary basis of the space A, ().
Assigning to any point z = (') of the space R™ the field Xz (¢) € J, defined by
the formula

Xz (1) = X(1) + ' X; (),

we consider in the strip [a, b] x R™ of the space R™"! the curvilinear integral
(the so-called Hilbert integral)

o/

where C is an arbitrary curve belonging to this strip.
It turns out that

(%(’)’ %(’)) = Ry (1) (Xz (1), (1), 7(1), Xz (1))

dt+2 (%(r),xim) dz"},

Proposition 8.75. the integral G between any two points of the strip [a, b] X
R™ does not depend on the path of integration, i.e., its integrand is a total
differential.
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Proof. Indeed, for any i = 1, ..., m the following equality holds

0 [(Vﬁ( ), VX2 (t)) 0 (X2 (0,70, 7(0), X2 (1))

07!
[(V oV
2 (G052 o B0 Ry (X2 03070, 0] =
[(V VX; . .
2 (G, —(r)) - Rﬂt)(xz(r),y(r),y(r),xi(r))] -
\Y A\VARY) d \Y)
2 (ﬁ( ) (r)) (d—d—Xz(f) X; (z))] . [2 (%(r),xi(o)],
and for any i,j =1, ..., m the expression
0 VAXZ _ 0 VXZ ) _ E .
FPi [2 (T(Z),Xi(f))] =2 (THT(I)’X’(I)) = 2( 7 (f),Xz(f)),
due to formula (8.34), is symmetric with respect to i and j. i

Consider, in particular, in the strip [a, b] X R the curve C with parametric
equations

t=t,
zizzi(t), i=1, ..., m,

where z/(t) are arbitrary piecewise smooth functions on [a, b], equal to zero at
the points a and b. According to what has been proved, the integral G takes
the same value G on all such curves.

On the other hand, each such curve defines on y(#) a piecewise smooth field

Y(t) = X (1) + 2 () Xi (1),
for which Y(a) = A, Y(b) = B. Moreover, since
VY(t) VXZ ()

lpiczi(r) + 2 (D)X (1),

dt
SO
Go= [[|[BEL BED) ) - Ry 0505010
+2 (VXZ(t) lzi=zi (1) Zf(t) - Vx%t(t)ki—z‘(t))]df

and therefore

I2(Y(1) -Gy =
\4 VXz(t) VXz(t VXz(t VY
L (0. o) (P2, T o (P D)=

b vy VXz (1) \%4 VXZ VXz(1)
[ (G- T s g0

|Z’ =z ([))dl > O
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where the equality holds only for

VXZ VXz(1)
_( ) - |zi:zi(t)’

i.e., for z/(t) = 0 (so that, in particular, Gy = I2(X(¢))). Thus, it is proved that
for any field Y (¢) of the form X(¢) + z(#)X;(¢), we have the inequality

I2(X(1)) < 12(Y (1)),

where the equality holds only for Y (¢) = X(7).

To complete the proof of 8.72, it remains to note that any field Y (r) € IM
can be represented (and uniquely) in the form X(¢) + z'(¢)X;(t), which takes
the values A and B, respectively, at the points @ and b, since for any point
t € (a,b) the vectors X(t),..., X,(¢) constitute a basis for the space M,
(otherwise, some non-trivial linear combination of them would be equal to zero,
and therefore the point t would be, contrary to the assumption, conjugate to
the point b). O

Since for a not conjugate to b, the only Jacobi field equal to zero at the
points a and b is the field X(¢) = 0, it follows from the proved assertion that

Proposition 8.76. if there are no points conjugate to b on the interval [a, b],
then for any non-zero field X(t) € M equal to zero at the points a and b, the
following inequality holds

15(X (1)) > 0. (8.77)

In connexion with the results of this and the previous sections, the question
naturally arises of calculating the functional 12 on an arbitrary Jacobi field. We
will show that

Proposition 8.78. for any Jacobi field X(t), the equality holds
VX VX
mnm:bﬂwn@—bﬂ@nﬂ. (8.79)

Proof. Indeed, multiplying equation (8.25) by X(¢) and integrating over ¢ from
a to b, we obtain that

b(vv b
L(mwxmxmp; - [ B (X050 50). X (0.

Hence,

o= [ Zo. o) (31 x0.x0)

B d (VX b
_L ( (1), X(z‘)) = (E(t),X(I)) la-
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8.8 Jacobi’s broken fields

Let p and ¢ be two arbitrary points on the geodesic y(t). To simplify the
formulae, assume that the parameter ¢t on the geodesic y(¢) is chosen such that

p=v0), g=y1).

Further, let

0<6<1
and let
0=ty <ty <tg<tep =1. (8.80)
A piecewise smooth field X(¢) defined on an interval y|[g,1] of a geodesic y
is called a Jacobi broken field (with breaks at the points #1, ..., t,) if each field
Xi(t) =XOli141» =0, ..., 5,

is a Jacobi field on the interval yiy, 1.,1-
Let ® be the set of all Jacobi broken fields X(z) on the interval y|{¢,1], equal
to zero at the endpoints of this interval:

X(0) =0, X(1)=0,

having breaks at the given points 1, ..., f; and orthogonal to the geodesic y(¢),
i.e., such that
(X(@),y()=0 for 6<r<1.

Clearly, this set is naturally defined as a linear space.

In this section, we will describe a certain construction that allows us to
construct all fields from ® and, in particular, to find the dimension of the space
©. In this case, we will assume that the numbers (8.80) are located on the
interval [0, 1] sufficiently “densely,” namely, such that for any i =0, ..., s, the
points

pi =v(ti), pi1 =y(tia1)

of the geodesic y(t) belong to some normal convex neighbourhood V; ¢ M. By
this assumption (see §8.4)

Proposition 8.81. for anyi =0, ..., s, on the interval [t;,t;+1] there are no
points conjugate to the point t;r1; in particular, the points t; and t;+1 are not
conjugate.

Moreover,

Proposition 8.82. there exists a number § > 0 such that any two points p,q €
M satisfying the relations for somei =0, 1, ..., s,

p(pi,p) <6, p(p+1,q) <6,

can be connected in M by a unique shortest path.
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Proof. Indeed, it is clear that any § > 0 with the property that for every
i=0,1, ..., s+ 1 the spherical 5-neighbourhood of p; is contained in the
intersection V;_; N'V; of the neighbourhoods V;_; and V; (for j = 0, in the
neighbourhood Vp, and for j = s + 1, in the neighbourhood Vi), satisfies this
condition. O

In what follows, we will assume that such a number § > 0 is chosen once and
for all, and such that the spherical -neighbourhoods of p; and p;;1 intersect
fornoneof i =0, 1, ..., s.

Let us now assume that for any i = 0, 1, ..., s in the manifold M some
m—1-dimensional submanifold P; is chosen, contained in the é-neighbourhood of
the point p;, passing through the point p; and possessing the property that the
geodesic y does not touch it at the point p; (i.e., its tangent vector y; = y(#;)) at
this point does not touch this submanifold). Such a submanifold is, for example,
contained in the §-neighbourhood of the point p; the part of the level surface
[f = 0] of any smooth function f, for which f(p;) = 0 and (df)p,,(yi) # 0
(say, for each local coordinate x/, for which y;x/ # 0). We will assume that the
submanifolds

Pl» ~~’Ps (883)

are fixed once and for all.
We will additionally assume that the number 6 > 0 is small enough that on
each manifold P;, there exists a system of local coordinates

SR (8.84)

whose coordinate neighbourhood is the entire manifold P;. We will assume that
the coordinates (8.84) are equal to zero at the point p; and will also assume
that they are chosen once and for all.

Let U; be an open set of the space R™~!, which is the image of the manifold
P;, under the coordinate homeomorphism defined by the coordinates (8.84), and
let

U=U; x---xU;g

be the direct product of the sets Uy, ..., Us. The set U is an open subset of
the s(m — 1)-dimensional arithmetic space R™! and each of its points z = (z{.‘),
i=1,...,8 k=1, ..., m—1, determines s points ¢; € P;,i =1, ..., s, related

to the point z by the relations
Mg =2 k=1,...,m-1.
Points g;, considered as points in the space M, have the property that
p(piqi) <6, i=1, ..., s,
and therefore, for any i = 1, ..., s—1, the points ¢; and g;+1 can be connected

in M by a unique shortest path. Furthermore, the point py = y(0) can be
connected by a unique shortest path to the point g;, and the point ¢ can be
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connected by a unique shortest path to the point g = y(1). All these shortest
arcs form a piecewise smooth curve - a broken-line geodesic connecting the point
po with the point g. We will denote this broken-line by the symbol u?, and its
length by the symbol J(z). We will choose the parameter ¢ on the curve u?
proportional to the length s%(z) of the arc of the curve u* from the point pg to
the point u*(¢), namely, so that

J(2)

=775

(t-0).
With this parameter selection

u*(0) = po, u*(1)=79.

We will denote the value of the parameter ¢ corresponding to the point ¢; by
the symbol #;(z),i =1, ..., s, so that

u*(t;(z)) = qi.

We will also introduce the functions #¢(z) and #s41(z), assuming that 79(z) = 6
and #341(z) = 1 for any z € U. Clearly, foreach j =0, 1, ..., s+1, the functions
t;(z) are smooth functions of the point z € U. Since the parameter ¢ is linearly
expressed in terms of the arc length, each segment

uf(u) = uz(t)l[t,-(z),z”l(z)]: i = 0’ 1’ ey S,

of the broken-line u? is a geodesic.
Now, for any point z € Rs(m=1) and any i = 0, 1, ..., s, we define the

variation ¢? of the geodesic y|(; 1,1, setting

it ) =u (1), |1| <70, ti(12) <t <ti41(72),

where 79 is a sufficiently small positive number such that 7z € U for |7| < 7y (such
a number 7y exists, since the set U is open in the space R¥("~1) and contains
the point 0). Since the curve u™(¢) for t;(7z) <t < t;41(72) is a geodesic, the
variation ¢? is a Jacobi variation (more precisely, the restriction of some Jacobi
variation on the set of points (¢,7) for which |t| < 19, t;(72) < t < ti41(72).
Therefore, the vector field X?(r) associated with it, #; <t < t;41, is a Jacobi
field.
Let (1) = t;(7z) and let

al(t) =u™( (7)), || <70,
be the left-hand terminal curve of variation ¢%. Then, as we know (see §8.1),
a; (0) = i (0)y; + X7 (1), (8.85)

where y; = 7;(¢;). But the same curve serves (for i > 0) as the right-hand

terminal curve of variation of ¢%_,, so that

az(0) = if (0)yi + X7, (13).
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Comparing these expressions, we find that for any i = 1, ..., s, the equality
holds:
Xi (1) = XF (1),

showing that the fields X?(¢) form a certain Jacobi broken field X*(¢) on the
interval [0, 1]. Clearly, at the points t = § and 7 = 1 this field is equal to zero:

X%(0) =0, X*(1)=0.

Further, in view of our choice of the parameter ¢ on the curves u?, the function
k(t), corresponding to the variation ¢? (see §8.2), is obviously expressed by the
formula

JZ(T)

k() =T

(8.86)
where
JA (1) = J(12).

In particular, this function does not depend on ¢ (or on i). Thus, the variation
¢% satisfies assumption (a) of 8.2, and therefore all the results of 8.2 are valid
for it. In particular,
ko = (25
=—|—), t
(0) =~ o \ ar (1)
(see formula (8.15)). But according to formula (8.86),

. 3 J%(0)
so that —
; k(0) .
— . y()]| = —=J*
( d; y()) S (0)
forany i =0, 1,..., s.

On the other hand,
JA(r) = 5 (1) + -+ JE(7).

where
Jir), i=0,1,..., s,

is the length of the curve u™ for t;(rz) < t < t;+1(72). Since, according to
formula (8.11),
(di+1(0), 7i+1) - (al(o)’ 71)

7i0) = k() ’

(8.87)

this implies that
jl.ZO) =0,

since dg(0) =0, dg+1(0) = 0. Thus,

VX?
( - ,y‘(t)) =0, i=0,1,..., 5, (8.88)
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and therefore
L (VX (1), (1)) = 0
5 (VX (@0, 7(0)

(since %(l) =0), i.e.
(X7 (1), 7(t)) = a = const.

But by equality (8.85), the constant a does not depend on ¢ and, therefore, is
equal to zero, since, for example, X7 () = 0. Therefore, it is proved that

(X7 (), (1) =0
for any ¢ € [0, 1], i.e., that

Proposition 8.89. for any point z € RSV the Jacobi broken field X*(r)
belongs to the space ©.

8.9 Isomorphism Theorem
The construction described in §8.8 defines a map

RS- 5 @, (8.90)
assigning to each point z € R*""~1) the field X?(r) € ®. It turns out that

Proposition 8.91. the map (8.90) is an isomorphism of the space R*""=1) onto
the space ©.

To prove this proposition, we only need to prove the following three state-
ments:

1) the map (8.90) is linear;
2) the map ((8.90) is monomorphic, i.e., X?(#) = 0 ounly if z = 0;

3) the dimension of the space ® does not exceed the dimension s(m — 1) of the
space R$(m=1),

For this purpose, we consider the direct sum

L=M, +---+M,

of the tangent spaces Mp,, ..., M, of the manifold M at the points p; =
v(t1), ..., ps = y(ty), respectively, and a natural map
0L, (8.92)

assigning to each field X(¢) € ® a vector

(X(11), ..., X(t5))
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of the space L. Clearly, this map is linear. Moreover, it is monomorphic, since
the points #; and t;41 are not conjugate, each Jacobi field

X(t;) = X(t)|[ti,ti+1]

is uniquely determined by the vectors X(#;) and X(#;41) (for i = 0, only by the
vector X (1), since, by hypothesis, X(0) = 0, and or i = s, only by the vector
X (ty), since, by hypothesis, X(1) = 0).

On the other hand, we can construct a certain map

RSm-1 (8.93)

by associating with each point z € R*~1) the tangent vectors

d3(0), ..., a%(0)
of the end curves a? (¢) of the variations ¢%,i =1, ..., 5. (Note that these vectors
are tangent to the corresponding submanifolds Py, ..., Py, since a?(7) € P; for
any Tand any i =1, ..., s). Let e, j=1, ..., s; k=1, ..., m -1, be unit

vectors of the space R*("=1) je., vectors all of whose coordinates are equal to
zero except for the coordinate zf, which is equal to one, and let

(A{’k, ...,Aik), j=1, ..., 8 k=1, ..., m—-1,

be vectors of the space L corresponding, due to the map (8.93), to the vectors
e{(. Since a¥(7) = fi(rz), where f;(z) = u*(#;(z)), then, according to the well-
known formal rules for differentiating functions of a vector argument, for any
point z = zj?ei we have the equality

. _ kAl
a; (0) = 25 A4y,

(recall that the vector A{k of the space M), is the vector a%(0) corresponding to

the point z = ei). Therefore, the map (8.93) is linear. Since forany i =1, ..., s
the vectors Aﬁ’l, ""Aﬁ,m—l (summation over i is not performed) are linearly
independent (they obviously form a basis of the tangent space (P;)p,), the map
(8.93) is monomorphic.

As we know, for any point z € R*"~D and any i = 1, ..., s, the following
equality holds:

X2 (t;) = d; (0) = £7(0)y:

(See formula (8.85). Scalar multiplying this equality by y; and taking into
account the orthogonality of the vectors X?(¢;) and y;, we obtain that

2(0) = (df(.o),'Yi))'
! (vi» Vi)

Therefore,
(a5 (0),7:)

X1 = 3(0) =~
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This shows that the map

L—>L (8.94)
which associates with each vector (A{, ..., As) € L a vector (B1, ...,Bg) € L,
defined by the formula
Bi = Ai - —(f.li’)../i),
(7 i)

has the property that the composition of this mapping and map (8.93) coincides
with the composition of maps (8.90) and (8.92):

Rs(m=1) (8.90) o

(8.93)l l(s.gz)

L—1L
(8.94)

In other words, if monomorphisms (8.92) and (8.93) are considered as inclusions,
then map (8.90) is the restriction of the map (8.94). Since the map (8.94) is
obviously linear, its restriction (8.90) is also linear (Proposition 8.91).

The kernel of the map (8.94) consists of vectors (A1, ..., Ay) € L, for which
for any i = 1, ..., s the vector A; is proportional to the vector y;. On the
other hand, for any i = 1, ..., s, the vector 4%(0), being a tangent vector of
the submanifold P;, is proportional to the vector y; only if it is equal to zero.
Consequently, the kernel of the map (8.94) intersects the image of map (8.93)
only at zero, i.e., the composition of maps (8.93) and (8.94) is a monomorphism.
Therefore, the map (8.90) is also a monomorphism (the statement 2).

Finally, since (X(t),y(¢)) = 0 for any field X(¢) € ®, the map (8.92) maps the

space O to a subspace Lg of the space L consisting of vectors (Ay, ..., A;) € L
for which

(A7) =0 (8.95)
foranyi =1, ..., s. Since the subspace L is obviously s(m—1)-dimensional, and

the map (8.92) is monomorphic, the dimension of the space ® does not exceed
s(m — 1) (Statement 3)). Thus, the theorem formulated above is completely
proven.

Remark 8.96. Since the dimensions of the spaces ® and L coincide, the monomor-
phism
(O LO

is an isomorphism, i.e.,
Proposition 8.97. for any set of vectors
AreMy, ..., Ay e My,

satisfying condition (8.95), there exists one and only one field X(1) € © such
that
X(t) = A;

foralli=1, ..., s.
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8.10 Quadratic Morse form

Keeping the notation introduced in the last two paragraphs, we will consider
the second derivatives

02J(0)
ko ks’

azil z,

il, i2=1, ey S, kl, k2=1, ey m—l,

function J(z) at the point z = 0 (since J%(0) = %zf for all z, then the first
derivatives of the function J(z) at z = 0 are equal to zero). Setting
9°J(0) 4,

Z:°Z;

ip ~i

ek
1 12

Qo(z) =

>

we obtain a certain quadratic form Qg(z) on the space R*"~1) (the so-called
Hessian of the function J(z); cf. §6.1). We will call this form the quadratic
Morse form. It depends on the choice of points (8.80), submanifolds (8.83), and
local coordinates (8.84).

Since the function J(z)(r) = J(1Jz) satisfies the formula

d2J% (1) 3 0%J(1z) ki ko

= ;787
d7-2 ki _ko Ti1 Ti2
0z;'z;;

then
Q4(2) = J*(0),

and therefore
Qo(z) = J5(0) +--- + JZ(0)

where, as in §8.8, J?(0), i = 0,1 ..., s, is the length of the curve u™ () for
ti(12) <t < tiy1(72).

On the other hand, the number JZ(0) is obviously the second variation of the
arc length of the geodesic | ,,], corresponding to the variation ¢%. Since the
variation ¢? satisfies, as we know, the assumption (a), of §8.2, formula (8.17) is
valid for the number J?(0). Moreover, in view of relation (8.88), the integrand
in this formula is simplified and the integral is transformed (up to a constant
factor 1/¢, where £ = k(0) is the length of the segment y|[¢ 1] of the geodesic y)
into the functional I,t:“, Thus,

(%2 (0), i1 ) - (52000, %)

. 1.
J?(0) = / + ZI;;”(Xf(t)).
Summing over ¢ and noting that
VdO Va.s+1
—(0) =0, 0) =0,
7 0 0
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we immediately obtain from this that

Q0(2) = %Ié(xzo)). (8.98)

According to the theorem of §8.9, the field X?(¢) is non-zero for z # 0. There-
fore, according to inequality (8.77) (this inequality is applicable since X*(6) = 0,
X%(1) = 0), it follows from formula (8.98) that

Proposition 8.99. for 0 sufficiently close to 1, the form Qg is positive definite.

In what follows, we will be interested in two numerical characteristics of
the form Qg, namely, its corank cg = ¢(Qg), i.e., the dimension of the maximal
subspace Cg ¢ R*"~1) on which the form Qg is identically zero, and its negative
index of inertia hy = h(Qy), i.e., the dimension of the maximal subspace Hg C
R*(m=1) on which the form Qg is negative-definite. It turns out that

Proposition 8.100. the numbers cg and hgy are independent of the arbitrari-
ness present in the construction of the form Qg and are determined solely by
the number 0 (and the geodesic y).

