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Preface

A word from the transcriber

This is an English translation of “Morse Theory” by M. M. Postnikov originally
written in Russian.

The preface by the original authour

When studying Morse theory, the main difficulty for beginners is the “synthetic”
nature of this theory, i.e. the fact that it is located at the junction of at least
three areas of mathematics (topology, analysis and geometry). The purpose
of this book is to help the beginner overcome this difficulty. Actually, only a
smaller part of the book is devoted to Morse theory: most of it is occupied with
presenting the necessary information from topology and geometry.

The first three chapters are devoted to topology.

Since general topology is described in many Russian textbooks, the first
chapter (general methodological issues) is written rather concisely and with
special emphasis on facts that are usually not covered in textbooks. Some of
the issues discussed in this chapter may also be of interest to a specialist.

The second chapter is entirely devoted to homotopy equivalence of topolog-
ical spaces. As far as the author knows, this material (which is well known to
specialists) has not been put together by anyone yet.

The third chapter discusses cellular decompositions. It seems surprising that,
despite the main role that cellular decompositions play in modern topology, a
coherent presentation of their theory has not yet been published anywhere.

The next two chapters are devoted to the theory of smooth manifolds. Al-
though there are a number of expositions of this theory in Russian, none of
them is suitable for our purposes. We construct a theory of smooth manifolds,
following Chevalley, in a non-coordinate form; local coordinates are used only
when it seems appropriate. With great regret, the author had to limit him-
self to finite-dimensional manifolds only - the coverage of infinite-dimensional
manifolds would violate the elementary nature of the presentation. This is all
the more regrettable because (as it has become clear recently) it is infinite-
dimensional manifolds that represent the natural field of construction of Morse
theory.
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The sixth chapter, devoted to the theory of critical points of smooth func-
tions, also belongs to the theory of smooth manifolds. The novelty here is the
systematic consideration of not only non-degenerate critical points, but also
non-degenerate critical manifolds. Morse numbers connecting the numbers of
critical points of a given index with the Betti numbers of the manifold. This is
the only place in the book (except for the directly related first half of paragraph
6 of Chapter 9) where we go beyond the topological material described in the
first three chapters. However, all the necessary properties of Betty numbers in
this supplement are clearly formulated.

The seventh chapter is devoted to the geometry of affine connectivity spaces-
and Riemannian geometry. The presentation here is conducted mainly in the
“classical” spirit, but in compliance with all modern requirements of rigour and
from a global point of view. We are dealing here only with the very basics
of Riemannian geometry, so much that is usually given in geometry courses
remains outside the scope of our presentation. On the other hand, we had to
include here some essential facts of Riemannian geometry (Whitehead’s theorem
on the existence of neighbourhoods normal with respect to any point, and the
Hopf-Rinov theorem on complete Riemannian spaces), which are usually not
considered in standard Riemannian geometry courses. Although we conduct
the entire presentation of Riemannian geometry in the spirit of Cartan’s ideas,
nevertheless, due to the limitations of the tasks set, we managed to do without
external differentiation (although in one place, namely, when deriving Cartan’s
basic equations, the concept of the external differential, although implicitly, still
essentially appears).

The eighth chapter outlines the theory of the so-called “index form”. We
present here, adhering mainly to the original Morse construction, and only in
the last paragraph we turn to a more modern interpretation related to the
replacement of the length functional with the action functional. This, of course,
somewhat lengthens and complicates the construction, but at the same time it
is possible to preserve both the historical perspective and geometric clarity. In
Appendix to this chapter, the “moving end” problem is treated in a similar way.
Here, Morse’s initial reasoning was significantly simplified.

In the ninth and final chapter, the main theorem of Morse theory is proved,
describing the structure of the space of curves connecting two given points of
the complete Riemannian space. In essence, this theorem is a fairly simple
reworking of the main results of the previous chapter, with the aim of giving
these results a more invariant appearance. In conclusion of this chapter, we
give the simplest applications of Morse theory to the topology and geometry of
Riemannian spaces.

A more detailed understanding of the contents of the book can be obtained
from the table of contents and short summaries given to each chapter.

Formally, the reader is not required to have any knowledge beyond the first-
year program of mathematical departments of universities and pedagogical col-
leges, although, of course, a certain level of mathematical culture and the ability
to work with the book is assumed.

When working on the manuscript of this book, the authour allowed himself
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to make extensive use of his previous book (see the list of references of Post-
nikov [9]). In particular, chapters seven and eight reproduce the corresponding
chapters of this book almost verbatim.

The list of references at the end of the book is provided with a “Historical
and literary commentary” aimed at helping the reader to navigate the literature
more easily. The list of references does not claim to be complete.

Addition during proofreading. The manuscript of this book was completed in
1965, and its printing was delayed. At present, the author would present many
things in a completely different way, from a more modern perspective. But this
would have postponed the publication of the book indefinitely, and therefore it
was decided to leave it in its original form.

The Authour






Chapter 1

Necessary information from
general topology

In this introductory chapter we present the information we need based on gen-
eral set-theoretic topology. As a rule, we do not seek to exhaust a particular
issue raised. Only questions for which there is no coherent presentation in the
literature known to the authour are considered in detail.

§1.1 sets out the definition of topological spaces, introducing the classes
of spaces distinguished by the axioms of countability and separability are de-
fined, and the most important operations on topological spaces (free associa-
tions, topological sums and topological products) are described.

In §1.2, compact and closed spaces are considered (paracompact, finally
compact, locally compact, etc.). The results of this point are mostly known,
but so far were not collected together anywhere.

§1.3 presents classical theorems on continuous functions (the theorems of
Urysohn and Tietze and the theorem on the existence of a partition of unity).

In §1.4, the presentation is concentrated mainly around Stone’s theorem
on the paracompactness of metric spaces. As a consequence of this theorem,
in particular, we prove (based on the general results of §1.2 the well-known
theorem of P. S. Aleksandrov on the separability of connected locally compact
metric spaces.

In §1.5, the main attention is paid to the issue of constructing continuous
maps. In this regard, identification maps and, in particular, their topological
products are considered in detail.

§1.6 contains rather heterogeneous material, grouped around the concept of
topology of identification. In particular, this section describes the construction
of a cylinder of an arbitrary continuous map.
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1.1 Topological spaces

Since the basic facts of general topology are widely known, in this chapter we
only recall some concepts and clarify terminology.

A set X is said to be defined as a topological space or to have a topology
introduced if some of its subsets are declared open and the following axioms
hold:

1) the set X itself is open;

2) the empty set @ is open;

3) the union of any number of open sets is open;

)
)
)
)

4) the intersection of any finite number of open sets is open.

Let A be an arbitrary subset of the topological space X. Every open set U
containing A is called its neighbourhood. A point a of a set A is called its inner
point if some of its neighbourhood is contained in the set A. The set int A of all
interior points of a set A is called its interior. The interior of int A is the largest
open set contained in the set A. Therefore int(int A) = int A. A set A is open
if and only if int A = A, that is, when any of its points is its interior point. If
A C B, then int A C int B. For any family {A,} of subsets of the space X the
following inclusions occur

intUgAgy DUgintA,, intNgAg CNeintA,,

and for a finite family {A,} equality takes place in the second of these relations.

A point x of a topological space X is called isolated if it, considered as a
subset of the space X, is its open subset. A topological space in which all points
are isolated is called discrete. The space X is discrete if and only if each of its
subsets is open.

A family {U,} of neighbourhoods U, of a set A is called its fundamental
system of neighbourhoods if for an arbitrary neighbourhood U of the set A there
exists an @ such that U, c U. A topological space X is called a space of
countable local weight' if any of its points has a countable fundamental system
of neighbourhoods. In this case we also say that the space X satisfies the first
aziom of countability.

A base (or a base of open sets) of a topological space X is any family of
its open sets that has the property that the unions of the sets of this family
exhaust all the open sets of the space X. In order for some family of open sets
of the space X to be a base, it is necessary and sufficient that for any point of
the space X from this family it is possible to choose a fundamental system of
neighbourhoods of this point. A family of open sets of a space X that has the
property that all their possible finite intersections form a base of the space X is
called its prebase. The assignment of some pre-base completely determines the

LComment by the transcriber: The weight of a topological space is the smallest cardinality
of an open base.
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topology of the space X, and any family of subsets of the set X can be taken
as a pre-base of some topology defined on this set. A space X is called a space
with a countable base (or a space of countable weight) if it has at least one base
(or, equivalently, a pre-base) containing at most a countable number of sets. In
this case, we also say that the space X satisfies the second aziom of countability.
Every space with a countable base has a countable local weight.

An example of a topological space with a countable base is the number line
R, considered in the usual Euclidean topology. By definition, the base of this
topology is the family of all possible open intervals (a,b), a < b. To obtain
a countable base, it is sufficient to restrict ourselves to intervals (a,b) with
rational a and b.

The complements (in X) of open sets of a topological space X are called
its closed subsets. A set X is completely defined as a topological space if it is
specified which of its subsets are closed. Closed sets have the following basic
properties, dual properties of open sets

1) the empty set @ is closed;

2) the entire set X is closed;

)
3) the intersection of any number of closed sets is closed;
4) the union of any finite number of closed sets is closed.

A point x € X is called a contact point (or an adherent point) of the set a ¢ X
if any of its neighbourhoods intersects with A. The set A of all contact points
of the set A is called its closure. It coincides with X C int(X c A) and therefore
is the smallest closed set of the space X containing the set A. In particular,
the set A is closed if and only if A = A, that is, when it contains all its contact

points. In addition, A = A and A c B if A c B. For any family {A,} of subsets
of the space X there are inclusions

UgAa D UgAg; NeAg CNGAg,

and for a finite family {A,} the first of these relations holds equality.

If A = X then the set A is called everywhere dense (in X). A space X is called
separable (or countable dense) if there exists a countable everywhere dense set
in it. Any space with a countable base is separable.

The set A C X is called nowhere dense (in X) if intA = @, i.e. if the
complement of its closure is everywhere dense (X \ A = X). A set A C X is
nowhere dense if and only if any non-empty open set U C X contains a non-
empty open subset disjoint from A (or, in other words, when any non-empty
open subset X the closed set F C X is contained in a closed set different from X
that contains the set A). The closure of a nowhere dense set is nowhere dense,
and an arbitrary subset of a nowhere dense set is also nowhere dense. The union
of a finite number of nowhere dense sets is nowhere dense. A space X is called a
space of the first category (in the sense of Baire-Hausdorff) if it is decomposable
into the union of a countable number of nowhere dense sets (here, as elsewhere
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in the future, by a countable set we mean a finite or countable set). Otherwise,
the space X is called a space of the second category.

A point a of a space X is called the limit of the sequence {x,} of points
xn, € X,i=1,2,... if for each its neighbourhood U there is an integer N such
that x,, € U for any n > N. In this case, the sequence {x,} is called convergent.
Generally speaking, a convergent sequence can have several different limits. If
all points x, of the convergent sequence {x,} belong to the set A ¢ X, then each
limit a of this sequence belongs to the closure A of the set A. If the space X has
a countable local weight, then the converse is also true, i.e.,

Proposition 1.1. for an arbitrary subset A C X, each point a € A is the limit
of a certain sequence {x,} of points from A.

Proof. Indeed, let {U,},n > 1 be a countable fundamental system of neigh-
bourhoods of a point a. Let us construct the sequence {x,}, taking as a point
Xn, I = 1,2,... an arbitrary point of the set A belonging to he intersection
Vu = Ni_ U; (such a point necessarily exists, because a € A, and the intersec-
tion V,, is a neighbourhood of the point a). It is clear that the sequence {x,}
constructed in this way converges to the point a. O

Each subset A of the topological space X is defined as a topological space if
its open sets are taken to be intersections with A of the open sets of the space
X. This topology of the set A is called the induced topology, and the set A
itself, equipped with an induced topology, is a subspace of the space X. Any
subspace B of the subspace A is a subspace of the space X. The closed sets of
the subspace A are the intersections with A of the closed sets of the space X. A
subspace A is open (resp. closed) in the space X if and only if any open (resp.
closed) subset of it is open (resp. closed) in the space X. Each open subspace
of a space of the first category is itself a space of the first category. Therefore,
if the space X contains an open subspace that is a space of the second category,
then it is itself a space of the second category. Each subspace of a space with a
countable base (or a space of countable local weight) is a space with a countable
base (or, respectively, a space of countable local weight). Every open subspace
of a separable space is separable.

In particular, each subset of the number line R, for example the unit segment,
I =[0,1], is a topological space with a countable base.

A topological space X is called Hausdorff if any two of its different points
have disjoint neighbourhoods, and completely Hausdorff if any two of its differ-
ent points have neighbourhoods with disjoint closures. Thus, every completely
Hausdortf space is Hausdorff. Any point of a Hausdorff space is closed, i.e. it is
a closed subset of it. Each convergent sequence of points in a Hausdorff space
has a single limit. Any subspace of a Hausdorff (completely Hausdorff) space is
Hausdorff (completely Hausdorff).

A Hausdorff space is called regular if any of its closed subsets and any point
not belonging to this subset have disjoint neighbourhoods, and normal if any
of its two disjoint closed subsets have disjoint neighbourhoods. Formally, a
stronger condition for the existence of neighbourhoods with disjoint closures
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leads - in contrast to the case of Hausdorff property- to the same class of spaces.
Thus, for example, in normal space, any two disjoint closed sets have neighbour-
hoods with disjoint closures. Any normal space is regular. Any regular space is
completely Hausdorff. A Hausdorff space is regular (respectively normal) if and
only if for any neighbourhood U of its arbitrary point (an arbitrary closed sub-
set) there exists a neighbourhood V such that V ¢ U. Any subspace of a regular
space is regular and any closed subspace of a normal space is normal. Every
discrete space is normal. Any subspace of the number line R, in particular, the
unit segment I, is a normal space.

Let {X,;a € A} be a family of subspaces X, of the topological space X such
that

X = UgeaXa.

According to the definition of a subspace, for every closed (open) set A C X and
any a € A, the intersection A N X, is closed (open) in the subspace X,. In the
case when the converse is true, i.e., when any set A C X for which all sets AN X,
are closed (open) in the corresponding subspaces X, is itself closed (open) in
the space X, we will say that the space x is a free union of subspace X,. As is
easy to see,

Proposition 1.2. any closed or open subspace A of a free union X of subspaces
Xo is a free union of subspaces AN X,.

In addition,

Proposition 1.3. the space X = UycaX, is a free union of its subspaces X,
acAif

1) all subspaces X, are open; or
2) all subspaces X, are closed and their number is finite.

Proof. Indeed, if all subspaces X, are open (closed), then every set that is open
(closed) in one or another of the subspaces X, is open (closed) throughout the
space X. In particular, if for a set A € X any of the intersections A N X,) is
open (closed) in the corresponding subspace X,, then all these intersections are
open (closed) in X, and therefore the set

A= UaeA(A N X(t)

is the union of open closed sets A N X, in X. Consequently, A itself is open
(closed, because the number of terms, by condition, is finite). O

A family {A,;a € A} of subsets A, of a space X will be called locally finite
if any point x € X has a neighbourhood intersecting only with a finite number
of subsets A,. It turns out that in condition 2) of the previous proposition,
the requirement of finiteness of the family {X,;@ € A} can be weakened to the
requirement of local finiteness, i.e.
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Proposition 1.4. the space X = U,X, @S a free union of its subspaces Xq,
a € A if all these subspaces are closed and the family {X.;a € A} is locally
finite.

Since the family of {A N X,; @ € A} is locally finite together with the family
{Xq; @ € A}, it immediately follows from the above reasoning that it is enough
for us to prove only the following (which has an independent interest) proposi-
tion:

Proposition 1.5. The union F = U, F, of any locally finite family {Fy;a € A}
of closed sets Fo, C X is closed.

We will prove even more, namely that

Proposition 1.6. for any locally finite family {Ao;a € A} of subsets of an
arbitrary space X the foollowing equality holds

UgAg = UgAg.
Proof. Indeed, since UgAq, D UgAg, proof requires only the reverse inclusion
UgAg C UgAqg. (1.7)

Let A = UyA, and let x/inA. Due to the local finiteness of the family {Aq,
the point x has a neighbourhood Uj intersecting only with a finite number of
sets Ag,, ..., Agn of this family. Therefore, for any neighbourhood U of the
point x, its neighbourhood V = U N Uy does not intersect with the sets A, for
a#ai, ..., a,. Butx e A and therefore VNA # @. Therefore, VNU!L, Ay, # @,
i.e, UNUL Ay, # @. Due to the arbitrariness of the neighbourhood U, it follows

that x € U;A,, = u;;OZai C UgAgq. Thus, the inclusion (1.7) is proved. O

In connection with the proven proposition, it is useful to note that

Proposition 1.8. a family {A.} of arbitrary sets is locally finite if and only if
the family {A,} consisting of the closures A, of sets Ay is locally finite.

Proof. Indeed, it is clear that an open set U intersects some set A if and only
if it intersects the closure A of this set. O

The concept of free union that we have considered had, so to speak, an “inter-
nal” character: it related to subspaces of a given, “already existing,” topological
space X. It can also be considered when the space X is not given in advance.

Let an arbitrary set X be represented as a union

X =UgeaXo

of sets X, each of which is a topological space. It is easy to see that, by
declaring closed (open) sets those and only those sets A ¢ X for which, for any
a € A, the intersection A N X, is closed (open) in the space X,, we define the
set X as a topological space. However, generally speaking, the spaces X, will
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not be subspaces of this space. (To get an appropriate example, it is enough
to consider the case when all the spaces X, coincide as sets with the space X,
but are equipped with different topologies.) In the case when each space X, is
a subspace of the constructed space X, we will say that the spaces X, are freely
united, and we will call the space X a free union of the spaces X,. It will be a
free union in the previously defined sense of its subspaces X,,.

It is clear that

Proposition 1.9. if all intersections Xq, N Xq,, a1,@2 € A, are closed (open)
spaces of each spaces Xo, and X,,, then the spaces X, are freely united and are
closed (respectively, open) spaces of their free union X.

In particular, the spaces X, are freely combined if they do not intersect in
pairs. We will call the free union of disjoint topological spaces a topological sum.
Each term X, of the topological sum X is closed and simultaneously open in
this sum. Conversely, if

X =UgeaXa

and if each subspace of X, is both closed and open in X, then the space X is
the topological sum of the subspaces of X,. If each term of a topological sum
is Hausdorff, completely Hausdorff, regular or normal, then the topological sum
also has the same property. The same remark applies to topological sums, the
terms of which have a countable local weight. For spaces with a countable base
and separable, a similar statement is true only when the number of terms of the
topological sum is countable.

Along with the topological sum, we will also consider the topological product
X XY of any two (not necessarily disjoint) topological spaces X and Y. The
points of this product are, by definition, all possible pairs of the form (x,y),
where x € X, y € Y, and the base of its open sets is the collection of all subsets
of the form U x V, where U is an arbitrary open subset of the space X, and V is
an arbitrary open subset of the space Y (the subset UXV consists, as its notation
suggests, of all pairs (x,y), where x € U, y € V). The topological product of any
(possibly infinite) number of topological spaces X,, a € A is defined similarly
(in this case, in the case of an infinite number of factors, when constructing
open sets of the base of the product, one should choose open sets that coincide
with the entire space in all but a finite number of factors). The topological
product of any number of Hausdorff, completely Hausdorff, or regular spaces
is, respectively, Hausdorff, completely Hausdorff, and regular. For spaces of
countable local weight of spaces with a countable base or separable spaces,
the corresponding statement holds if the number of factors is countable. The
topological product of normal spaces is not, generally speaking, a normal space.

For example, there is a normal space X whose topological product X X I on
the segment I = [0, 1] of the number line R is no longer a normal space. The
normal space X, for which the product X X I is also normal, we will call it stably
normal.
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1.2 Compact and some other similar spaces

A family {A,; @ € A} of subsets A, of a topological space X is called a covering
of the set B c X if
B C UgcaA,.

In particular (for B = X), a family {A,} is called a covering of the space X if
X = Ugeala.

A covering {Ay;a € A} is called open if all sets A, are open, and closed if all
sets A, are closed. In the future, we usually consider only open coverings.

The covering {A,;a € A} of the space X is called point finite if any point
x € X belongs to only a finite number of sets A, locally finite if any point
x € X has a neighbourhood intersecting only with a finite number of sets A, (cf.
§refsect:1-1), and is stellar finite if any set A, intersects only a finite number
of other sets of covering. Any locally finite cover is point finite and any open
stellar-finite cover is locally finite.

We will call the covering {Bg; 8 € B} a subcovering of the covering {A,;a €
A} if B C A and Bg = Ag for any S € B. We will say that the cover {Bg; B € B}
is a refinement of the cover {A,;a € A} if for any B € B there exists an @ € A
such that Bg C Aa. It is clear that any subcovering of the covering {A,;a € A}
is a refinement of this covering.

A space X is called paracompact if any of its open coverings can be refined
into a locally finite open covering. Every closed subspace of a paracompact space
is paracompact. The topological sum of any number of paracompact spaces is
paracompact. Each discrete space is paracompact.

To prove deeper properties of paracompact spaces, it is useful to first prove
that:

Proposition 1.10. for a subset A and a closed subset F of a paracompact
space X that does not intersect with it to have disjoint open neighbourhoods, it
is sufficient that the set F have an open cover {Uqy;a € A} such that Uy NA = @
for each @ € A.

Proof. Indeed, let us consider the covering {X \ F,U,} of the entire space X.
Let {Wg; B € B} be alocally finite covering refining the covering {X\F, U, }, and
let B’ be the set of all indices 8 € B for which WgNF # @. Since Wg ¢ X \ F,
for each index B € B there exists an index @ € A such that Wg Cc Uy and
therefore Wg N A = @ (since Wg C U,). Therefore, the set UﬁeB'W’g does not
intersect with the set A. But UBEHW[; = Ugep Wp due to the local finiteness of
the family {Wg}. Therefore, the set U = X \ UﬁeBrWﬁ is open and contains the
set A, i.e. it is an open neighbourhood of the set A. To complete the proof, it
remains to note that the set W = Uz, p» Wp is open, contains the set F' and does
not intersect with the set U. O

It follows easily from this proposition, in particular, that
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Proposition 1.11. any Hausdorff paracompact space X is normal.