In other words, no matter how we choose the numbers ¢;, the submanifolds
P; and the local coordinates zf.‘ (while preserving, of course, all the necessary
conditions and, in particular, the condition of sufficient density of the points
f1, ..., ts on the segment [6,1]), the numbers ¢y and hy for the corresponding
forms Qg will have the same values.

It is clear that this statement only needs to be proved in the following par-
ticular form:

Proposition 8.101. If we add another point, say point t* from the interval
(tiys tig+1), to the points t; defining the form Qg, and construct for the thus
extended system of points the corresponding form Q3, (by arbitrarily choosing at
the point y(t*) a submanifold P* and local coordinates z¥ on this submanifold),
then the numbers ¢, = c(Qy) and hy = h(Q}) will be equal to the numbers
cg =c(Qq) and hg = h(Qg).

First, we will prove this statement for the number hy. Let, as above, Hy be
the maximal subspace of R*"~1) on which the form Qg is negative definite, and
let, similarly, Hj be the maximal subspace of RO+Dm=1) 55 which the form 0%
is negative definite. Let, furthermore, ® be the space of Jacobi broken fields
considered in §8.8 and §8.9, and ®" be a similar space corresponding to the
extended system of points #;. Clearly,

®co (8.102)

and therefore the isomorphism R*("~1) — @ considered in §8.9 and the analo-
gous isomorphism RG*D (=1 _, @* define a certain monomorphism

Rs(m—l) — R(x+1)(m—1) (8103)
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From formula (8.98) it immediately follows that if a point z of the space
R*("=1) is mapped by monomorphism (8.103) to a point z* of the space R(+1 (m=1)
then

Q0(2) = Qy(z")

(since each of these numbers is equal to %I}) (X%*(1)). Therefore, monomorphism
(8.103) maps the subspace Hg to the subspace Hy,.
Let us now consider the natural projection

R R+ m=1) _ RS(M—U, (8]_04)

in which the coordinates z. corresponding to the added point ¢* are discarded.
Let z* € R6*D =1 and let z € R*"~ D be the image of the point z* under the
projection (8.104). The broken Jacobi fields X?(r) and X? () corresponding to
the points z and z* coincide everywhere on the segment [6, 1], with the possible
exception of the interval (¢,,%,+1), where on this interval the field X?(¢) is a
smooth Jacobi field, while the field X? (f) may have a break (at the point ¢*).
Therefore, due to the minimality property of Jacobi fields (see §8.7),

Itio+1 (XZ([)) < IZ‘((J)H (Xz* (t))’

tig

and therefore, according to formula (8.98),

Q04(z) < Qy(z")

This means, in particular, that projection (8.104) maps the subspace Hj to the
subspace Hy.

Let z* € Hj, be an arbitrary non-zero point of the kernel of projection (8.104)
belonging to the subspace Hy,. The corresponding field X% (1) is zero everywhere
on the interval [0, 1], except for the interval (#;,,;,+1). Moreover, since z* € Hy,
we have

107 (XE (1) = TH(X® (1) = €Q(z") < 0.

But this is impossible, because according to inequality (8.77)
tig+1 *
Ly (XF (1)) > 0.

The resulting contradiction shows that the kernel of projection (8.104) intersects
the subspace Hj, only at zero, i.e., the projection (8.104) is monomorphic on Hy,.

Since the composition of monomorphism (8.103) and projection (8.104) is
obviously the identity map of the space R~V we thus prove that maps (8.103)
and (8.104) define mutually inverse isomorphisms

Hy —=H;

Therefore, hg = hj,.
For the number cy, the proof is carried out verbatim in the same way.



356 CHAPTER 8. VARIATIONAL THEORY OF GEODESICS

8.11 Calculating the index of a point using Morse
form

The connexion between the Morse form and the concept of a conjugate point is
established by the following proposition:

Proposition 8.105. A point t = 0 is conjugate to the point t = 1 if and only if
the form Qg is degenerate.

The “degree of conjugacy” of a point ¢t = 6 is estimated by its index 11(6),
and the “degree of degeneracy” of the form Qg is estimated by its corank cgy. It
turns out that

Proposition 8.106. the index 11(0) is equal to the corank cg.

To prove these statements, we consider the subspace @y of ® consisting of
smooth Jacobi fields. It is clear that

B = A, (0) N A, (1)

(since, on the one hand, all fields X(¢) € ®p, by hypothesis, are equal to zero
both for ¢ = 6 and for t = 1, and on the other hand, any field X(¢) € A, (6)NA, (1)
has the property that (X(¢),y(#)) = 0; see formula (8.36). Therefore, the index
A1(0) is equal to the dimension of the subspace .

At the same time, the corank cy is equal, by definition, to the dimension of
the maximal subspace Cy € R*""~1) on which the form Qg is identically equal
to zero. Therefore, to prove the above statements, it suffices to prove that

Proposition 8.107. the isomorphism RS"=1 — @ considered in §8.9 maps
the subspace Cqy onto the subspace @y, in other words, the field X*(t), where
z € R¥"=1D) if and only if belongs to the subspace @y when z € Cy.

With this in mind, we transform the main formula (8.98) for the form Q¢ (z)
using formula (8.79). Since according to the last formula

Z Z

. VX _ VX _
L (XF (1) = ( (ti+1), X7 (ti+1)) - ( (t;), X* (ti))

dt dt

_ (Vd—)fom - o>,x2<rm>) — (Vji (1 + 0>,x2<rl-)) ,

S0
1 & [VX? VX?
- X0 = 22 Z (4.
Q0(2) = ; Zl( (1 =0) = ——(1;+0). X (n)),
since
X*(t0)) = X*(6) =0, X*(t5+1)) = X*(1) = 0.
Let X,{(t) be a basis of the space ® that, due to the isomorphism (8.90),

corresponds to the standard basis ei of the space RS""=D ;=1 ... s k=
1, ..., m—1. Then for any point z € R*"~1 the following equality holds

X*(1) = 2Kx](1).
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Differentiating this equality, we obtain the relation

j

VX? VX,
r (tiiO):zfd—tk(tiiO), i=1, ..., s.
Therefore
1< (VX vx]! _
Q0(z) = E[_ 1 (T(H -0) - 7 (1; + 0), X] (1)) ]Zfllzf
i=
From here for partial derivatives
' 004 (z)
L (z) =
k( ) azf

by the form Q¢(z) we obtain the following expression:

s (VX D¢ .
j
§ ( dtl(ti—O)— dtl(li"‘o),Xk(li)

i 2
=1 |2

2 v (VX, VX, ;
= - —(t; — - —(t L, X ()] .
{,;(dt< 0 - 2% 1,4 0) ] ))

From the elementary linear algebra it is known that a point z belongs to the
subspace Cy if and only if _
Li(z)=0
for all j and k. Therefore, if z € Cy, then

Z (VXz (t; = 0) — VX, (t; + O),X,{(ti)) =0.

—i\ dt dt
But foranyi=1, ..., sand any k =1, ..., m — 1 the vectors X',Z(t,-) for j #1i
are obviously equal to zero, so that
VX, VX, :
( yr (t; - 0) - = (t; + O),X}c(ti)) =0. (8.108)
(summation over i is not performed!). On the other hand, for any i =1, ..., s,
the vectors X;(#;), k = 1, ..., m — 1 (summation over i is not performed!),

together with the vector y; = y;(¢;), form, as is easy to see, a basis for the space
Mp,, and according to formula (8.87)

(VXZ (t; £ 0)’%) =0

dt
for any j =1, ..., s. Therefore, equality (8.108) is possible only when
VX, VX, )
. [l - = — tl > = ]-’ ceey Dy
T (ti = 0) I (t; +0), i s

i.e., when the field X?(¢) is differentiable. But it is easy to see that
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Proposition 8.109. any differentiable Jacobi broken field is a smooth field,

since for any Jacobi broken field X(¢), its one-sided second covariant deriva-
tives %%X(li +0), due to equation (8.25) (considered on the intervals [t;_1, ;]
and [#;,1;41], respectively), coincide with the same vector Ry, (X(t;),y:)y: and
are therefore equal. Consequently, if the field X(¢) is differentiable, then it is
also twice differentiable. Since, in addition, the field X(¢) everywhere satisfies
equation (8.84), it is a smooth field (see §8.5).

Thus, the field X, () is smooth, i.e., it belongs to the subspace 0.

Conversely, if X,(f) € ©¢ then

VX, VX,
dt (tl_o)_ dt (tl+0)
foranyi=1, ..., s, and therefore L{;(z) =0 for all j and k, i.e., z € Cy.

Thus, the statements formulated at the beginning of this section are fully
proven.

8.12 Calculating the interval index using Morse
form

We will denote the form Qy, calculated for § = 0, by the symbol Q. According
to the statement proved in §8.11,

Proposition 8.110. the index 11(0) of the point t = 0 (with respect to the point
t = 1) is equal to the corank ¢ = cq of the form Q = Qy.

The main goal of this section is to prove the following proposition (known
as the Morse index theorem):

Proposition 8.111 (Morse index theorem). the index 11(0,1) of the open in-
terval (0,1) (with respect to the point t = 1) is equal to the negative index of
inertia h = hg of the form Q.

Together with the previous statement, this theorem allows us to calculate
the index of any (open or closed) interval of the R axis, since each such interval
can be represented as the difference of two intervals with a common end.

First, we will prove the inequality

h < 2,(0,1). (8.112)

To this end, we will return to the forms Qg(z) for an arbitrary 6 € [0,1). By
construction, these forms depend on the choice of numbers

<t <---<tg<1

of submanifolds
P, ..., P,
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passing through the points p; = y(#1), ..., ps = ¥(ts), and the local coordinate
systems

on these submanifolds. We now specialise our construction by choosing these
data at all 8 “linearly in 6”.
Specifically, we assume that these objects are somehow chosen at 6 = 0. Let
these be numbers
O<t1<---<tyg<1,

of submanifolds

Pi, ..., Py,

and local coordinates

., =1, s,
Then, for any 6 € [0, 1), we set

ti=9+;i_0;iv i=1, ..., s.
Clearly, the numbers 71, ..., fy can be chosen on the interval [0, 1] so densely
(in the sense of §8.8) that for any 6, the numbers #1, ..., t, are also sufficiently
densely located (but now on the interval [6,1]).

Let
T Mp, — M),

be the parallel translation along the geodesic y from the point p; = y(#;) to
the point p; = y(¢;). Foreachi =1, ..., s, we choose a submanifold P; such
that its tangent space is obtained by a translation 7; from the tangent space of
the submanifold P;. Obviously, such a choice of submanifolds P; can always be
made (while preserving all other conditions).

Finally, we choose local coordinates

on the submanifold P; such that the corresponding vector fields aiz.“ .

_0_ _0
8z} T et

RN R T
az.l — 4 azll 3 ey 62?1—1 - h 62?1_1 :

1

’ az;ﬂ—l

are obtained by transferring 7; from the fields

With such a consistent choice of data required to construct the form Qg(z), it
is obvious that

Proposition 8.113. the coefficients of the form Qg are continuous functions
of the parameter 6.
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Therefore, with a continuous change in the parameter 6, the negative index
of inertia hy of the form Qg can undergo a change only when the parameter
passes through the value 6, at which the form Qy is degenerate, and the change
in the index cannot exceed the corank of the form Qg,. Hence, in view of the
results of the previous §, it follows immediately that the total change in the
index of the form Qg with a continuous change in the parameter from some
value 6 close to unity to zero does not exceed the index 1;(0, 1) of the interval
(0,1).

On the other hand, we know that with 6y close to unity, the form Qg, is
positive definite (see §8.10) and therefore hg, = 0. Consequently, the change in
the index hg with a continuous change in the number 6 from 6, to zero is equal
to the index h = hy of the form Q = Q. Thus, inequality (8.112) is completely
proven.

Thus, we only need to prove the converse inequality:

h > 2,(0,1). (8.114)

Since this inequality is automatically satisfied for 2, (0, 1) = 0, we can assume
that 1;(0,1) > 0, i.e., that on the interval (0,1) there are points conjugate to
the point = 1. Let

O<ay<---<ap<1

be all these points and let
A, ..., Ay

be their indices. Let, further,
Ajl(t)’ ""Aj/lj(t)’ i=1, ..., r,

be an arbitrary basis of the space A,(a;) N A,(1). As we know (see formula
(8.36)), for all + and any j and k, the following equality holds.

(Aj (1),7) =0. (8.115)

We will assume that the choice of points #; (see §8.8) involved in the con-
struction of the form Q is subject to the following additional conditions:

1) for any j = 0, ..., r, between the points a; and a;+1 (we conditionally
assume that ap = 0 and a,4; = 1) there is at least one point #;

2) no point #;, i =1, ..., s, coincides with any point a;, j =1, ..., r.

In view of the independence of the index & from the choice of points #1, ..., f
proved in §8.10, these additional conditions do not affect the generality of the
result.

Having accepted these conditions, we consider on the interval [0, 1] a piece-
wise smooth field X;, (¢), j=1, ..., r; k=1, ..., 1, defined by the formula

X, (f) = 0, if OSISaj,
PN Aj (), i aj <<,
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Since, in view of formula (8.115), for any i = 1, ..., s, the following equality
holds,

(X (1), i) =0,
then, according to the remark made at the end of §8.9, there exists one and only
one Jacobi polynomial field

X, ()e®, 0=0<r<1,
for which
X (1) = X (1)
Let z;, be a (uniquely defined) point in the space R¥"~1) such that
X, (1) = X2 (1).
Let us show that

Proposition 8.116. the points z;,, j =1, ..., r; k=1, ..., 4;, are linearly
independent.

Proof. Indeed, let a/* be real numbers such that
a’*z;, =0.
Then the field afkfjk(t) is identically zero, and therefore the field
X(t) = a/* X, (1)
has the property that
X(t;)=0 forany i=1, ..., s.

Let ¢ be the smallest i for which #; > a; (see condition 1)). On the interval
[a1,1¢], the field X(z) is obviously equal to the field a'tAy, (f) and therefore,
firstly, is a smooth Jacobi field and, secondly, is zero for t = a;. Since the points
a1 and t, are not conjugate (since ay € [tg,tp41]), and the field X(7) is zero even
for t = t¢, it follows that on the interval [aq, /], the field X (¢) is identically zero.
Therefore,

a'*=0 forall k=1, ..., 4.
Repeating the same reasoning for as, we similarly obtain that

a®* =0 forall k=1, ..., As.
After r such steps, we finally obtain that a/* = 0 for all j =1, ..., r and all
k=1, ..., A;. Therefore, the points z;, are linearly independent. O

Let Z be a subspace of the space R*"~1) generated by the points Zjp -
According to what has been proved, the dimension of this subspace is equal to
the total number of points zj,, i.e., it is equal to

/11+"'+/1r:/11(0,1).

Therefore, to prove inequality (8.114) it is sufficient to prove that
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Proposition 8.117. on the subspace Z the form Q is negative definite.

Let z = a’z ji be an arbitrary point in the subspace Z. Consider the field
X(1) = aijjk(t).

On each interval [a;,a;41],i =0, ..., r (as above, we assume that ag = 0 and
ar+1 = 1), this field is a smooth Jacobi field and therefore (see formula (8.79))

191 (X (1)) = (Vd—fwm - 0),X(a,»+1>) - (Vd—fw + 0),X(ai)) .

Therefore,

VX VX
1 = — . — —_— — . .
I3 (X (1) = Zl ( (@i =0) = —(a; + 0>,X(al)) :
for
X(ag) =X(0)=0, X(ar+1)=X(@1)=0.
Consider the expression
VX VX

(E(ai—O)—E(ai+O),X(ai)), izl, R (8118)
Since on the interval [a;_1, a;] the field X (¢) is a linear combination of the fields
Aj (1) with j <i, and on the interval [a;, a;41] it is a combination of the fields
Aj, (t) with j <i (with the same coefficients for the fields Aj, (), j < i), then
the vector

VX VX
—(@a; =0) = —a; +
T (a; = 0) T (a; +0)
is a linear combination of the vectors
VA;
dl‘l[ (ai), 521, ey /1,'.

On the other hand, since A; (a;) = 0, the vector X(a;) for i > 1 is a linear
combination of vectors

Aj(a), j=1, ..., k=1, ..., 4,

and for i = 1 it is equal to zero. Therefore, expression (8.118) is equal to zero
when i = 1, and when { > 1 it is a linear combination of expressions of the form

VA,, )
7 (a;),Aj(ai)], =1, ..., 4 j=1,...,r k=1, ..., 4;.

But, by hypothesis, all fields of the form Aj; belong to the space A, (1), and
therefore, according to formula (8.34),

VA;
dth (ai)] =0,

VA,,
( ;t (ai)»Ajk(Cli)) = (Aig(ai),
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since A;, (a;) = 0. Thus, expressions (8.118) are equal to zero for any i. Conse-
quently,
I5(X(1) = 0.

On the other hand, since on each interval [¢;,#;41],i=0, 1, ..., s, the field
X%(t) € O corresponding to the point z is a smooth Jacobi field and X?(¢;) =
X(#;), X*(ti+1) = X(#i+1), then according to Theorem 8.72 (the applicability
conditions of this theorem, by assumption, are satisfied for any i =0, 1, ..., s)
the inequality holds

iy iy

LEH(XE (1) < L (X(1)), (8.119)
which is an equality only when X(#) = X*(¢) on [t;,t;+1]- But for z # 0, the
equality X(r) = X*(t) on [t;,t;+1] for all i =0, 1, ..., s is impossible, since at

least at one point a; the field X(#) has a break, while the field X?(¢) at this
point is smooth (recall that, by hypothesis, the points a; are distinct from the
points #;). Therefore, summing up inequalities (8.119), we obtain that

Io(X(1) < Lo (X (1)),
i.e., according to what was proved above, that
I5(X*(1)) < 0.
Therefore, according to formula (8.98)
0(z) <0, z=#0.

Thus, the above statement, and along with it the Morse theorem, are completely
proven.

8.13 Bott’s Quadratic Form: A Final Statement
of Index Theorems

The construction of the Morse form Q contains a significant element of arbi-
trariness, consisting, in particular, in the choice of submanifolds Py, ..., Ps.
Recently, Bott proposed considering another quadratic form for the same pur-
poses, the construction of which contains significantly less arbitrariness.

The construction of the Bott form, similar to the construction of the Morse
form described above, begins with the selection of a certain system of points on
the interval [0, 1]

O=tg<t1 <---<tg<tey1 = 1.

These points, as in the case of the Morse form, are chosen on the interval [0, 1]
sufficiently densely, namely, such that for each i =0, 1, ..., s on the interval
[#;,t;+1] there are no points conjugate to the point #;.;. Furthermore, we still
assume that there exists a § > 0 such that any points p,q € M satisfying for
some i =0, 1, ..., s the relations

o(p,pi) <6, p(g,i+s1) <6,
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where p; = y(t;), j =0, 1, ..., s+ 1, can be connected in M by a unique
shortest arc (see §8.8). We will consider this number & to be so small that for
any i =1, ..., s the spherical 6-neighbourhood of the point p; is a coordinate

neighbourhood of this point, i.e., so that some local coordinates are defined in
it
xp, oo, (8.120)

1 4

and so that for none of i = 1, ..., s the spherical d-neighbourhoods of the
neighbouring points p; and p;41 intersect. We will also assume that the local
coordinates (8.120) are equal to zero at the point p;.

Let V; € R™ be the image of the §-neighbourhood of the point p;, under the
coordinate homeomorphism corresponding to the local coordinates (8.120), and
let

V=Vix---xV.

The set V is an open subset of the space R*" and each of its points x = (xf),

i=1, ..., s k=1, ..., m, determines s points ¢q; € Us(p;), i =1, ..., s, for
which

xlk(qi) :xlk, i=1, ..., k=1, ..., m.
Since for any i = 1, ..., s the point g; belongs to the 6-neighbourhood of p;, it

can be connected to the point ¢g;+1 by a unique shortest path (we assume that
gs+1 = ps+1 = ¢ = y(1)). Furthermore, the point p = pg = y(0) can also be
connected to the point g1 by a unique shortest path. Combining these shortest
paths, we obtain a geodesic broken line #* connecting the points p and g. We
choose the parameter ¢ on the broken line u* proportional to the arc length,
namely, so that
u*(0)=p, u*(1)=7q.

We will denote the value of the parameter ¢ corresponding to the point g;,
i=0, ..., s+ 1, by the symbol #;(x), so that

w* (1;(x)) = qi.

In particular, t5(x) =0, ts11(x) = 1.
The length of the curve segment u*(¢) for t;(x) <t < t;+1(x), i.e., the distance
p(qi,qi+1) between the points ¢; and g;4+1 we will denote by the symbol J;(x).
This construction is completely analogous to the construction of the curves
u* described in §8.8. Continuing this analogy further, we consider for any point
x € R¥" the variation ¢F defined by the formula

ei(t, ) =u"(1), |t| <70, ti(tx) <1 < tip1(7X),

where 7( is a positive number such that tx € V for |r| < 1g. Literally the same
as in §8.8, we then obtain that for the derivative of the function J}(7) = J;(7x),
expressing the length of the curve u™ (¢) for t;(7x) <t < t;11(7x)), the following
formula, similar to formula (8.87), holds:

J¥0) = = [(aX1(0),¥i41) — (@F(0), )], €=0,1, ..., s, (8.121)

S|
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where £ = k(0) is the length of the geodesic y, and j =0, 1, ..., s+ 1 is the
tangent vector to the broken curve

a“;(‘r) =u"(tj(1x))

at the point 7 = 0. Next, literally the same as in §8.10, we obtain the formula

Vi o var o
7( ), Vie1 | — dr (0), 7

. 1
HORE

1,
+ z1;;“ (XF (1)), (8.122)

where X7 (1), t; <t < t;41 is the vector field associated with the variation ¢} .
Deviating now from the analogy drawn so far, we introduce into considera-
tion the function
Jo@) = @)+ + ()]

and its Hessian )
0.(x) = 0°J.(0) 4, &,
* - k ko i1 iz
c?xl.ll (9xl.22
at the point 0. This Hessian, which is a quadratic form defined on the space

R we will call the Bott quadratic form. Similar to the Morse form, the Bott
form is expressed by the formula

0.(x) = JX(0),

where
JET) = J(rx) = [T (0P + -+ [T (D]

Hence, ‘
0.(x) =2 ) ([FF(0)]? + JF(0)JF(0)). (8.123)
i=0

Let us now compare the Bott form Q.(x) with the Morse form Q(z). For
this purpose, we make the following five assumptions:

(1) The points #1, ..., ts, on which the construction of these forms depends,
are chosen uniformly on the segment [0, 1], i.e., such that
1 i S

R e, Iy =
s+1 s+l ST s+

=

s

where s is some sufficiently large number.

(2) The submanifolds Py, ..., Ps on which the construction of the Morse form
Q(z) depends are chosen so that for any i = 1, ..., s the geodesic v is
orthogonal to the submanifold P;, i.e., such that

(Aj,yi)=0, i=1, ..., s,

for any vector A; € M), tangent to the submanifold P;.
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(3) The coordinates (8.120) on which the construction of the Bott form Q. (x)
depends are chosen such that for any i = 1, ..., s, the submanifold P; is
defined by the equation x* = 0, and the restrictions

Zil = xi1|Pi’ e, er_n—l = x:.n_llpi (8124)

on P;, the coordinates xil, e, xlf"‘l constitute a local coordinate system

on P;. We will also assume that in the §-neighbourhood of the point p;, the
geodesic vy is defined by the equations

x; =0, , x:-"_l =0
(4) We will take the coordinates (8.124) for the coordinates z{, i=1, ..., s
k=1, ..., m—1, involved in constructing the Morse form Q(z).

(5) We will consider the space R*" on which the Morse form Q(z) is defined to
be a subspace

x'=0, ..., xg' =0.

of the space R*”" on which the Bott form Q. (x) is defined.
It turns out that

Proposition 8.125. under these assumptions, the Morse form Q(z) differs by
only a constant factor from the restriction Q.(z) of the Bott form Q.(x) on the
subspace RS(m=1)

Proof. Indeed, since for any i = 1, ..., s the vector a¥(0), z € R*""~Y being a
tangent vector of the submanifold P;, is orthogonal, by condition, to the vector
¥i, and the vectors af (0) and %, (0) are equal to zero, then according to formula
(8.87)

JE0)=0, i=0,1, ..., s.
Moreover, due to the uniform distribution of points #; on the segment [0, 1], for
any i =0, 1, ..., s, the following equality holds
JZ(0) = L.
! ©) s+1

Finally, it is clear that for x = z, the functions J}(7) introduced above coincide
with the functions J?(7) considered in §8.10. Since

0(0) = 3 J2(0),

i=0

from this and from formula (8.123) it follows that

2
0.(z) = jQ(z) for any point x =z e R*" 1,
s
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Remark 8.126. Since
S 2€ S
23 _ X 23 _ 23 sm
JX(0) = 2;4. (O)F(O) = == ;Ji (0) x eR™,
from formula (8.121) it follows (in view of the equalities af = 0, a¥,, = 0) that

J¥(0) =0

for any point x € R*". Since

J5(0) = (c’)J*(x)) xk
x=0

k i
0x;

it follows that

(aj*(x)) = 0. (8.127)
x=0

(9xf

Let us now consider the form Q.(x) on the subspace R™ of the space RS,
complementary to the subspace R*(™~1) ie. consisting of points x € R, for
which only the coordinates x7*, ..., x7' can differ from zero. For every point
x € R® and any 7 € [-79, 7], the curve u™(¢) obviously coincides with the
geodesic y(t), so that

aj (7) = y(#; (1)),

where 7 (1) = t;(x), and therefore
@z (0) = iz (0).

Vc’zf ()
= vyt~
I ¥ (0)

(since %(t) = 0). Moreover, the field X (¢) is identically zero. Therefore,
JE(0) = i,(0) = £(0),
JF(0) = ,(0) = £7(0)

(see formulae (8.121) and (8.122); it should be kept in mind that (y;,y;) = € for
any i). Therefore, according to formula (8.123),

o : 20 O, .
0.(x) =2 3 (A (0) = 0D + 23 D (a0 = (0)

S
=23 (i5,(0) - #(0)%,
i=0
since ¥ . (0) = ¥(0) =0 (as tX(7) = 0 and #* , (1) = 1 for any 7). Therefore,
i+1 i 0

+ s+1

0.(x) 20,
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moreover, Q.(x) = 0 only if 7%, (0) = iF(0) for any i =0, 1, ..., s, i.e., only if
i¥(0) =0foralli=1, ..., s (since, for example, 7¥(0) = 0 for all x).

But, by definition, the number ¢;(x) corresponds on the geodesic y(f) to the
point ¢; = y(t;(x)) for which x{‘(qi) = xlk. In particular, x!"(y(#;(x))) = x", i.e.

X)) = 2,

where x["(t) = x["(y(t)). Differentiating this equality with respect to x/" and
setting x = 0, we obtain the relation

. 01 (x)
X' ) (a—m) Lt
i x=0
(Here and in the following formulae, summation over i is not performed!). Hence,
ot;(x) )
# 0.
( 6x:ﬂ x=0

On the other hand, differentiating the function #}(7) = #;(vx) with respect to 7
and setting 7 = 0, we obtain that

x = [0t (x) m  [0ti(x) m
fi (O)ZZ(W) Xj =(ax—m) Oxi ,
x=0 rorx=

Jj=0

since the function #;(x) obviously depends only on the variable x!" (recall that
x € R™ and therefore xj? =0 when k # m). Thus,
ir0)#0, if x"#£0, i=1,...,5s.

In other words, the equality /¥(0) = 0 for all i = 1, ..., s is possible only for
x = 0. This proves that

Proposition 8.128. on the subspace R™ of R*™  the quadratic form Q.(x) is
positive definite.

Let us now show that

Proposition 8.129. the pair (R*, RSV decomposes the formula Q.(x) into
a direct sum, i.e.

0.(x +2) = 0.(x) + 0.(2)

for any points x € R® and z € RS("~1),
Proof. Indeed (cf. §8.9), it is easy to see that the map
R — Mp,,
assigning to each point x € R a vector a7 (0) € M), is linear. In particular,



8.13. BOTT’S QUADRATIC FORM: A FINAL STATEMENT OF INDEX THEOREMS369

for any points x € R® and z € R~ Since, by condition, (a%(0),v:) = 0,
hence, in view of formula (8.121), it follows that

JEE(0) = JF(0)

for any points x € R® and z € R*("~1),
By similar arguments, the map

Rsm N R,

assigning to each point x € R the number #7(0) is also linear. Therefore, in
view of the formulae

X (t;) = a; (0) = i7 (0)yi,
Xix+1(ti+1) = dfﬂ(O) - t.f+1(0)7i+1

and the fact that the field X" () on the interval [#;,#;+1] is uniquely determined
by the vectors X[ (#;) and X7, (#;+1) and depends linearly on these vectors, the
map that assigns to each point x € R*" the field X*(¢) is also linear. In partic-

ular,
XFE(1) = X7 (1)

for any points x € R® and z € R*"~1 (since, as we know, the field XX (1) is
identically equal to zero). Therefore (see formula (8.122)),

. 1[(Var'? . arts . 1,
JIE(0) = z[(TH(O),%H) - ( o (0),%') + zltt,f”(Xl.z(t)),

ad therefore

S JEEO) = LMW = 0(2),
=0 ¢

since

vag™ i
o (0 =0 —=(0)
Since
0.(x +2) =2 ) ([JF2(0)]% + JF*2(0) ] (0))

j=0

— Y jx 2 2_5 7X+z

= 2;)(4 (0 + == J¥(0)

20
= 0.(x) + —=0(2) = 0.(x) + 0.(2),
s+1
as stated. O

It immediately follows from the proven assertions that
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Proposition 8.130. the corank and the negative index of inertia of the Bott
form Q.(x) are equal, respectively, to the corank and the negative index of inertia
of the Morse form Q(z).

Therefore, we can now formulate the index theorems proved in §8.11 and
§8.12 in the following final form:

Proposition 8.131. The index A1(0) of the point t = 0 (with respect to the
point t = 1) is equal to the corank of the Bott form Q., and the index 1,(0,1) of
the interval (0,1) is equal to its negative index of inertia.
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Focal Points

8.A The second quadratic form of a submanifold

All the results presented above pertain to two fixed points p and g of M and
some geodesic y(t) passing through these points. We will now generalise these
results to the case where the point g is replaced by some submanifold N C¢ M,
and the geodesic y(¢) (still passing through the point p) is orthogonal to the
submanifold N. To do this, we must first extend the concept of the second
quadratic form of a surface in three-dimensional FEuclidean space, known from
elementary differential geometry, to the case of any submanifolds of arbitrary
Riemannian spaces.

Let M be a Riemannian space, N a submanifold of M, p a point of the
submanifold N, and N, ¢ M, the tangent space of the submanifold N at the
point p. Having chosen two vectors A and B in the space N,, we consider on
the submanifold N an arbitrary curve y(¢) for which

y(0) =p, 7(0) =A,
and on this curve a field Y, (t) € N, ;) such that
Y.(0) = B.

(To construct this field, one can, for example, parallelise the vector B to each
point of the curve y(z), considered as a curve in M, and then orthogonally
project the resulting vectors Y (1) € M, (;) onto the subspaces N, (;).) Covariantly
differentiating the field Y.(¢) along the curve y(¢), we obtain on this curve some
field % € M, ;). In particular, for ¢ = 0 we obtain the vector le; (0)) e M,,.
Now let C be an arbitrary vector in M, orthogonal to the submanifold N

(i-e., orthogonal to the subspace N,). We set

nc(A,B) = (C, %(0)) .

It turns out that

Proposition 8.132. the number nc (A, B) does not depend on the choice of the
curve y(t) and the field Y.(t), i.e., it is determined exclusively by the vectors
A,B € N, and the vector CLN,,.

373
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Proof. Indeed, let

xt o X

be an arbitrary system of local coordinates of the manifold N at a point p that
are equal to zero at this point, and let

&:U—>R, UCN,

be the corresponding coordinate diffeomorphism. The inverse diffeomorphism
¢ =¢1:U% - N, where U° = ¢(U) € R", considered as a map U’ — M, we
can interpret as an n-dimensional surface in M, defined on the open set U°. The

basis vectors 6<p C(tL, L, Y, (Y, ..., t") € U° of this surface are related to the
vectors =77 by the formulae
(@), s (@) = (2 U
X ==, )
azl 1 = \ex), 1

In particular,

0
0, , 0) =
61" ( ) = (6x’ )
The curve y(t) belongs to the surface ¢ and is defined on it by the functions

X (1) =2 (y(0)), Le.
e (), ..., X" (1) = y().

Therefore, setting

Y.(r) = Y’(t)(a J) ()—Y’(t) (D), X))

(summation over j is carried out from 1 to n), we get that

VY. av! (1) a<p n iV (9% 1 n
G0 = TR0, o)+ O (500, )
O n
- & b;km+wm 40 (g ) 6o a0

(See formula (7.18)). In particular,

dyf ( )AiBj(l_a_(p_)(O,...,O),

ot ot
where A’ = %;(0) and B/ = Y/ (0) are the components of the vectors A and V in
: 9 a
the basis (W)p s e, (3x")p'
Since CLN,, and, therefore, (C,(%) ) =0forali=1, ..., ..., n it
P
follows that

V d¢ o
A,B —_—— A'B/.
re(a ) = (C.gr 550 . 0)
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Therefore, the above statement is completely proved, since the right-hand side
of this formula does not depend on the choice of the curve y(z) and the field
Y. (). O

From the proven formula and formula (7.16) it follows, in addition, that

Proposition 8.133. the function nc(A, B) of vectors A, B € N, is a symmetric
bilinear form on the space N.

The corresponding quadratic form
nc(A) = nc(A, A)

is an exact analogue of the second quadratic form of surfaces in three-dimensional
Euclidean space. From the above, it follows directly that

vy
A)=1—(0),C|,
me(4) ( =2(0) )
where y(t) is an arbitrary curve on a submanifold N for which

y(0) =p, 7(0) = A.

In the future, it will be more convenient for us to consider, instead of the
form nc(A), the corresponding self-adjoint operator Tc : N, — N,,. To obtain
a direct geometric definition of this operator, we consider on the curve y(¢) a
field of parallel vectors Z(t) for which

Z(0) = C.

Let Z.(t) € N,(;) be the orthogonal projection of the vector Z(t) € M, ;) onto
the subspace N, ;). We set

Tc(A) =

VZ.,
7 (0).

Let us show that

Proposition 8.134. the vector Tc(A) belongs to the subspace N, and does not
depend on the choice of the curve y(t).

Proof. Indeed, assuming

; 0
Z.(1) = ZL (1) (‘axf) )
y(1)

we, as above, will find that

) +z{(t)x"(r)(l‘9—“’)(x1(;), o X)),
y(t)

ott otJ

VZ. (t)_dZ,{(t) 9
dt ~7  dr \oxJ
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On the other hand, since CLN,, then ZZ(O) =0forall j =1, ..., n. Therefore,
VZ, dZJ(t)
7(0) (0) 6 7 ,
Yy

and therefore Te(A) = VZ* =(0) € Np.

Now let Y(¢) be an arbltrary ﬁeld of parallel vectors on the curve y(t) and
let Y.(¢) be the orthogonal projection of the vector Y (z) onto the subspace Ny ).
Let, in addition,

Yo(t) =Y (1) = Y.(1),  Zo(1) = Z(2) = Z.(1).
Since Yo (1) LNy ;) and Zy(t) LN, (), then
(Z.(2),Yo(1)) =0, (Zo(2),Y:(2)) = 0.

Differentiating these relations with respect to ¢, we obtain that
VZ,
(S 0500) + (2.0, 2 0) <0,

(Em Y, (r)) (Zo(f) (r))

But

0=,

E()— VZ

>

since %(t) =0, Y o Z (1) = 0. Thus
VZ,
{ = (2.0 o).

(de* ) (Zo(l) (r))

Adding these equalities together, we obtain the equality

\A
— (1), Y(¢ Z(t
(dt (0 ()) ( (o). ())
Setting ¢ = 0 in this equality, we obtain the relation
(TcA,B) = nc(A, B), (8.135)

where B = Y(¢). Since n¢ (A, B) does not depend on the choice of the curve y(r),
this equality shows that for any vector B € N, the scalar product (TcA, B)
is also independent of the choice of this curve. Since TcA € N, this is only
possible when the vector Tc A does not depend on the choice of the curve y(t).
Thus, the statement formulated above is completely proven. O
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Moreover, it follows from formula (8.135) that

Proposition 8.136. the map Tc : N, — N is linear and self-adjoint, i.e.
Tc(aA+pBB) = alcA+pBTcB and (IcA, B) = (A, TcB) for any vectors A,B € N,
and any numbers a and .

8.B Focal points

Let y(¢) be a geodesic such that for some #; € R the following relations hold:

y(t1) €N, Y(t1)LNy@y).

We consider the subspace Afy\’ (1) of the space J,, of Jacobi fields on the geodesic
v(t), consisting of fields X(¢) such that

X(tl) € N’}’(Il)’

VX (8.137)
E(ll) + T)‘/(tl)X(tl)J-Ny(tl) .

Relations (8.137) are linear and impose exactly m independent conditions on
the solutions X () of equation (8.25). Consequently,

Proposition 8.138. the dimension of the subspace Ay(tl) is equal to the di-
mension m of the manifold M.

We will call a point p = y(#) of a geodesic y(¢) (or the corresponding point
to € R) a focal point of the submanifold N if there exists a non-zero Jacobi field
X(1) € Aé,v (t1) such that

X(to) =0,

i.e., if the subspace
Ay(t0) N AN (11)

of the space J, is non-zero. We will call the dimension Ay (#y) of this subspace
the index of the point p (or the point #y) with respect to the submanifold N.
Thus,

Proposition 8.139. a point ty is a focal point of the submanifold N if and only
if its index Ay (o) is mon-zero.

The definition of focal points is completely analogous to the definition of
conjugate points and is obtained from the latter by replacing the subspace A, (#1)
with the subspace Alyv (t1). Let’s follow this analogy more closely.

First, it is easy to see that similar to the equality (8.34),

Proposition 8.140. for any two fields X(1),Y(¢t) € Aé,v (t1), we have the equality

(Vd—f(t),Y(t)) = (X(t), %(z)) . (8.141)
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Proof. Indeed, as we know (see the proof of equality (8.34)), for any two fields
X(1),Y(t) € J, the following relation holds

VX VY
(E(t),Y(t)) - (X(t), E(t)) = const . (8.142)

But if X(¢),Y(¢) € Aé,v(tl), then

VX \%%
[T 0700 (X000, T 00)) = =Tyt XY (X 00, Ty V(1) =
since the operator Ty(,) is self-adjoint. Therefore, the constant in formula
(8.142) is equal to zero. i

Similarly, formula (8.36) is also preserved, i.e., for any field X(7) € A, () N
AN (1)) the following equality holds

(X(),7()) = 0. (8.143)

Proof. is identical to the proof of formula (8.36) (we should only take into
account that, by assumption, y(#1)LX(t1)). O

The construction of fields from Afy\’ (t1) using Jacobi variations is described
by the following proposition:

Proposition 8.144. A Jacobi field X(t) on a geodesic y(t) belongs to a subspace
Aé,v (t1) if and only if it is associated with a Jacobi variation ¢(t,T) of a geodesic
v(t) such that

o(t1,7) €N for all T,
(8.145)

(za_f(tlvT)J-Nw(z,T) for all .

Proof. Indeed, let ¢(t,7) satisfy conditions (8.145). These conditions mean, in
particular, that the curve

a(7) = ¢(t1,7)
belongs to the submaifold N. Therefore,

a(r) € Na(1)

and, in particular,
X(t1) = @(0) € Ny(sy)-

Furthermore, conditions (8.145) also mean that the vector field

A@ = 20,

on the curve a(7) is orthogonal to the submanifold N.
Let A be an arbitrary vector in the space N, (,). By parallel translation
of the vector A along the curve @(7) and orthogonally projecting the resulting
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vectors onto the subspaces Ny (7), we obtain a vector field A.(7) on the curve
a(7). Since A(T) LNy (1), we have

(A(1),A.(1))=0 forall .