Proof. Indeed, let F; and Fy be disjoint closed subsets of the space X. Since
the space X is Hausdorff, for any two points x; € F; and xo € F5 there are
disjoint neighbourhoods U(x1) and U(xz). In particular, the point xo will not
belong to the closure U(x1) of the neighbourhood U(x;1) of thee point x;. In
other words, the covering of the set Fy, consisting of the neighbourhoods U (x1,
x1 € F1, satisfies the conditions of the proposition just proved (for F = F; and
A consisting of the point x2). Consequently, there are disjoint open sets V and
V(x2, respectively containing the set F; and the point xs. In particular, the
closure V(x3) of the set V(x2) does not intersect with the set F;. Therefore, the
covering of the set Fs, consisting of the sets V(X3), xo € Fa, also satisfies the
conditions of our proposition (for F = F5 and A = F;). Consequently, the sets
F; and F5 can be separated by disjoint neighbourhoods. O

A space X (or, more generally, some subset of it) is called compact (respec-
tively, Lindeldf) if any of its open covers can be refined with a finite (respec-
tively, countable) open cover, or, equivalently, if any of its open covers can be
subdivided with a finite (respectively, countable) cover.

Each compact space is Lindel6f. Any discrete compact (Lindeldf) space
is finite (countable). Any finite (countable) space is compact (Lindelof). A
subset of an arbitrary space is compact (Lindelof) if and only if it is compact
(Lindeldf) in the induced topology. In a Hausdorff space X, the set of points of
some convergent sequence together with the limit of this sequence constitutes a
compact subset of the space X. The closed subspace A of a compact (Lindeldf)
space X is compact (Lindel6f). In particular, the intersection of a compact set
with a closed one is compact.

The classical Heine-Borel lemma states that any closed bounded subset of
the real line R is compact. In particular, the interval I = [0, 1] is compact.

Below we prove that in regular (and even Hausdorff) spaces all compact sets
are closed. In this regard, it is useful to note that compact sets of regular spaces
have a property that any closed sets have in a normal space, namely, for any
neighbourhood U of a compact subset C of a regular space X, there exists a
neighbourhood V such that V c U.

Proof. Indeed, since the space X is regular, each point x € C has a neigh-
bourhood V, such that V, c U. Since the set C is compact, from its covering
{Vy,x € C} one can choose a finite subcovering Vy,, ..., Vi, . The set

V= U?=1in

is open and its closure V (which is the union of the closures Vx,. of the sets Vy,)
is contained in the neighbourhood U. O

A topological space X will be called sequentially compact if each sequence of
its points contains a convergent subsequence. It is easy to see that
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Proposition 1.12. any Hausdorff compact space of countable weight is sequen-
tially compact.

Proof. Indeed, let this not be so, i.e. let there exist a compact space of count-
able local weight, containing a sequence {x,}, with no subsequence of which
converges. It is easy to see that the set of points of this sequence is, firstly,
infinite, secondly, discrete, and, thirdly, closed. On the other hand, any closed
discrete subset of a compact space is necessarily finite. O

It is equally easy to prove that
Proposition 1.13. any Lindeldf and sequentially compact space is compact.

Proof. To prove this statement, it suffices to show that from any countable
open covering {U;} of a sequentially compact space X one can choose a finite

subcovering. Consider the sets V,, = U1 U---UU,, n =1,2,.... If it is impossible
to choose a finite subcovering from the covering {U;}, then we can obviously
assume that all sets V,, are distinct. Let x,, € V,,41 \ V,,, n = 1,2,.... Since the

point x, can belong to the set U; only when n < i, then none of the sets U;
contains the limit of any convergent subsequence of the sequence {x,}. But this
is impossible, because the sets Ui cover, according to the condition, the entire
space X. The resulting contradiction shows that from the covering {U;} one can
choose a finite subcovering. m|

In connection with this statement, it is useful to keep in mind that
Proposition 1.14. any space X with a countable base is Lindeldf.

Proof. Indeed, by selecting for an arbitrary open covering I' of the space X
in a countable base of this space a subfamily of all its elements contained in
the elements of the covering I', we obviously obtain a countable covering of the
space X as a refinement in the covering T'. O

The compactness of sequentially compact spaces follows not only from Lin-
deldf property, but also from paracompactness, i.e.

Proposition 1.15. a paracompact and sequentially compact space is compact.
To prove this statement it suffices to show that

Proposition 1.16. any locally finite covering {U,} of a sequentially compact
space X is finite.

Proof. Assume the contrary, i.e. assume that the covering {U,} is infinite, and
consider some of its countable subfamily {U;}. Let, as above, V,, = U1 U---UU,,.
From the local finiteness of the covering {U,} it follows directly that the family
{V,,} contains infinitely many different sets Therefore, passing to some of its
subfamily if necessary, we can assume that all sets V,, are distinct. Let x, €
Vi \ V-1 and let x be the limit of some convergent subsequence of the sequence
{xn}. By definition, any neighbourhood of a point x contains infinitely many
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points of the sequence {x,} and therefore intersects with an infinite number of
elements of the covering {U,}. Since this contradicts the local finiteness of the
covering {U,}, the assumption that the covering {U,} is infinite is false. O

The union of a finite (countable) number of compact (Lindel6f) subspaces of
an arbitrary space is compact (Lindelof). In particular, the union of countably
many compact sets is Lindel6f. The topological sum of a finite (countable) num-
ber of compact (Lindeldf) spaces is a compact (Lindelof) space. The topological
product of any number of compact spaces is compact.

For two (and therefore any finite number of factors) this statement is obvious,
since in each open covering of the product X X Y of factors one can inscribe a
covering consisting of ‘“rectangles” U, x Vg, where U, and Vg are elements of
some coverings of the spaces X and Y, respectively.

For paracompact and Lindel6f spaces, the corresponding statement is gen-
erally false (even for the case of two factors). However, it can be shown that

Proposition 1.17. the topological product of a paracompact and a compact
space is paracompact.

Proof. Indeed, let T be an arbitrary open covering of the product X XY of a
paracompact space X and a compact space Y. Without loss of generality, we can
assume that the elements of the covering I" have the form U, x Vg where u, and
Vp are some open coverings of the spaces X and Y, respectively. Since for each
point x € X the “layer” x X Y of the product X XY is obviously compact, from
the covering I' one can choose a finite subfamily {Uq, x X Vg, x|i = 1,2, ..., ny}
such that
x XY C U (Ug;x X Vg x)-

In this case, we can obviously assume that x € Uy, foralli =1,2, ..., nx. Let
Ux = N2 Ugy x

It is clear that the sets Ux X Vg, x, i = 1,2, ..., ny, are open in X XY and still
cover the layer x X Y:
x XY cUX (Ux X Vg, x).

Moreover, x € Uy, so that the family {Uy|x € X} is an open covering of the
space X. Let {Ws|6 € A} be a refined locally finite open covering of the covering
{Ux|x € X}. Having chosen for each 6§ € A a point x5 € X such that Ws € Uy,
we consider the sets W(;xgi’xé_, i=1,2, ..., ny;. It is clear that

Ws XY CUZS(Ws X Vg, xs)-

Consequently, the family {Wé x Vg, x;|16 € A,i = 1,2, ..., ny,} is an open
covering of the space X X Y, obviously a refinement the covering I'. Therefore,
to complete the proof, it only remains to show that this covering is locally finite.
Let (x,y) be an arbitrary point of the space X x Y. By the paracompactness of
the space X, the point x has a neighbourhood U(x) in X that intersects only a
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finite number of open sets Ws. Consider a neighbourhood U(x) X Vg, .+, of a
point (x,y) in the space X XY, where Vg, , is one of the sets of the form Vg, ,,
containing the point y. If this neighbourhood intersects some set WsxVp; ., then
U(x) N Ws # @ and therefore the number of such sets is finite. Consequently,
the covering Ws X Vi, x5, i =1,2, ..., ny, is locally finite. ]

It immediately follows from the proved proposition that the topological prod-
uct of a Hausdorff paracompact and a Hausdorff compact space is a Hausdorff
paracompact and therefore a normal space. Since the segment I = [0,1] is a
Hausdorff compact space, it follows, in particular, that

Proposition 1.18. any Hausdorff paracompact space is stably normal.
It is clear that any compact space is paracompact. Therefore,
Proposition 1.19. any Hausdorff compact space is stably normal,

Unlike compactness, Lindel6f-ness, generally speaking, does not ensure para-
compactness. However,

Proposition 1.20. any regular Lindeldf space X is paracompact (and hence
normal).

Proof. We will begin the proof of this statement by considering two disjoint
closed sets F; and Fs of the space X. Since the space X is regular, for any
point x € X, there exists a neighbourhood U(x) such that U(x) N F; # @ if
x ¢ F;. Since the set F;, i = 1,2, is a closed subset of the Lindel6f space X, it
itself is Lindeldf and therefore from its covering {U(x)|x € F;} one can choose
a countable subcovering, i.e. in the set F; there exists a countable system of
points x; 1, ..., Xin, ... such that

F U U(xin), i=12.

In this case U(xl,n) N Fy = @ and similarly E(XQQ’,,) N F1 = @. Now we define by
induction for any n > 1 the sets Vi, and Vs ,, setting

Vl,n = ﬁ(xl,n) \ UZ:lv('x2,k)’
Vo = Ulxan) \ Uﬁzlﬁ(x1,k)~

It is easy to see that Vi, and Va,, do not intersect. Indeed, if n < m, then
Vi N Vo € U(X1,0) N (U(x2,m) \ U(x1.0) = @,
and if n > m, then
Vi 0 Vam € (U(X1.0) \ U(x2,m) N (U(x2,m) = 2.,
Consequently, the sets

Vi=UpiVig, Ve=Ug_ Vo,
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also do not intersect. On the other hand, they obviously contain the sets Fy
and Fs, respectively. Thus, we have proved that any two disjoint closed sets F;
and Fs of the space X can be enclosed in disjoint open sets V; and vy. In other
words, we have proved that the space X is normal. O

Now let I" be an arbitrary open covering of X. Since X is regular by as-
sumption, each point x € X has a neighbourhood U(x) whose closure U(x) is
contained in some element of I'. Since X is also Lindel6f, there exists a countable
system of points x1, ..., xg, ... in it such that

X = U, U(xp).

Let Uy be an element of the covering I' containing the set U(xy). Using the
already proven normality of the space X, for any n > 1 we can construct by
induction an open set U}’ such that

Uly) cUrcUp and Uy c UMY nk=1,2, ...

For each n > 1 we now put
Vvt =Ui_ U}

It is clear that V' c V™*1 and that the sets V" form an open covering of the
space X. Consider the sets

H' =v"\V"?, n=12, ...

(for m < 0 we conditionally assume that V" = @). It is easy to see that the
(obviously open) sets H" form a covering of the space X. (Indeed, for any point

x € X there exists an n such that x € V" and x ¢ V"~!. But then x ¢ Vn_Q and
therefore x € H".) In addition, it is clear that this covering is star-finite (since
H™ N H"™ =@ for ny > ny +2).

Let k=1, ..., n. Put

Wr=H'nU =UM\V"? n=12 ...

Since H" c V" = U_ U}, then U_ W = H". Consequently, the sets W}
counstitute an (open) covering of the space X. This covering is a refinement of
the covering I' (since W}' C U}! C Uy) and is star-finite (since it is obtained from
the star-finite covering {H"} by decomposing each of its elements into a finite
number of sets). Since any star-finite open covering is locally finite, it is thus
proved that any open covering of X can be refined into a locally finite open
covering, i.e., that X is paracompact.

Let us now prove the fact mentioned above, namely, that
Proposition 1.21. any compact subset C of a Hausdorff space X is closed,

Proof. To this end, for any point x € X\ C and any point ¢ € C, we choose some
disjoint neighbourhoods U.(x) and Uy (c). For each fixed point x € X \ C, the
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sets Ux(c) ¢ € C obviously form an open covering of the subset C. Therefore,
there exists a finite system of points ¢y, ..., ¢, € C such that

Cc U;llex(Ci).

Let
U(x) = UL, U (x).

The set U(x) is open, contains the point x and does not intersect the set C.
Thus, each point x of the set X \ C is its interior point, i.e., this set is open.
Therefore, the set C itself is closed. O

A subset A of a topological space X will be called compactly closed if its in-
tersection with any compact subset C C X is closed (in X). From the proposition
just proved it follows immediately that

Proposition 1.22. any closed subset of a Hausdorff space X is compactly
closed.

Thus, for Hausdorff spaces, the classes of compact, closed, and compact-
closed subsets are related by a simple inclusion relation: each of these classes is
wider than the previous one.

We will call a space X a compactly generated® space if it is a free union of all
its compact subspaces, i.e. if its subset A is closed if and only if for any compact
subset C c X the intersection A N C is closed in C. In a compactly generated
space, any compactly closed set is closed. According to what was said above, if
X is a Hausdorff space, then the converse is also true. Thus,

Proposition 1.23. A Hausdorff space X is said to be a compactly generated
space if and only if any of its compactly closed subsets is closed.

Further, it is easy to see that

Proposition 1.24. any closed (resp. open) subspace Y of a compactly generated
(resp. compactly generated and regular) space X is also a compactly generated
space.

Proof. Indeed, let the set A C Y have the property that for any compact set
C C Y the intersection A N C is closed in C. We need to prove that then A is
closed in Y. If Y is closed, then instead we will prove that A is closed in X. Since
X is a compactly generated space, it suffices to prove that for any compact set
C c X the intersection A N C is still closed in C. But this intersection coincides
with the intersection A N (Y N C), and the set ¥ N C, being the intersection of a
compact and closed set, is compact. Therefore, by hypothesis, the intersection
AN (Y NC)is closed in C. O

2Transcriber’s note: Postnikov has coined the word “kaonic.”
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Now let the subspace Y be open. Let us consider an arbitrary contact point
a of the set A belonging to the subspace Y. Since the space X is, by assumption,
regular, then this point has a neighbourhood U such that U c Y. Since for
any compact set C C X the intersection U N C C Y is compact, the intersection
UNCNAis closed in UN C and therefore in C. Consequently, the intersection

UN A is closed in the space X. But it is clear that a € UN A. Thus, a e UN A
and, therefore, a € A. We have thus proved that each contact point of the set A
belonging to the subspace Y lies in A. But this means that the set A is closed
in the subspace Y.

It is clear that all compact spaces are compactly generated spaces. Moreover,
it is easy to see that

Proposition 1.25. any Hausdorff space X with countable local weight is com-
pactly generated.

Proof. Indeed, let a be an arbitrary contact point of some compactly closed
subset A of the space X and let {a,} be an arbitrary sequence of points of the
set A converging to the point a. Since this sequence together with its limit a
forms a compact set, the intersection of this set with the set A is closed. But
for a ¢ A this intersection would coincide with the sequence {a,} and would be
obviously not closed (since the limit of this sequence a ¢ A would not belong to
it). Consequently, a € A. Thus, A=A, ie. the set A is closed. O

We will call a space X countably compact if it is a free union of some countable
family {X,,,n = 0} of its compact subspaces X,,. Without loss of generality, we
can assume that X, C X4 for all n > 0. Every countably compact space
is a compactly generated space and Lindel6f space. Any closed subspace of
a countably compact space is countably compact. The topological sum of a
countable number of countably compact spaces is a countably compact space.
Moreover,

Proposition 1.26. any Hausdorff countably compact space X is paracompact
and, in particular, normal.

Since the space X is Lindelof, it suffices to establish its regularity. However,
it will be more convenient for us to immediately prove its normality.

Let F) and F® be arbitrary disjoint closed subsets of X. Let us consider
compact (and therefore closed and normal) subspaces

XoCcXiC---CcX,CXps1 C--v

whose free union is the space X. It turns out that for any n > 0 there exist open
(in X,) sets U, i = 1,2 such that

X,nFD cu® =12

US) ﬁﬁf) =2 and (forn>0) U NX, 1= Ufli—)l'
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For n = 0, the existence of such sets is ensured by the normality of the space
Xo. Let for some n > 0 the sets U,(li), i = 1,2 have already been constructed. Let
us consider in the subspace X+ the sets (X, N F(i)) U U;i) i =1,2. These sets
are closed and their intersection is empty. Therefore, they have neighbourhoods
v and V® with disjoint closures V" and V'?. On the other hand, since the

sets U,(ll) and U,(lz) are open in the subspace X,, of the space X,;1, then in the
space X,41 there exist open sets W1 and W such that

whnx,=0", i=12.

We will put .

U =vO a WU (X \ X)), i=1,2.
The sets U,(l?l, i = 1,2 constructed in this way obviously possess all the necessary
properties.

Let us now consider the sets
v =ue ol i=1,2.

Since for any n > 0 the sets U,(,i) = U N X, are open in the subspace X,, the
sets UY, i = 1,2 are open in the space X. In addition, they do not intersect
and contain the sets F) and F? | respectively. Thus, any two non-intersecting
closed sets F) and F(® of the space X have non-intersecting neighbourhoods
UM and U®. But this means that the space X is normal.

Remark 1.27. In the above proof we used only the normality and closedness of
the subspaces X,,.

Therefore,

Proposition 1.28. any space that is a free union of a skeletal increasing se-
quence of closed normal subspaces is itself a normal space.

A space X is called locally compact (resp. emphlocally countably compact)
if each of its points has a neighbourhood whose closure is compact (resp. count-
ably compact). Any compact (resp. countably compact) space is locally com-
pact (resp. locally countably compact). Any discrete space is locally compact.
For each compact subset of a locally compact (resp. locally countably compact)
space, there exists a neighbourhood whose closure is compact (resp. countably
compact). Every Hausdorff locally countably compact and, in particular, lo-
cally compact space is regular (since a Hausdorff countably compact space is
normal). Any closed subspace of a locally compact (resp. locally countably
compact) space X is locally compact (resp. locally countably compact). The
corresponding assertion for open subspaces is also true only if X is Hausdorff. In
particular, any open subspace of a Hausdorff compact space is locally compact.

Theorem 1.29. Conversely, any Hausdorff locally compact space X is an open
subspace of some Hausdorff compact space X' and the space X' can be constructed
so that the “growth” of X \ X consists of only one point (P. S. Alezandrov’s
theorem on one-point compactification,).
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Proof. Indeed, let w be an arbitrary point not belonging to the space X. Let
us introduce a topology into the set X' = X U w, considering its open sets to be
those and only those sets A" ¢ X', for which the set A = A"\ w is open in the
space X and - in the case when to w € A" - is, in addition, the complement (in X)
of some compact set. It is easy to verify that the space X is compact, Hausdorff,
and the topology induced on X by the topology of the space X coincides with
the original topology of the space X. O

From the theorem on one-point compactification, in particular, it follows
directly that

Proposition 1.30. any Hausdorff locally compact space X is a compactly gen-
erated space.

This statement can easily be proved directly. Indeed, let A be an arbitrary
compactly closed subset of a locally compact space X. Let us prove that A is
closed.

Proof. Let x € X \ A. Since X is locally compact, x has a neighbourhood U
whose closure U is compact. Since A is compactly closed, A N U is closed, and
hence its complement V = X \ (A N U) is open. Thus, x has a neighbourhood
V that does not intersect ANU. But then x e UNV c UNV C X \ A, ie.
x € int(X \ A). Thus, X \ A is open, and hence A is closed. O

The last argument is almost literally preserved for locally countable com-
pactly generated spaces. (The closedness of the set A N U follows in this case
from the easily proven fact that the intersection of a compactly closed set with
an arbitrary countably compact subspace is closed in this subspace.) Thus,

Proposition 1.31. any Hausdorff locally countable compact space is a com-
pactly generated space.

Let us now deal exclusively with locally compact spaces (mainly Hausdorff).
First of all, we will prove that

Proposition 1.32. any Hausdorff locally compact space X is a space of the
second category.

Moreover,

Proposition 1.33. any subspace of the first category of a Hausdorff locally
compact space X has the property that its complement is everywhere dense in
the space X.

Proof. Indeed,let {A,;;n > 1} be an arbitrary countable family of nowhere dense
subsets of X. We must prove that in any neighbourhood U of an arbitrary point
x of X there exist points that do not belong to any of the sets A,. For this
purpose, we construct in X a family {U,;n > 0} of nonempty open sets U,, such
that
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1) the closure of the set Ug is compact and is contained in the neighbourhood
U;

2) for any n > 1 the relations

Uy CUpr, UiNAp=0
hold.

The existence of the set Uy follows directly from the local compactness and
regularity of the space X. Let for some n > 1 the set U,_; has already been
constructed. Since the set A, is nowhere dense, in the open set U, there exists
a non-empty open set V,, such that V,, N A,, = @. Since the space X is regular,
there exists a non-empty open set U, C V, such that U, c V,. It is clear that
U, C Uy_1 and U, N A, = @. Thus, the sets U, have been constructed by
induction for all n > 0.
Let us now consider the sets open in the subspace Uy

W, =Ug\U,, n>1.

covering of the subspace Uy. Since this subspace is compact by construction, a
finite subcovering {Wp,, ..., Wy, } can be chosen from this covering. The corre-
sponding sets Unl, e, Unk will then have an empty intersection. The latter is
impossible, since this intersection is equal to U,,, where m = max(n1, ..., ng).
Consequently, the intersection of sets Uy, n > 1 is not empty. Since each point of
the last intersection does not belong to any of the sets A,,, the above proposition

is completely proved. O

If the intersection of the sets U,, n > 1, is empty, then the sets W, form a

Now recall that any Hausdorff locally compact space is regular. Therefore,
if it is also Lindeldf, then it is also paracompact. Since the topological sum of
paracompact spaces is a paracompact space, it follows immediately that

Proposition 1.34. any Hausdorff locally compact space that is a topological
sum of Lineldf subspaces is paracompact.

It turns out that the converse is also true (and even without the Hausdorff
proposition), i.e.

Proposition 1.35. any locally compact paracompact space X is a topological
sum of Lindeldf subspaces.

Proof. Indeed, due to the local compactness of the space X, any point of it has
a neighbourhood with compact closure. All these neighbourhoods form a certain
covering X of the space X. Since the space X is paracompact, a locally finite
covering I' can be inscribed in the covering X. This covering (like the covering
¥) has the property that the closure of each of its elements U is compact. On
the other hand, due to the local finiteness of the covering I, each point x € U
has a neighbourhood V(x) that intersects only a finite number of elements of
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this covering. But, since the set U is compact, there exists a finite system of
points x1, ..., x, € U such that

Uc U?:1V(X[).

Consequently, the set U, and therefore the set U, intersects only a finite number
of elements of the covering T, i.e. the covering I is star-finite.

Having now chosen some element U0 of the covering I', we consider for any
n > 1 the subset X,, of X consisting of all points xinX for which there exist n
sets Uy, ..., U, € I" such that x € U,, and

UnUr 2@, UinNUs#0, ..., Up_1NU, # .

It is clear that the subset X;, is not empty, open and - by the star-like finiteness
of the covering I' - is the union of some finite number of elements of this covering.
Therefore, the set

Xoo = Uy Xp

is also open and is the union of a countable number of elements of the covering
I'. The union X% of their closures is obviously contained in the closure X, of
the subspace X (in fact, it coincides with this closure). Being the union of a
countable number of compact sets, the subspace XZ, is Lindelof.

Since any element of the covering I' is either contained in X, or does not
intersect X, the complement X \ X, is a union of some elements of U € I" and is
therefore open. Consequently, the subspace X is not only open but also closed,
and therefore X7 = X.. Thus, the subspace X is Lindeof.

To complete the proof, it remains to note that the subspaces X, correspond-
ing to different elements Uy of the covering I' either coincide or do not intersect
and that the union of X is the entire space X. O

Connectedness

A topological space X is called connected if each of its non-empty closed and
simultaneously open subspaces coincides with the entire space X. In other words,
a space X is connected if it cannot be decomposed into a union of two (or more)
non-empty disjoint open (or closed) sets. Any space X is a union, generally
speaking, not free, of disjoint closed maximal connected subspaces, called the
connected components of X. A connected Hausdorff space has no isolated points.
In particular, a discrete space is connected if and only if it consists of a single
point.

A set obtained from a connected set by adding some of its points of contact
is connected. In particular, the closure of a connected set is connected. The
union of connected sets with non-empty intersection is connected. For example,
a space X is connected if any two of its points belong to a connected set. Any
interval (a, b) or segment [a, b] of the number line R is connected. In particular,
the unit segment I = [0, 1] is connected.

From the definition of a connected space and the theorem proved above it
immediately follows that
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Proposition 1.36. any connected paracompact locally compact space is Lin-

deldf.

1.3 Continuous functions

A numerical function f defined on a topological space X is called continuous if
for any point xg € X and any & > 0 there exists a neighbourhood U of the point
xp that

|/ (%) = f(xo)| <&

for all points x € U. Such functions have many properties of continuous functions
of a numerical argument. For example, any continuous function defined on a
compact space X is bounded and takes its largest and smallest values. Any
continuous function defined on a connected space X takes all intermediate values.
The restriction f|4 to an arbitrary subspace A € X of any continuous function
f on X is a function continuous on A.

For a numerical function f defined on a space X and an arbitrary number
a, we will denote by the symbol [f < a] the set of all points x € X for which
f(x) < a. The notations [f < a], [f = a], [a < f < b], etc. have a similar
meaning. A function f is continuous if and only if for any a € R the set [f < a]
is closed or, equivalently, if for any @ € R the set [f < a] is open. From this,
in particular, it follows that for any continuous function f and any number a
the set [f = a] is closed and the set [f # a] is open. We will call the closure
[f # 0] of the set [f # 0] the support of the function f.

The sets [f = a] are a special case of the coincidence sets [f = g], defined
for any pair of continuous (on the space X) functions f and g and consisting,
by definition, of all points x € X for which f(x) = g(x). It is easy to see that

Proposition 1.37. for any two continuous functions f and g the set [f = g]
is closed.

Proof. Indeed, ifx ¢ [f = g] then f(x) # g(x) and therefore the points f(x) and
g(x) have disjoint neighbourhoods U and V. The set f~1(U) n g=(V) is open,
contains the point x and does not intersect the set [f = g]. It is thus proved
that the complement X \ [f = g] of the set [f = g] is open. Consequently, the
set [f = g] itself is closed. O

Continuous functions exist on any topological space X. Indeed, any constant
function, i.e. a function that takes the same value at all points x € X, is
obviously continuous. However, non-constant continuous functions, generally
speaking, may not exist. For their existence, it is sufficient that the space X be
normal (and contain more than one point). Namely, it can be shown that for
any two distinct points x¢ and x; of a normal space X, there exists a continuous
function f on X such that f(xg) = 0 and f(x;) = 1. Moreover, as P. S. Uryson
first proved,
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Proposition 1.38. for any closed set A of a normal space X and any of its
neighbourhoods U, there exists on the space X a continuous function f that takes
values from the interval [0, 1], is equal to one on A and zero outside U, i.e. such
that

Ac[f=1], U>|[f=#0].

This statement is known as Urysohn’s lemma. Note that here we do not
exclude cases when A = @ or U = X (however, in these cases the lemma is
trivial). We will call each function f satisfying the conditions of the Urysohn
lemma a Urysohn function of the pair (U, A).

Proof. To prove Urysohn’s lemma, we construct in the space X a family {V,}
of neighbourhoods V,- of the set A contained in a neighbourhood U, numbered
by binary-rational numbers » € (0,1) (i.e., numbers of the form £, where

n=12, ... andm=1,2, ...,2" — 1) and possessing the property that
V, c V., if r< r.

Such neighbourhoods V, are easily constructed by induction on n. For n = 1,
for the neighbourhood Vj,o we should take an arbitrary neighbourhood V of
the set A for which V ¢ U (such a neighbourhood exists by the normality of
the space X). Let for some n > 1 the neighbourhoods V,,/o» have already been
constructed (m = 1,2, ..., 2"—1). Let us take for each number r = (25+1)/2"*L,
s=0,1, ..., 2" — 1, the neighbourhood V, to be an open set V (existing due to
the normality of the space X) for which ‘_/S/Qn cVandV c V(S+1)/Qn (for s =0,
the set V ,on means the set A, and for s = 2" — 1, the neighbourhood V(441)/2n
means the neighbourhood U). Thus, we obtain neighbourhoods V, for n + 1 as
well.

Having constructed the neighbourhoods V,., we define the function g on the
space X by the formula

gx)=supr, xeX.
xX¢V,

In other words, the value g(x) of the function g at a point of x € X is equal to the
upper line of all numbers r, for which x ¢ V,.. The function g is unequivocally
defined and continuous (for for any a € R there are a lot of [g < a] coincides
with the many U,.,V, and therefore open). Its values belong to a segment of
[0,1] and it is equal to zero on a lot of A and to unity outside the vicinity of U.
Therefore, the function f =1 — g is the desired function of Uryson. O

Remark 1.39. Urysohn’s lemma does not assert that A = [f = 1] or that U =
[f # 0]. Generally speaking, a function f for which at least one of these
equalities holds may not exist. Closed sets of the form [ f = const] are sometimes
called functionally closed. Similarly, open sets of the form [f # const] are called
functionally open. It can be proved that a closed (resp. open) set of a normal
space is functionally closed (resp. open) if and only if it can be represented as
the intersection (resp. union) of a countable family of open (resp. closed) sets.
We will not need this fact and will leave it without proof.
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Let us now show that

Proposition 1.40. for any continuous function g defined on a closed subspace
A of a normal space X, there exists on the space X a continuous function f such
that

fx) =gx)

for each point x € A.

This statement is known as Tietze’s theorem (sometimes it is also called the
Brouwer-Urysohn theorem). The function f provided by this theorem we will
call the extension of the function g (from the subspace A to the entire space X).

Proof. First, we prove Tietze’s theorem under the additional assumption that
lg(x)] <1 (1.41)

for all x € A. We define by induction on the set A the sequence {g,} of continuous
functions, setting

8o =8,
n

2
8n+1 = 8n t 3,1?(2/%1 -1), n=0,

where h,, is the Urysohn function on the space X, constructed for the closed (in
A and therefore in X) set [g, < —%] and its neighbourhood X \ [g, > %]
By induction, for any point x € A, the estimate

2 n
8 ()] < (3)

(it should be borne in mind that g,.+1(x) = gn(x) + 33—111 when g, (x) < —33% and
gn1(x) = gn(x) — % for g, (x) > %) Therefore

lim g,x) =0
n—o0

for any point x € A.
Now we compose from functions continuous on the space X

n

Frl0) = =y (2l () = 1)

an infinite series
Jo) + fi(x) + -+ fu(x) + -+ (1.42)

Since for any point x € X the inequality |f,(x)| < 3?.—21 holds and the numerical

series
n

. . (1.43)

O N

1
37 e
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converges, the functional series (1.42) also converges (at all points x € X and
its sum f(x) is continuous on X. Moreover, for x € A, for the n-th partial sum
sn(x) = fo(x) + -+ ; fu(x) of Series (1.42), the equality

$n(x) = 8o(x) = gn+1(x)

holds. Passing to the limit in this relation (for n — o), we immediately obtain
that for any point x € A, the equality

fx) =gx)

holds. Thus, Tietze’s theorem under the additional assumption (1.41) is com-
pletely proved. In this case, the constructed function f satisfies the inequality

[f(x)| <1, xeX

(since the sum of series (1.43) is equal to unity).
Let us now consider the case when for all points x € A the strict inequality

lg(x)] <1, (1.44)

is satisfied and we will show that then there exists an extension f of the function
g for which a similar strict inequality

|f(x)] <1, (1.45)

is satisfied at all points x € X.

Indeed, as has been proved, there exists an extension f; of the function g
that satisfies the inequality |fo(x)| < 1 at any point x € X. Let Ay = AU [fy =
1] U [fo = 1]. Let us define a numerical function g; on the set A;, assuming

g(x), if xeA,
gl(x) = 1, if xe [fo = —1],
-1, if xel[fo=1].

Since the sets A, [fo = —1] and [fy = 1] are closed and pairwise disjoint, the
function g; is uniquely defined and continuous. Moreover,

lg1 () <1

for any point x € A. Consequently, as proved above, on the space X there exists
an extension fi of the function g; such that

i) <1
for any point x € X. But then the function

fo(x) + fi(x)

flo) = 222
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will be an extension on X of the function g; satisfying the condition (1.45).
To prove Tietze’s theorem in the general case, it is now sufficient to note

that for any function g(x) continuous on A, the function g=(x) = %arctang(x)
is continuous on A and satisfies the condition (1.44). Let f.(x) be its extension
satisfying condition (1.45). It is clear that the function f(x) = tan{Z f(x)} is
continuous on X and is an extension of the function g(x).

Thus, Tietze’s theorem is completely proven. O
In addition to Tietze’s theorem, it is useful to note that
Proposition 1.46. if for any point x € A the inequalities
a<gx)<b

(resp. the inequalities a < g(x) < b) hold, then the extension f of the function
g can be constructed so that for any point x € X the inequalities

a< f(x)<b
(resp. the inequalities a < f(x) < b) hold.

Proof. Indeed, for a = —1, b = 1 this statement has in fact already been proven
above. The general case is reduced to this special one by an obvious linear
transformation. O

Now let T' = {U,;@ € A} be an arbitrary open locally finite covering of X.
A family {f,; @ € A} of continuous functions f, on X will be called a partition
of unity subordinate to the covering T if

1) for any @ € A the function f, is non-negative and its support [f, # 0] is
contained in the element U, of the covering T’

2) for any point x € X the equality

D fald) =1

a€cA

holds.

(due to the local, and therefore point, finiteness of the covering I, in the last
sum for any point x € X only a finite number of terms are non-zero).
It turns out that

Proposition 1.47. for any locally finite covering T’ = {Uy;a € A} of a normal
space X there exists a subordinate partition of unity {fo;a € A}.

To prove this statement, it suffices to prove that

Proposition 1.48. for any locally finite covering T’ = {Uy;a € A} of a normal
space X, there ezists a covering A = {Vy;a € A} such that

Vo CU,

for any a € A.
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Proof. Indeed, since the space X is normal, for any element V, of the covering
A there exists an open set W, such that

Va C Wy WecCU,,
But then, as is easy to see, the functions

ga(x)

Jo) = S e

aeA xeX,

where g, is the Urysohn function of the pair (Wg, V), are uniquely defined,
continuous (due to the local finiteness of the covering I') and constitute a par-
tition of unity subordinate to the covering I'.

All that remains for us, therefore, is to construct the covering A. For this
purpose, we consider the set 6 of all (open) coverings {G 4; @ € A} of the space X
for which for any a € A either G, C U, or G4 = U,. This set is not empty (for
example, it contains the given covering I'). For any such covering {G,;a € A}
we will denote by the symbol Ag the set of all @ € A for which G4 C U,.

Let us introduce a partial ordering into the set ®, assuming that {G,} <
(G} if Ag C A;) and if G, = G, for any @ € A. Roughly speaking, to obtain a
“larger” covering {G,} from a covering {G,}Oa, we need, without touching the
already constructed sets G, to replace some U, with smaller sets G.

It is clear that this relation is indeed a partial ordering relation (i.e. it has
the property of transitivity).

Let us now consider an arbitrary chain (= linearly ordered subset) in the
set ®. Denoting the elements of this subset by the symbols I'?, where 8 runs
through some set of indices B, and setting I'¥ = {G’f,; a € A}, we define for each
a € A the set G, C X by the formula

Gy = ﬁﬁeBG'lé.

It is clear that for any @ € A all sets G/f, # U, (if such sets exist) coincide
with each other. Therefore, there exists an index 8, € B such that G, = Gg".
Consequently, the set G, is open and has the property that either G, = U, or
Go C Uy. We will show that the family {G4;a € A} is a covering of the space
X.

Let x be an arbitrary point in X and let A, be a subset of A consisting of
all indices @ € A for which x € U,. Since the set A, is finite due to the local
finiteness of the covering I', among the indices B,, @ € Ay, there exists the
largest (with respect to the ordering of the set B induced by the ordering of
the set ®) index Bq,. Since the family rﬁo = {Gﬁ"‘]a € A} is a covering, there
exists an index @, € A such that x € Fgfo. Since Gﬁ‘:" C U,,, the index a.
belongs to the subset A,. But it is clear that for any index @ € A, the equality
G(ﬁ,"0 = Gﬁ" = G, holds. Consequently, x € G, .

The constructed covering {G,;a € A} belongs, according to what was said
above, to the set ® and is, as is easy to see, its smallest element, following all
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the elements of I'?, i.e., it represents the upper bound of the considered chain
(= linearly ordered subset.)

Thus, we have proved that any chain (= linearly ordered subset) of the set
® has an upper bound. Consequently, according to Zorn’s lemma?, this set
contains at least one maximal element {V,;a € A}.

To complete the proof, it remains to show that the covering A = {V,;a € A}
has the property that for any of its elements V, the inclusion holds

VocU,.

Suppose not. Then there exists an index ag € A such that V,, = U,,. Consider
the closed set
F=X \ Ua/:,t(loU(l‘

It is clear that F C U,,. Therefore, since the space X is normal, there exists an
open set V such that
FcV, VCcU,g,.

It is easy to see that the family A" = {V,V,:a € A\ ay} is a covering of the
space X, belongs to the set ®, and is distinct from the covering A and has the
property that A < A". But in view of the maximality of the covering A this is
impossible. O

Thus, the theorem formulated above is completely proven.

Remark 1.49. We needed the local finiteness of the covering I' to ensure that
all sets A, were finite. Consequently, the covering A also exists for point-finite
coverings I'.

1.4 Metric spaces

A set X is said to be defined as a metric space or to have a metric introduced
into it if any two of its points x,y € X are assigned a non-negative real number
p(x,y) (called the distance between these points), and the following axioms are
satisfied:

1) the equality p(x,y) = 0 holds if and only if x = y;
2) for any two points x,y € X the equality holds
p(x,y) = p(y,x);
3) for any three points x, y,z € X the inequality holds
p(x.2) < p(x,y) + p(y.2).

3This lemma states that a partially ordered set in which every chain (= linearly ordered
subset) has an upper bound contains a maximal element.
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Axiom 1) is called the aziom of non-degeneracy of the metric, axiom 2) is
called the aziom of symmetry, and axiom 3) is called the triangle axiom.

An example of a metric space is the n-dimensional arithmetic space R" with
the usual Euclidean metric (in this metric, the distance p(u,v) between the
points u = (uy, ..., up,) € R and v = (v, ..., v,) € R" is taken to be the
length | —v| = \/(uy = v1)2 + -+~ + (1, — v)? of the vector u —v).

The distance p(A, B) between two subsets A and B of a metric space X is
the greatest lower bound inf p(x,y of the distances p(x,y), where x and y are
arbitrary points of the subsets A and B, respectively. This distance can be equal
to zero even without the sets A and B intersecting. For any & > 0, the set S.(A)
of all points x € X for which p(x, A) < ¢ is called a spherical e-neighbourhood
of the subset A C X. In any metric space, one can introduce one and only one
topology in which all spherical neighbourhoods of each of its points are open
and constitute a fundamental system of its neighbourhoods. In this topology,
a set A C X is closed if and only if any point x € X for which p(x,A) = 0
belongs to this set. We will call this topology the natural topology of the metric
space X and in what follows we will consider each metric space (for example,
the Euclidean space R") as a topological space with this natural topology.

The topology of the space R" can be described in another way, noting that
it is a topological product of n copies of the number line R. Therefore, the base
of this space is, for example, the family of all parallelepipeds

al <t <bl, ..., d" <" <b", (Y, ..., ") eR",

where a' and b’ > a', i = 1, ..., n are arbitrary real numbers. The paral-
lelepipeds for which the weight of the number a’ and b’ are rational obviously
also form the base of the space R".

By definition, the natural topology of a metric space X has the property
that for any point x € X, the system of all possible spherical neighbourhoods
S¢(x) is a fundamental system of neighbourhoods of the point x. A similar
statement also holds for compact subsets, i.e., for any compact subset C C X, the
neighbourhoods S.(C) constitute a fundamental system of its neighbourhoods.
In other words, for any open set U D C, there exists € > 0 such that S.(¢) c U.
For arbitrary closed subsets, the corresponding statement is, generally speaking,
false.

In the natural topology of X, the metric p(x,y) is a continuous function on
the product X x X. Moreover, for any point x € X and any closed set A C X,
the function p(x,A) is continuous on X. For any closed set A ¢ X and any
neighbourhood U, the function

p(x, X\ U)
p(x, A) + p(x, X\ U)

fx) =

is the Urysohn function of the pair (U, A). For this function, the set [f = 1]
exactly coincides with the set A (and the set [f # 0] with the set U). The set
[f > %] is a neighbourhood of the set A whose closure [f > %] is contained in

the neighbourhood U. Thus, any metric space, being obviously Hausdorff, is
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normal. Moreover, unlike arbitrary normal spaces, in the metric space X any
closed set is functionally closed and any open set is functionally open.

A topological space X is called metrisable if there exists on it (generally
speaking, not a unique) metric that is consistent with the topology of the space
X, i.e. such that the natural topology defined by it coincides with the topology
of the space X.

Proposition 1.50. This metric can always be chosen so that the resulting met-
ric space is bounded, i.e. so that the distance between any two of its points does
not exceed some fixed number K > 0.

Proof. Indeed, any metric p can be transformed into a bounded (by a number
K) metric p’, defining the same topology, by setting

p(x,y)

p (x,y) = K———"—
1+ p(x,y)

for any points x,y € X. O

Proposition 1.51. FEvery discrete space is metrisable. The topological sum
of any number and the topological product of a countable number of metrisable
spaces are metrisable.

Proof. The metric in the topological product of a countable number of metris-
able spaces is introduced by means of an obvious infinite series. In order for this
series to converge, it is sufficient to choose a metric in the n-th factor, bounded,
say, by the number 1/n2. Verifying that the metric constructed in this way is
consistent with the topology of the product does not present any difficulties,
and we will omit it. O

From the metrisability of the product of metric spaces it immediately follows,
in particular, that any metric space is stably normal.

Each subset A of a metric space X is naturally defined as a metric space,
and the metric of the subset A is consistent with its topology induced by the
natural topology of the entire space X.

In particular, any subset of the Euclidean space R" is a metric space. Among
these subsets, the unit ball E" of the space R”, consisting of all points v € R” for
which |v| < 1, will play a special role for us in what follows (here and below we
identify points of the space R” with their radius vectors). The ball E" is closed
in the space R" and is the closure of the open unit ball E™ consisting of points
v € R" for which |v| < 1. The boundary of the ball E" is the unit sphere $"!
consisting of points u € R" for which |u| = 1. Each point of the ball E" has the
form vu, where 0 < v < 1 and u € $"°!, and for v # 0 this representation is
unambiguous.

In the definitions presented it was assumed that n > 0. Sometimes it will
be convenient for us to extend them to the case n = 0, assuming that the ball
E° consists of one point. In this case we will assume that E° = E° and that
St=o.
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It is easy to show that the ball E" (and also the open ball E™) and the sphere
S"! (for n > 1) are connected. Moreover, the ball E* and the sphere S"~! are
compact, and the open ball E" is locally compact. Finally, the space R" (and
therefore all its subspaces) is a space with a countable base and, therefore, has
countable local weight, is separable and Lindel6f.

It is easy, however, to see that

Proposition 1.52. any metric space X is a space of countable local weight.

Proof. Indeed, for each point x € X the neighbourhoods S/, (x) obviously con-
stitute a fundamental system of neighbourhoods. O

In particular,
Proposition 1.53. every metric space is a compactly generated space.
Moreover,

Proposition 1.54. for any metric space X the following properties are equiva-
lent:

1) the space X has a countable base;
2) the space X is separable;
3) the space X is Lindeldf.