Differentiating this equality with respect to T and setting 7 = 0, we, due to the
relation

VA V o Vo vX
5-(0) = P (11,0) = = 22(11,0) = — (11),
T ot

ot ot ot 0t
obtain that

(Z—f(zl),A) + (ﬂn), %(@) - 0.

Since y(t1) LNy, ), and &(0) = X (1) the second term of this expression is equal
to

Ty (1) (X(11), A) = (Ty(1,) X (11), A).

Therefore,

VX

(W(tl) + T)‘/(tl)X(tl),A) =0,
i.e. VX

E(fl) +Ty) X (1) LNy (1)) -
Thus, X (1) € AN (11).

Conversely, let X(t) be an arbitrary Jacobi field belonging to the subspace

Aé,v (t1). Since X(t1) € Aé,v (t1), there exists a curve a(7) on the manifold N such
that

a(0) =y(t1), @(0)=X(t1).
Having constructed an arbitrary field Y (7) on the curve a(7), for which

VY VX
Y(0) =vy(t1), —(0)=—(0),
(0) =90, —-(0) = —(0)
we will put
Y(1) = A(1) + B(1),
where A(T) LNg (1), B(T) LNy (+). Since Y(0) LN, ), then
A(0) = y(11),

and, consequently, for the curve a(7) and the field A(7), conditions (8.19) are
satisfied (with #¢ replaced by #1). Therefore, there exists a Jacobian variation
(t, 7) of the geodesic y(¢) such that

o(t1, 1) = a(r), i_f(tl’T) =A(r) forall 7.

Since this variation satisfies conditions (8.145), to complete the proof it only
remains to prove that the Jacobi field associated with it

X(1) = %—‘f(r, 0)
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coincides with the field X(¢), for which in turn it suffices to prove that
X(t1)  =X(n),
o o (8.146)
() =g (1).

But, by construction,
— 0
X(1) = 6—‘f(z1, 0) = @(0) = X(r1),

similarly

VX .~ Vay _ Vg
dt (tl) - at 67 (tlvo) - (9‘1' (9t (tlso)

VA \%4 VB VX VB
= OGO O= OO
So we only have to prove that
VB
—(0) =0.
d‘r( )

Since the variation ¢(7, T) satisfies conditions (8.145), then, as already proved,

VX —
E(h) + Ty X (1) LNy 1),

and therefore N
VX VX
E(Il) - E(Il)J—Ny(tl)’ (8.147)
since X (1) = X (1) and, by hypothesis,
VX
E(tl) + Tyr) X (1) LNy (1)

Relation (8.147) means that Z—B(O)J_Ny(,l). Therefore, it suffices for us to prove

T
that (Z—]E(O, C) = 0 for any vector CLN, ().
Let Z(7) be the field of parallel vectors on the curve a(r) such that

Z(0) = C,

and let
Z(t) = Z.(7) + Z0(7),

where Z.(7) € No(r), Zo(T) LNy (7). Differentiating the equality
(B(1),Zo(7)) =0

with respect to 7 and setting 7 = 0, we obtain that
VB
—(0,C| =0,
(o]

since Zy = C and B(0) = 0.
Thus, our proposition is fully proven. O
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In §8.4, from the corresponding proposition concerning the space A, (t1), we
deduced that conjugate points cannot be too close. Similarly, we could now
prove that a point p sufficiently close to the submanifold N is not a focal point
for any geodesic y passing through this point. However, we will not need this
fact and will leave it without proof.

Another important property of conjugate points, namely, their isolation, also
holds for focal points. In other words,

Proposition 8.148. the focal points of the submanifold N (corresponding to a
given geodesic y(t))) are located on the R-azxis in isolation, so that each (open
or closed) interval I of the R-axis contains only a finite number of these points.

The proof of this proposition literally repeats (taking into account the remark
made at the end of 8.4) the proof of the corresponding proposition for conjugate
points (only the reference to formula (8.34) should be replaced by a reference
to formula (8.141)).

Similar to the case of conjugate points, we will call the sum Ay (Y) of the
indices of the focal points contained in the interval I the indez of this interval
(with respect to the submanifold N).

8.C Calculating the index Ay

The analogy between conjugate and focal points allows us to extend the results
of Chapter 8, which pertain to the calculation of indices of points and intervals,
to the case of focal points. We will now show how this can be accomplished.

To this end, we will first extend the results of §8.6 and §8.7, concerning the
functional 12, to the case of a more general functional

12X (1) = (TX(b), X (b)) + IP(X (1)), X(z) €M,

where 7' is an arbitrary self-adjoint operator My ) — My ).
Let X(¢) and Y(¢) be two fields from M = M, that take the same values at
points a and b:
X(a) =Y(a) X(b)=Y(b). (8.149)
Clearly, the inequality
-b -b
To(X (1) < To(Y (1)) (8.150)
holds if and only if
15 (X (1) < IG(Y (1))

Consequently,

Proposition 8.151. minimal fields in the sense of §8.6 are also minimal fields
with respect to the functional 12, i.e., for any such field X(t) and any field
Y(r) € M, satisfying conditions (8.149), inequality (8.150) holds.

In particular (see §8.6),
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Proposition 8.152. any field that is minimal with respect to the functional 12
is a Jacobi field.

Moreover (see §8.7),

Proposition 8.153. if the interval [a, b] has no points conjugate to b, then for
any field Y(t) € M the following inequality holds

15X (1) < 15(Y (1)), (8.154)
where X (1) is a Jacobi field such that
X(a) =Y(a) X(b)=Y(b).
The equality in formula (8.154) holds only for Y(r) = X(¢),

An analogue of inequality (8.77) for the functional 12 also, of course, holds.
However, as will become clear from what follows, in the case now under con-
sideration this inequality is insufficient. We will need the following stronger
statement:

Proposition 8.155. If a point a is sufficiently close to a point b, then for any
non-zero field X(t) € M,,, equal to zero at a, the following inequality holds,

15(X (1)) > 0. (8.156)

The strengthening here is that we no longer require that X((») = 0.

To avoid interrupting the exposition, we will defer the proof of this inequality
until §8.D.

Let us now turn to the construction of Jacobi broken fields. As in §8.8, we
will consider a geodesic y(t) for which

y(0)=p, y(1) =g,

but, moreover, we will additionally assume that the point g belongs to the
submanifold N and that )

We define the space ® as before, replacing only the condition X (1) = 0 with the
condition X(1) € Nz. We additionally require that the §-neighbourhood of the
point g on the submanifold N be a coordinate neighbourhood of some system of
local coordinates equal to zero at the point g. We will denote these coordinates
by the symbols

Zopts oves T (8.157)
and we will consider them fixed once and for all (similar to the coordinates
z}, ..., Z"! on the submanifolds P;, i =1, ..., s).

For the set U we now take the open set

U=U; X+ - xXUg X Ugy1
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of the space RS+ where Uy, ..., Uy € R™ ! are the same sets as before,

and Ugy1 € R is the image of the §-neighbourhood of the point g in the manifold

N under the coordinate diffeomorphism corresponding to coordinates (8.157).
Each point z € U will now define s + 1 points

q1 EPL e quPss qs+1€N

and, accordingly, for the geodesic polygon u®(f) we will now take the broken line
consisting of the shortest geodesics sequentially connecting the points

Po =7(9) =40, 915 ---5 Y4s> gs+1-

(Thus, the only difference from the construction in §8.8 is that the point g1
does not necessarily coincide with the fixed point g.) We will choose the pa-
rameter ¢ on the curve u?(¢) in the same way as before, i.e., proportional to the
arc length and such that

u*(0) = po, u*(1) = gss1.

We will define the functions #;(z), the variations ¢¥ and the fields X*(¢) in exactly
the same way as in §8.8. The conclusion that

X% () e®

will remain valid (we only need to note that X?(1) = dy1(0), and In the proof
of the relation J%(0) = 0, the reference to the equality d,41(0) is replaced by a
reference to the relation dgz4+1(0) Ly (1), which holds due to the inclusion dz4+1(0) €
Nz).

! The isomorphism theorem of §8.9 is obviously fully preserved (with the re-
placement of the space R*("=1) by the space RS~V + n and with a similar re-
placement of the space L = M, +---+M,,_ by the space L = Mp, +---+M, +Ng).
In the concluding remark of §8.9, for a complete definition of the field X (z), we
must add an arbitrary vector Xy, € Ng.

The Morse form Q¢ (z), z € R*"1) 4+ 5, is now defined verbatim as in §8.10.
However, instead of formula (8.98), we now obtain the formula

1 Vd‘::+1 . 1 v4
Q¢(z) = z[(7(0),7(1)) +1,(X (f))]-

for now, generally speaking, Vji;“ (0) #0.

But the curve @, (7) is a curve on N for which

ag,,(0) = X5(1),

and therefore (see §8.A)

Vd?
(—Z‘;” (0%7(1)) = 1y (X3(1)) = (T, (1) X* (1), X*(1). (8.158)
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Thus,
0o(2) = 140 (1),

where Ié is the functional 1% constructed for a = 6, b = 1, and the operator
T : M7 — Mz, which coincides with the operator Ty (), on the subspace N5 and
is equal to zero on its orthogonal complement.

Just as from formula (8.98), this formula immediately implies that

Proposition 8.159. for 0 sufficiently close to 1, the form Qg (z) is positive
definite,

only instead of inequality (8.77), we must now use inequality (8.156) which
we have not yet proven since, generally speaking, X?(1) # 0.

The proof of the independence of the corank cy and the negative index of
inertia hg of the form Qg from the choice of points t1, ..., t; is transferred to
the case now under consideration without any changes (only the reference to
inequality (8.77) should be replaced by a reference to inequality (8.156)).

In the proof of the theorem on the index of a point (see §8.11), instead of the
subspace ©¢ we should take the subspace of the space ® consisting of smooth
Jacobi fields X (7) € ® for which

VX
E(l) + Ty(l)X(l)J_Ng
With this choice of the subspace g, the equality will hold,
© = Ay (6) N AT (D),

analogous to the equality ©9 = A,(0) N A, (1) in §8.11.
Further, just as in §8.11, we, using formula (8.79), obtain that

VXZ?

Q¢(z) =%[(7(1) + Ty(l)Xz(l),Xz(l))

1 (VX2 VX? .
z[;(w(h‘ -0)- 7(% +0), X (ti))],

+

and then, that

1 VXS+1
Q(z) =3 ( s W+ ToXT (). X7 (1)

Y o
Zs+1 5

1< (VX vX/!
+[Z[21:( a im0 dtl(ti+0)’xz(ti))}szzf’
i=

where the summation over p and o occurs from 1 to n, over j and j; - from
1 to a, and over k and k; - from 1 to m — 1. (Here, as in §8.11, X,i(t), where
j=1, ..., s+1l,and k=1, ..., m—1 or n are the fields X?*(¢) corresponding
to the vectors eX of the standard basis of the space R$(m=1)+m),
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From here, as in §8.11, it follows that the partial derivatives Li(z) of the
form Qg with respect to zi‘. are expressed by the formulae

2(ZEW) + Ty X (), X3 (1)

dr
; if j=s+1, k=1, ..., n
L;(z) = )
k s z z
3[ ;zl(vji (i - 0) - =% (ri+0),x,{(ri))],
if j=1,...,s k=1, ..., m—1.

From these formulae, as in §8.11, it follows directly that for z € Cy (where Cy is
the maximal subspace of R*("~1+" on which the form Qy(z) is zero), the field
X% (t) is smooth and satisfies the relation

VX*z
dt
Consequently, if z € Cy, then X*(¢) € ©p.
Conversely, if X?(¢) € 0, then L{((z) = 0 for all j and k, and therefore
z € Cy.
This completely proves that

(].) + Ty(l)X(l)J_Nq

Proposition 8.160. the index An(0) of 0 is equal to the corank co of Qg.
The corresponding theorem for the interval index:

Proposition 8.161. the index An(0,1) of the interval (0,1) is equal to the
negative index of inertia h of the form Q(z) = Qo(2)

can now be proved practically without any changes. More precisely, the
proof of the inequality
h<An(0,1)

is carried out verbatim in the same way as the proof of the corresponding in-
equality (8.112), and in the proof of the converse inequality

h>An(0,1)

you need to count the fields A; (¢),i=1, ..., r; k=1,, ..., A, by the basis
fields of the space A, (aj)ﬂA;,V(l) (and not the space Ay (a;)NA, (1), asin §8.12),
replace the space R*"~1) with the space R*"~1D*" and finally, in proving the
equality 7(1) (X(¢)) = 0 (which now replaces the equality I}(X(r)) = 0) take into
account that the additional term

Vd—f(l) + Ty X (1), LX(1)

is equal to zero, because the field X(¢) on the interval [a,, 1] coincides with some
field from A;V (1) and, therefore, satisfies the relation

VX
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The construction of the Bott form Q.(x) is now carried out in the same way
as in §8.13, except that for the set V we must now take the set

V=V X+ XVy XUy,

where Vi, ..., Vy € R™ are the same sets as in §8.13, and Uz C R" is, as
above, the image of the §-neighbourhood of the point g in the submanifold N
under the corresponding coordinate diffeomorphism. The new set V is an open
subset of the space R"*" and each of its points x determines s + 1 points

q]. € Ué(pl)? L] qS € U&(ps)’CIs+1 € Ué(q) ﬁN

Accordingly, the definition of the geodesy u*(¢) is modified.

Since the changes in the definition of the form Q.(x) are consistent with the
changes in the definition of the form Q(z), we (under the same assumptions as
in §8.13) obtain, verbatim repeating the arguments of §8.13, that the restriction
0.(z) of the form Q. (x) to the subspace R¥("=1)* of the space R¥*" defined
by the equations

x'=0, ..., x5 =0,
differs from the form Q(z) only by the factor i—ﬂ (in this case, in the proof of

the equality j;(z) = 0 for i = s the reference to the equality a2, ,(0) = 0 should
be replaced by a reference to the relation 4%, (0)Ly(1)).

On the space R* of coordinates x7*, ..., x' the new form Q.(x) obviously
coincides with the old form Q. (x) and therefore this form is also positive definite
(on R?).

Finally, in the proof of the formula

0.(x +2) = Q.(x) + Q.(2),

where now z € R* =D+ (while still x € R®), it is only necessary to replace the

X

reference to the equality VZST*{' (0) = 0 with a reference to formula (8.158) and

take into account that

Vit OV
O =5 O

Otherwise, all the arguments in §8.13 remain unchanged.
To summarise, we find that

Proposition 8.162. with the indicated (mostly obvious) changes, all the results
presented in Chapter 8 regarding conjugate points and their indices also hold for
focal points and their indices.

In fact, this statement is still conditional, since inequality (8.156) has not
yet been proven.
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8.D Proof of inequality (8.156)

To prove inequality (8.156), we will estimate the functional from below.

I;(X (1) = (TX(b), X(b))+/ [( (t)) Ry (1) (X(2),7(2), 7(1), X (1)) |dt

on the set My of all fields X (¢) € M, for which X(a) = 0.

Since each field X(r) € My is a covarlant integral of the field ¥X (t), equal to
zero at the point a, then, according to formula (8.65), for each ¢ e [a b] for any
vector B; € M, (1) the following equality holds

(B, X(1)) = / ’(B,,T, d (9))d9 (8.163)

where 77 : M, () — M,(t) is the parallel translation along the curve y(z).
Setting here B; = Ry ;) (Y (1), y(¢))y(t), where Y(¢) is an arbitrary field from I,
and taking into account that, by definition,

Ry (VD) 50D (0, X(0)) = Ry (¥ (1), 9(0),5(0), X (1),
we immediately obtain the equality
d \%
Ry (0305 0X0) = [ Ry (Y0 507050 Gk 0)) o

which is valid for any field Y (¢) € M.
On the other hand, since due to the symmetry properties of the Riemannian
tensor

Ryt (Y0 5070, 55 0)) = Ry 0507070

then, setting here Y(#) = X(¢) and once again applying formula (8.163) (with

B, = Ry (Tﬁ X (p), y(:),y(r))), we finally obtain the equality

Ry (X(1), (1), y(1), X (1)) =
ropt VX . . 0, VX
‘/a' ‘L R'y(t) (Ttgﬁ(9)7 V(t), y(t)7T[ E(el)) d0d91
For any t € [a, b], the expression
VX . . VX
Ry (Tf a (0), (1), y(t), ‘z',a1 ar (91))

is a bilinear form in the vectors T;" VX (9) and ‘1',01 VX (6,) and therefore, according
to a well-known theorem of linear algebra admlts an estimate of the form

< R() @),

Rm)( (9) y(0),7(t), 7" f(éh))

T’ dt
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where R(t) is some positive number. On the other hand, due to the isometric
nature of parallel translation

VX
T,Q 7

(9)‘ ‘ (0)),

(91)

‘—(91)

Thus,

By (X0 7(0.710). X)) =
L[ o (5505050 o)

/at/ R(¢) dedo, SR(t)[/ab V—X

2
0)| do
dt ( )‘ ]
and, therefore,

dodo, <

—(G)H (61)

2
<R 0)do
<Ry dt()‘d]’

/b VX
a

b
/Ry(r)(X(t),Y(t)d/(t),X(t))dt

where Ry = fab R(t)dt.
Let us now find a similar estimate for the quantity (TX(b), X(b)).
Applying formula (8.163) to the number ¢ = b, we obtain that for any vector
B € M, ), the equality holds:

b
(B, X(b)) = /a (B, Tlfvd—):(e)) de. (8.164)

In particular,
b VX
(TX (D), X (b)) = / (TX(b)xfW(e))de
a
But due to the self-adjointness of the operator T
VX VX
TX ) — Ttf—,X(b)|.
( b7 (e)) ( P (b))

Therefore, applying formula (8.164) again (with B = T‘rg Zl): ,X (b)), we obtain
that

(TX(b), X(b))—/ /( QVX(H) f(el))dedel.

Evaluating the bilinear integrand, as above, we obtain the inequality

VX
‘( 7 —=(0).7 (en)

(9)‘ ’—(91)
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where Ty is some positive number.
Thus

b
((TX(b), X(b))] < ( 0 VX WX ). vx (01))‘d0d01

blyx
//To d&d&l—TO[/ =

2
0)|de| .
dt ( )‘ ]
We now note that due to the Cauchy-Bunyakovsky integral inequality

o[

b 2 b 2
[/a Vd—f(e)‘de g/a V—(9) dG/ 1.d6 = (b— a)/ (—() (9)) do.
Hence
IR0y (X (1), 7). 7(1), X(1))] < Ro(b — a) / ( (r))
(TX (). X(b))| < To(b — a) / ( (r))dt

For the functional /2, these estimates immediately imply the estimate

1”(X(r)>>[1—(T0+Ro)(b—a>]/ (V—X() ())dr

which is valid for any field X (z) € IM,.
Let us now note that as @ approaches b, the quantity 7, remains unchanged,
whereas Ry can only decrease. Therefore, for a sufficiently close to b, the quan-

tity 1 — (Ty + Ro)(b — a) is positive. Since the integral fa ( (t) (t)) dt
is obviously positive for any field X(¢) € M, that is not identlcally zero, the
inequality (8.156) is thereby fully proved.

Remark 8.165. For T = 0 we obtain, in particular, a new proof of inequality
(8.77) under the assumption that the points a and b are sufficiently close. But
when this inequality is established for a and b sufficiently close, then, using
elementary considerations of continuity, it can be easily proved also for the case
when on the interval [a, b] there are no points conjugate to the point b (for if
for the point ag there exists a non-zero field X(t) € M for which X(ag) = 0,
X(b) = 0, and IZO(X(I)) = 0, and for any point a € (ap, b) inequality (8.77)
holds, then, as can easily be shown, the field X(¢) is a smooth Jacobi field, and
therefore the point aq is conjugate to the point b).

After this, using some general theorems of functional analysis, one can also
prove the fundamental inequality (8.73). Thus, all the results of §8.7 can be
obtained without using the Hilbert integral. The detailed development of these
considerations is left to the reader.






Chapter 9

Path Space Exploration.
Applications

This chapter presents the fundamental theorems of Morse theory concerning the
structure of path spaces on smooth manifolds. They are obtained by a fairly
simple synthesis of the results of the previous chapters. The last two sections of
the chapter present the simplest applications of Morse theory to the topology
and geometry of Riemannian spaces.

§9.1, which is purely topological in nature, studies the space of all paths of
a given path-connected space X. The main result is that the homotopy type
of the space of paths connecting two given points of X does not depend on the
choice of these points.

§9.2 compares the space of piecewise smooth curves with the space of paths
for an arbitrary Riemannian space. The main result is that the space of piecewise
smooth curves connecting two given points of a Riemannian space is homotopi-
cally equivalent to the corresponding space of paths.

§9.3, based on the results of Chapter 8 proves the fundamental reduction
theorem, which reduces the study of the space of curves to the study of certain
finite-dimensional manifolds.

In §9.5, the general results of §9.4 are applied to the study of loop spaces
on spheres. As an application, Freudenthal’s theorem on homotopy groups of
spheres is proved.

In §9.6, Morse inequalities are proved that relate the numbers of geodesics of
a given index to the Betti numbers of the loop space. In particular, Morse’s the-
orem on geodesics on manifolds homotopically equivalent to a sphere is proved.
In this same section, as a fundamentally different application of Morse theory,
Cartan’s theorem on simply connected complete Riemannian spaces of non-
positive curvature is proved.

391
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9.1 Path spaces

Let X be an arbitrary path-connected space and let X! be the set of all paths
of X, i.e., all continuous maps
u:l—-X

into the space X of the unit interval I = [0,1] (see §1.5). For every open set
C X and every compact (i.e., closed) set C c I, we denote by W(C,U) the set
of all paths u € X! for which U(C) c 1. By a compact-open topology on a set
X! we mean a topology whose subbase of open sets is the set of all possible sets
of the form W(C,U). We call the set X! equipped with this topology the path
space of X. By definition, a subset W of X! is open in it if and only if it is the
union of finite intersections of sets of the form W(C, U).

It follows directly from this construction that the map defined by the formula

w(u,t) =u(t), Ue X! rel

by values
w: X'xI—-X

is continuous (since for any open set U C X the equality w™}(U) = W(I,U)
holds). This means that

Proposition 9.1. the point u(t) € X depends continuously on the path u € X!
and the point t € I.

Any continuous function
T:1l—>1

defines by the formula
O0:(u)=uor

a certain map
0, : X' - x!

of the space X! into itself. Clearly, this map is continuous. It is a homeomor-
phism of the space X! onto itself if and only if the function 7 is a homeomorphism
of the interval I onto itself, i.e., it is strictly monotone and has the property
that 7(0) =0, 7(1) = 1. We will call the map 6, the re-parametrisation map.

Assuming

0(u,7)=0,(u), uc x!, rel,

we get some map
6:x"'x1"— x'.
It is clear that for any compact set C C I of any open set U C X and any point
(ug, 70) € 6~1(W(C, U)) the following inclusion holds
(10, 70) € W(V,U) x W(C,V) Cc 71 (W(C,U)),

where V is an open set of the interval I such that 7(C) c V and V c ual(U).
Thus, (1o, 7o) € int 6~1(W(C, U)), i.e., the set 6~ (W(C,U)) is open. Therefore,
the map 6 is continuous. This means that
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Proposition 9.2. The path 6, (u) continuously depends on the path u € X' and
the function T € I'.

Of particular interest to us is the case where X is a metric space. Let p be
the metric of X. To any two paths u,v € X!, we assign a number p! (u, v) defined
by the formula

P! (u,v) = max p(u(®), v(1)).

Since the segment I is compact, this maximum is finite and is attained at some
point, i.e., for any paths u,v € X! there exists a point ¢y € I such that

pl(ua V) = p(u(to)’ V(to)).

This equality immediately implies that the function p! satisfies the triangle
inequality
p! (u,v) < p' (u,w) + p' (w,v)

since

P! (u,v) = p(u(to), v(10)) < p(u(to), w(t0)) + p(w(t0,v(10)) < p' (u, w) + p" (w, v).

Since the function p! is obviously non-degenerate (p!(u,v) = 0 if and only if
u =v) and symmetric (p!(u,v) = p!(v,u)), we thus prove that

Proposition 9.3. the function p! is a metric on the space X!.
Let us now show that

Proposition 9.4. the metric p! is compatible with the compact-open topology
of the space X!, i.e., the metric topology corresponding to this metric coincides
with the compact-open topology.

Proof. Indeed, let W(C,U) be an arbitrary element of the above-constructed
pseudo-base of the compact-open topology of the space X!. For every path
ug € W(C,U), the set ug(C) C X is compact and contained in the open set U.
Therefore, there exists an § > 0 such that the entire §-neighbourhood of the set
uo(C) is contained in U. But then it is clear that any path u € X! for which
p!(ug,u) < 6§ has the property that u(C) c U and therefore belongs to the set
W(C,U). Thus, any point ug € W(C,U) has a spherical §-neighbourhood in
the metric p! that belongs to the set W(C,U), i.e., in other words, any point
ug € W(C,U) is an interior point of the set W(C,U) in the metric topology.
Thus, we have proved that any set W(C,U), and therefore any set W c X/,
open in the compact-open topology, is open in the metric topology.
Conversely, let V be an arbitrary subset of the space X, open in the metric
topology. Then, for any point uy € V, there exists € > 0 such that the e-
neighbourhood of uq (in the p! metric) is contained in the set V. Since the
path ug : I — X is continuous and the segment I is compact, there exists
6 > 0 such that, for any points 7,7 € I, the inequality |t — 7| < ¢ implies the
inequality p(ug(t),ug(7)) < &/2. Let Cq1, ..., Cg be an arbitrary finite system
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of closed segments of length < ¢ covering the segment I, and let Uy, ..., Us be
spherical &/2-neighbourhoods (in the space X') of the sets ug(Cy), ..., uo(Cy),
respectively. Consider in the space X! the set

W=w({C nU)N---NW(Cs, Uy).

By definition, this set is open in the compact-open topology and contains the
path ug. Let u be an arbitrary path in the set W. By assumption, for any
t € I, there exists i = 1, ..., s such that + € C;. Since u € W, we have
u € W(C;,U;), and therefore u(t) € U;. Consequently, there exists a 7 € C;
such that p(ug(7),u(t)) < /2 On the other hand, since |t — 7| < &, we have
p(ug(t),ug(t)) < £/2. Therefore, p(ug(t),u(t)) < €. Since t € [ is arbitrary,
we thus prove that pf(ug,u) < & and, consequently, u € V. Thus, W c V. In
other words, we have proved that any point ug of V is an interior point in the
compact-open topology of its set, i.e., that V is open in this topology.

Thus, the coincidence of the metric and compact-open topologies is com-
pletely proven. O

Now let X be an arbitrary (path-connected) topological space. According to
§2.4, for any paths u,v € X! with the property that u(1) = v(0), their product
uv € X! is defined by the formula

u(2t), if 0<t<1/2

(uv)(t) = {v(2t— 1), if 1/2<tr<1.

Setting
u(u,v) =uv,

we obtain a map
wi (XPx xhy - x!

into the space X! of the subset (X! x X)q of the product X! x X!, consisting of
all pairs (u,v), u,v € X! for which u(1) = v(0). It is easy to see that

Proposition 9.5. the map u is continuous.

Proof. Indeed, it is clear that for any compact set C C I and any open set
UcX
HTW(C,U) = [W(CLU) NW(C2, )] N (X7 x XD,

where C; is the image of the set C N [0,1/2] under the map ¢ + 2¢, and Cs is
the image of the set C N [1/2,1] under the map 7 + 2¢ — 1. O

Allowing for the generally accepted liberty of speech, we will express the fact
that the map u is continuous by saying that the path uv continuously depends
on the paths u and v.

Let us now consider the maps

7r,0':XI—>X
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of the space X! into the space X, defined respectively by the formulae
m(u) = u(0), o(u)=u(l), ueXxl.
These maps are continuous and have the property that
m(0x) =0 (0x) =x

for any point x € X, where 0O, is a degenerate path at the point x (a constant
map of the segment I to the point x).

We extend the maps 7 and o to products X! x---x X! of any (finite) number
n copies of the space X/, assuming that

a(ur, ..y up) =n1(ur), (U1, ..., up) =0 (un), (U1, ..., up) € X' x---x X1,

A continuous map
a: X' -5 x!

of a space X! into itself is called a map over X if
roa=m oOooa=o0,

i.e., if it maps any path u € X! to a path connecting the same points xq = u(0)
and x; = u(1) as the path u, and if it preserves degenerate paths, i.e., if for any
point x € X the following equality holds

a(0y) = 04.
Accordingly, a homotopy
ar X' - X', 0<r<1,

will be called a homotopy over X if every map a, is a map over X. Maps over
X that are related by a homotopy over x will be called homotopic over X.

Maps and homotopies over X are defined similarly for maps of any product
of the form X! x ---x X!. For example, the map

a: XI'xooxx! - x!
is declared to be a map over X if
Toa=m, CTo®=0

and if
a’(O)cy R Ox) = Ox,

for any point x € X.

We will also apply this definition to partial maps a, i.e., to maps defined only
on some subsets of the space X! (or spaces X! x---x X’). A partial map over X
of the space X! x X! into the space X! is, for example, the map u constructed
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above. The re-parametrisation map 6, : X! — X! is a map over X if and only
if 7(0) =0 and 7(1) = 1.

Let (X! x X! x XT)y be a subset of the product X! x X! x X! consisting
of all triples (u,v,w), u,v,w € X!, having the property that u(1) = v(0) and
v(1) = w(0). Two maps are defined on this subset:

po(ux1), po(Ixp): (X' xXx'x X"y — X',

The first of these maps an arbitrary triple (u, v, w) € (X! x X' x X)q to the path
(uv)w, and the second maps it to the path u(vw). These maps are maps over
X and, as is easy to see,

Proposition 9.6. the maps po (ux1) and po (1 X u) are homotopic over X.
Proof. Indeed, the formula

u(£L), if 0<r<i,
he(u,v,w) = {v(dt—7-1), if LT <p<BT
w(E=2) if T <<,
where 7 € I, obviously defines a homotopy
he : (X' x XTI x X1y — X!
over X, connecting the maps g o (u x 1) and po (1 X w). O

The homotopy (over X) of the maps p o (ux 1) and p o (1 X u) means that
the multiplication u is homotopy associative.
Let (X7), be the set of all paths u € X! ending at the point x, i.e., possessing
the property that
u(l) =x.

It is clear that the formula
p(u) = uly, u e (X)y,
defines some continuous map
px s (XD = (XD,

which is a map over X.
Similarly, the formula

() = 0xu, ue (X,
defines a continuous map
xM x(XI) - x(XI)»

over X, where ,(X!) is the set of all paths u € X! starting at x. It is easy to see
that
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Proposition 9.7. the maps uyx and yu are homotopically identical over X, i.e.,
each of them is homotopic over X to the identity map of the corresponding space.

Proof. Indeed, for example, the formula

(£5)

—

+T

f
if

t <

e

)

17

= O
IA

~N
A

+

u
X, <t

—

ke (u)(7) = {

M|

where 7 € I defines a homotopy over X that connects the map u, with the
identity map of the space (X!). O

The homotopy identity (over X) of the maps p, and yu means that the
degenerate paths 0, are (two-sided) homotopy units.
Let us now consider the map

v: X - x!
of the space X! into itself, defined by the formula
v(u) = uu,

where u’ is the path inverse to the path u, in the sense of §2.4. In the indicated
section, for any path u € X', a certain homotopy v, : I — X relative to the
endpoints of the segment I was constructed, connecting the path uu’ with the
degenerate path 0,(p). It is easy to see that, assuming

C-(u)=ve, uE x!,
we obtain some homotopy
X' - x!, 0<r<1,
connecting the map v with the map
c: X' > XI,

defined by the formula
o (u) = 0yu(0)-
The homotopy £, obviously has the property that

molr=m, {€7(0x) =0y,

for all T € I. However, it is not a homotopy over X, since instead of the relation
o ol = o, it satisfies the relation

ool =m.

We will say about such homotopies (or maps) that they are homotopies (or,
respectively, maps) over X on the left.
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It can be similarly proved that the map
v x - x! S

defined by the formula
v/(u) =u'u,

is right homotopic over X to the map

’

o :XI—>XI,

defined by the formula o' () = 0,(1).

Both of these facts, by definition, mean that the multiplication u has a
homotopy inverse operation.

Of particular importance to us will be the subspaces Q(xg,x;) of X!, con-
sisting of all paths u € X! connecting given points xo,x; € X. It turns out
that,

Proposition 9.8. up to homotopy equivalence, the space Q(xg,x1) does not
depend on the points xg,x1 € X.

Proof. Indeed, let
Q=Q(xp,x1), Q =Q(xpx)),

where xg, x1, x;), )c/1 are arbitrary points of the space X. Since the space X is,
by assumption, path-connected (here we use this assumption for the first time),
there exist paths ug and u; in it, connecting the points xo and x; with the points
xg) and x/l, respectively. Having chosen and fixed these paths once and for all,
we construct the maps

a:Q—>Q/, ﬁ:Q/—>Q,
by setting

a(u) = ulo(uul), u € Q,

Bv) = uo(vu’l), veq.

It is clear (due to the continuity of the multiplication u) that the maps @ and
B are continuous.
The map
Boa:Q—Q

is defined by the formula
(Boa@)u = ug((ug(uur))uy), ueQ,

and therefore (due to the homotopy associativity of the multiplication y) it is
homotopic to the map

u > ((uoug)u)u) (uyuy),
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and consequently (due to the existence of a homotopy inverse operation for the
multiplication u)), it is homotopic to the identity map Q — Q. Thus, the map
B o a is homotopy-identical.

It can be similarly proved that the map

a/Oﬁ:Q/—>QI

is also homotopy identical. Consequently, the spaces Q and Q  are homotopially
equivalent. O

Thus, when studying the spaces Q(xg, x1), we can freely choose the points xg
and x;. As we will see below, applying the methods of the calculus of variations
to the study of these spaces (in the case where the space X is a smooth manifold
equipped with a Riemannian metric) is especially convenient for x # x;. On the
other hand, the topological study of the spaces Q(xg,x1), on the contrary, is
particularly simple for xo = x;. The proved assertion thus ensures the applica-
bility of topological methods to variational problems and, conversely, variational
methods to topological problems.

For xg = x1, we will denote the space Q(xg,x1) by Q(xg) and call it the loop
space of X at xo. Its points, i.e., paths of X that begin and end at xg, will be
called loops of X at xo. A loop at xq is, in particular, a degenerate path 0y,.

9.2 Spaces of piecewise smooth curves

In the case where the space X is a smooth (and connected) manifold M equipped
with a Riemannian metric, instead of the space X’, it is natural to consider the
space @ of all piecewise smooth curves of the manifold M, parametrised by the
numbers of the interval I = [0, 1] proportional (in the case of non-degeneracy)
to the arc length. Each such curve is either degenerate or is a piecewise regular
curve.

Let p be a Riemannian metric on a manifold M and p! be the corresponding
metric on the space M!. Since the space ® is obviously contained in the space
M, it is also a metric space with metric p/. However, the metric p’ is not very
convenient for our purposes, since in the corresponding (i.e., as proved above,
compact-open) topology of the space @, the function J that associates with each
curve from @ its length is, generally speaking, discontinuous. Therefore, instead
of the metric p!, we will consider the metric p on the space ®, defined by the
formula

Py, y2) = p (v, v2) + 10 (v2) = J (¥l y1.72 € @.

It is clear that the function J is automatically continuous in this metric. The
topology of the space ® defined by the metric p differs, generally speaking, from
the topology defined by the metric p! (i.e., from the compact-open topology).
However, since p! < p, any set open in the compact-open topology is necessarily
open in the topology defined by the metric p. In other words,
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Proposition 9.9. The inclusion map
i:®— M
1S a continuous map.

The properties of the space @ are in many ways analogous to the properties
of the space M!. For example,

Proposition 9.10. for any curve y € ® and any point t € I, the point y(t) € M
depends continuously on y and t.

Proof. This assertion follows immediately from the corresponding assertion for
the space M!, since any set open in the compact-open topology is also open in
the topology defined by the metric p. However, it can easily be proved directly,
relying only on the definition of the metric p. Indeed, since the map y : I - M
is continuous, for any & > 0 there exists 6 > 0 such that p(y(t),y(t1)) < &/2 for
|t — t1] < 8. Therefore, if |t — 1] < § and p(y,y1) < £/2, where y; € ®@, then

p(y(0),y1(t1)) < p(y(1),y(t1)) + p(¥(t1), v1(t1)) < &/2+ p(y,y1) <e&.

But this means that the point y(¢) depends continuously on the curve y and
the point ¢. O

Let us now consider the re-parametrisation maps 8, in the space ®. Since,
by definition, the parameter is uniquely fixed on curves from ®, the map 6.¢
maps the space @ into itself if and only if the corresponding function 7 : 1 — I
is a linear map of the interval I = [0, 1] onto some interval [6y,61] C [0, 1].
Moreover, for each curve y € ®, the curve 6,y is nothing more than a corre-
spondingly re-parametrised segment y|(g, 9,] of the curve y (and for 6y = 61, a
degenerate curve). We will denote this curve by the symbol 733. It turns out
that

Proposition 9.11. the curve yg; depends continuously on the curve y and the
numbers 0y and 64.

Unlike the previous proposal, we cannot now simply refer to the correspond-
ing statement for paths and must give an independent proof.
Let v be a curve from ® and 96, 0’1 be numbers on the interval I such that

py.y)<e 00—y <e, |61-6)]<e,

where & is some positive number. To prove the continuous dependence of the
curve yg; on the curve y and the numbers 9'0, 9'1, it is obviously sufficient for
us to prove that

~ 6,
Plygsv,") < Ce, (9-12)
0

where C is some constant (depending only on the curve y).
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’

Proof. (of9.12) For this purpose, we consider the auxiliary curve yZ}. It is clear
0

that the points of the curves yZ} and yjl, corresponding to the same parameter
0

0
value, have this property even when we consider them as points of the curves y
and 7', respectively. Therefore
6, e, ,
Pl vy <P (1 y)
0 0
Furthermore,

() =1 = 16, = Gl ) =) < W) =)l

Therefore, ) )
5(7:2,7;21) <p(y.¥) <e.
On the other hand, the length of the arc of the curve Y between the points
1(t) and Y, 1(z‘), and therefore the distance p(ygl(t) Y, 1(t)) does not exceed
b

the larger of tWO arc lengths the length of the arc between the points y(6y) and
y(6,) (equal to |6y — 6, |J(7)) and the length of the arc between the points y(61)
and 7(0 ) (equal to |91 -0 11/ (y) and therefore also less than £J(y)). Therefore,

p(ys o (17, 1(t)) <&l(y)

for any t € I. Since

i) =T = 101 = 001 () = (6, = 0)I ()| < 2603,

then it is thus proven that

p(vg Y, 1) < 3eJ(y).

Therefore,

POry.y 1) <p(yg.y 1) +p(y° ,,7 1) <(1+3J(y))e.

Thus, estimate (9.12) is completely proven. O

The product y1y2 of two curves from @ (having the property that y;1(0) =
v2(1)) generally speaking does not belong to the space ® since the parameter
on the (obviously piecewise smooth) curve y;ys is, as a rule, not proportional
to the arc length. We will obtain a curve from ® only after the corresponding
re-parametrisation of the curve y;ys, i.e., after the transition to an equivalent
curve, the parameter on which is the arc length. The resulting curve from @
will be denoted by 1 *y2 and called the composition of the curves y; and yo. If
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at least one of the curves y; and s is non-degenerate, then the curve y = yy xyq
is also non-degenerate, has length J(y), equal to the sum J(y1) + J(y2) of the
lengths of the curves y; and 5, and is given by the formula

J(y) : J(r1)

) = Vl(f(m ) if 0<t<755,
N J()t=J(y1) e J(n1)

Vo (—1(72) ) , if 7y Sts 1.

If at least one of the curves y; and vy, is degenerate, then the composition y; *7yo

coincides with the second curve. This is also true when both curves y; and y»

are degenerate (and, consequently, the composition y; * ys is also degenerate).
It is easy to verify that, unlike the operation of path multiplication,

Proposition 9.13. the operation of curve composition is associative.
We will now show that

Proposition 9.14. the curve y; = yo (when defined) depends continuously on
the curves y1 and ys.