Proof. Indeed, implications 1) = 2) and 1) = 3) hold for any topological
spaces.
To prove implication 2) = 1) it suffices to note that for any countable everywhere
dense set {x,} the open sets of the form S, (x,), where n,m = 1,2, ..., form
a base of the space X.
To prove implication 3 = 2), we, having chosen an arbitrary n > 0, consider
the family of all subsets of the space X, each of which has the property that
the pairwise distances between any two of its points are not less than 1/n. It is
clear that this family (partially ordered by inclusion) satisfies the conditions of
Zorn’s lemma and, therefore, it contains a maximal subset Cy/,. This subset is
discrete and therefore (by the Lindeldf property) countable. Consequently, the
set

C=U,_Cin

is also countable. To complete the proof, it remains to note that the set C is
everywhere dense (since for any point x € X and any n > 0 in the set Cy/, , and
- due to its maximality - therefore in the set C, there exists a point y such that

p(x,y) < 1/n). o
Since every compact space is finally compact, this theorem implies that
Proposition 1.55. every compact metric space is separable.

Local compactness, however, is no longer sufficient for separability of a metric
space. Nevertheless,
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Proposition 1.56. any connected locally compact metric space is separable.

This theorem is due to P. S. Alexandrov. It follows immediately from the
result of 2) above and the fact that

Proposition 1.57. any metric space X is paracompact.
The last proposition was first proven by Stone.

Proof. To prove it, we must establish that any covering {Uy;a € A} of X can
be refined into a locally finite covering. For this purpose, we assume that the
set of indices A of the covering under consideration is well-ordered. Let aq be
its first element. Denoting for any set A ¢ X and any n > 0, by the symbol
[A],, the set (obviously closed) of all points x € X for which Sy-n(x) C A, we
construct by induction for each @ € A and any n > 0 the closed set FJ,, by

F = [Uayln  F2 = [Ua \ Up<aFaln.

Let x be an arbitrary point in X and let @ be the smallest index in A for
which x € U,, and n be a number such that Sy-n(x)) € U,. If x ¢ FJ, then

So-n(x) & Ug \ UB<QF/’3‘, and therefore there exists an index @; < a such that
Sa-n(x) N Fp, # @. But then

X € Sg-n (Fgl) = SQ’”([Urll \U,B<0Fg]n) CUy \ UB<(1F£ CUg,,

which is impossible due to the choice of index @. Consequently, x € FJ. It is
thus proved that
X =Up oF).

Let us further consider the sets
" = §2—(n+3 (F), G2So-ne2)(FL).
It is clear that the closed set @7, is contained in the open set G7,. Further, since
§2’" (F(r;) - Ua \ U,B<(1F(r;,

then for any B < a the intersection So-»(FJ) N Fg is empty because p(F7}, F;;) >
27", Therefore, p(G’},,Gg) > 27"+ Since @ c G, it follows that for any
n > 0 the set
" =u,0"
is closed.
Now we define by induction the open sets V}}, setting

Vi=GL, V'=G"\U,,,®".

Let x € X. Since U, oF}, = X and, therefore, U, ,®” = X, there exist n > 0
and a € A such that x € ®?. If n is chosen (for a given @) to be the smallest
possible, then

X € q)r(zl \ Um<n¢)rg = q)r(ly \ Um<n¢)m
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(as we know, @}, C G, and therefore @7 N @ # @, if @ # ). Hence
X €G" \ppan @ = V.

This shows that the sets V] form a covering of the space X.
Since
Vo € GG CSan(Fy) CUa \Np<oF CUa

then the covering {V} is a refinement of the covering {U,}.
Finally, let x € X and let x € FZ,. Since

SQ—(n+3) (.x) C @’;r C @n

then
So-mra) (x) NV =@

for any @ € A and any m > n. On the other hand, since p(G'(;‘,G;’;) > 2~ (m+1)

for @ # B, and 2 - 270"+3) < 2=(+1) for ;< p, then for each m < n there is at
most one index @ € A for which Sy-t+s) (x) N G # @, and hence at most one
index @ € A for which Sy-(ns3) (x) NV = @. Thus, the neighbourhood S5-(n+s) (x)
of the point x intersects at most n elements of the covering {V2}. Consequently,
this covering is locally finite.

Thus, Stone’s theorem is completely proved. O

From Stone’s theorem and the results of §1.2 it immediately follows, in par-
ticular, that

Proposition 1.58. a metric space is compact if and only if it is sequentially
compact.

All the properties of metric spaces considered above are related not so much
to metric spaces as to metrisable spaces and therefore had, in essence, a topo-
logical character. Let us now consider some “metric” properties of metric spaces,
i.e. properties that essentially depend on the metric given in the space.

A sequence {x,} of points of a metric space X is called fundamental if for
any & > 0 there exists N > 0 such that p(x,,x,;) < & when n,m > N. It is
clear that any convergent sequence is fundamental. If the converse is true, i.e.
if any fundamental sequence of points of X converges, then this space is called
a complete space. Obviously, every closed subspace of a complete space is itself
a complete space.

Proposition 1.59. If any closed bounded subspace of a metric space X is com-
pact, then X is complete.

Proof. Indeed, let {x,} be an arbitrary fundamental sequence of points in X.
If among its points there are only a finite number of distinct ones, then this
sequence obviously converges. Let among the points x, there be infinitely many
distinct ones. The set of these points, being obviously discrete and bounded,
cannot be closed (for otherwise it would be compact, and any discrete compact
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set is finite). Therefore, for this set there exists an adherent point a, that does
not belong to it. This point is the limit of some convergent subsequence of the
sequence {x,}, and therefore of the entire sequence {x,} (since this sequence,
by assumption, is fundamental). O

The conditions of this theorem are satisfied, in particular, by the Euclidean
space R". Therefore, the space R” (and consequently any of its closed subspaces)
is complete.

On the other hand, every compact metric space also satisfies these conditions.
Consequently,

Proposition 1.60. any compact metric space is complete.

The requirement of local compactness for completeness is no longer sufficient,
even if we additionally assume the existence of a countable base. However, in any
locally compact topological space X with a countable base, one can introduce
a metric consistent with the topology of this space, with respect to which the
space X is a complete metric space. We will not need this result, and therefore
we will leave it without proof.

It can be shown that any complete metric space is a space of the second
category. The proof of this statement essentially repeats the proof of a similar
proposition for Hausdorff locally compact spaces (see §1.2). It is only necessary
to require that instead of the compactness of the sets U,, their diameters tend
to zero. Since we will not need this statement either, we will not give this proof
in detail.

1.5 Continuous maps
Let X and Y be arbitrary topological spaces. It is easy to see that
Proposition 1.61. for any single-valued map
f:X—>Y
of X into Y the following properties are equivalent:

1) the complete preimage f~(B) under the map f of an arbitrary closed set
B CY is closed in X;

2) the complete preimage f~1(V) under the map f of an arbitrary open set
V CY is open in X;

2°) the complete preimage f~1(V) under the map f of an arbitrary element V
of some prebase of open sets of Y is open in X;

3) for any point x € X and any neighbourhood V of f(x)) in Y there exists in
X a neighbourhood U of x such that f(U) CV;
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3’) for any point x € x and any neighbourhood V of f(x) in the space Y, be-
longing to some fundamental system of neighbourhoods of this point, there
exists in the space X a neighbourhood U of the point x such that f(U) € V;

4) for any set A C X the inclusion holds
f(A) € f(A)

Maps f : X — Y that have these properties are called continuous. These
include, in particular, all constant maps, i.e. maps that take the entire space X
to some fixed point yg of the space Y.

The continuous functions considered in §1.3 are nothing more than continu-
ous maps of the space X into the real numbers R.

The definition of the coincidence set [f = g] is literally transferred from
continuous functions to any continuous maps f,g : X — Y. However, unlike the
case of numerical functions, this set may not be closed. We can only assert that

Proposition 1.62. if the space Y is Hausdorff, then for any two continuous
maps f,g: X > Y the set [f = g] is closed.

Indeed, in the proof for continuous functions given in §1.3, only the Hausdorff
property of the real line was used.

A special case of a coincidence set is the set [f = idx] of all fixed points of
the map f : X — X (i.e., the points x € X for which f(x) = x). According to
what has just been said,

Proposition 1.63. the set of fized points of an arbitrary continuous map f :
X — X of a Hausdorff space X is closed in itself in this space.

The composition®
gof:X—-Z7

of any two continuous maps f : X —» Y, g : Y — Z is also a continuous map.
Moreover, for any space X the identity map

dy: X = X

(defined by the formula idyx(x) = x) is continuous. In the language of category
theory, these statements mean that the totality 2 of all topological spaces and
all their continuous maps forms a category. Isomorphisms of this category, i.e.
bijective® continuous maps f : X — Y for which the inverse map f™':¥ — X
is also continuous, are called homeomorphisms. Spaces X and Y for which there
exists at least one homeomorphism X — Y are called homeomorphic. As a rule,
we will further consider homeomorphic spaces as identical.

4A map h : X — Z is called the composition of the maps f: X —» Y and g : Y — Z if
h(x) = g(f(x)) for any point x € X. The composition of the maps f and g is denoted by the
symbol go f.

5Amap f: X — Y is called injective if f(x1) # f(x2) when x1 # x2, sujective if f(X) =Y,
and bijective if it is both injective and surjective.
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Remark 1.64. In §1.1 we defined the concept of the topological sum of any
non-intersecting spaces. The convention just introduced allows us to define the
topological sum of arbitrary spaces, including intersecting ones, as the topologi-
cal sum of spaces homeomorphic to them, but non-intersecting. The topological
sum constructed in this way is defined up to homeomorphism.

A space Y is called a continuous image of a space X if there exists at least
one continuous surjective map X — Y. It is easy to see that a continuous image
of any compact (resp. Lindel6f or countably compact) space is compact (resp.
Lindeldf or countably compact). Similarly, a continuous image of a connected
space is connected.

Continuous maps

u:l—-X

into the space X of the unit segment 7 = [0, 1] we will call paths of the space X.
We will call the points xg = u(0) and x; = u(1) respectively the beginning and
end of the path u and we will say that the path u connects the point xg with
the point x;. We will call the space X path-connected if any two of its points
can be connected by at least one path.

Proposition 1.65. Any path-connected space X is connected.

Proof. Indeed, for each path u : I — X the set u(II) c X is connected (since
the segment I is connected). Thus, any two points of a linearly connected space
X belong to a connected set. Therefore, the space X is connected. O

An arbitrary topological space X decomposes into a union of disjoint linearly
connected subspaces, called the components of linear connectivity of the space
X. We will denote the set of all components of linear connectivity of the space
X by the symbol mg(X).

Let the space X be represented as the union of some family {X,;
mu € M} of its subspaces:

X = UﬂeMX#
Then for any continuous map
f:X—>Y
and each u € M the partial map
f|XH : Xu —Y,

as we know, is continuous. The converse, generally speaking, is not true, i.e. the
continuity of the partial maps f|x, does not imply the continuity of the map f.
However, it is easy to see that

Proposition 1.66. if the space X is a free union of its subspaces X, p € M,
then for any space Y the map
f:X->Y

is continuous if and only if all partial maps

flx, : Xu > Y,
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are continuous.

This proposition allows us to construct continuous maps X — Y from con-
tinuous maps
Ju: Xy —>Y
of subspaces X, x € M, of the space X, of which it is a free union. In this case,

it is only required that the maps f,, be
emphconsistent, i.e. that

S X, 0%y = Jra X, 0%,

for any p1,u2 € M. Indeed, by putting
fx) = fulx), if xeX,,
where X is an arbitrary point in the space X, we obtain a single-valued map
f:X—>Y

for which

le,, = fy
for any u € M. According to the previous proposition, the map f constructed
in this way is continuous.

As a rule, we will use this construction only in the case when the number of
subspaces X, is finite and each of them is closed. As we know, in this case the
space X is automatically a free union of subspaces X,,.

Aunother (even more important) method of constructing continuous maps
uses the map a~! (generally speaking, multi-valued), the inverse of a given

surjective continuous map
a:P—X.

Let g : P — Y be a continuous map such that the composite map
f=goat: XY

is single-valued. Under what conditions is the map f continuous?

In order to give (even if only an incomplete) answer to this question, we shall
call a continuous surjective map « : P — X an identification map if each subset
A C X whose complete preimage @~ (A) under the map « is closed (resp. open)
in P is itself closed (resp. open) in X. It is clear that

Proposition 1.67. if the map a is an identification map, then the map f =
goa™! (assumed to be single-valued) is continuous if and only if the map g = foa
1§ contnuous.

We will call a subset § C P saturated with respect to the map a :— X if it
is a complete preimage of its image, i.e. if

S =a Ha(s)).
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For the set S to be saturated, it is sufficient to require that S > o~ (a(S)),
since always S € a~!(a(S)). The union and intersection of saturated sets are
saturated. In addition, the complete preimage a~'(A) of an arbitrary set A ¢ X
is saturated with respect to the map a : P — X.

For any continuous surjective map @ : P — X, each closed (esp. open) set
A c X is the image of some closed (resp. open) saturated set S c P (for exam-
ple, the set S = a"1(A)). It turns out that the inverse property characterises
identification maps, i.e.

Proposition 1.68. a continuous surjective map « : P — X 1is an identification
map if and only if for any closed (resp. open) saturated set S C P the set a(S)
is closed (resp. open) in X.

Proof. Indeed, if @ is an identification map, then for any saturated closed (resp.
open) set S the set a(S) is closed (resp. open), since the set a~!(a(S)) = S is
closed (open). Conversely, let for any closed (resp. open) saturated set S the
set a(S) be closed (resp. open). Consider an arbitrary set S c X for which the
set S = @ 1(A) is closed (resp. open) in P. Then, since the set S is saturated,
the set A = a(S) will, by assumption, be closed (resp. open), and therefore the
map « will be an identification map. O

It follows directly from the proved statement that

Proposition 1.69. any continuous map @ of a compact space P onto a Haus-
dorff space X is an identification map.

Proof. Indeed, let the closed saturated set S C P be the complete preimage of
the subset A c x. Being a closed subset of the compact space P, the set § is
compact and therefore its image a(S) = A is also compact, and therefore closed
(since the space X is Hausdorff). i

In general, a continuous bijective map may not be a homeomorphism. How-
ever,

Proposition 1.70. any bijective identification map @ — X is a homeomor-
phism.

Proof. Indeed, any set T C P is saturated with respect to the bijective map «
and therefore, if it is closed (in P), then the set (a!)™'T = a(T) is also closed
(in X). But this also means that the inverse map ™! : X — P is continuous. O

In particular,

Proposition 1.71. any bijective continuous map a of a compact space P onto
a Hausdorff space X is a homeomorphism.

Let, for example, P be an arbitrary bounded convex body lying in the Eu-
clidean space R", i.e., an arbitrary bounded closed (and therefore compact)
convex subset of the space R" containing interior points. It is easy to see that
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any such body is stellar with respect to any of its internal points xg, i.e., each
ray
Xo + ut, MESn_l,OSt<OO

starting from the point xq intersects the boundary of the body P at one point.
In other words, for any vector u € S"~! there exists a number ¢(u) > 0 such that
xo+utePfor0<t<¢(u)and xo+ut ¢ P for t > ¢(u). Moreover, elementary
geometric considerations show that the function ¢(u) of the vector u € $*7! is
continuous on the sphere S"~!. Since, in addition, any point x € P has the form
xo +ut, where u € S*71, 0 <t < ¢(u), and for x # xg this representation is
single-valued, then the formula

t
a(xg+ut)= ——u

w(u)

defines a bijective continuous map
a:P—->E"

of the body P onto the unit ball E". Since the body P is compact and the ball
E" is Hausdorff, this map is homeomorphic. Thus, we have proved that

Proposition 1.72. any bounded convexr body P C R" is homeomorphic to the
ball E™.

From this, in particular, it follows that

Proposition 1.73. for any n > 0 and m > 0 the product E" X E™ of the balls
E" and E™ is homeomorphic to the ball E"*™.

Proof. Indeed, the product E" X E™ is obviously a bounded convex body of the
space R = R" x R™, O

Note, by the way, that

Proposition 1.74. for n # m the balls E" and E™ are not homeomorphic.

The proof of this statement, despite its obvious “obviousness”, is not at all
simple and requires a deep study of the topology of Euclidean spaces. Since we
essentially do not need this statement, we will not prove it here.

We will call a continuous map f : P — X a map of compact character if the
preimage f~1(C) of any compact set C C X is a compact subset of the space P.
It turns out that

Proposition 1.75. if the space X is Hausdorff and compactly generated, then
for any map f : P — X of compact character the subset f(P) is closed in the
space X, and if, in addition, the space P is also Hausdorff, then the map f,
considered as a map onto the subset f(P), is an identification map.
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Proof. Indeed, let C be an arbitrary compact subset of X. Since the set f~1(C)
is compact by assumption, the set f(f~'(C)) is also compact and therefore
closed. On the other hand, since

f7HC) = i n f(P)),

then f(f~'(C)) = Cn f(P). Thus, the subset f(P) is compactly closed. Conse-
quently, it is closed. O

Similarly, if for some subset A ¢ f(P) the subset f~1(A) c P is closed, then
for any compact set C S the set ff"1(ANC) = f1(A)n f~1(C) is compact,
and therefore the set ANC = f(f (AN C)) is also compact. Thus, the set A
is compactly closed and, therefore, closed.

In particular, we see that

Proposition 1.76. an injective map of a compact character of a Hausdorff
space to a Hausdorff compactly generated space is a homeomorphism onto a
closed subspace.

Let P, Q, X, Y be arbitrary topological spaces and
a:P—-X, B:0-Y
be arbitrary continuous maps. It is easy to see that the formula

(axpB)(p,q) = (a(p),B(q)), peP,qgel,

uniquely determines some continuous map
axXfB:PxQ— XXY.

We will call this map the topological product of maps @ and B. It is surjective
(esp. injective) if maps a and B are surjective (resp. injective).
Along with the product a x 8, we will also consider the topological sum

aUB:PUQ - XUY

of the maps @ and B. This sum is defined when the spaces PUQ and X UY
are defined (i.e. when PN Q = @ and X NY = @), and, by definition, is a
map that coincides on P with the map @, and on Q with the map 8. It is
also surjective (resp. injective) when the maps « and B are surjective (resp.
injective). Furthermore, if the maps a and B are identification maps, then their
sum a U B is also an identification map.

For the map a X B8 the analogue of the last statement, generally speaking,
does not apply. Having in mind to indicate sufficient conditions under which the
product axf of two identification maps is also an identification map, we will call
a continuous surjective map « : P — X locally compact (resp. locally countably
compact) if any point p € P has a neighbourhood saturated with respect to the
map «a, the closure of which is contained in a closed, saturated and compact
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(resp. countably compact) set C ¢ P. If the space X is locally compact, then
any surjective map P — X of compact character is locally compact. If a locally
compact (resp. locally countable-compact) mapP — X exists, then the space P
is necessarily locally compact (resp. locally countable-compact). On the other
hand, if the space P is compact (resp. countably compact), then for every
space X any continuous sujective map P — X is locally compact (resp. locally
countably compact).
It is easy to see that

Proposition 1.77. if the space X is regular and the map a : P — X 1is locally
compact (resp. locally countably compact), then for any point p € P and any of
its neighbourhoods S* saturated with respect to the map «, there exists a saturated
neighbourhood S of the point p whose closure S is compact (resp. countably
compact) and is contained in the neighbourhood S*.

Proof. Indeed, by hypothesis, the point p has a saturated neighbourhood T,
whose closure T is contained in a compact (resp. countably compact) set and
is therefore itself compact (resp. countably compact). Let us consider the set
U = a(TNS*). Since the set TNS* is saturated with respect to the map «, the set
U is open, i.e. it is a neighbourhood of the point a(p) in the space X. But then,
due to the regularity of the space X, the point @(p) has a neighbourhood V such
that V c U. Let § = a’l(V)._The set S is saturated and is a neighbourhood of
the point p. Moreover, since S € @ 1(V) c a1 (U) = TN S*, then, firstly, S c §*
and, secondly, S C T, so that the set S is compact (resp. countably compact)
and is contained in S*. O

Let us now show that

Proposition 1.78. if the identification map a : P — X is locally compact and
the space X is reqular, then for any identification map B: Q — Y the map

axXxB:PxXQ—XxY
is also an identification map.

Proof. Indeed, let W be an arbitrary subset of the product XxY whose preimage
(@ x B)~1(W) under the map @ X 3 is open in the space P x Q. We must prove
that each such set W is open in the space X X Y, i.e., that any of its points
(x0, yo) is its interior point. In other words, we must prove that in the spaces X
and Y there exist neighbourhoods U and V of the points xg and yg, respectively,
such that

(x0,y0) €eUXV CW.

Let pg and gg be points in the spaces P and Q, respectively, such that a(pg) = xo,
B(qo) = yo. It is clear that to prove the existence of neighbourhoods U and V
it is sufficient to prove that the points py and go have (in the spaces P and
0, respectively) saturated (with respect to the maps @ and S, respectively)
neighbourhoods S and T such that

(Po,qo) € SXT C (axpB)*W.
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For this purpose, we consider the set S* of all points p € P for which the
following holds

(P, q0) € (@xB)" (W).

It is clear that the set S* contains the point pg, is open in the space P and
is saturated with respect to the map a. Therefore, by the proposition proved
above, the point pg has a neighbourhood S that is saturated with respect to the
map a, whose closure S is compact and is contained in the neighbourhood §*.

Let, further, T be the set of all points ¢ € Q with the property that for any
point p € S the following inclusion holds

(p.q) € (@xB)"H(W).

In other words, T is the maximal subset of the space Q for which the following
inclusion holds _
ST c (axp)HW).

In particular, we have
SxT c (axp)HW).

Moreover, go € T (since S c §*). Further,

SxBHB(T)) c a™H(@(S) xBH(B(T)) = (axB) HaxB)(SXT) c (axB)~ (W),

whence, in view of the maximality of the set T, it follows that 8~1(8(T)) c T,
i.e., that the set T is saturated with respect to the map S.

Therefore, to complete the proof, we only need to prove that the set T is
open in the space Q.

To this end, we note that since the set (@ x8)~1(W) is, by assumption, open,
each of its points is its interior point and therefore for points p and ¢ there exist
(in the spaces P and Q, respectively) neighbourhoods S, (p) and T}, (¢g) such that

(P.q) € Sq(p) xTp(q) € (@ xB)H(W).