Here again, we cannot cite the corresponding assertion for the path product
and are forced to give an independent proof.

Suppose along with the curves yy and y2, we are given two other curves
71 and 72, Whose composmon Y = 71 * y2 is also defined (i.e., which have the
property that 71 (1) = 72 (0)). It is clear that to prove the contlnuous dependence
of the curve y = y1 % y5 on the curves y; and 7y, it is sufficient to prove that
the estimate

p(v,y) < Cmax[p(y1, 1), p(y2, ¥2)],

where C is some absolute constant. In other words, it is sufficient for us to show
that for

p(y1,71) <&, p(y2, vy <&,
where g is some positive number, the folloing inequality holds

p(y.y) < Ce. (9.15)

Since
My -JyDl <&, [(J(y2) = J(y2)l <&,
then
) =IO = () +I(v2) =T () =T (1)
= [J(y) =Tyl + 1 (72) = T (¥5)I< 2,
and therefore, to prove inequality (9.15), it suffices to prove that
p'(r.Y) < Cie,

where C; is some absolute constant, i.e., for all ¢ € I the following estimate holds

p(y(1),7y (1) < Cie. (9.16)
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First, let the curve y be degenerate. Then p(po, 7,1 (1)) < € and p(po, 7’2 (1) <
g, where py = y(I) and therefore p(pg,y(t)) < e&. Therefore, in this case,
inequality (9.16) holds even for C; = 1.

Now let the curve y be non-degenerate and therefore J(y) = J(y1)+J(y2) # 0.
We prove that

Proposition 9.17. if J(y1)J(y)) = J(y’l)J(y), then p(y(2),y (t) < € for all
tel.

Proof. Indeed, if 0 <t < JJ((y;)) , then

B J(y) N A2
Y =n (1(71)t)’ vi=n (J(Vl)t)

and hence

Py (D) (1)) = ,0(71 (%r) Y, (%Z)) e

.. o J
Similarly, if J((yyl)) <t <1, then

7(f)=72(M), Y (1) = '(M)’

J(y2) 2 J(y2)

and therefore again
py(®),y (1) <e.
m]

In the general case, we consider the segments y’|[0,7(y,)/7(y)] @0d ¥’ |[7(31)/7 (),1]
of the curve y'. By appropriately re-parametrising these segments, we obtain
two curves ¥V, ) e @, which have the property that, firstly, y = y(1) s y(2
and, secondly, J(y1)J(y) = J(y1)J(y). We estimate the distance ﬁ()/'l, y ).

Since the parameter 7 on all the curves under consideration (when they are
non-degenerate) is proportional to the arc length, then for any ¢ the arc length
of the curve y" between the points ¥V (¢) and ¥/ (¢) is equal to ¢|J(y)) =J (¥))|.
But

J(y1) '
-J

1) (rol

_ T (ry) =J(y2)] + I (y2) [T (1) = (7))

J(v)
J(y)e+J(n)e _
<=5,
J(y)

and therefore this length is less than et, i.e., less than €. Consequently, the

distance ,0()/(1)(t),y'1 (t)) is also less than &. Since, as we have just shown,
|7(y™) = J(y))| < &, it is thus proved that

M) —J)l =10

Py y™) < 26
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Therefore,
P,y <p(y1.y) + Py, y™H) < &+ 26 = 3e.

Similarly, it can be shown that

Ply2.y?) < 3e.

Therefore, according to the above-proven assertion (applied to the curves
Yy, y@ | and the number 3g), p(y(t),y (f)) < 3¢ for all t € I. Therefore,
estimate (9.16), and hence estimate (9.15), are completely proven. In this case,
C; = 3 (and hence, C =5).

Let us now consider one property of the space @ that has no analogue in the
space of paths.

As we know (see §7.10), if points p and ¢ of a Riemannian space M are close
enough (contained in the same normal convex neighbourhood), then they can
be connected in M by one and only one shortest geodesic, the parameter on
which is proportional to the arc length and varies from 0 to 1, i.e., one and only
one shortest geodesic that is a point of the space ®. Denoting this geodesic by
the symbol vy, 4, we will now prove that

Proposition 9.18. the geodesic vy, , € ® continuously depends on the points p
and q.

Proof. Indeed, according to the theorem on the dependence of solutions of a
system of differential equations on the initial conditions, the local coordinates
of the point y, ,(f) continuously (and even smoothly) depend on the point p.
Therefore, the point y,, 4 (¢) itself also depends continuously on the point p, and,
consequently, for any & > 0 there exists 6 > 0 such that for p(p, p1) < 6 the
following inequality holds

p(?’p,q(t), 7p1,q(t)) <gl4d.

Since the interval [0, 1] is compact, this number § can be chosen to be the same
for all r € [0,1]. Consequently, for p(p,p1) < 6, the following inequality will
hold

max p(¥p,q (1), Yp,,q(1) < &/4.

0<r<1

On the other hand, the distance p(p,q) = J(yp.4) is, as we know, a continu-
ous (and for p # g even smooth) function of the points p and g. Therefore, for
sufficiently small § > 0, the following inequality will also hold:

IJ(')’p,q) - J(‘)/pl,q)| <egl4d.

Thus, if 6 > 0 is small enough, then p(y, 4, ¥p1,q) < €/2, when p(p, p1) < 6.
Similarly, if p(q, 1) < 6, then p(vp, .4 Ypr.q1) < €/2. Therefore, p(vp.q, Ypi.q1) <
g, when p(p, p1) <6 and p(g,q1) < ¢. But this means that the curve y, , con-
tinuously depends on both the points p and g. O
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Let us now compare the spaces ® and M'. For this purpose, we note that,
since ® ¢ M!, for maps (generally speaking, partial ones) of the space ® (or
any spaces of the form ® x - - - x @) into itself (or into other spaces of the form
® X --- x @) it makes sense to speak of maps over M. With this in mind, we
now show that

Proposition 9.19. for any (connected) Riemannian space M, the spaces ® and
M! are homotopically equivalent over M, i.e., there exist maps

i:d->M, jM >
over M such that the compositions
joi:®—®, ioj:M — M
are homotopic over M to the corresponding identity maps.

Proof. 1In this case, as we will show, the map i can be taken to be the inclusion
map ® — M! (which, as proved above, is continuous and is obviously a map
over M). As for the map j : M — ®, to construct it, we first prove that

Proposition 9.20. on the space M! there exists a continuous function 7(u)
such that for any points t1,t2 € I satisfying the inequality |t1 — to| < 27(u), the
points u(ty) and u(tz) of the Riemannian space M can be connected in M by a
unique shortest geodesic.

For this purpose, we consider on the space M an arbitrary non-negative
function f that is a map of the compact character of the space M onto the
number axis R (the existence of such a function is proved in §6.2). By definition,
this function has the property that for any a > 0 the set [f < a] is compact.
Therefore, for any a > 0, there exists a number d, such that any two points
P, q € [f < a] for which p(p, g) < d, can be connected in M by a unique shortest
geodesic. Let d(a) be the least upper bound of all such numbers d, (for any
given a > 0). Clearly, the function d(a) of a constructed in this way is monotone
and positive. Therefore, there exists a continuous function §(a) such that

0<d(a) <d(a)

for any a > 0.

Now let u be an arbitrary path of M. We define a numerical function y, (1)
on [0,1/2] by setting

Xu(T) = |zlf?j§27p(7(“)’y(’2)) - (1 -20)6(max f(y(n)), 7€[0,1/2].
It is clear that this function is strictly monotone, continuous, and has the prop-
erty that

Xu(0) <0 < xu(1/2).
Therefore, there exists a (unique) value 7(u) of the argument 7 € [0, 1/2] such
that
Xu(T(u))) = 0.
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It is clear that the function 7 : MY — I constructed in this way is continuous
and has the required property.
Let us now consider for each path u € M! the points

t1=1(u),to =27(u), ..., t; =it(u), ..., t, =nt(u)

of the segment I, where n is the largest integer for which nt(u) < 1. Let j(u) be
a shortest geodesic broken line connecting the points pg = u(0) and p,4+1 = u(1),
with vertices at the points

p1=u(ty), ..., pp=1ul(ty)
and parametrised (proportional to the arc length) so that j(u)(0) = po and
Jj(u)(1) = py+1- In the notation introduced above, the broken line j(u) can be
defined by the formula
J@W) = Ypops *Ypips * % Ypipisn ¥ * ¥pupuss -
It is clear that the resulting map
jiM > @

is uniquely defined, continuous, and is a map over M.
Let’s consider the map
ioj: M — M’

This map associates with each path u € M! a geodesic broken line j(u), consid-
ered as a path from M!. Let

T0=0, T4, «.vy Tiy vuy Tny Tng1 =1
be parameter values on the broken line j(u) corresponding to the points

po’ pl, .. p[7 B pn, pn+1'

It is clear that these values are determined by the formulae

o(p1, po) i p(pjspj-1) Yicip(pjpj-1)
TnT=) ., T, .., Gy,
p p P
where
n+l1

P = ZP(Pj,Pj—O
j=1

which is the length of the broken line j(u).
For any 6 € I and any i = 0,1, ... n, we set
t! = (1-0)t; + 0141,
Sl-g = (1 - 9)2‘[ + 01,

50 = (1-0)t; + 0141
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Since
tf —t; = 0t — 1) < T(u),

then the points p; = u(#;) and p? = u(t?) can be connected in M by a unique
shortest geodesic. Denoting this geodesic, parametrised by the numbers of the
segment [s?,57], by the symbol yi(g), we define the map

Dou:1—-M
by the formula
6 e 0 0
7 (1), f 57 <r<5;,
Doy = {70 o sy
u(t +0(tiy1 —1i41)), i 5 <t <8t

It is easy to see that the map Dgyu is continuous, i.e., it is a path of the space
M" (obviously connecting the point po = u(0) with the point p,.1 = u(1)), and
that the resulting family of maps

Dg:M' > M’

is a homotopy. This homotopy obviously connects the identity map of the space
M! with the map i o j and is a homotopy over M.
Let us now consider the map

joi:®d— O,

This map associates with each curve y € @, considered as a point in the space
M', a geodesic broken line j(y). It is clear that by applying the map Dg to
the curve y (or, more precisely, to the path u = i(y)), we obtain a piecewise
smooth curve connecting the points y(0) and y(1). By re-parametrising this
curve proportionally to the arc length, we obtain, therefore, a curve belonging
yo the space ®. We will denote this curve by the symbol 59)/. In the notation
introduced above, the curve 597 is obviously defined by the formula

) = ti ... ti+1 ... 1
Dyy = Ypopl * ytg KK Y 0 *ytig Y pl ¥ Yo (9.21)

(Note that the geodesics yl.(e

of parameter.) Clearly, the family of maps constructed in this way

) and Y p;pe differ from each other only by the choice

D PRECEN ()
represents a homotopy over M, connecting the identity map of the space ® with
the map joi.
Thus, the above statement is fully proven. O

The subspace of @ consisting of all curves y € @ connecting two given points
p,q € M will be denoted by the symbol Q(p, g). Clearly, the map i takes this
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subspace to the subspace Q(p,q) of M! consisting of all paths connecting the
points p, g, and the map j takes the subspace Q(p, g) to the subspace Q(p, q).
Thus, these maps define some maps

i:Q(p,q) = Qp,q), Jj:QAp.q) — Qp,q),

which we will denote by the same symbols i and 7 as the original maps.
Similarly, the homotopies Dy and Dy define some homotopies

Do :Q(p,q) = Qp,q), Do:Q(p,q) — Qp,q),

connecting the identity maps of the corresponding spaces with the maps i o j
and j oi, respectively. Thus,

Proposition 9.22. for any points p,q € M the space ﬁ(p,q) is homotopially
equivalent to the space Q(p, q).

9.3 Reduction theorem

We will study the spaces ﬁ(p,q) under the assumption that p # g. As stated
above, this assumption essentially does not cause loss of generality. On the other
hand, it ensures that the space Q(p, g) does not contain degenerate curves, i.e.,
that all its points are piecewise regular curves.

Moreover, having in mind to apply the results of Chapter 8 to the study of
the space Q(p, q), we will also assume that the (connected) Riemannian space
M under consideration is complete. As we know, any two points of such a space,
and, in particular, the given points p and g, can be connected by at least one
geodesic. R

For any geodesic y € Q(p, q), we will denote by 1°(y) the index 1;(0) of the
point ¢ = 0 with respect to the point # = 1, and by 1%!(y) the index 1;(0,1) of
the interval (0, 1) (also with respect to the point 7 = 1). We will call the number
A%(y) the corank, and the number 1%'(y) the indez of the geodesic .

The main guiding idea of the following discussion will be a certain analogy
between the space Q(p,q) and smooth manifolds. In particular, just as any
smooth manifold M can be exhausted by sets of the form [f < a], where f is
some smooth function on M, the space Q(p, q) can be exhausted by subspaces
[J < a] consisting of all curves y € Q(p, g) whose lengths J(y) do not exceed a
given number a. In this analogy, the critical points of the function f correspond
to the stationary points of the functional J, i.e., the geodesics y € Q(p, g), the
corank and index of the critical point correspond to the corank and index of the
geodesic, etc.

Remark 9.23. This analogy can be given a rigorous basis by introducing the
concept of an “infinite-dimensional manifold.” It turns out that the space Q(p, q)
is such a manifold; the functional J is a smooth function on this manifold, the
geodesics are critical points of this function, and so on. This elegant point of
view, however, requires a complete revision of the entire theory and cannot serve
as a basis for an initial study of the subject.
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In this section, we will prove that

Theorem 9.24 (Reduction theorem). for any complete Riemannian space M,
any two of its points p, q, and any number a > p(p, q), there exists a smooth
manifold A//},Aa smooth function ¢ on 1\7, and a number b such that the subspace
[J < a] of Q(p,q) is homotopically equivalent to the subspace [¢ < b] of M.
Moreover, there exists a homotopy equivalence

a:[J<a]l = [p=<b],

such that a curvey € [J < a] is a geodesic if and only if the point a(y) € [¢ < b]
is a critical point of the function ¢, and

1) the corank c(a(y)) of the point a(y) is equal to the corank A°(y) of the
geodesic y;

2) the index h(a(y))(a(y)) of the point a(y) is equal to the corank A°'(y) of
the geodesic 7.

This remarkable reduction theorem was already implicit in Morse’s early
work. It was apparently first formulated explicitly by Bott.

To prove the reduction theorem, we consider the set S of all points p, € M
whose distance p(p, p.) from a given point p € M does not exceed a. This set
is closed and bounded, and therefore compact (see §7.11). Consequently, there
exists a d > 0 such that any two points py, po € S for which p(p1, p2) < d can be
connected by a unique shortest curve, and the points p; and ps on this shortest
curve are not conjugate to each other (see §7.10 and §8.4). We will assume that
the number d is chosen once and for all. Given this number d, we will choose

the number s such that p

Vs+1

For the manifold M specified by the reduction theorem, we take the open
submanifold of the product M* = M x---XM, s copies of M, consisting of points
p=(p1, ..., ps) € M’ such that

<d.

p(p,pi) <a

for any i. We define the function ¢ by the formula

@(p) = p*(p, p1) + -+ p*(pis piv1) + - + p* (Ps, ) (9.25)
where p = (p1, ..., ps) € M, the number b is defined by the formula
2
a
b= ,
s+1

and the map
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is defined by the formula

N N I N R

In addition, we define a map

B:le<b]l—[J<d]

(which turns out to be a homotopy equivalence inverse to the equivalence @),
taking for the curve 8(p) corresponding to an arbitrary point p = (p1, ..., ps) €
M a geodesic broken line consisting of the shortest arcs sequentially connecting
the points p; and p;y1,i =0, 1, ..., s (we assume that pg = p and ps1 = q).
In the notation introduced above, the map g is therefore defined by the formula

BD) = Yppy ¥ * Ypipi **** * Vpog

and is therefore uniquely defined.
It is clear that

Proposition 9.26. the function ¢ is smooth on the manifold M;

Proof. This follows immediately from the smoothness of the function p?(p, q)
for sufficiently close points p and g; see §7.11). O

Proposition 9.27. The map a is continuous.;

Proof. This follows immediately from the continuous dependence of the point
v(t) on the curve y; see §9.2). ]

Proposition 9.28. The map «a takes the space [J < a] to the space [¢ < b].

Proof. Since for the points p; =y (ﬁ) the following estimates hold

J() a J(y)
) =i o
s+1 s+1<d’ p(p,pi) 1@

P(PL,P1+1)

2

J(y) a‘
¢(P) = Z(s+1) - +1_b'

Proposition 9.29. The map B is continuous.

Proof. Directly follows from the results of §9.2. O

Proposition 9.30. the map B transforms the space [¢ < b] into the space
[/ <al;
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Proof. Since

S 2 S
P(B(p.) = (Z .O(Pi’Pi+1)) < (s+1) ) p*(pispin1) < (s +1)b = @
i=0 i=0

Here we use a special case of the Cauchy-Bunyakovsky inequality (a1+ ..., an)? <
n(a%+ cel, @), O

Furthermore, it is clear that the points

1 K
— ., ts =
s+1 s+1

=

are located on the segment [0,1] sufficiently densely (in the sense of §8.8),
so that they can be taken as the points t1, ..., f; that form the basis for
constructing the Bott form Q.(x). Having done this, we immediately obtain
that for any geodesic y € [J < a] the function ¢ in a neighbourhood of the point

a(y) = (y(t1), ..., y(ty)) is nothing other than the function J.(x) considered
in §8.13, i.e., more precisely, the coordinate diffeomorphism defined by the local
coordinates )?f, i=1,...,s; k=1, ..., m, at the point a(y) of the manifold M,

which correspond to the local coordinates xl(‘ chosen in §8.13, maps the function
@ into he function J,. This shows, firstly, that the point a(y) is a critical point
of the function ¢ (see formula (8.127)) and, secondly, that the Hessian H ()¢
of the function ¢ at the point a(y) coincides with the Bott form Q.(x) (after
the corresponding identification of the space (M) p with the space R*"). This
proves, firstly, that

Proposition 9.31. for any geodesic y € [j < a], the point a(y) is a critical
point of the function ¢

and, secondly (see theorems on indices in Chapter 8), that
Proposition 9.32. assertions 1) and 2) of the reduction theorem 9.2/ are valid.
Let us now show that

Proposition 9.33. for any critical point p € [¢ < b] of ¢ there exists a geodesic
v € [J < a] such that

a(y) = p.
Proof. To this end, at the point p = (p1, ..., ps) of the manifold M, we choose
an arbitrary vector C = (Cy, ..., C5),C1 € My, ..., Cs € M), . Considering the

square p? of the metric p as a smooth function near the diagonal of the product
M x M, in view of formula (9.25), we immediately obtain that Ce = ¥_ C;)p?,
where C(;) is the vector (C;, Ciy1) at the point (p;, pi+1) of the manifold M x M
(we assume that Cp = 0, Cs11 = 0).
If pi+1 # pi, then
Ciyp” =2p(pi, Pi+1)Ci)p-
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On the other hand, according to formula (8.13) (the conditions for the applica-
bility of this formula - sufficient proximity of the points p; and p;+1 - are, by
hypothesis, satisfied), the following equality holds

Ciyp = (Ciy1,77) = (Ci, 77,

where y7 and y; are the unit tangent vectors of the geodesic y; at the points
pi and pi + 1, respectively.
Therefore,

Ciyp? =2p(pis pis1) [(Cir1, ¥7) = (Ci, ¥7)].

Tt is clear that this formula remains valid even when p;y1 = p; (when both its
parts are equal to zero). Thus

K s—1
Ce =2 p(pi, PisD) [(Cirt, ¥ =(Ci, 7)1 = 2 Y (0 (pis i) T =P (Pis Pis1) 7 Ci)
i=0 i=1

(9.34)
since by condition Cy = 0, Cg41 = 0.
But since, by assumption, the point p is a critical point of the function
¢, Cp = 0 for any vector C € M5. Consequently, for any vectors C; € M),
i=1, ..., s, the equality must hold,

s=1
Z(p(pla pi+1)73—_1 - p(pl7pl+1)’}./l_7 Cl) = O’
i=1

which is possible only when

p(pi, pis1)Viy = p(pi,piv1)y; forany i=1, ..., s.