For each point g € T, all possible sets of the form S, (P) NS, p € S, obviously con-
stitute an open covering of the subspace S c P. Therefore, since this subspace is,
by construction, compact, there exists a finite system of points p1, ..., pn € S,
such that _
S c Uf‘zlSq(pi).
Let
T(q) = ﬁ?ﬂTp,— (9).
It is clear that the set T(gq) is open (in Q), contains the point ¢ and has the
property
pxT(q) c (axp)~ (W)
for any point p € U, S,(p:), and therefore, in particular, for any point p € S.

Therefore, T(q) C T, i.e. g € intT. Thus, the set T, as stated, is open. Thus,
the above statement is completely proven. O
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It is possible to specify other conditions under which the product of identi-
fication maps is an identification map. For example,

Proposition 1.79. if the identification maps @ : P — X and 8 : Q — Y are
locally countably compact, the spaces P and Q are Hausdorff, and the spaces X
and Y are regular, then the map

aXpB:PxQ —XXY
is an identification map.

Proof. Indeed, in this case the points py and go have (in the spaces P and Q,
respectively) saturated neighbourhoods §* and T* with respect to the maps «
and B, whose closures S and T are contained in the closed saturated countably
compact sets C Cc P and D c Q. Let

CocCic---CcCpC---.
DocDyc---cD,C---

be increasing sequences of compact subsets C,, ¢ P and D, c Q, whose free
unions are the sets C and D, respectively. Without loss of generality we can
assume that

Po € Co, qo € Do.

Note also that, since the spaces P and Q are, by assumption, Hausdorff, all sets
C, and D,, are closed.

First of all, for any n > 0 we will construct open sets S,, ¢ C, and T,, € D,
saturated with respect to the maps a|c, and B|p, (in the spaces C, and D,,
respectively) such that

Po €S, qo €Ty, Sn C Spaa, Tn C Tus1

and

Sy XTy C Wy, (1.80)
where
W, = (alc, X Blp,) " = (Cu X D) N (@ x B)~H(W).

To this end, we note that since the space C, is compact, the map a|c, is
locally compact. Therefore, the maps a|c, : C, — X and B|p, : D, — Y satisfy
the conditions of the previous proposition. Therefore, for any point (p,q) € W,
in the spaces C,, and D, there exist saturated (with respect to the maps a|c,
and B|p,) neighbourhoods Sg.n(p) and T}, ,,(q) of the points p and g such that

(-q) €Sy, (p) XT, ,(q) C Wy,

Furthermore, since the spaces X and Y are regular by assumption, the points
p and g have in the spaces C,, and D, saturated neighbourhoods S, .(p) and
Ty n(g) such that §q,n(p) c Sy .(p) and Tp,n(q) cT,.(q) (here we mean clo-
sures in the spaces C, and D,; however, since the subspaces C, and D, are
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closed, these closures coincide with the closures in the spaces P and Q). Thus,
for any point (p, g) € W,, we have constructed in the spaces C,, and D, saturated
neighbourhoods S, ,(p) and T, ,(gq) of the points p and g with respect to the
maps a|c, and B|p, such that

(P+q) € Sqn(P) XTp n(q) C Wi

In particular, for n = 0, p = pg, ¢ = go we obtain neighbourhoods

So =8q.0(p), To=Tp0(q)

of the points pg and g¢ (in the spaces Cyp and Dy) that have property (1.80).

Reasoning by induction, we assume that for some n > 0 neighbourhoods S,
and T,_; possessing property (1.80) have already been constructed. It is clear
that for any point g € T,_q all sets of the form S,_1 N Sqn(p), p € Sp_1, form
an open covering of the space S,—1. Since this space, being a closed subspace
of the compact space C,—1, is compact, there exists a finite system of points
P1s +--» Pn € S,_1 such that

Sn—l - Sq,ny

where

Sq,na = Ulesq,n(pi)'
Let

Tu(q) = N_1Tpn(q).

It is clear that the sets S, , and T,,(q) are saturated (with respect to the maps
@|c, and B|p, ), open (in the spaces C,, and D,) and have the property that

§q,n XTn(‘]) C Wh.

Moreover, g € T,(q), so that all possible sets of the form T, -1 NTn(q), q € Tn_1
form an open covering of the space T,,_;. Since the space T,_; (similar to the

space S,,_l) is compact, there exists a finite system of points g1, ..., gn € T,,_l
such that

Tn—l - Tna
where

T, = Uﬁlen(‘]i)~
It is clear that the set T,, together with the set

Sn = Niz1Sq;»

satisfies all the conditions imposed on the neighbourhoods of S, and T,,.
Thus, the neighbourhoods S, and T,, are constructed for all n > 0.
Now let

Seo = U

i=

150, Teo = U2 T
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It is obvious that the sets Se and T, are saturated (with respect to the maps
a and B, respectively), since the sets C and D are saturated by assumption. In
addition, pg € Se, g0 € Teo, and Seo X Too C (@ x 8)~1(W). Therefore, the sets

S=8"NSe, T=T"NT,
are also saturated and have the property that
(Po-q0) € SXT C (@ xB)'W,.

Therefore, to complete the proof, it remains only for us to show that the sets S
and T are open (in the spaces P and Q, respectively).

mLet us first consider the set S.. Since the set S, is open in the subspace
C,, then for any m < n the set S,, N Cy, is open in the subspace C,, c C,. On
the other hand, S, "Cm =S,, € S,,, N Cy,, for m > n. Therefore,

Seo N Cr = UL, (S N Cry)

for any m > 0 and this set is open in the subspace C,,. Since the space C is a
free union of subspaces C,, it follows that the set S, is open in the space C
and, therefore, the set S = §* N S« is open in the subspace S* ¢ C. But the
last subspace is open in the space P. Consequently, the set S is also open in the
space P.

The fact that the set 7 is open in the space Q is proved similarly.

Thus, the statement formulated above is completely proven. O

1.6 Topologies of identification, glued spaces, rel-
ative homeomorphisms

Let P be an arbitrary topological space and let
a:P—-X

be an arbitrary map of the space P onto some set X. We introduce a topology
into the set X, considering a subset A ¢ X to be open (resp. closed) if and
only if its complete preimage a~!(A) is open (resp. closed). We will call this
topology the identification topology (defined by the map «). It is the weakest
(i.e. containing the largest number of closed sets) topology of the space X in
which the map « is continuous.

It is clear that

Proposition 1.81. if the space X is equipped with the identification topology,
then the map « is an identification map in the sense of §1.5.

Conversely,

Proposition 1.82. if a topological space X has the property that a given sur-
jective map « : P — X is an identification map then the topology of this space
is the identification topology defined by the map a.
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In other words, the identification topology of the space X is uniquely deter-
mined by the requirement that the given map a be an identification map.

In most applications, the set X is the set of all classes under some equivalence
relation defined in the space P, and the map a : P — X is the natural projection
that associates with each point p € P its equivalence class. In this case, the
set x, equipped with the identification topology, is called the factor space of the
space P with respect to the given equivalence relation. However, the difference
between factor spaces and any spaces equipped with the identification topology
is essentially purely formal, since for any identification map @ : P — X there
exists on P an equivalence relation such that the corresponding factor space is
naturally homeomorphic to the space X. In this equivalence relation, the points
P1, P2 € P are equivalent if and only if

a(p1) = a(p2).

An important example of a factor space arises when considering an arbitrary
continuous map
f:A—>Y

of a closed subspace A of some topological space Z into a given space Y. Assum-
ing that the spaces X and Y do not intersect, we introduce in their topological
sum

P=XUY

an equivalence relation, considering that

1) points x1,x2 € X are equivalent if and only if either x; = x5 or x1,x2 € A and

fx1) = fx2);
2) points x € X and y € Y are equivalent if and only if y = f(x);
3) points y1,ys € Y are equivalent if and only if y; = y,.

We will denote the corresponding factor space of the space P by the symbol
XUyY and we will say that it is obtained by gluing the space X along the subspace
A to the space Y by means of the map F.

The natural projection

a:P—->XUrY

is @ homeomorphism on the subspace Y ¢ P. Therefore, in the future we will, as
a rule, identify the space Y with its image a(Y), i.e. we will consider the space
Y as a subspace of the space X Uy Y:

YCXUpY.

It is easy to verify that the space Y is closed in the space X Uy Y.
Further, as is easy to see, the natural projection a is a homeomorphism on
the open set X \ A. Therefore, we can also assume that

X\ACXUfY.
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In this case
X\A=(XUrY)\Y,

so that the space X \ A is open in the space X Uy Y.
Thus, the space X Us Y can be considered as the union

XUrY=(X\A)UY

of two mutually complementary spaces X \ A and Y, the first of which is open
and the second is closed. In this connection, we will sometimes say that the
space X Uy Y is obtained by gluing the spaces X \ A and Y.

On the subspace A the natural projection a coincides with the map f.

It is customary to call a pair of spaces (or simply a pair) an arbitrary pair
(X, A) consisting of some topological space X and some of its subspace A. We
will call a pair (X, A) Hausdorff if the space X is Hausdorff, and compact if the
space X is compact and its subspace A is closed.

Let (X,A) and (Z,Y) be arbitrary pairs. By a map

§:(X,A) = (Z,Y) (1.83)

of a pair (X, A) into a pair (Z,Y) we mean an arbitrary continuous map g of
the space X into the space Y for which g(A) c Y. We will call the map (1.83) a
relative homeomorphism if it homeomorphically maps the subspace X \ A onto
the subspace Z \ Y. From the above properties of the natural projection

a:P—-XUfY
it immediately follows that
Proposition 1.84. the restriction
alx : X > XUpY

of the projection a on the space X is a relative homeomorphism of the pair (X, A)
onto the pair (X Uy Y,Y).

Relative homeomorphisms of the form «|x are identification maps, and the
subspace Y is closed for them. It turns out that in the class of all relative
homeomorphisms, maps of the form «a|x are uniquely characterised by these
properties up to homeomorphism, i.e.

Proposition 1.85. for every relative homeomorphism
8- (X’A)_ - (Z’Y)’

for which the subspace Y is closed in the space Z and the map g : X — Z is an
identification map, there exists a homeomorphism

h:XUrY—>Z, f=gla,
identical on the subspace Y such that

g=hoalx.
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Thus, if the specified conditions are met, the space Z can be considered as
the result of gluing the space X to the space Y along the subspace A by means
of the map f = g|a.

Remark 1.86. This formulation implies that X NY = @. Otherwise, the space X
should be replaced by a homeomorphic space that already has this property.

To prove the formulated proposition, we first note that the subspace A, being
the prreimae under a continuous map of the closed subspace Y, is itself closed.
Therefore (in view of the remark made above), the space XUV is defined. Let’s
consider the map

h:XUpY — Z,

coinciding on X \ A with the map g and identical on Y. It is clear that this
map is bijective and has the property that the map & o @ coincides on X with
the map g (and is the identity map on Y). From this, firstly, it follows that
the map h is continuous (since the map & o @ is continuous, and the projection
@ is an identification map). Secondly, since for any closed set C € X Uf Y the
intersection of the closed set (4o a) ' (h(C)) = @ '(C) c CUY with the space
X coincides with the set g~!(4(C), then, since the map g is an identification
map, the set g(C) is closed in Z. Consequently, the map A~ is also continuous.
Thus, the map h, as stated, is homeomorphic.

As we know, the condition on the map g is automatically satisfied if the
space X is compact and the space Z is Hausdorff. Moreover, it is clear that in
this case, for the space Y to be closed, it is sufficient that the space A is closed.
Thus,

Proposition 1.87. for any Hausdorff pair (Z,Y) relatively homeomorphic to
a compact pair (X,A), the space Z is homeomorphic to the space obtained by
gluing the space X to the space Y along the subspace A.

Generally speaking, the space X Uy Y may not be Hausdorff, even if the
spaces X and Y are Hausdorff. However,

Proposition 1.88. the space X Uy Y is Hausdorff if
1) the space X \ A is Hausdorff;

2) each point of the subspace X \ A has a neighbourhood whose closure does not
intersect the subspace A;
and either

3) the space Y is Hausdorff and any two disjoint open (in A) subsets of the
subspace A that are saturated with respect to the map f are cut out on A by
disjoint open subsets of the space X;
or

4) the space Y is completely Hausdorff and any two disjoint closed subsets of
the subspace A have disjoint neighbourhoods in X.
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Proof. Indeed, condition 1) obviously ensures the Hausdorff property (the ex-
istence of disjoint neighbourhoods) for any pair of distinct points of the space
X Uy Y belonging to the subspace X \ A, and condition 2) ensures the Hausdorff
property for any two points x € X \ A and y € Y. Therefore, we need to check
the Hausdorff property only for (distinct) points y1,ys € Y.

Let condition 3) be satisfied. Then the points y; and y; have in Y non-
intersecting neighbourhoods Vi and V,. The preimages f~(Vy) and f~1(Vs)
(possibly empty) of these neighbourhoods also do not intersect and are open
sets in A, saturated with respect to the map f. Therefore, according to the
condition, in X there exist open disjoint sets U; and Us such that

UinA=f(Vi), UsnA=f1(Va).
It is clear that the sets
(Ui \NA)uVy, (Ux\A)UuV,

are open in the space X Uy Y and do not intersect (since they serve as images
under the natural projection a : X UY — X Uy Y of non-intersecting, open, and
saturated sets with respect to the map « of U; UV; and U2 U V3). Since these
sets contain the points y; and ys, the Hausdorff property for these points is thus
completely proved.

Let condition 4) be satisfied. Then the points y; and y, have neighbourhoods
Vi and Vs in Y, the closures of which V, and V5 do not intersect. Let us consider

the sets V| = f~1(V1) and V, = =1 (V). Since V,  f~1(V1), Vy C £~1(V») and
Y (V) n f~1(Vy = @, then we have

V,nV,=a.

Thus, the sets V, and V., are disjoint closed subsets of the subspace A (recall
that A is assumed to be closed). Therefore, according to the condition, these
sets have disjoint neighbourhoods U; and Us in X. It is clear that the sets

(U1 \NA) UV, (U\A) UV,

are open in the space X Uy Y and do not intersect (since they serve as images
under the natural projection @ of non-intersecting, open and saturated sets
(U1 \A)U V{ UVy and (U \A)U Vé UV, with respect to the map «.) Since these
sets contain the points y; and ys, the Hausdorff property is thus proved in this
case as well. O

It is clear that conditions 1), 2) and 4) (in the part concerning the subspace
A) are automatically satisfied if the space X is normal. Therefore,

Proposition 1.89. if the space X is normal and the space Y is completely
Hausdorff, then the space X Uy Y is Hausdorff.

Remark 1.90. It can be shown that if the spaces X and Y are normal, then the
space X Uy Y is also normal. We will not need this fact.
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In the special case when the space Y consists of only one point yo (and,
consequently, the map f : A — Y automatically turns out to be constant),
the space X Uy Y is denoted by the symbol X/A and is called the result of
the contraction of the subspace A to the point yo. In this case, condition 4) is
obviously satisfied. As for conditions 1) and 2), they are certainly satisfied if
the space X is regular. Thus,

Proposition 1.91. if the space X is reqular, then for any of its closed subspaces
A the space X/A is Hausdorff.

Another important special case of gluing arises when considering an arbitrary

continuous map
f:X->Y.

Let X x 1 be a subspace of the product X x I, where [ is the unit segment [0, 1]
consisting of all points of the form (x,1), x € X, and let

fi: Xx1->Y
be the map into the space Y, defined by the formula

fi(x, 1) = f(x).

Let us consider the space
Zr=(XxI)UyY.

This space is called the mapping cylinder by f and, as we shall see later, plays
a fundamental role in the study of the homotopy properties of this map. Each
of its points either has the form (x,#), where x € X, 0 < < 1, or is a point y of
the space Y.

It is clear that condition 2) for the space Z; is always satisfied (a neighbour-
hood of the point (x,¢), x € X, 0 <t < 1, the closure of which does not intersect
the subspace X x 1 is, for example, any neighbourhood of the form X x [0, +¢),
where ¢ is any positive number less than 1 —7), and condition 1) is satisfied if
the space X is Hausdorff. Moreover, condition 4) (in the part not related to the
space Y) is also obviously always satisfied (open sets of the subspace X x 1 have
the form G x 1, where G are open sets of the space X; they are cut out from
X x 1 by open sets G X1 in X X I; if the sets G; X 1 and G5 X 1 do not intersect,
then the sets G; x 1 and G2 X I also do not intersect). Consequently,

Proposition 1.92. if the spaces X and Y are Hausdorff, then for any map
f:X =Y the space Zy is also Hausdorff.



Chapter 2

Homotopy equivalences

This chapter mainly sets out various criteria that allow, in some cases, to judge
whether a given continuous map will be a homotopy equivalence.

In the introductory §2.1, the basic concepts of the homotopy theory of contin-
uous maps are presented and the simplest connections between these concepts
are established. In particular, a simple but useful lemma is proved here, es-
tablishing conditions under which two homotopic maps that coincide on some
subspace are homotopic relattive to this subspace. At the end of this section, the
concept of a m-connected space is considered and some elementary properties
of such spaces are proved.

In §2.2, after a number of simple remarks on homotopy equivalences, a well-
known characteristic property of their cylinders is proved.

In §2.3 it is proved that (under certain conditions) the homotopy type of the
glued space X Uy Y depends only on the homotopy type of the space Y and the
homotopy equivalence class of the map f.

In §2.4 the concept of weak homotopy equivalence is introduced and in con-
nection with this a number of properties of homotopy groups are presented.
However, the detailed theory of homotopy groups remains almost completely
outside the scope of our exposition (it is enough to say that we do not even use
their group operation here).

In §2.5 the concept of homotopy limit is considered (in both the “weak” and
“strong” versions) and it is proved that the limit of homotopy equivalences is
also a homotopy equivalence.

2.1 Homotopies and extensions of continuous maps

Each family
fi: X>Y, 0<r<l1, (2.1)

of continuous maps of a topological space X into a topological space Y defines
by the formula
F(x,t) = fi(x), xeX,tel,

49
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a certain map
F:XxI—>Y (2.2)

into the space Y of the product X x I of the space X and the unit segment
I = [0,1]. We will call the family (2.1) a homotopy of maps of the space X
into the space Y if the corresponding map (2.2) is continuous. It is clear that,
conversely, any continuous map (2.2) defines some homotopy (2.1).

We will call the map fy the initial map, and the map f; the final map of
homotopy (2.1).

In what follows, we will often have to consider not separate spaces X and Y,
but pairs (X,A) and (Y, B), where A and B are some subspaces of the spaces
X and Y respectively. In this case, we will be interested, as a rule, only in

homotopies of the form
fi: (X,A) - (Y,B),

i.e., homotopies (2.1) for which

fi(A)c B

for any t € I. We will call such homotopies homotopies of pair maps.
Maps
f.g: X—>Y

(or maps f,g : (X,A) — (Y, B)) we will call homotopic (notation, f ~ g) if there
exists a homotopy
fi: X—>Y, 0<t<1,

(or, correspondingly, a homotopy f; : (X, A) — (Y, B) such that

fo=f, fi=g

i.e., that the map f is its initial, and the map g is its final map. In this case
we will also say that the maps f and g are related by a homotopy f; (notation

feif~8)
Each continuous map
f:X->Y

defines a certain homotopy
(Ip)i: X =Y, 0<r<1,

for which

(1) (x) = f(x)

for any x € X and t € I. We will call this homotopy a stationary homotopy of
the map f.
The homotopy relation is, as is easy to see, an equivalence relation, i.e. it is

reflexive since (15);: f ~ f,

symmetric if f;f ~ g, then fi_, : g ~ f,
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transitive if f; : f ~g and g, : g ~ h, then h; : f ~ h, where

h o= Jor for 0<t<1/2,
" g2 for 1/2<t<1.

Therefore, the set of all continuous maps X — Y (respectively, the set of all
continuous maps (X, A) — (¥, B)) splits into disjoint homotopy classes consist-
ing of pairwise homotopic maps. We will denote the set of all homotopy classes
of maps X — Y by the symbol [X,Y], and maps (X,A) — (Y, B) by the sym-
bol [(X, A), (Y,B)]. We will denote the class containing a given map f by the
symbol [f].

For any two homotopies

i X->Y, g:Y—>Z 0<r<1,

the family of maps
hi=giofi: X =2, 0<t<1,

is also, obviously, a homotopy. It follows that

Proposition 2.3. if the maps fo : X — Y and go : Y — Z are homotopic,
respectively, to the maps fi : X > Y and g1 : Y — Z, then the map go o fo :
X — Z is homotopic to the map g1 : X — Z.

In other words,
Proposition 2.4. for any maps
f:X->Y, g:Y—>Z
the homotopy class [g o f] € [X, Z] of the map
gof:X—7Z

depends only on the homotopy classes [ f] € [X,Y] and [g] € [Y, Z] of the maps
f and g, respectively.

In particular, for any space Z and any continuous map
f:X—>Y

the formula
flel =1[foel, ¢v:Z-oX,
uniquely determines some map of sets

f[Z2,X] - [Z,Y].

We will say that the map f. is induced by the continuous map f.
Similar statements hold, of course, for maps of pairs.
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Recall that the map
f:X->Y
is called the extension of the map
gAY,
where A is some subspace of the space X, if
f(a) =g(a)

for any point @ € A. In this case, we also say that the map g is a restriction of
the map f on the subspace A and write

g = fla.
Otherwise, we can say that

g=foi
where

i:A—>X

is an inclusion map, i.e. a map defined by the formula
i(a)=a

for any point a € A. In what follows, we will indicate that some mapi: A — X is
an inlusion map by replacing the symbol “—” with the symbol “C”, i.e. instead
of i : A — X we will write

i:AcCX.

A map
r: X —A

of a space X onto its subspace A is called retractive if it is an extension of the
identity map

1a:A—> A,
ie., if
roi=1gk,
or, in other words, if
r(a) =a

for any point a € A. In this case, we will write
r:X>A.

Subspaces A of X for which retractive map r : X D A exist are called its
retracts. For a retractive map (or retraction, for short) r : X — A the set A
coincides with the set of all fixed points of the map i o r. Therefore,

Proposition 2.5. every retract A of a Hausdorff space X is closed in X.
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It is easy to see that

Proposition 2.6. a space A of a space X is a retract of it if and only if for any
space Y each map g : A — Y admits an extension f: X — Y.

Proof. Indeed, if any map g : A — Y can be extended, then, in particular,
the identity map 14 : A — A can also be extended. Conversely, if there exists
a retractive map r : X — A, then for any map g : A — Y the composition
gor:X — Y will be an extension of the map g. O

The concept of the extension of maps is closely related to the concept of
a homotopy of maps, since for any homotopy f; : X — Y connecting the map
f: X — Y with the map g : X — Y, the corresponding map F : X X1 — Y is
an extension to the space X X I of the map (X x0) U (X x1) — Y, which maps
each point (x,0), s € X, to the point f(x), and each point (x,1), x € X, to the
point g(x).

A pair (X, A) is said to satisfy the aziom of homotopy extension if for any
space Y, any map f : X — Y and any homotopy g; : A — Y of the map g = f|a
there exists a homotopy f; : X — Y such that fy = f and fi|a = g; for any ¢ € I.
The significance of this axiom is primarily that for pairs (X, A) subject to it,
the property of the map g : A — Y to allow the extension f : X — Y depends
only on the homotopy class of the map g, i.e., together with the map g, each
homotopic map g : A — Y can be extended to the entire space X.

Examples of pairs satisfying the axiom of homotopy extension are given
below.

It is clear that

Proposition 2.7. if the pair (X, A) satisfies the aziom of homotopy extension,
then the subspace (X X 0) U (A X I) of the product X X I is its retract.

Proof. Indeed, the homotopy f; constructed for the identity map 1x : X — X
and the stationary homotopy (1;); : § — X of the inclusion map i : A € X
obviously defines a retracting map X X I — (X X 0) U (A X I). O

If the subspace A is closed in the space X, then the converse is also true, i.e.

Proposition 2.8. if the subspace (X X 0) U (A X I) of the product X X I is its
retract, and the subspace A is closed in the space X, then the pair (X, A) satisfies
the axiom of homotopy extension.

Proof. Indeed, the problem of constructing a homotopy f; is equivalent to the
problem of extending to the entire space X X I the map

G:(XxX0U(AXI) —Y,

defined by the formula

Gl - {f(x), it 1=0.
g: (%), if xeA
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(for closed A the space (X x 0) U (A X I) is obviously a free union of the spaces
X x0 and A x I and therefore this map is continuous). Therefore, if the space
(X x0)U(AXxI) is a retract of the space X X I, then the homotopy f; exists. O

In connection with the last statement, it is useful to keep in mind that

Proposition 2.9. if the space X is Hausdorff and the subspace (X X0)U (AXI)
of the product X X I is its retract, then the subspace S is closed in the space X.

Proof. Indeed, then the subspace (X x0)U (A x1) is closed in the product X x 1
and therefore the set

AX1=[(XxX0UAXD]IN(Xx1)
is closed in the space X x 1. O

Thus,

Proposition 2.10. if the space X is Hausdorff or if the subspace A is closed,
then the pair (X, A) satisfies the aziom of homotopy extension if and only if the
subspace (X X 0) U (A X I) is a retract of the product X X I.

Remark 2.11. The property of a pair (X, A) to satisfy the axiom of homotopy
propagation is mainly local in nature, i.e., it is essentially determined by the
structure of the space X in some neighborhood of the subspace A. The precise
meaning of this statement can be given in many different ways. For example, it
is easy to prove that

Proposition 2.12. a pair (X, A) (with closed A) satisfies the axiom of homotopy
extension if and only if the subspace A is functionally closed and there exists a
homotopy f; : X = Y and a function ¢ : X — I equal to zero on the subspace A
such that

fox)=x, xeX,
fila)=a, (a,t)eAXI,
fix) e A, if ox) <1

It can also be shown that

Proposition 2.13. a pair (X, A) (with closed A) satisfies the axiom of homotopy
extension if and only if there exists on the space X a continuous non-negative
function ¢ equal to zero on the subspace A, and a map F into the space X of
the subspace of the product X X I consisting of all points (x,t) for which

0<1<o(x),
having the following properties:

F(x,0) =x, for any point x € X,
F(x,p(x)) €A, if ¢(x)<1.
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We will not need these statements and therefore we will not prove them here.
A homotopy
fi:X—>Y, 0<t<l,

will be called a homotopy relative to a subspace A C X if this homotopy is
stationary on A, i.e. if

Jila) = fo(a)

for any point a € A and any t € I. Accordingly, we will call the two maps
f,g: X—>Y

homotopic relative to A (notation f ~ grel A) if they are related by some ho-
motopy relative to A. Of course, for this it is necessary that

fla = gla,

i.e. that the maps f and g coincide on A. It is clear that homotopy relative to
A is also an equivalence relation, and therefore the set of all continuous maps
X — Y that coincide on A splits into disjoint homotopy classes relative to A.
The class containing the given map f : X — Y we will denote by the symbol
[f]rel A, and the set of all such classes - by the symbol [X,Y]rel A.

The properties of relative homotopy classes are similar to the properties
of the “absolute” classes discussed above. For example, any continuous map
f : Y — Z defines by the formula

fi([e]rel A) = [fogp]relA, ¢:X —>Y,

some map
fi: [X,Y]rel A - [X,Z] rel A.

If the space Y is Hausdorff, then any homotopy f; : X — Y that is stationary on
A will obviously also be stationary on the closure A of the subspace A. Conse-
quently, in this case we can, without loss of generality, consider the subspace A
to be closed.

The problem of constructing a homotopy relative to a closed subspace A is

equivalent to the problem of extending to the entire space X x I the map
F:(XxX0)UAXI]) —» (Xx1)—>Y,

defined by the formula

F(x,t) =

f(x), if r=0forxeA,
g(x), if r=1.

In what follows, to simplify the formulae, for any pair (X, A) we will denote
the subspace (X X 0) U (A X I)U (X x 1) of the space X x I (see Fig. 2.1) by the
symbol I(X, A). When A is closed, it is closed.

Note that if f|a = g|la and f ~ g, then, generally speaking, it cannot be
asserted that f ~ rel A. However,
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Figure 2.1:

Proposition 2.14. if the pair (X X I, 1(X, A)) satisfies the axiom of homotopy
extension and if
Haxy ~ Frel(A X UA X 1),

where H is the map X X I — Y corresponding to the homotopy h; : X XI — Y,
connecting the maps f and g, and F is the map AXI — Y corresponding to the
stationary homotopy (15); : A =Y, then

f~grelA

Proof. Indeed, we can extend the homotopy relative to AxX0U A X 1 connecting
the maps H|ax; and F to some homotopy

H I(X,A) =Y 0<t<]l,

assuming that
Ht(-x90) :f(x)9 Ht(-x7 1) :g(x)
for all r € I. It is clear that

HO|A><1 = H|A><1~

Therefore, since the pair X x I,1(X,A)) satisfies, by condition, the axiom of
homotopy extension, there exists a homotopy

F:XxI—Y, 0<t<l,

such that
Fo=H, Flixa=H, 0<r<L

Therefore, the map
Fi:XXI—->Y,

defines (by the formula f;(x) = Fy(x,)) a homotopy
fi: X—>Y, 0<tr<1,

relative to A, such that f; = f and f; = g. Consequently, f ~ grel A. O
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In what follows, continuous maps into a given space X of the unit n-dimensional
sphere S, n > 0 will be of great importance. In particular, we will be interested
in the conditions under which any such map is homotopic to a constant map,
i.e., a map to one point. In this connection, we first note that

Proposition 2.15. a map [ : S" — x is homotopic to a constant map if and
only if the map f can be extended to some map B — X.

Proof. Indeed, any homotopy
fi:S" > X,

for which fy = f and fi(u) = xo for any point u € S", where x( is some fixed
point of the space X defines by the formula

Fou)=fi_,(u), 0<v<l ues
a continuous map F : B! — X, for which
Flgn = f.
Conversely, any such map F : E"*! — X defines by the formula
fiw)F(1-Hu), 0<t<1, ues"
a homotopy f; : S" — X for which fy = f and fi(u) = xo, where xg = F(0). O
Thus,
Proposition 2.16. for any space X the following properties are equivalent:
1) any map f : S" — X is homotopic to a constant map;
2) any map f:S" — X can be extended to some map F : E"! — X,

Spaces with these properties we will call n-aspherical. Property 2) for n =0
is obviously equivalent to the path-connectedness. Thus,

Proposition 2.17. a space X is 0-aspherical if and only if it is path-connected.

Spaces that are n-aspherical for all non-negative n < m will be called m-
connected.
It is easy to see that

Proposition 2.18. the open unit interval (0,1) (as well as the closed segment
I =10,1]) is an m-connected space for any m > 0.

This statement follows immediately from Tietze’s theorem (see §1.3), since
the ball E"*! is a normal space. However, it is easy to see that for each n > 0 the
extension F : E"*! — (0,1) of an arbitrary map f : S — (0,1) can be defined
by the formula

F(vu) =

1 2 -1
W, 0<v<l uesS"

It is equally easy to see that
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Proposition 2.19. the topological product X XY of two m-connected spaces X

and Y is also an m-connected space.

Proof. Indeed, let
f:8" > XxY

be an arbitrary map of the n-dimensional (n < m) sphere S" into the product
X x Y. Assuming for any point u € S",

fu)=(fi(u), f2(w),  fi(u) € X, fo(u) €Y,
we obtain two (obviously continuous) maps
fi:"> X, fo:8"->Y.

By the condition, these maps can be extended to maps

Fi:E"' 5 X, F:E" >y,
It is clear that the formula

F(v) = (F1(v), F2(v)), v €E"™,
then defines a continuous map

F:E" - XxY,
which is an extension of the map f. O
Comparing the proved statements, we obtain, in particular, that

Proposition 2.20. for any m-connected space X the space X X (0,1) is also
m-connected.

2.2 Homotopy equivalences and deformation re-
tracts

Let X be an arbitrary space. Each homotopy
&:X—>X, 0<r<l,

for which & = 1x, we will call the deformation of the space X. A continuous
map
h:X—->X

we will call homotopically identical if it is homotopic to the identity map 1x of
the space X, i.e. if there exists a deformation & : X — X of the space X such
that & = h. A continuous map

f:X->Y
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will be called a homotopy equivalence if there exists a continuous map
g: Y- X,
such that both maps
gof:X—-X, fog:¥Y—>Y

are homotopically identical. In this case, the map g is also a homotopy equiv-
alence. We will call it the homotopy equivalence inverse to the equivalence f.
Since the equivalence f is in turn inverse to the equivalence g, we will some-
times call the equivalences f and g mutually inverse. It is clear that any map
that is homotopic to a homotopy equivalence is also a homotopy equivalence.
We will call spaces X and Y homotopically equivalent if there exists at least one
homotopy equivalence f : X — Y.
It is obvious that the composition

foofi: X—>Z

of two homotopy equivalences f; : X —» Y and f; : ¥ — Z is also a homotopy
equivalence. Therefore, the relation of homotopy equivalence of spaces is transi-
tive. Since it is obviously reflexive and symmetric, the totality of all topological
spaces decomposes into homotopy types of pairwise homotopy equivalent spaces.
A continuous map
f:X—>Y

we will call homotopically injective (resp. homotopically surjective) if there ex-
ists a continuous map such that the composition go f : X — X (resp. the
composition fo : ¥ — Y) is homotopically identical. It is clear that any ho-
motopy equivalence is a map that is both homotopy injective and homotopy
surjective. It turns out that the converse is also true, i.e.

Proposition 2.21. a map f : X — Y is a homotopy equivalence if and only if
it is homotopy injective and homotopy surjective.

Proof. Indeed, let the map f be homotopically injective and simultaneously
homotopically surjective, i.e. let there exist maps

g1: Y- X, g:Y-—>X,

such that
giof~1x, foga~ly.
Then
fogi~(fogi)o(foga)=/fo(griof)oga~foga~1y
and similarly
g20 f ~1x.
Therefore, the map f is a homotopy equivalence and each of the maps g; and
g2 is a homotopy equivalence inverse to the equivalence f. O
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Note that the above argument has a general, “purely categorical” character.
Similar general considerations show that if for the map f : X — Y there exist a
space Z and a map h : Z — X such that the composition f o & is a homotopy
equivalence, then the map f is homotopy surjective. Similarly, if there exist a
space Z; and a map h; : ¥ — Z; such that the composition #; o f is a homotopy
equivalence, then the map f is homotopy injective. Thus,

Proof. if for the map f : X — Y there exist maps h: Z —» X and hy : Y — Z;
such that the compositions f o h and h; o f are homotopy equivalences, then
the map f is also a homotopy equivalence. O

Let the spaces X and Y be homotopically equivalent to the spaces X and Y,
respectively. Continuous maps

f:X-Y, f:X oY
we will call homotopically equivalent if there exist homotopic equivalences

0:X>X, y:Y oY,

such that
pof~fop
i.e. if the diagramme
X ;> Y
wl lw
X’ ﬁ YI
f

is homotopically commutative. Denoting by
X 55X, ¢y Y oY

the homotopy equivalences inverse to the equivalences ¢ and i, respectively, we
immediately obtain that this condition is equivalent to both the condition

f~¥of ogp
and the condition
pofop ~f
It is clear that a map that is homotopically equivalent to a homotopically
injective (resp. surjective) map is also homotopically injective (resp. surjective).
A trivial example of homotopy equivalence is an arbitrary homeomorphic
map f : X — Y. This shows that all the concepts introduced above are topo-
logically invariant.
Less trivial make-ups of homotopy equivalences arise when considering re-

tractive maps
f:XDA.
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A subspace A is called a deformation retract of the space X if there exists a
retractive map r : X O A that is a homotopy equivalence. Since, by definition,
roi = 1,4, the retractive map r is necessarily homotopy injective. Therefore, it is
a homotopy equivalence if and only if it is homotopy injective, i.e., when there
exists a map k : A — X such that kor ~ 1x. As we have seen, in this case both
maps i and k are necessarily homotopy equivalences, inverse to the homotopy
equivalence r. In particular, the condition i o r ~ 1x will be satisfied. Thus,

Proposition 2.22. for a retracting map r to be a homotopy equivalence, it is
necessary and sufficient that the composite map

ior: X —X
be homotopy identical.

Moreover,

Proposition 2.23. for any deformation retract A the inclusion map i : A C X
is a homotopy equivalence.

Note that the converse is generally not true.
We obtain an important example of a deformation retract by considering
see §1. e cylinder Z¢ of an arbitrary continuous map
1.6) the cylinder Z¢ of bit b

f:X->Y.
Namely, as we will now show,
Proposition 2.24. the subspace Y of the space Zy is its deformation retract.
Proof. To this end, for any 7 € I we define the map
priZly—>Zy, 0<7<1,
of the space Zy into itself, putting

pc(x,t)=(x,t+717-71), x€X,0<t<1,
pc(y) =y, yeY.

(In the first of these formulae, as in similar cases below, the symbol (x,1) is
understood to mean the point f(x) € ¥.) The maps p, constructed in this
way obviously constitute a homotopy (i.e. the corresponding map Zy xI — Z¢
is unique and continuous). In addition, pg = 1z, i.e. this homotopy is a
deformation of the space Z;. Finally, for the map

p1:Zf—>Zf

the formula
piL=jop,
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holds, where
Jj:Y CZy,

is the inclusion map, and
p:ZsDY

is the retracting map of the space Z onto its subspace Y, defined by the formulae
p(x,t)=f(x), xeX,0<r<1,
p(y) =y, yeYr.
Since p o j = 1y, the above statement is thus completely proven. O
Another remarkable property of the space Zy is that
Proposition 2.25. the map
jof:X =z

is homotopic to the map
i: X—>Zf,

defined by the formula
i(x) =(x,0), xeX.

Proof. Indeed, the formula
ii(x)=(x,0), xeX,0<r<1,
defines, as is easy to see, a homotopy
i X - Zf,
connecting the map f with the map jo f. O

Since the inclusion map j is, as proved, a homotopy equivalence, this propo-
sition means that the maps i and f are homotopy equivalent. On the other hand,
identifying each point x € X with the corresponding point i(x) = (x,0) € Zy, we
can assume that

itXcCzy.

Thus, it is proved that

Proposition 2.26. for any map f : X — Y there exists a space Zy homotopi-
cally equivalent to the space Y and containing the space X such that the map
f X — Y is homotopically equivalent to the inlclusion map i : X C Zy.

Since a map homotopically equivalent to a homotopy equivalence is itself a
homotopy equivalence, it follows from this statement that

Proposition 2.27. if a subspace X of Zy is its deformation retract, then the
map f is a homotopy equivalence.
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It turns out that the converse is also true, i.e.

Proposition 2.28. for any homotopy equivalence f : X — Y the space X is a
deformation retract of the space Zy.

Proof. Indeed, let
g:Y—-X

be a homotopy equivalence inverse to the homotopy equivalence f, and let
& X—>X, o Y->Y
be deformations of the spaces X and Y, respectively, such that
§1=gof, m=fog
For any point z € Zy and any 7 € I we set
(x,t+47(1-1)) for 0<7<1/4,
Nar—1(f(x)) for 1/4<7t<1/2,

(g(f(x)),3—-47) for 1/2 <7 <3/4,
E1+(1-1)(3-47) for 3/4<7<1,

q.(z) =

if z=(x,1), xinX,0<t<1, and

y for 0<7<1/4,

Nar-1(y) for 1/4<t<1/2,
O 0.3 -40) for 12573/,

g(y) for 3/4<t<1,

ifz=yeY.
It is easy to verify that the family

qT;Zf—>Zf, 0<t<l,

defined in this way is a homotopy (recall that according to the results of §1.6,
the map a x1; : [(XXTUY]XI — Zyx I, where o : (XXI)UY — Z is the
natural projection, is an identification map). Since, in addition,

q0 =1z,

thus the homotopy ¢- is a deformation of the space Z;.
On the other hand, the map

q1:Zy > Zy
obviously has the form
q1 =104,
where g is the map Zy — X defined by the formulae
glx, 1) =&(x), xeX, 0<r<1,
q(y) =g(y), yeY.

Since g oi = 1x the above statement is thus completely proven. O
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2.3 Homotopy type of glued spaces

Let X and Y be topological spaces, A be a closed subspace of X and f: A —>Y
be a continuous map of the subspace A into the space Y. Then (see §1.6) the
space X Uy Y is defined, obtained by gluing the space X along the subspace
A to the space Y by means of the map f. In this section we will show that
for a sufficiently “good” pair (X,A) the homotopy type of the space X Uy Y
depends only on the homotopy class of the map f and the homotopy type of
the space Y. In other words, for any map g : A — Y homotopic to the map f,
the space X Ug Y is homotopically equivalent to the space X Uy Y, and for ny
space Z homotopically equivalent to the space Y, the space X Ujor Z, where h is
an arbitrary homotopy equivalence ¥ — Z, is homotopically equivalent to the
space X Uy Y.
First of all, we will show that

Proposition 2.29. if a pair (X, A) has the property that both it and the pair (XX
1,1(X, A)) satisfy the axiom of homotopy extension, then for any two homotopic
maps

f.g:A—>Y
the spaces X UrY and XUy Y are homotopy equivalent, and the homotopy equiv-
alence X UpY — X Ug Y can be chosen in such a way that on the space Y it is
the identity map.

Proof. Let
fi:A—>Y, 0<t<l1,

be an arbitrary homotopy connecting the map f with the map g. First, we
extend this homotopy to some homotopy of the space UY into the space X U;Y.
Since the natural projection

a:XUY > XUrY

on the subspace A C Y coincides with the map f : A — Y and since the pair
(X, A) satisfies, by hypothesis, the axiom of homotopy extension, then there
exists a homotopy

@ X > XUpY, 0<t<I,

such that
oy =alx, af = fi.

Putting

a, on X,
ay = 0<t< 15
ly on Y,
we obviously obtain a homotopy
a : XUY - XUpY, 0<t<1,

for which
Qo = «a, atlA = ﬁ
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Since the homotopy @, has the property that

aila =g,

the map
77=a/10,8_1:XUgY—>XUfY,

where
B:XUY > XUy Y

is the natural projection, is a single-valued map. Moreover, since the map
@y =nop

is continuous, and the map B is an identification map, the map 7 is continuous
(see §1.5). On the space Y this map is identical:

nly = 1y.

Let us now construct the “inverse” map X U, Y — X U¢ Y. By the same consid-
erations as above, there exists a homotopy

Bi:XUY - XU, Y, 0<r<l,

such that
Bo =B, PBrla= fi-s,
and
:BtlY =1y.
Since B1]a = f, then, setting
E=proal,

we obtain a single-valued continuous map
E:XUpY 5 XU, Y,

for which, as for 7,
Ely = 1y.

The above statement will obviously be proved if we show that the maps &
and n are mutually inverse homotopy equivalences. With this in mind, for any
number r € I we set

oo, if 0<r<1/2,
e noBa-1, if 1/2<tr<1.

Since a1 =1 o By, then we thereby obtain some homotopy

Vi XUY > XUpY, 0<1<1,
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for which
Yo=a, vyi=noéoa.

The homotopy vy, is not, generally speaking, a homotopy relative to A, be-
cause
it 0<r<1/2,

,yl — f2[7
M fon, i 12<r<L

Nevertheless, the map A x I — X Uy Y corresponding to the homotopy y;|a, as
is easy to see, is homotopic relative to AX0UA X1 to the map AxI — XUY,
which maps each point (a,f) € A X I to the point @(a) € X Uy Y, i.e., which
defines a stationary homotopy of the map a|4. The corresponding homotopy

Ho:AxI—XUpY, 0<t<1,

can, for example, be defined by the formula

Jar(i-7)(a), if 0<r<1/2,

H (a,t) =
(@0 {f2(1—z)(1—f)(a), if 1/2<r<1.

where (a,1) is an arbitrary point in space A X I. Therefore, according to the
statement proved in 2.14 (the conditions of applicability of which are fulfilled),
the maps @ and 1 o £ are also homotopic relative to A. The corresponding
homotopy

Yi:XUY > XUsY, 0<r<1,

relative to A has the property that
Yila=f

for any t € I. Therefore, the formula

h,:y:oa_l, 0<r<l1,
uniquely defines a certain homotopy

he:XUpY — XUpY
(recall that by the results of §1.5 the map
ax1lp: (XUY)XI— (XUpY)xI

is an identification map), which, obviously, has the property that

ho =1xu,y, hi1=moé.