Since the vectors y; and y; ; are unit vectors, this equality first implies that

o(pi> pi+1) = p(Pi, Pi+1),

and then that

Vil =vi
for any i =1, ..., s. (Note that this implies, in particular, that the equality
p(pi+1, pi) = 0 is impossible for any i, since then it would hold for all i and the
distance between the points p and g would be zero.)

The resulting equalities mean that the geodesic broken line y, composed of
the shortest ;, is in fact a smooth geodesic, and the map a maps this geodetic to
the point p = (p1, ..., ps). Thus, the statement formulated above is completely
proven. m|

Thus, to complete the proof of the reduction theorem, we only need to show
that



9.3. REDUCTION THEOREM 413
Proposition 9.35. the maps a and B are mutually inverse homotopy equiva-
lences.
Let us first consider the map
Boa:[J<a]l - [J<a].

This map associates with each curve y € [J < a] a geodesic broken line B(a(y))
passing through the points

1 i
po—y(O)—p,m—y(H—l), pi—y(Hl),

S
--,Ps=7(m), ps+1=v(1) =¢q.

We see that the map S o @ is very similar to the map j o i considered in §9.2
(the only difference is that in the construction of the ma j o i the role of the
number 1/(s + 1) is played by the number 7(y)). Following this similarity, to
any number 0 € [ and any curve y € [J < a] we assign the curve

i fiv1

= i 1
Doy =7pype Vo F T Yo ¥ Ve F T Yppl * Y0

(ct. formula (9.21)), where now

i i+0 o
ti=——,t; = , Jo= t.), :O, 1, [ 1
s+l s+1 pi =v(t)), i S

while y,, ¢ is still the shortest geodesic connecting the points p; and pig (the
existence of this geodesic is now ensured by the fact that, as is easily seen,
tiv1

p(pi,pf) <d) and Y0 is a correspondingly re-parametrised segment y|;0 .. 4

of the curve y. It is clear that the curve 597 belongs to the space [J < a] (since
J(Dgy) < J(y)), depends continuously on the curve y and the number 8 and
has the property that Dgy =y, D1y = B(a(y)). Thus, the family of maps

Do:[J<a]l - [J<a]

is a homotopy connecting the identity map of the space [J < a] with the map

Boa.

Let us now move on to the map

aof:[p<b]— [p<b]

This map takes each point p = (p1, ..., ps) € [¢ < b] to the point

o) el et

where ¥ = B(p) is the geodesic broken line ypp,, # -« % Vp, piy * -+ % Ypq With
vertices p1, ..., Ps-




414 CHAPTER 9. PATH SPACE EXPLORATION. APPLICATIONS

Let

O<t1<---<tg<l1
be values of parameter ¢ on the curve y = 8(p) corresponding to points p1, ..., ps
p1=yt1), ..., ps=y(ts).

For any 7 € [0, 1] we consider in the manifold M a point

AT(ﬁ)z(y(tl(l—T)+silr), e

7(fi(1—T)+ i T)’_,,,’y(fs(l—‘r)+L)).
N

s+1 +1

It is clear that the point A, (p) continuously depends on the point p and the
number 7, and

Ao(p) = (P).  A1((P)) = (@2 B)(p).

Thus, to prove that A; is a homotopy connecting the identity map of the
space [¢ < b] with the map @ o B, one only needs to prove that

Ar [ <b] — [¢ < D]

i.e., that Ar(p) € [p<b] for any T €I and p € [¢ < b].
Let

i .
lT , i=1, ..., s.

()
=yl -1)+
p; y|ti(1-1) "

Let, in addition,

pe’ =P p=7

for any 7 € I. It is clear that for each i =0, 1, ..., s the distance p(pl(T),pEQ)
between the points pl@ and P1(+T1) does not exceed the arc length of the curve

v = B(p.) between these points, i.e., does not exceed the number

J(y) [t (L =7) + £+117-_tl.(1_.,)+ sj—lT _
J J
I =11 =)+ 200 = p (i piy -1y 4 LD

(recall that between the points p; and p;.1 the curve y is the shortest geodesic).
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Therefore,
¢(Ax(p)) = ZPQ(PET),PEQ) s Z p(pi,pis) (L —7) + J(:/i
i i=0
J 2
= (-7 Zp (pi» Pi+1) + 2ﬂ Zp(p,,pm) G (31)272

1-0rJ(y)2 Jy)?*r :
+1 (s +1)2
J(7)2)+72 (¢(ﬁ)_ 2?2, JO)? ):

+1 s+1 (s+1)2

J(v)? J(7)2) W) (1 _ 1 )

= (1-7)%(5) +2

— () - 2r (90(133 .

=¢(P) - 27(‘“5) 1 s+1] " (s+1) s+1

) 7 (90(15) -
J(y)z).

+1

< o(p) - 22 -7) (m -

But according to the Cauchy-Bunyakovsky inequality

s 2
= ZpQ(Piale) -— (Z p(pl,le)) > 0.
=0

Therefore,
(A (p)) < p(p) forany te€l.

Therefore, if p € [¢ < b], i.e., if ¢(p) < b, then ¢(A,(p)) < b and, conse-

quently, A-(p) € [¢ < b].
Thus, the reduction theorem 9.24 is completely proven.

Remark 9.36. Let N be an arbitrary compact submanifold of M that does not
contain a given point p € M. Consider the subspace Q(N) of @, consisting of
all curves y € ® for which

y(0)=p, y(1)eN.

For any a, we will denote by [J < a]n the subspace of ﬁ(p,N) consisting
of all curves y € Q(p,N) for which J(y) < a. For each geodesic y € Q(N)
orthogonal to the submanifold N for = 1, the indices of the point = 0 and the
interval (0,1) with respect to the submanifold N (see §8.B) will be denoted by
/l?v (y) and /1?\’,1 (y), respectively. We will call the number /10 (y)) the corank of
the geodesic y, and the number /l?v (y) its index (relative to the submanifold
N). It turns out that

Proposition 9.37. for any number a > p(p,N) there exists a smooth manifold
M a smooth function ¢ on M and a number b such that the space [J < aly is
homotopically equivalent to the space [¢ < b]. Moreover, there exists a homotopy
equivalence

a:[J<aly — [¢<b],
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that a curve y € [J < aly is a geodesic orthogonal at t =1 to a submanifold N
if and only if the point a(y) € [¢ < b] is a critical point of the function ¢, and

1) the corank c(a(y)) of the point a(y) is equal to the corank /l?v(y) of the
geodesic y with respect to the submanifold N;

2) the index h(a(y)) of the point a(y) is equal to the index /l?\’,l (y) of the geodesic
v with respect to the submanifold N.

This reduction theorem is analogous to the reduction theorem proved above
and transforms into it when the submanifold N is reduced to a point. Its proof
is entirely analogous to the proof given above. Therefore, we will not go through
it in detail, but will simply note the places where certain changes are required.

First of all, in the definition of the manifold M , we must replace the product
M X ---x M with the product

MX---XMXN

s copies of the manifold M and the submanifold N, where s is the same number
as above. We define the number b in the same way as before, i.e., by the formula

and the function ¢ by the formula
e(p) = p*(p.p1) + -+ P*(pispis1) + -+ + p*(Ps. @),
P=(p1, ..., ps, Q) EM, p1, ..., ps€M, qe€N.

Next, we set

1 s
OZ(V)Z (Y(s+1)7 DRI Y(m)’ 7(1))’

BOY) = Yppr ¥ % Ypipiss *°°* * Vo,q>

where, as before, yp, p.,,, i =0, 1, ..., s, are the shortest geodesics connecting
the points p; and p;+1 (we assume that po = p, ps+1 = q)-

It is easy to verify that the entire proof presented above remains valid (only
in the proof of statements 1) and 2) should the reference to the results of Chapter
8 be replaced by a reference to the results of the Appendix to Chapter 8); in
formula (9.34) an additional term 2p(ps, q)(Cs+1,yF) will appear with Csyq €
Ny, the equality to zero of which is now ensured by the orthogonality of the
geodesic y to the submanifold N at the point ¢+ = 1, and, finally, an obvious
change must be made in the formula defining the deformation A.

9.4 Homotopy type of spaces ﬁ(p,q)

We can consider the function ¢ constructed in the previous section not only on
the manifold M, but also on the entire product M* (although on this product
it will no longer be a smooth function). It is easy to see that
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Proposition 9.38. for the above number b, the sets [¢ < b] in the manifolds
M and M* coincide, i.e., if for the point p=(p1, ..., ps) € M* the inequality
@(p) < b holds, then p € M.

Proof. Indeed, for any i

p*(p.pi) < (p(p, p1) + p(p1,p2) + -+ + p(pi-1. pi))*
<i(p*(p. p1) + p*(p1. p2) + -+ + p°(pi-1. pi)) < s¢(P) < sb < a,

(9.39)
and
a \2
pP*(pispis1) S@(p) <b = (\/m) <d.
m|
Now let b be an arbitrary (non-negative) real number and let p = (p1, ..., ps)

be an arbitrary point of the set [¢ < b] in the manifold M*. Then, by estimate
(9.39), the set C; ¢ M, which is the image of the set [¢ < b] under the natural
projection of the product M*® onto its i-th factor, is bounded. Since this set is
obviously closed, it is compact due to the completeness of the space M. Since

[p<b] cCy xCyx---xCs,

it is thus proved that

Proposition 9.40. for any b € R, the subset [¢ < b] of the manifold M* is
compact, i.e., the (non-negative) function ¢ is a map of the compact character
of the manifold M* onto the real azxis R.

Let us now note that although the manifold M depends on the number a
(since the number s depends on a), this dependence is “constant from below”,
i.e., for any ¢ > a we can assume that the manifold M coincides with the
manifold M’ corresponding to the number a. Accordingly, we can assume that
the function ¢ coincides with the function ¢ constructed for the number ¢ and
that the homotopy equivalence

a:[J<a]l - [¢<b]

is the restriction a'|[ J<a) of the homotopy equivalence

’

@ [J<d]—[¢ <b],

corresponding to the number a.

Having fixed some number ¢’ > a, we now assume that the points p and ¢
of the manifold M are not conjugate on any geodesic y € [J < a'], i.e., that
the corank A°(y) of any such geodesic is zero. Then, by statement 1) of the
reduction theorem 9.24, all critical points of the function ¢ belonging to the
set [¢ < b'] will be its non-degenerate critical points.
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Due to the assertions proved above, it immediately follows that the function
¢ and the number b satisfy all the conditions of the proposition 6.48 (there exists
an & > 0 such that the set [¢ < b+ &] is compact, the set [b, ¢ < b+ &] does not
contain critical points of the function ¢, and all critical points of this function
belonging to the set [¢ < b] are non-degenerate). Therefore, the set [¢ < b]
(and therefore, due to the reduction theorem, the set [J < a]) is homotopically
equivalent to some finite cellular decomposition. Thus,

Proposition 9.41. if for some a > a the points p and g of the manifold M
are not conjugate on any geodesic y € [J < d'], then the subspace [J < a] of the

space Q(p,q) is homotopically equivalent to some finite cellular decomposition
K.

Moreover,

Proposition 9.42. the cells of the decomposition K are in one-to-one corre-
spondence with the geodesic vy € [J < a], and the dimension of each cell is equal
to the index of the corresponding geodesic.

In particular, we see that

Proposition 9.43. if the above condition is satisfied, the space [J < a] contains
only a finite number of geodesics.

Now suppose that the points p and ¢ of the manifold M are not conjugate
at all on any geodesic passing through them. Then the previous statement will
be true for any @ € R and, in particular, for any integer n > 0 the set [J < n]
will be homotopy equivalent to some finite cellular decomposition K,,. We will
show that

Proposition 9.44. decompositions K, and homotopy equivalences
on: [J<n] > K,

can be chosen so that for any n > 0, the decomposition K, is a sub-decomposition
of the decomposition Kp1:

KoCcKyC-+CK,CKy41 C--,
and the homotopy equivalence
¢on:[J<n] - K,
is the restriction of the homotopy equivalence @,i1l[7<n]
On+1: [ <n+1] > Ky

Proof. Indeed (see similar arguments in §6.4), let for some n > 1 the decompo-
sition K,,—1 and the homotopy equivalence ¢, _; have already been constructed
(the beginning of the induction is ensured by the fact that, as is easy to see,
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Ko = @). According to the reduction theorem, the set [J < n] is homotopically
equivalent to some set of the form [¢ < b], and, according to the remark made
above, the corresponding homotopy equivalence [J < n] — [¢ < b] has the
property that its restriction to the set [J < n — 1] is a homotopy equivalence
[/ <n—1] = [¢ < b'] such that b" is the number b corresponding to the number
a=n-1.

Since, according to the results of §6.4, the set [¢ < b] is homotopicaly
equivalent to the set [¢ < b'] to which a finite number of closed balls (which are
in one-to-one correspondence with the critical points p € [b" < ¢ < b], i.e., with
the geodesics y € [n—1 < J < n])), it follows directly from the results of §2.3 that
the set [J < n] is homotopically equivalent to the set [J < n — 1] to which the
same balls are successively glued, and therefore to the decomposition K,,—; with
these balls correspondingly glued to it. But, according to the results of §3.4,
the result of the last gluing is in turn homotopically equivalent to some cellular
decomposition K, containing the decomposition K,_; as a sub-decomposition.

By composing these homotopy equivalences (of which the first can be chosen
to coincide with the equivalence ¢,-1 on the set [j < n — 1], and the second
to coincide with the identity map on the decomposition K,_1), we obtain the
desired homotopy equivalence

on: [J <n] > K,.
O

Now let K be a free union of decompositions of K. According to the results
of §3.2, this union is a cellular decomposition containing the decompositions K,
as sub-decompositions. We define a map

¢:Q(p,q) — K,
assuming that
@lir<n) = @n

for any n > 0. It is clear that this map is uniquely defined and continuous.

Since the space Q(p,q), being a metric space, is paracompact and since it
is the union of the interiors [J < n] of the sets [J < n], it is a homotopy limit
of the subspaces [J < n]. On the other hand, the decomposition K is also a
homotopy limit of the sub-decompositions Kj,. Since the map

¢:Q(p,q) = K,
by construction, has the property that for any n > 0 the map it defines
on:[J<n] - Ky

is a homotopy equivalence, it follows that the map ¢ is also a homotopy equiv-
alence. Thus, it is proved that
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Proposition 9.45. for any points p and q of a Riemannian space M that are
not conjugate on any geodesic passing through these points, the space Q(p, q)
is homotopically equivalent to a countable cellular decomposition, the cells of
which are in one-to-one correspondence with the geodesics v € Q(p, q), where
the dimension of each cell is equal to the index of the corresponding geodesic.

This statement can be considered the crowning achievement of Morse theory.
As a rule, in all applications of Morse theory, it is sufficient to refer only to this
theorem, without delving into the method of its proof.

Remark 9.46. Similar (somewhat more general) results can be obtained by using
Bott’s theorem from §6.5 instead of Morse’s theorem from §6.3. However, the
corresponding theorem is formulated rather awkwardly; no simple conditions on
the points p and ¢ that ensure weak nondegeneracy of the critical points of the
function ¢ are known. Therefore, we will not develop it here. In practice, Bott’s
theorem is used by repeating all the above arguments in each specific case.

Clearly, all the results of this section can be easily extended to the case
of spaces Q(p,N) (see the remark at the end of §9.3). We leave the detailed
implementation of this extension as an exercise for the reader.

9.5 Applications to Topology. Freudenthal’s The-
orem

According to §8.4, for any point p of an arbitrary Riemannian space M, there
exist points ¢ that are not conjugate to the point p on any geodesic connecting
these points. Hence, combining the main theorem of §9.4 with the results of
§9.1 and §9.2, we immediately obtain that

Proposition 9.47. for any point p of a Riemannian (connected and complete)
space M, the loop space Q = Q(p) is homotopcally equivalent to a countable cel-
lular decomposition whose cells are in one-to-one correspondence with geodesics
v € @ connecting the point p with some point g € M, with the property that the
points p and q are not conjugate on any geodesic connecting them; the dimension
of each cell is equal to the index of the corresponding geodesic.

Loop spaces are important in topology primarily because of the close rela-
tionship between the homotopy groups 7, (X, xg) of an arbitrary path-connected
space X at some point xo and the homotopy groups m,(Q, Oy,) of its loop space
Q, evaluated at the point Oy, (which is a degenerate loop at xg). To describe
this relationship, it will be convenient for us to slightly modify the definition of
homotopy groups given in §2.4.

Let I" be the unit n-dimensional cube (the product of n instances of the
segment I). The points of this cube are sequences

(L ..., ")
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of n real numbers satisfying the inequalities for any i =1, ..., n
0<t <1.

The points of the cube I" for which at least one of the coordinates ', i =
1, ..., n,is equal to zero or one, constitute, by definition, the boundary I" of
this cube. It is easy to see that there exist continuous maps

o (I 1) — (", ug)

of the cube I" onto the sphere S" that take the boundary I” to the point u and
map the interior I" \ I of the cube I homeomorphically onto the set " \ ug.
We will choose (and fix once and for all) some such map oy.

Using the chosen map o, we can associate with each map

@ (8", u0) = (X, x0) (9.48)
a certain map
g (1" 1) — (X, x0), (9.49)
by setting
Yy =¢oo. (9.50)

It is easy to see that in this way we can obtain all maps of the form (9.49), i.e.,
any such map has the form (9.50) under a suitably chosen (obviously unique)
map (9.48). Furthermore, it is clear that two map (9.48) are homotopic relative
to ug if and only if the corresponding maps (9.49) are homotopic relative to 1.
All this means that

Proposition 9.51. we can consider the elements of the group m,(X,xg) to be
homotopy classes relative to I" of continuous maps

(", 1" — (X, xp).

In particular, the elements of the group 7, (L, 0,,) are defined by all possible
maps
v (I 1) — (X, x0). (9.52)

But any such map determines some map
h‘/’ : (In,In) - (X,)C[)),
for which
(et oo Y =g (e, L Y (), (9.53)

and thus, as is easy to see, we obtain a one-to-one correspondence between maps
(9.52) and maps (9.53). Passing to homotopy classes, we immediately obtain
from this that

Proposition 9.54. the group m,(Q,04), n > 0, is isomorphic to the group
7n+1 (X, X0)-
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In many cases, the theorem formulated at the beginning of this section allows
us (when the space X is a complete Riemannian space M) to calculate the
groups 7, (Q,0x,) (at least for some values of n) or, at worst, to obtain some
information about their structure. Due to the statement just proved, we thereby
automatically obtain the corresponding groups 7, (X, xo) (or at least prove some
of their properties).

We will illustrate these general remarks with the simplest (but most inter-
esting) case, when the space X is an m-dimensional (m > 2) sphere S (equipped
with a Riemannian metric induced by the metric of the ambient Euclidean space
Rm+1)‘

The maximal geodesics of the sphere S™ are, as is easily seen, its great
circles, traversed an infinite number of times. Let p be an arbitrary point of the
sphere S™, and let y be its maximal geodesic passing (for r = 0) through the
point p. We will choose a parameter (proportional to the arc length) on this
geodesic so that for ¢+ = 2 we obtain a point p* of the sphere S, diametrically
opposite to the point p (therefore, this point will also be obtained for any ¢ of
the form 4n + 2, whereas for t = 4n we obtain the original point p). For r =1
(and therefore for any ¢ of the form 4z + 1) we will obviously obtain a point p;
at which the large circle under consideration intersects the equator S”~! of the
sphere S™ (here we consider this point p of the sphere S" to be its “pole”).

Let A be an arbitrary vector tangent to the equator S™~! at the point p;.
Simple elementary geometric considerations show that there exists one and only
one one-parameter rotation group

6, :S" —>S"

of the sphere S™, consisting of rotations that leave the points p and p* in
place and possessing the property that the vector A is a tangent vector to the
trajectory 6.(p1) of this group passing through the point p;. We define the
variation ¢(¢,7) of the geodesic y by setting

0(1,7) = 0 (y(1)).