Therefore, the map
noé:XUsY > XUsY

is homotopy identical.
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Since the maps f and g are completely equivalent, then, by symmetry con-
siderations, the map
Eon:XUgY > XUgY
is also homotopy identical.

Thus, the proposition formulated above is completely proven. O

Let us now prove that the homotopy type of the space X Uy Y does not
change even when the space Y is replaced by a space homotopically equivalent
to it. More precisely, we will prove that

Proposition 2.30. under the same assumptions on the pair (X,A) as above,
any homotopy equivalence f : Y — Z can be extend to some homotopy equiva-
lence

H:XUfY—>XUhOfZ.

Proof. Let
g:Z-Y

be the homotopy equivalence inverse to &, and let

H=p"lohoa:XUsY — X Upes Z,
G:a/ogoﬂ_l :XUhon—)XUgohon’

where, respectively,

h=1xUh:XUY > XUZ,
g=1xUg:XUZ—> XUY,

a:XUY - XUrY,

’

a :XUY—)XUgohOfY,
ﬁ:XUZ—)XUhOfZ,
are the natural projections. Since
Bohla=pla=hof, @ ogla=ala=gohof,

then the maps H and G are single-valued and continuous.
Since the map
goh:Y —>Y

is homotopically identical (i.e., has the form o where
oY —>Y

is some deformation of the space Y), the map foho f: A — Y is homotopic
to the map f : A — Y, and therefore, according to the previous proposition,
the spaces X Uy Y and X Ugonor Y are homotopically equivalent. Moreover, from
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the construction imposed in the proof of the last proposition it follows that the
homotopy equivalence
U:XUgohch—>XUfY

connecting the spaces X Ugopor ¥ and X Uy Y, can be defined by the formula
— -1
n=aio(a),
where @, is a finite map of some homotopy

@ :XUY > XUsY, 0<t<l,

for which
@ =a, ala=oiof,
and
aly = ly.
Therefore, the formula
k[:{aoﬁgt, if 0<r<1/2
@y_10g0oh), if 1/2<t<1.

where
Et=1xu0't.XUY—>XUY, OSISL

defines some homotopy
ki:XUY > XUpY, 0<t<l,

connecting the map
ko =aoog=«a

with the map B
ki =ajogoh=noGoHoa.

In this case

a, if 0<r<1/2,
ktlA: .
@or_1, if 1/2<t<1,
i. e,
fs if 0<r<1/2,
kllA = .
o9-1 0 f, if 1/2<t<1.

Therefore, assuming
ki=koa™, 0<t<I1,

we obtain a deformation

ki :XUpY > XUpY, 0<r<1,
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of the space X Uy Y, connecting the identity map of this space with the map
noGoH.

Thus, the last map is homotopy identical and therefore the map H is ho-
motopy injective, and the map 7 o G, and therefore the map G, is homotopy
surjective.

Similarly (taking the maps ho f and g as the maps f and h respectively), we
obtain that the map G is homotopy injective. Consequently, the map G, and
therefore the map n o G, is a homotopy equivalence. But then the map H will
also be a homotopy equivalence. To complete the proof, it remains to note that

Hly =h.

2.4 Homotopy groups and weak homotopy equiv-
alences

Let n > 0 and let ug be a point (1,0, ..., 0) of the unit n-dimensional sphere S".
Let, further, xg be an arbitrary point of the topological space X. The subject
of our study in this section will be continuous maps

("2 (Sn’uO) - (X’XO)

of the pair (S",ug) into the pair (X, xg). The set [(S", ug), (X,x)] of all homo-
topy classes of such maps relative to xo will be denoted by the symbol

ﬂ'n(X;xO)-

The class of the constant map S" — xo we will denote by the symbol 0y, (or
simply 0) and we will call it the zero of the set 7, (X;xo).

It is clear that the set mo(X;xp) is naturally identified with the set mq(X)
of the path-connected components of the space X. With this identification,
the zero O, of the set mo(X;xo) corresponds to the component of the space X
containing the point xq.

We will call a map of one set of the form m,(X;xg) into another such set a
homomorphism if it maps zero to zero. We will call an injective homomorphism
a monomorphism, a surjective homomorphism an epimorphism, and a bijective
homomorphism an isomorphism.

Remark 2.31. For n > 0, an algebraic operation can be introduced into the set
7t (x5 X0), with respect to which this set turns out to be a group (for n > 1, even
an Abelian group) with zero element Oy,. This group is called the n-th homotopy
group of the space X at the point xo. In what follows, we will also adhere to
this terminology (even for n = 0), although we do not need the mentioned
operation, and we will neither define nor consider it. All homomorphisms of
homotopy groups considered below will in fact be homomorphisms in the usual
group-theoretical sense. We will also ignore this fact.
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According to what was said in §2.1, any continuous map
f:X->Y
defines by the formula

fe(lelreluo) = [f o ¢] relu,

where ¢ is an arbitrary map (S",Uy) — (X;xg), some map

feo im(X5x0) = ma(Ysy0),  yo = f(xo).

This maps zero Oy, to zero 0Oy, i.e. is a homomorphism (in the sense indicated
above). In those cases where it is necessary to explicitly indicate the point xg,
we will denote this homomorphism by the symbol f; .

It is clear that if f = 1x, then f, = 1, (x.x,), and that for any maps f : X — Y
and g : Y — Z we have

(80 f)e=8xofo

In the language of category theory, this means that the pair (r,(X;xg), f) is a
covariant functor.

We will not present here all the numerous properties of homotopy groups
- this would take us too far from the main topic. We will limit ourselves to
only those properties of these groups that will be needed later. In this case,
for any n > 0 we will represent the sphere S" as a union of two hemispheres
- the “lower” hemisphere E" consisting of all points u = (u!, ..., u"™) € 7,
for which u"*! < 0, and the “upper” hemisphere E”, consisting of all points
u=(u, ..., u™?) €S for which u"*! > 0. The intersection E" N E" of these
hemispheres is the equator u"*' = 0 of the sphere S", which we will identify with
the sphere S"~1. The projection

w:S"— E",
defined by the formula
w, ., u™Y) =l L uh),

is, obviously, a homeomorphism on each of the hemispheres E” and E?}. We will
denote these homeomorphisms by the symbols w_ and w.., respectively.
In what follows we will constantly use the fact that

Proposition 2.32. pairs (S",ug), (S",E}), (S"XI(S", ug)) and (S"xI(S",E}))
satisfy the axiom of homotopy extension.

This fact is a special case of one general statement, which we will prove in
§3.4; see Remark 3.56. Therefore, we will leave it here without proof. We will
not use the results of this section until §3.6.

We also note that any vector v € E" can be “related to a point ugy”, i.e.
represented in the form

v =ug+ (u—ug)r,



2.4. HOMOTOPY GROUPS AND WEAK HOMOTOPY EQUIVALENCEST1

where u € §"7! and 0 < r < 1. In this case, the number r is determined by the
vector v uniquely. The vector u is also determined uniquely, if only v # ugy. In
addition, for v # u( the number r is nonzero (and for v = ug it is zero). To
simplify the formulae, we will henceforth denote the vector v = ug+(u—ug)r € E*
by the symbol [u,r], and the vectors w;!(v) € E? and w>!(v) € E" by the
symbols [u,r]+ and [u,r]-, respectively.

First of all, we will find out under what conditions the two maps

f.g:E">X

of the ball E" into the space X, coinciding on its boundary $"~!, are homotopic
relative to $"71.
For this purpose, to any two such maps f and g we assign a map

p: 8" > X

of the sphere S" into the space X, “glued” from maps f and g, considered as
maps of the hemispheres E} and E", i.e. defined by the equalities

gen = fow-, ¢mr=fow,.

By hypothesis, f|gn-1 = g|gn-1 and, therefore, the map ¢ is uniquely defined
and continuous. The element [¢] of the group n,(X;xp), where xg = ¢(ug)(=
f(ug) = g(ugp)), defined by the map ¢, we will call the element distinguishing
the maps f and g, and denote it by the symbol §(f, g).

It is easy to see that any element of the set 7, (X;x() can serve as an element,
that distinguishes some map from a given one. Namely,

Proposition 2.33. for any map
g:B"—>X

and any element a € m,(x;x0), where xo = g(ug), there exists a map

f:E" > X,
such that

flsn = glsn
and

o(f.8) =a.

Proof. Indeed, let
("2 (Sn’uO) - (X’XO)

be an arbitrary map of class @. Obviously, on the hemisphere E7} the map ¢ is
homotopic relatve to ug to the map g o w,. And the corresponding homotopy

¢ Bl - X
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can be defined, for example, by the formula

o([u,(1-20)r]y), if 0<r<1/2,

erllaerle) = {f([u,(?t— Drl), i 1/2<r<1,

where [u,r]; is an arbitrary point of the hemisphere E}; the essence of the
matter here is that the hemisphere E} can be contracted in itself to the point
uy and therefore any map of this hemisphere is homotopic to the constant map,
so that any two maps are homotopic. Since the pair (S",E") satisfies, as was
said, the axiom of homotopy extension, it follows that the map ¢ is homotopic
relative to ug to a map

v:S" - X

such that y|gr = g o w,. But then it is clear that the map
f=vYlgmow ' 1 E" - X
has all the required properties. O

The significance of distinguishing elements d(f, g) for the problem of homo-
topy relative to S"~! of maps f and g is determined by the fact that

Proposition 2.34. if for maps coinciding on S"!
f.g:B"> X,
there exists a map
h:E" > X, hlgi-1 = flgn-1 = glgn-,

such that
o(f,h)=6(g.h),

then the maps f and g are homotopic relative to S".

Proof. To prove this statement, we consider the maps
%0, 1 : " = X,
defined by the formulae
@olen = fow-, ilgn =gow-, woler = p1ler = how,.
As is easy to see, it is enough for us to prove that
%o ~ ¢1rel EY. (2.35)
Indeed, for any homotopy ¢; : ¢o ~ ¢1 rel E} the family of maps

gilenow  E" > X, 0<t<1,
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will be a homotopy relatiive to S"~!, connecting the map f with the map g.

By hypothesis, 6(f, h) = 6(g, h), so that the maps ¢y and ¢; are homotopic
relative to uy. Having chosen some homotopy relative to uy that connects the
maps ¢ and ¢1, we consider the map

O:S"xI—>X

of the product E} x I into the space X corresponding to this homotopy. Let, in
addition,
Y. EIxI—>X

be a map of the product E} x I into the space X defined by the formula
Y(u,1) = go(u) = (how,)(u), (u)€BEL,0<r<1.
According to Proposition 2.14, it is applicable, since the pair (S" x I, I(S", E))

satisfies the axiom of homotopy extension, to prove relation (2.35) it is sufficient
to show that

@plgrxs ~ Prel(B} x OUEY x 1).

For any 7 € I and any point ([u,r]s,7) € E? X I, where u € S"~1, r,t € I, we set
(see Fig. 2.2)
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Figure 2.2:
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O ([u, =354, 55),  if 0<t<ir<i<l-rt,
h([u, 5=341), if r<t<l-1,0<t<1,
O, ([u,r]+,1) = { h(u), if L<r<ir r<r<it,
h ([, 2254]), if 1-r<r<rir<r<l,
h([u, 432541, if £f<r<ll-r<r<T

It is easy to verify (Fig. 2.2) that we thereby obtain a certain homotopy
O EixI—>X
relative to B} x 0 U E} x 1, for which
Dy = Dlgnyy, @ =Y.
The statement formulated above is thus completely proven. O

Remark 2.36. For the existence of a homotopy @ it is essential that the map
o is homotopic to the map ¢, relative to ug. If ¢g is simply homotopic to ¢,
then the homotopy ®,; may not exist.

Let us now consider the question of the dependence of the group n,(X;xo)
on the point xg.

Let xg and x; be two arbitrary points of the space X, which can be connected
in X by some path u : I — X. Since the pair (S",u() satisfies the axiom of
homotopy extension, then for any map

@ (8" up) — (X,x0)
there exists a homotopy
o :S" > X, 0<r<1,

such that ¢ = ¢ and ¢;(ug) = u(t) for each t € I. We will call this homotopy a
homotopy of the map ¢ along the path u.

We will call two paths u and v, connecting a point xg with a point x; equiv-
alent if they are homotopic relative to the points 0 and 1, i.e. if there exists a
homotopy

ur:I—- X, 0<7t<1,

consisting of paths connecting the points xy and x; such that ug = u and u; = v.
It turns out that

Proposition 2.37. if the maps
@, ¢ 1 (58", ug) — (X, x0)

are homotopic relative to ug, then for any two equivalent paths u and v connect-
ing a point xo with a point x1, and any two homotopies

oY ST =X
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of the maps ¢ and ¥ along, respectively, the paths u and v the pointed maps
©1, Wl : (Sn’ uO) - (X’-xl)
are homotopic relative to ug.

Proof. Indeed, let
& (8" up) = (X,x0), 0<1r<1,

be a homotopy relative to uy, connecting the map ¢ with the map ¢. It is clear
that the formula
$1-3¢» if 0St§1/3,

W =\ &3¢-1, if 1/3<t<2/3,
W3t-2, if 2/3<t<1,

defines a certain homotopy
w :S"—= X, 0<tr<1,
connecting the map ¢1 with the map . Let
Q:S"xI—>X

be the map of the product S"x[ into the space X corresponding to this homotopy
and let
Qi ugxIlI—- X

be the constant map of the segment ug x I into the point x; € X. Since the pair
(S"x1,1(S", ugp)) satisfies the axiom of homotopy extension, then, according to
the proposition proved in §point 2.1, to prove the relation

@1 ~Yyrelug
it suffices to prove that
Q|u0><1 ~ Q1 I‘e](llo X0Uuwug X 1),

i.e., the path
w:l—>X, w(0)=w(l)=x,

defined by the formula
u(l-3r), if 0<r<1/3,

w(t) = Q(uo, 1) = { xo, if 1/3<t<2/3,
v(3r—-2), if 2/3<r<1,

is equivalent to the degenerate path u,,, which is a constant map of the segment
I to the point x;.
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For this purpose, for any 7,7 € I we set (see Fig. 2.3)

u (35842) if 0<7<1/3,0<r< 32
X0, if 0<7<1/3,32 <r <207,
v (3Tt if0<7t<1/3,42<r<1,
we(t) = qu(l-21), if 1/3<71<2/3,0<t<1/2,
ug—3 (2t — 1), if 1/3<1t<2/3,1/2<t<1,
u(l-6t(1-1)), if 2/3<7t<1,0<t<1/2
u(l-6(1-1)(1-1)), if 2/3<7<1,1/2<1<1,

where u; : I — X, 0 < 7 <1, is a homotopy relative to the points 0 and 1,
connecting the path u with the path v. It is easy to verify that we thereby
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obtain a homotopy
w: I — X, 0<7l,

relative to the points 0 and 1, connecting the path w with the path u,,.
The above statement is thus completely proven. O

It follows directly from this statement that for any path u, connecting points
xo and x; the formula

u? (@) = [¢1] relug,
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where @ € 7, (X;xg), and ¢; is a pointed map of an arbitrary homotopy ¢, along
the path u of some map
@ (8", ug) = (X;x0)

of class @ uniquely determines some map
w70 (X;x0) = w0 (X;x1),
mapping zero Oy, to zero Oy, , i.e. being a homomorphism. At the same time,

Proposition 2.38. the homomorphism u? depends only on the equivalence
class of the path u, i.e. for any two equivalent paths u and v the homomorphisms
u® and v¥ coincide.

Now let u and v be paths of the space X such that

u(1) =v(0).
Then the formula
u(21), if 0<r<1/2,
w(t) = .
v(2t - 1), if 1/2<t<1,

defines, as is easy to see, a certain path
w:l—X,

connecting the point xo = u#(0) with the point x; = v(1). We will call this path
the product of paths u and v and will denote it by the symbol uv. It is easy to
see that

Proposition 2.39. the homomorphism
(W) ¥ 2 712(X;x0) = 700 (X; x2),
corresponding to the path uv, is a composition of v¥ - u# of homomorphisms
u? m(Xixo) = 1 (Xix1), v om(Xixg) = 1 (X x2),
corresponding to the paths u and v.

Proof. Indeed, for any homotopy ¢; along the path u of an arbitrary map
¢ : (S",up) — (X;x0) and any homotopy ¥,, along the path v of an arbitrary
map

Y (8" ug) = (X;x1)

the formula

Wy =

e(21), if 0<tr<1/2,
y(2e-1), if 1/2<r<]1,

defines a homotopy along the path uv for which wg = ¢ and w; = ¢ O
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To each path u : I — X connecting a point xy with a point x; we assign
a path u" : I — X connecting the point x;x with the point xo, defined by the
formula
w()=u(l-1, 0<tr<l1.

It is easy to see that

Proposition 2.40. for any path u connecting points xo and x1 the paths uu’
and u'u are equivalent to the corresponding degenerate paths Uy, and uy, .

Proof. Indeed, a homotopy v, : I — X, 0 < 7 < 1, relative to the points 0 and
1, connecting, say, the path u,, with the path uu’ can, for example, be defined
by the formula

IA
—

(1) = u(2t7), if 0<r<1/2,
w0 -0, i 1/2<1<1,

O

Since the homomorphisms (uy,)* and (uy,)# corresponding to the degener-
ate paths uy, and u,, are, as is easy to see, identity maps of the groups m,,(X;xo)
and 7, (X;x1) respectively, it follows directly from the last two statements that

Proposition 2.41. for any path u :— X connecting the point xo with the point
x1 the homomorphisms u# and (u')# are mutually inverse isomorphisms between
the groups m,(X;x0) and 7, (X;x1).

In particular,

Proposition 2.42. for any path u connecting a point xo with a point x1, the
homomorphism
w2 7,(X;x0) = w0 (X;x1)

is an isomorphism.

Thus, for any points xo and x; belonging to the same path component of the
space X, the groups 7, (X;xg) and 7, (X; x1) are essentially the same. For points
belonging to different path components of the space X, these groups, generally
speaking, are not connected with each other in any way.

In order to clarify the geometric meaning of the isomorphisms u#, we will
show that

Proposition 2.43. for elements a € pi,(X;xq) and B € n,(X;x1) if and only
if there exists a path u : I — X, u(0) = xg, u(1) = x1, such that

B =u*(a),
if and only if when the maps
@ (8" ug) = (X;x0), ¢ :(S",up) = (X;x1),

belonging to the classes a and B are homotopic to each other.
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Proof. Indeed, if 8 = u¥ (@), then the map ¢ is homotopic (relative to ug) to
a pointed map ¢; of some homotopy ¢, of the map ¢ along the path u. Thus,
¢+ ¢ ~ ¢ and, consequently, ¥ ~ ¢. Conversely, any homotopy ¢; : ¢ ~ ¢ can
be considered as a homotopy of the map ¢ along the path

u(t) = ¢1(ug), 0<t<1.
Therefore, if ¢; : ¢ ~ ¥, then 8 = u# (). O

Since for each path u the map u® is an isomorphism, the only element
a € m,(X;x0) for which u# () = 0, is the element 0,,. This means that

Proposition 2.44. the map
@ (8% ug) = (X;x0)

is homotopic to some constant map if and only if it is homotopic relative to ug
to the constant map to the point xq.

In other words (see §2.1),
Proposition 2.45. the map
@ (8" up) = (X;x0)

belongs to the class Oy, if and only if when it can be extended to some map
E" — X.

Therefore,

Proposition 2.46. the space X is m-connected if and only if for some (and
therefore for any) point xo € X and any n < m the equality

7rn(X§ )Co) =0
holds.

Let us now consider an arbitrary deformation.
&:X—>X
of the space X. For any point xo € X this deformation defines a path
u(t) = &(xp), 0<t<1,

connecting the point xy with the point x; = &1(xg). On the other hand, it is
clear that for any map
@ (8" u0) = (X;x0)
the family of maps
Eop:S" o X

represents a homotopy of the map ¢ along the path u. Therefore, for any element
@ € m,(X;x0), the element u# (a) € 7, (X;x1) is the class of the map & o ¢, where
& =¢1, and ¢ is an arbitrary map of class @. This means that
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Proposition 2.47. the homomorphism

&t (X5 x0) = mn(X;x1)
coincides with the homomorphism

w7y (X;x0) = w0 (X;x1)

Since the last homomorphism is, as we know, an isomorphism, it is thus
proved that

Proposition 2.48. for any homotopy identity map
E:X—-X
and any point xg € X, the homomorphism
&t (X x0) = mu(Xix1),  x1 = €(xo),
is an isomorphism.

A map
f:X->Y

of a topological space X into a topological space Y will be called a weak homotopy
equivalence if for any n > 0 and any point xg € X the homomorphism

Je 1t (X5x0) = 10(Yi¥0),  yo = f(x0),
is an isomorphism. From the proposition just proved it easily follows that
Proposition 2.49. any homotopy equivalence
f:X—>Y
is a weak homotopy equivalence.

Proof. Indeed, let
g:Y—-X

be the homotopy equivalence inverse to the equivalence f, and let xy be an
arbitrary point in X. Setting

yo = f(x0), x1=g(0), y1=[(x1),
for any n > 0 we consider the homomorphisms
Je = Fexo 1 T (X5x0) = w0 (Y5 y0),

f*, = foxy P Ta(X5x1) — (Y5 y1),
8+ = 8x,y0 * T (Yiy0) = ma(X;5x1),
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induced by the maps f and g, as well as the homomorphsims

(g0 fe:mu(X;x0) = mp(X;x1),
(f 08)w: ma(Y;y0) = mu(Y;y1),

induced by composite maps
gof:X—>X, fog:¥Y Y.

As we know,
(80 f) =808 (f 08)=[ 08

On the other hand, since the maps g o f and f o g are, by hypothesis, homo-
topically identical, the homomorphisms (g o f), and (f o g). are isomorphisms.
Therefore, from the equality (g o f). = g. o fx it follows that the map g. is
epimorphic, and from the equality (f o g). = f, o g. it follows that the map
g+« is monomorphic. Consequently, the map g., and therefore the map f,, is an
isomorphism. O

Remark 2.50. The converse is generally not true: there are weak homotopy
equivalences that are not homotopy equivalences. However, as we shall see be-
low, for sufficiently “good” spaces (namely cellular spaces), any weak homotopy
equivalence is a homotopy equivalence.