It is clear that this variation is a Jacobian variation and that the associated
Jacobian field X4(¢) is zero at the points p and p* (i.e., for r = 0, +4, £8, ...
and t = £2, 6, £10, ...). Moreover, the vector X4 (1) obviously coincides with
the given vector A. We have thus defined a certain map

(8™, — Ay (0) (9.55)

of the tangent space of the sphere S”~! at the point p; into the space A,(0) of
all Jacobi fields on the geodesic y that vanish at t = 0. It is easy to verify that
this map is linear. Furthermore, its composition with the map

Ay (0) = (8™)p,

which associates with each field X(f) € A,(0) the vector X(1) € (8™),,, is,
according to the above, the identity map of the space (S™'),,. Consequently,
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the map (9.55) is monomorphic, so its image X, ¢ A, (0) is an m —1-dimensional
subspace of the m-dimensional space A, (0).

The fields X4 () belonging to this subspace obviously have the property that
for any ¢ € R not of the form 4n and 4n+2, the vector X4(#) is non-zero and does
not touch the geodesic y (and is even orthogonal to it). Therefore, the singular
Jacobi field 1y(¢) does not belong to the subspace X,. Since dim A, (0) = m, it
immediately follows that any field X(¢) € A,(0) is the sum of some field X4 (¢)
and some multiple of aty(z) of the field #y(¢). Since for any ¢t # 0 the vector
ty(t) is non-zero and not collinear with the vector X4(z), such a field can be
equal to zero at some point ¢ty € R only when a = 0, i.e., when X (¢) = X4(¢) for
all € R. Since in this case the number #y necessarily has a form 4n or 4n + 2,
it is thus completely proven that

Proposition 9.56. with the point t = 0 of the R axis, only points of the form
t =4n and t = 4n + 2 are conjugate (with respect to the given geodesic y), and
the indez of each of these points is equal to m — 1 (the dimension of the space

).
In particular,

Proposition 9.57. any point g # p* is not conjugate to p on any geodesic
connecting these points.

Furthermore,

Proposition 9.58. the index of each geodesic connecting points p and q # p*
is equal to k(m — 1), where k is the number of non-zero parameter values for
which this geodesic passes through points p and p*.

Since for each k > 0 there obviously exists one and only one geodesic con-
necting the points p and g # p* and passing through the points p and p* k
times, it follows immediately, in view of the general theorem formulated at the
beginning of this section, that

Proposition 9.59. the space Q of loops of the sphere S™ (at some point) is
homotopy equivalent to some countable cellular decomposition K that has one
cell in each of the dimensions 0, m—1, 2(m=1), ..., k(m-1), ... (and does
not contain any other cells).

Since, as we know (see §3.4), for any cellular decomposition K the group
7, (K) is isomorphic to the group m, (K"*!) (we omit the indications of the base
points) and is an epimorphic image of the group 7, (K"), and since for < 2(m—1)
the skeleton K" of the above cellular decomposition is obviously homeomorphic
to the sphere $™~! (since this sphere is the only cellular decomposition contain-
ing two cells of dimensions 0 and m — 1, respectively), we immediately obtain
from this that

Proposition 9.60. for any n < 2m —3 the group m,+1(S™) is isomorphic to the
group m,(S™ 1), and the group mo,—3(S™) is an epimorphic image of the group
(S,
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This remarkable theorem is known as Freudenthal’s theorem.

Remark 9.61. The method (using rotation groups) with which we calculated the
indices of geodesics on the sphere S” above is general and applicable to any com-
plete Riemannian space M subject to a sufficiently large group of isometric trans-
formations (such spaces are called variationally complete). In particular, this
method is applicable to all classical Lie groups and a wide class of their factor
spaces. It also turns out to be convenient to consider the spaces Q(p, ¢) for the
case where the points p and g are conjugate on the geodesics connecting them.
Namely, in many cases, with such a “bad” choice of points p and ¢, the set N of
shortest geodesics connecting these points is naturally defined as a smooth man-
ifold (for example, on the sphere S™, the set of all shortest geodesics connecting
diametrically opposite points p and p* is an m — 1-dimensional sphere). Under
certain conditions (ensuring, roughly speaking, that the geodesics y € ﬁ(p,q)
are weakly non-degenerate critical points of the length functional) we can ap-
ply the theorem formulated at the end of §6.5 and (via the general reduction
theorem) thereby prove that the space ﬁ(p,q) (and therefore the loop space
Q) is homotopically equivalent to a manifold N to which a certain number of
closed balls are successively glued. Moreover, the dimensions of the specified
balls are not less than the smallest of the indices of the non-shortest geodesics
v € Q(p,q). Let hy be this smallest index. Then it follows directly from what
has been said that

Proposition 9.62. for any n < hg — 1 the group m,+1(M) is isomorphic to the
group m,(N).

This statement is a very far-reaching generalisation of Freudenthal’s theorem
(to which it reduces in the case M = S™). It can be used, for example, to
calculate the so-called stable homotopy groups of all classical Lie groups. Since
these calculations require a thorough familiarity with Lie group theory (and, in
fact, are not related to Morse theory), we will not present them here.

Remark 9.63. It can be shown that the generalised Freudenthal theorem is valid
even without the above-mentioned conditions (ensuring weak non-degeneracy of
geodesics). However, such a strengthening of this theorem is of little interest,
since these conditions are satisfied in all known applications of it to date.

9.6 Applications to the Geometry of Riemannian
Spaces. Theorems of Morse and Cartan

Comparing the main theorem of §9.4 with the results of Appendix to Chapter
6, we immediately obtain that

Proposition 9.64. if in a complete Riemannian space M there exist points p
and q # p such that

1) they are not conjugate on any geodesic connecting them;



9.6. APPLICATIONS TO THE GEOMETRY OF RIEMANNIAN SPACES. THEOREMS OF MORSE AND CART

2) for any n > 0, the number a, of geodesics y € ﬁ(p, q) with index n is finite,

then the Betti numbers b,, = b,(QM) of the loop space QM over M are defined
and related to the numbers an by the inequalities

by—-by1+--+(-D"bog<a,-an1+--+(-D"ay, n=0, 1, 2,...
In particular,
Proposition 9.65. for any > 0, the inequality b, < a, holds,
from which it follows that

Proposition 9.66. if the Betti numbers b, are defined and non-zero for an
infinite number of values for n (or if for at least one n the number b, is unde-
fined), then on the space M there exist infinitely many geodesics connecting any
two points p and q # p that are not conjugate on any geodesic connecting them.

Let, for example, the manifold M be homotopically equivalent to the sphere
S™. Since, as is easy to see, loop spaces over homotopically equivalent spaces are
homotopically equivalent, the space QM in this case is homotopically equivalent
to the space QS™ and therefore has the same Betti numbers. But from the
description of the space QS™ given in the previous paragraph, it follows directly
that for m > 2 its Betti numbers

b, (QS™) = {1, if n is divisible by m — 1,

0 otherwise,

and therefore are non-zero for an infinite number of values of n. Hence,

Proposition 9.67. through any two points p and q (not conjugate on any
geodesic connecting them) of an arbitrary complete Riemannian space M, homo-
topically equivalent to the sphere S™, m > 2, there pass infinitely many geodesics.

This theorem was first proved by Morse.

Remark 9.68. Using powerful methods of modern algebraic topology, Serre
proved that for any manifold M not contractible to a point, the Betti num-
bers b, of its loop space are nonzero for an infinite number of values of n.
Consequently, Morse’s theorem holds not only for spaces homotopically equiv-
alent to a sphere, but also for any Riemannian complete space not contractible
to a point. A proof of Serre’s theorem is beyond the scope of this book.

We will call a Riemannian space M a space of non-positive curvature if, for
any point p € M and any vectors A, B € M,

R,(A,B,A,B) > 0.

Remark 9.69. This name is justified by the fact that, as can easily be shown,
for any surface in three-dimensional Euclidean space, the number R, (A, B, A, B)
is independent of the choice of vectors A, B and is equal to the total curvature
of this surface at p, taken with the opposite sign.
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It is easy to see that

Proposition 9.70. any two points in a complete Riemannian space of non-
positive curvature are not conjugate on any geodesic y connecting them.

Proof. Indeed, let X(¢) be an arbitrary Jacobi field on the geodesic y. Then

d

VX VvV VX VX
- (E(t),X(t)) = (——X(t),X(t)) + (E(’)’ Em)

dt dt

= Ry (X030 X0, 7(0) + G0, T 0] 20,

so that at each point ¢ € R the function (Z—f(t),X(t)) increases monotonically

and strictly, if only %(t) # 0. Therefore, if X(#9) = X(#1) = 0 for some values t
and r; of parameter ¢, then on the interval [¢g,#;] the field Vd—}f(t) is identically
equal to zero. But then the field X (¢) is also equal to zero. O

It immediately follows from this proposition that

Proposition 9.71. in every simply connected complete Riemannian space M
of non-positive curvature, any two points p and q are connected by exactly one
geodesic.

Proof. Indeed, since no geodesic y € ﬁ(p,q) contains a point conjugate to
p, the index of each such geodesic is zero. Therefore, the space Q(p,q) is
homotopcally equivalent to a zero-dimensional cellular decomposition K, whose
cells are in one-to-one correspondence with the geodesics y € Q(p,q). On the
other hand, the condition of simply connectedness (71 (M) = 0) of the space
M means that the loop space Q of M is connected (7o(£2) = 0). But then the
space Q(p, q), homotopically equivalent to the space Q, is also connected, and
hence so is the decmposition K. However, a connected zero-dimensional cellular
decomposition necessarily consists of only one point. Consequently, Q(p, q)
contains only one geodesic. O

Let us now consider the exponential map
exp: M, —> M.

By the proposition just proved, this map is bijective (one-to-one). Furthermore,
since no point of any geodesic passing through p is conjugate to p, this map
has no critical points and is therefore a local diffeomorphism. Since a locally
diffeomorphic bijective mapping is a diffeomorphism, we have thus proved that

Proposition 9.72. any simply connected complete Riemannian space of non-
positive curvature is diffeomorphic to Euclidean space.

This remarkable theorem is due to E. Cartan. It is one of many theorems
linking the topological properties of Riemannian spaces with the properties of
their curvature tensor. The reader can find other theorems of this type in the
relevant literature.



History and literary
commentary

Chapter 1

The classic work on the general theory of topological spaces is Hausdorff’s book
[12]; see also Bourbaki [7] and the first chapter of Lefschetz’s book [20].

§1.1 The concept of a free union of spaces apparently has not been considered
in educational literature to date. To the author’s knowledge, it first appeared
(implicitly) in Whitehead’s work [42].

Stably normal spaces are also called binormal spaces in the literature.

§1.2 The concept of paracompact space is due to Dieudonné. In recent years,
it has been studied in great detail in a number of works, primarily by foreign
authors, e.g, Stone [41].

Compact spaces were introduced (under the name bicompact spaces) by P.
S. Alexandrov and P. S. Urysohn, and sequentially compact spaces (under the
name compact spaces) by M. Fréchet. What are called Lindeldf spaces in this
translation are originally called regular finally compact spaces. The proof of
their normality essentially reproduces the proof of A. N. Tychonoff’s well-known
theorem on the normality of regular spaces with a countable base. Their para-
compactness was first proved by Morita; see Morita [25]. Kaonic spaces (=
compactly generated spaces) are also called k-spaces or Kelly spaces. The the-
orem on locally compact paracompact spaces (for metric spaces) is due to P. S.
Alexandrov; see Alexandrov [2]. A number of its variants are known, differing
slightly from each other; see, for example, Bourbaki [7], and also Alexandrov
and Urysohn [3], pp. 947-954.

§1.3. There is no complete proof of Tietze’s theorem in Russian. In Haus-
dorff’s book [12], it is proved only for the case |g(x)| < 1. The proof given in
Lefschetz’s book [20] contains a gap.

§1.5 The important role of identification maps was apparently first noted by
Whitehead; see, for example, Whitehead [43]. Maps of a compact nature are also
called proper maps. The theorem on the topological product of identification
maps is essentially due to Whitehead (see Whitehead [43]) and Dowker.

§1.6 See Whitehead [42] and [43].

427
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Chapter 2

The basic concepts of homotopy theory can be found in any textbook on alge-
braic topology; see, for example, Lefschetz [20], Eilenberg and Steenrod citeEil-
Ste. There is also a monograph specifically devoted to this theory; see Hu S-T
[14]. See also Boltyansky [4] and Postnikov [31].

§2.2 - §2.4 All results presented here are due to Whitehead; see Whitehead
[42]. See also Postnikov [31].

§2.4 There are a number of excellent expositions of the fundamentals of
theory of homotopy groups (in Russian); see, for example, Boltyansky [4] and
Steenrod [40].

Chapter 3

Cellular decompositions (called CW-complexes) were introduced and studied
by Whitehead; see Whitehead [42]. Their paracompactness was proved by
Miyazaki; see Miyazaki [24]. See also Postnikov [32]. The theorem on the
topological product of locally countable decompositions is due to Dowker; see
James [16], pp. 29-30.

Chapter 4

Smooth manifolds were first clearly defined by Whitney, who based their defi-
nition on the concept of a local coordinate system. The definition adopted in
the text, based on the concept of a smooth function, originates with H. Weyl.

(In Russian,) the definition and basic properties of smooth manifolds have
been presented repeatedly from a variety of perspectives; see Pontryagin [30],
de Rham [34], Whitney [45], Chevalley [9]. The text’s presentation is closest to
that in Helgason’s book [13].

For an original exposition of the foundations of the theory of smooth mani-
folds (including the infinite-dimensional case), see Lang [18].

§4.2 See Nevanlinna R. [27] and Nevanlinna F. [26]. See also Whitney [45],
pp- 97-101.

§4.4 The theorem on open convex sets is one of those “commonly known”
facts whose proofs no one has yet bothered to present.

§4.5 - §4.7 The interpretation of the concepts of vector field and linear dif-
ferential form adopted here is due to Chevalley; see Chevalley [9]. See also
Helgason [13].

§4.8 - §4.9 The concepts of tensor and tensor field have undergone a long
development and can now be considered from a variety of perspectives (for ex-
ample, from the perspective of the theory of fibre bundles, a tensor field is a
section of some vector bundle, while from the perspective of group representa-
tion theory, every tensor is nothing more than a vector in some representation
space of the general linear group). In this book, the concept of tensor plays a
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purely auxiliary role. A detailed exposition of tensor calculus (from the clas-
sical perspective of local Riemannian geometry) can be found, for example, in
Rashevsky’s book [35].

§4.10 The proof presented in this secction is a specialisation of the proof of a
general theorem of Steenrod on the existence of sections of certain fibre bundles;
see Steenrod [40], A§ 12. For another proof, using a theorem on the existence
of smooth partitions of the unity, see, for example, Schwartz [36], pp. 38-39.

Chapter 5

§5.2 See Helgason [13], p. 40.

§5.3 See Nomizu [28], pp. 16-19, and Milnor [23], pp. 19-21.

§5.5 The proof of the existence of tubular neighbourhoods uses an argument
of Godement; see Lang [18], pp. 106-109.

§5.6 Regarding the embedding theorem for compact manifolds, see Pontrya-
gin [30], pp. 19-20. For a version of Sard’s theorem, see de Rham [34], pp.
29-31, and Pontryagin [30], pp. 25-29.

§5.7 See de Rham [34], pp. 31-36. The original proof of the embedding
theorem, based on somewhat different ideas, can be found, for example, in
Whitney [45], pp. 161-166.

Chapter 6

In everything that concerns the non-degenerate case, we follow Milnor’s presen-
tation very closely in this chapter; cf. Milnor [23], Ch. T.

§6.1 The concept of a nondegenerate critical manifold is due to Bott; see
Bott [5], p. 321.

§6.2 See Milnor [23], §6, and Pontryagin [30], pp. 34-38, where somewhat
more precise statements are proved.

§6.3 See Milnor [23], §3.

§6.4 See Milnor [23], §4.

§6.5 See Bott [5], pp. 325-326.

§:Appendix. See Milnor [23], §5. The definition and basic properties of Betti
numbers can be found, for example, in the book by Hilton and Wiley [15]; see
also Eilenberg and Steenrod [10].

Chapter 7

The definitive textbook on Riemannian geometry in Russian is Rashevsky’s book
[35]. An excellent overview of the fundamental ideas of Riemannian geometry
in their historical development is Kagan’s book [17].

The theory of spaces with affine connections in its classical aspect is the
subject of Norden’s book [1]. From a modern perspective, the concept of affine
connection is considered in Nomizu [28]. See also Lichnerowicz [21].
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Our presentation is most closely related to Helgason’s book [13]. It is bor-
rowed almost unchanged from Postnikov’s book [33], Chapters 2 and 3.

§7.1 It should be kept in mind that our curvature tensor R differs in sign
from the curvature tensor as defined, for example, in Rashevsky’s book [35].

§7.5 Whitehead’s theorem was first proved in Whitehead’s article [44].

§7.6 For Cartan’s equations, see Cartan [8], Appendix III.

§7.11 At the end of the corresponding section of Postnikov’s book [33], there
is a gross error.

Chapter 8

This chapter also reproduces (with some additions) the corresponding chapter
from Postnikov’s book [33]. Besides this book, the theory of conjugate point
indices has been presented (in Russian) only in Milnor’s lectures; see Milnor
[23]. However, from the very beginning, Milnor considers the energy (action)
functional instead of the length functional. While this modification leads to sig-
nificant technical simplifications, it also somewhat reduces the geometric clarity.

§8.1 The material in this item is well known; see, for example, Rashevsky
[35], §10.

§8.2 Here we follow Zisman’s presentation; see Zisman [48].

§8.3 See also Zisman [48]. From a mechanical standpoint, Jacobi’s equation
(8.25) is nothing more than a variational equation for the Euler-Lagrange equa-
tions; see, for example, Whittaker [46], §186, where this equation is explicitly
written out (in coordinate form).

§8.4 See Zisman [48] and Milnor [23], §18.

§8.4 - §8.6 Essentially, these sections present (for the special case of the
Jacobi equation) a well-known variational method for solving boundary value
problems for self-adjoint linear differential equations, which reduces the solu-
tion of such equations to finding the minimum of the corresponding quadratic
functional. A general presentation of this method in Russian apparently does
not exist. For the one-dimensional case, this method can be found, for example,
in the book by Lavrentyev and Lyusternik [19], §81 - §82, which also contains
material closely related to sections §8.3 - §8.4. See also Akhiezer [1], pp. 155-
158. A monograph by Mikhlin [22] is devoted to an exposition of this method
for partial differential equations.

§8.8 - §8.12 These paragraphs contain an exposition of the Morse method
itself. Here we follow Zisman quite closely; see Zisman [48].

§8.13 See Bott [5]. Here we essentially move from the length functional to
the action functional.

§:Appendix. The method for proving the fundamental inequality (8.156) was
communicated to the author by M. G. Krein and M. I. Vishik. Concerning the
second fundamental form of a submanifold, see, for example, Schouten-Struik
[37], Chapter III, §12.



431

Chapter 9

§9.1 The space X! is a special case of the spaces of continuous maps XY of an
arbitrary space Y into the space X. General theorems on such spaces can be
found in Hu [14], §3-9.

§9.2 See Postuikov [33], §5-6, Seifert and Trellfall [38], §13, and Milnor [23]
§17.

§9.3 The reduction theorem (as formulated here) is due to Bott; see Bott [5].
See also Postnikov [33], Chapter 5.

§9.4 Cf. Milnor [23], §16.

§9.5 The proof of Freudenthal’s theorem was first published by Freudenthal;
see Freudenthal [11]. By now, there are quite a number of different proofs of
this theorem; see, for example, Hu [14] and Pontryagin [30], §8. On variation-
ally complete spaces, see, for example, Bott and Samelson [6]. A generalised
Freudenthal’s theorem was first proved in Bott’s paper [5]. It has also been ap-
plied to the calculation of stationary homotopy groups of classical Lie groups.
For a proof of this theorem without the assumption of weak non-degeneracy of
geodesics, see Milnor [23], §19.

§9.6. See Milnor [23], §17. Serre’s theorem was proved in Serre [39], and
Cartan’s theorem in Cartan [8], Appendix ITI. The connections between topol-
ogy and curvature are the subject of an extensive literature, both in journals
and monographs; see, for example, Yano and Bochner [47] and Milnor [23], §19.
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