It is clear that the composition of weak homotopy equivalences is also a weak
homotopy equivalence. Therefore, it follows immediately from the previous
statement that

Proposition 2.51. any map that is homotopy equivalent to a weak homotopy
equivalence is also a weak homotopy equivalence.

Remark 2.52. By analogy with the relation of homotopy equivalence of spaces,
one could introduce the relation of their weak homotopy equivalence. This
relation is obviously reflexive and transitive, but, generally speaking, it is not
symmetric. We will not consider it.

We will call a subspace A of a space X representative if the inclusioon map
i:AcC X is a weak homotopy equivalence, i.e. if for any n > 0 and any point
Xxg € A the homomorphism

ix : Tp(A;x0) = ma(X;x0)
is an isomorphism. It follows directly from the proposition just proved that

Proposition 2.53. the map f : X — Y is a weak homotopy equivalence if and
only if the space X is a representative subspace of the cylinder Z; of the map f.

In connection with this proposition, it is useful to note that
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Proposition 2.54. if a subspace A of X is representative, then for any n > 0
each map

f: (B S - (X, A)

is homotopic relative to S"~' to some map g : B* — A (i. e, more precisely, to
the map iog, wherei: A cC X).

Proof. Indeed, assuming that n > 0 (for n = 0 the reasoning is only simplified),
we assign to the map f the element o of the group m,_1(A; xo, where xo = f(uo),
defined by the map

f|Sn—1 : Sn_l — A.

Since the map i o f|gn-1 is a restriction of the map f : E" — X, then, as proved
above, i.(a’) = 0, and therefore @' = 0 (since the homomorphism i, is, by
assumption, an isomorphism). Therefore, there exists a map

h:E"— A,
such that
hlsnfl = f|Sn,—1.
Let
B=0(f,ioh)

be an element of the group =z, (X;x) that distinguishes the maps f and i o A.
Since the subspace A is representative, in the group m,(A;xg) there exists an
element « such that ix(a) = 8. Let

g:E'—> A

be a map of the ball E” into the space A that coincides on $"! with the map
h such that

6(g,h) =a.

Then, as is easy to see,
6(iog,ioh)=i.(a),

i.e,

6(iog,ioh)=6(f,ioh).

Therefore, the maps f and i o g are homotopic relative to S~ 1. O

Remark 2.55. The converse is also true: if for each n > 0 any map (E*, " !) —
(X, A) is homotopic relative to $*~! to some map E* — A then the subspace A
is representative. We will not need this fact, and we will leave its proof to the
reader as a simple exercise.
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2.5 Homotopy limits

Let
XocXyc---cX,C--- (2.56)

be an increasing sequence of subspaces of a topological space X, the union of
which is the entire space X. Consider the inclusion maps

i Xn—=>Xm, ":Xp—X, 0<n<m< oo,

and for any point x € X and any number n > n,, where n, is the smallest n for
which x € X;,, the homomorphisms induced by these maps

(T = k(X3 %) = 70 (X ),

m k=0,
(l )* : ﬂ-k(Xn;x) - ”k(X;x)’

of homotopy groups.
We will say that the space X is a weak homotopy limit of subspaces (2.56) if

1) for any number k > 0, any point x € X, and any element « € 7 (X;x), there
exist a number n > n, and an element «, € 7 (X,;x) such that

a = (i"):(an);

2) for any number k > 0, any number n > 0, any point x € X, and any elements
@,a € mi(X;x), with the property that

(i) (@n) = (") (),

there exists a number m > n such that
(i) (@n) = (i)« (),

It is clear that if the number n > n, satisfies condition 1), then any number
n' > n also satisfies this condition, i.e. there exists an element o, € m(X,;x)

such that (i"/)*(a/nf) = «a (at least the element «, = (i:,)*(an) has this prop-

erty). Similarly, any number m > m satisfies condition 2) together with the
number m.

Remark 2.57. The reader familiar with the concept of a spectrum of groups
will immediately discover that for any number k > 0 and any point x € X the
groups mk(X,;x), n > m, and the homomorphisms (i})., nx < n < m constitute
a spectrum and that conditions 1) and 2) are equivalent to the fact that the
homomorphism of the limit group of this spectrum into the group mx(X;x),
induced by the homomorphisms (i")., is an isomorphism.

One can specify simple set-theoretic conditions under which the space X is
a weak homotopy limit of the subspaces (2.56). For example,
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Proposition 2.58. if for any compact set C C X there exists a number n > 0
such that C C X,,, then the space X is a weak homotopy limit of the subspaces
X,,.

Proof. Indeed, let k > 0, x € X, and let @ be an arbitrary element of the group
7k (X;x). Consider an arbitrary map

£ (85 m0) = (X;0)

of class @. Since the sphere S¥ is compact, the set f(S¥) is also compact, and,
consequently, there exists a number n > 0 such that f(S*) c X,,. Therefore, we
can consider the map f as a map f : (SK,ug) — (X,;x). It is clear that the
element @, € mx(X,;x) defined by this map has the property that (ii").(a,) = a.

Condition 2 is verified similarly (only instead of the compactness of the
sphere S¥, we have to use the compactness of the product S* x I). O

In the case of an arbitrary sequence (2.56), the space X is not, generally
speaking, a weak homotopy limit of the subspaces X,,. However, it can be
argued that

Proposition 2.59. For any increasing sequence
XocXpc---cX,C--- (2.60)
of subspaces of X, there exists a space X* and a sequence
chXlzc--~cX§c~~-
of subspaces of X* such that
1) for any n >0, the space X= is homotopy equivalent to the space X,;
2) the space X* is a weak homotopy limit of the subspaces X,?.

Proof. Indeed, let X* be the subspace of the product X x R consisting of all
points (x,1), x € X, t € R, for which t > n+1 for x ¢ X,,,

X* = U2 (Xg x [k, 00]) = U (Xx X [k, k +1])

and let X> be the subspace of X* consisting of all points (x,#) € X* for which
t<n,ie.,

X2 = (Xox [0,1]) U (X; X [L,2)) U+ U (Xpo1 X [n = 1,n]) U (X, X ).

Since the coordinate ¢ of a point (x,7) of an arbitrary compact set C ¢ x=,

being a continuous function on C, is bounded, then C c X> for some n > 0.
Consequently, according to the statement proved above, the space X~ is a weak
homotopy limit of the subspaces X>.

Let us further consider the natural map

pZ:XZ—>X,
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defined by the formula
pE(x,1) =x, (x,1) € X~
It is clear that for any n > 00 the inclusion
p=(X)) C X,
holds and therefore the map p* defines a map
pf : XE — Xy

(This map is defined by the same formula as the map p*, with the only difference
that now (x,7) € X.) Setting for any point x € X

4y (x) = (x,n),
we obviously obtain a continuous map
qE Xy — Xf
for which pZ o g% = 1x,. On the other hand, setting
Er(x,0) = (x,t+7(n—1), (x1)e€X,,0<7<1,
we obtain a deformation

E XE X 0<t<l,

of the space X> such that & = g* o pZ. Therefore, the maps p> and ¢ are

mutually inverse homotopy equivalences.
Thus, the proposition formulated above is completely proven. O

Generally speaking, it is impossible to claim that the map p* is a homotopy
equivalence (even a weak one). Specifically, as we will now show,

Proposition 2.61. the map

pZ CXE o X
is a weak homotopy equivalence if and only if the space X is a weak homotopy
limit of the subspaces X,,.

We will prove an even more general proposition, which applies to the situa-
tion where we are given an arbitrary space X, which is a weak homotopy limit
of subspaces

XoCcXjCc---CcX,C---

an arbitrary space Y, which is the union of an increasing sequence of subspaces

YocYiycCc..-CcY,C---
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and a continuous map
f:X—>Y

such that
f(Xn) C Yy

for any n > 0. Let
fo:Xn—>Y,, nx=0,

be the map defined by the map f. This map is related to the map f by the
formula

fei®=j"0fu,

where " is, as above, the inclusion map X, € X, and ;" is the inclusion map
Y, c Y. Moreover, for n < m, the maps f,, and f;, are related by the formula

fmoin :jrrrllofn’

where i}, : X,, € X and j)), 1 Y, C Y.
We will show that

Proposition 2.62. if for any n > 0 the map f, is a weak homotopy equivalence,
then the following two statements are equivalent:

1) the space Y is a weak homotopy limit of subspaces Y, ;
2) the map f is a weak homotopy equivalence.

Proof. Indeed, let Statement 1) be true. Consider an arbitrary number k£ > 0
and an arbitrary point xinX. Since the space Y is a weak homotopy limit of
subspaces Y;, then for any element 8 € n;(Y;y), where y = f(x), there exist a
number n > nyn and an element 8, € mi(Y,;y) such that 8= (j").(8,). In this
case, without loss of generality, we can assume that n > n,, i.e., that the group
i (Xy; x) is meaningful. Since the corresponding homomorphism

(S s (X3 x) = 7 (Va3 y)

is, by assumption, an isomorphism, there exists an element «, € 7 (X,;x) such
that B8, = (fu)«(@,). Consequently, assuming @ = (i").(a,), we get that

fel@) = (foi")(an) = (" o fu)san) = (i)« (Bn) = B.
Thus, for any number k > 0 and any point x € X, the homomorphism
Jo i m(X5x) = me (Y5 f (%) (2.63)
is an epimorphism.

Now let @ and o be elements of the group 7 (X;x), such that f.(a) = fi(a).
Since the space X is a weak homotopy limit of subspaces X;,, there exist a number
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n > n, and elements a,, @, € 7x(X;x) such that @ = (i").(a,) and @’ = (i").(a,,).

Let B8, = (fu)«(an) and :8;1 = (fn)*(a/;l) Since
(™) (Bn) = (j™ © fr)ul@n) = (f 0i")u(@n)) = ful@)
= fu(@) = (f o i")u(a,) = (j" o fa)(a,) = (). (B),

then there exists a number m > n such that

(1) (Bn) = (7)< (BLy).-

Therefore, putting a,, = (i%,).(a,) and a,, = (i",).(a,), we get that

F)s(@m) = (fn 0 i)u (@) = (G2 0 fi)e(@n)) = ()2 (Bn)
= (1) (B) = G o fi)e (@) = (fin 0 im)ul@n) = (fm)s (@)

Since the map (f,). is, by assumption, isomorphic, it follows that a,, = a;n,
and therefore

@ = (i"):(@n) = (™) (@m) = (™)u(a,,) = (™ o il)x(a,) = a.

Thus, homomorphism (2.63) is also a monomorphism. Therefore, the implica-
tion 1) = 2) is completely proved.

Now let assertion 2) be true. We will prove that condition 1) of the definition
of a weak homotopy limit is satisfied for the subspaces Y;, i.e., that for any
number k > 0, any point y € Y, and any element B8 € 7 (Y;y), there exists a
number n > ny, such that 8 = (j").(8). Since the map f induces, by assumption,
a one-to-one correspondence between the path connected components of the
space X and the path connected components of the space Y, we can, without
loss of generality, assume that y = f(x), where x is some point of the space X.
Consider the corresponding homomorphism

feo im(X5x) — m (Y5 ).

Since this homomorphism is, by assumption, an isomorphism, there exists an
element « € m;(X;x) such that 8 = f.(a). Since the space X is a weak homotopy
limit of subspaces X,, there exists a number n > n, > n, and an element
a, € mi(X;x) such that @ = (i").(@,). Therefore, setting B, = (fu)«(@,), we
obtain that:
B=(foi")(an) = (" o fu)(an) = (j")+(Bn)-
Condition 2) is checked in a completely similar way.
Thus, the above statement is fully proven. O

We will say that the space X is a homotopy limit of the sequence of subspaces
XocXyc---cX,C--- (2.64)

if the map
p2 (XE o X

is a homotopy equivalence. By the proposition just proved,
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Proposition 2.65. any space X that is a homotopy limit of subspaces X,, is
also their weak homotopy limit.

We will begin our study of homotopy limits by proving that
Proposition 2.66. if

1) every point x € X is an interior point of some subspace X,, i.e., the family
{int X,;;n > 0} is an open covering of X;

2) the covering {int X,;n > 0} can be refined into a locally finite open covering
I' = {Uy;a € A}, for which there exists a subordinate partition of unity

{fa;a € A},
then the space X is a homotopy limit of the subspaces X;,.

Proof. Indeed, denoting for each element @ € A by the symbol b(«@) the smallest
n for which U, € int X,;, and setting

flx) = Z n(a)fe(x), xeX,

acA

we define on the space X a certain numerical function f(x). This function, as is
easy to see, is continuous (since the covering I', by assumption, is locally finite).
Furthermore, it has the property that f(x) > n+ 1 for x ¢ X,, since if x ¢ X,,,
then f(x) =0 for all @ € A for which n(a) < n, and therefore

f(x) > (n+1) Z foulx) =n+1.

acA

Consequently, the formula

q(x) = (x, f(x)), x€X,

defines a continuous map
qg:X—- X=.

Clearly, p o ¢ = 1x. Moreover, the formula
E D=0, -Dt+1f(x), (x)eX*0<T<1,

defines, as is easy to see, a deformation &, : X* — X*, for which & = g o p.
Thus, the map p is, as stated, a homotopy equivalence.

For the existence of a partition of unity {f,;a € A} subordinate to a locally
finite covering I', it is sufficient, as we know, that the space X be normal. On
the other hand, for a covering I" to exist, it is sufficient, for example, to require
that the space X be paracompact or (assuming that X is normal) that for any
n > 0 the inclusion int X,, C int X,+; holds. (Indeed, in the latter case, the
locally finite covering inscribed in the covering {int X,;;x > 0} is the covering
{int X1, int X,41\Vn—1;n > 0}, where V,,_; is a neighbourhood of the set int X,,_;
such that V,_; C int X,,). Thus,
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Proposition 2.67. if condition 1) of the previous proposition is satisfied, and
the space X is normal and, in addition, either this space is paracompact or

int X, C int X;;41

for any n > 0, then the space X is a homotopy limit of the subspaces X,,.

These conditions are by no means necessary.
Let us now consider (for an arbitrary space X and arbitrary subspaces X,,),
the subspaces
XycXfc--cXrc---

of the space X*. It is clear that int X> is the set of all points (x,f) € X* for
which ¢ < n. Therefore,

o)

X* = int X,

n=0

i.e., for the subspaces XZ, condition 1) of the proposition proved above is satis-
fied. Moreover, it is easy to see that the sets

int X¥, int X%, \ int X>_, n>1, (2.68)

form a locally finite covering refining the covering {int X>;n > 0}, and the
functions f,+1, n > 0, defined by the formula

0, if tSn—%ort2n+%,

a3 if n-3<r<n-14,
fn+1(‘xv[): . 1 1

1, if n—-3<t<n+g,

stn-dt - if n—+l<r<n+ 3,

counstitute a decomposition of the unit subordinate to covering (2.68). Hence,

Proposition 2.69. for any space X and any of its subspaces
XoCcXyCc---CcX,C---
the space X* is the homotopy limit of the subspaces
XZ = (Xox [0,1])U---U (X,_1 X [n=1,n]) U (X, X n).

This proposition is a strengthening of the property of subspaces X2 proved
above. Using it, we can extend the basic properties of weak homotopy limits to
the case of homotopy limits.

Let, for example, X be an arbitrary space that is a homotopy limit of the
subspaces

XoCcXjCc---CcX,C---

Y be an arbitrary space in which an increasing sequence of subspaces

YocYiycCc.--CcY,C---



90 CHAPTER 2. HOMOTOPY EQUIVALENCES

is defined, and f be a continuous map
f:X->Y

such that
J(Xn) €Yy
for any n > 0. Then

Proposition 2.70. if for each n > 0 the map f defined by

Jn i Xn > Yy
is a homotopy equivalence, then the following two conditions are equivalent:
1) the space Y is a homotopy limit of the subspaces Y,;

2) the map f is a homotopy equivalence.
Proof. Indeed, let, as above,

X*= = U o (Xi X [k, k +1])
and let similarly

Y = U (Ye X [k, k +1]).
Since f(Xx) C Y, the formula

o = (F),0),  (x1) € X7,

defines a continuous map
f RS GRS o

The map f is obviously related to the map f* by the formula
fop*=p"of%

where
priXE > X, 1_72:YZ—>Y

are natural maps. Therefore, if statement 1) is true, then the map f* is ho-
motopically equivalent to the map f, and if statement 2) is true, then the
composition of the maps f* and p* is a homotopy equivalence. Therefore, to
prove the equivalence of statements 1) and 2), it suffices to prove that

Proposition 2.71. the map f* is a homotopy equivalence.

Let us first consider the case when X =Y and X,, =Y, for all n > 0. Let, in
addition, each map
fo:Xn—>X,, nx0,

be homotopically identical and let

gn,t Xp > Xy
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be a deformation of the space X,, that connects the identity map 1x, with the
map f,. For any point x € X,,, n > 0, and any t,7 € I, we set

(f(x),n+1(2t + 1)), if 0<7t<1/2 0<r<1/2,
(fx),n+2(1 -1 +1), if 0<7t<1/2 1/2<t<1,

he(x,n+1) = 3 (Ena—ar(x),n +20), if 1/2<t<1, 0<1<1/2,
(€n,1-(3-4n)(20-1) (X),n + 1), if 1/2<7t<1, 1/2<1<3/4,

(Env11-(a-3)2e-n(X),n+1), if 1/2<7<1, 3/4<t<1.

It is easy to see (Fig. 2.4) that we thereby obtain a certain homotopy

14
¢ ! 7
7 . 7
(/'(.Z‘), ”*7) = (rer 2-2e (@) 71#7) §
. S ;‘E ——————————— &
- s|glresees @y
* = s
] T H (fz), n+7) &) ;5
s MA(z) ne2(7-2)r+E) ) = - y
U200 Sy, i) |
& £} £
n E Fe———————————
S, rta-atyie- (12”*7)
Zz+l § Bl -3
7 (F(z), n+ <5 X (o (T 14T) &3] 4
z (F(z), n+ 2“7) (&, 2-20(T), 1+7). Z
~ ~
': e ——————— = § § —————————— - %
Q-\ (/’(I) 17+t(22'+7))= RIR l(éﬂ 2-2t (zZ), ”"'Zt) é :
E [ DRI L2 —
S NN N
= NSy
0 ((x), n) (fn, 2-20(Z), ’7)
g % 7 z
Figure 2.4:
he: X¥ — X*

connecting the map f* with the map 4 defined by the formula

(x,n+2t), if 0<r<1/2,
h(x,n+1) =1 (énar—2(x),n+ 1), if 1/2<t<3/4,
(€ns1,4-4¢(x),n+ 1), if 3/4<t<1.

Therefore, it is sufficient for us to prove that the map £ is a homotopy equiva-
lence. With this in mind, we note that by the equality

1
h(x,n+§) =h(x,n+1)=h(x,n+1)
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the formula

(x,n+2t), if 0<r<1/2,
glx,n+1t) = 3_0r .
h(x,n+352),  if 1/2<r<1.
uniquely determines some continuous map
g: X* > X*.
Let
(x,n+ (1 +671)1), if 0<7t<1/2, 0<t<1/4,
(e,n+2(1 =0T +1), if 0<t<1/2, 1/4<t<1,
ne(x,n+t)y=9(hog)(x,n+1), if 1/2<1t<1,0<t<171/2,
; 3-2
h(x,n+7), if 1/2<7<1, 7/2<1< 57,
(hog)(x,n+1), if 1/2<7t<1, 2T <<,
Since -
(hog)(x,n+§) =h(x,n+71), 0<7<1,
we have

3—-27
(hog) (x,n+%) = (hoh) (x,n+Tz)

h(fn,‘r—2(x)an + 1) = (_{:n,‘r—Q(x)’ n+ 1)
h(§n+1,4—4‘r(x)a n+l) = (§n+1,4_47()€),i’l +1)

=h(x,n+71), 1/2<7<1,

=(h0h)(n+‘r)={

and
(hog)(x,n+1)=(x,n+4t), 0<t<1/4,

this formula defines (Fig. 2.5) a certain homotopy,
ne: X*—> X% 0<t<1,
connecting the identity map lys with the map
hog:X* — X~
Similarly, in view of the equalities
(g0 h)(x,n+ %) =g(xn+1), 0=<7<l,

we have

-2 -2
(gOh)(x,n+3 5 T)zh(x,n+3 5 T)

=gn+71), 1/2<7<1,
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Figure 2.5:
and
(goh)(x,n+1t)=(x,n+4t), 0<t<1/4,

the formula

(x,n+ (1 +67)1), if 0<t<1/2, 0<tr<1/4,
(e,n+ (1=1)T +1), if 0<t<1/2, 1/4<t<1,
N(x,n+1t)=3(goh)(x,n+t), if 1/2<7t<1,0<r<1/2,
glx,n+1), if 1/2<7t<1, T/QSIS%,
(goh)(x,n+1), if 1/2<t<1, 2 <1<l
defines some homotopy
L XE oS XE 0<T<],

connecting the identity map lys with the map
goh:X* - X%
Thus, in the particular case under consideration, the map f* is indeed a homo-

topy equivalence.

Let us now consider the general case.
Let

gn: Yy — X,, nx=0,
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be homotopy equivalences inverse to the homotopy equivalences of f,,, and let
in:Xn CXn+1,  Jn:¥Yn C Yo
be inclusion maps. Since fy,4+1 i = ju © fy, then
In©8n ~ &n+1© Jn+100n ©8n = &n+1© jn © fn ©8n ~ &n+1 © Jn-

Let
hn,‘r Yy > X, 02721,

be an arbitrary homotopy connecting the map i, o g, with the map g,+1 0 j,. It
is easy to see that the formula

(gn(y),n +21), if 0<tr<1/2,

h(y,n+1) =
(2 +1) {(hn,z,_l(y),nﬂ), if 1/2<r<1.

where y € Y, n >t and 0 <t < 1, uniquely determines some continuous map
h:Y* — X

Consider the map
ho f¥:X* — X*.

It is clear that
(ho fX)(Xy) c Xy, n>0,

and therefore for any n > 0 the map f o f* defines a certain map
(ho f¥),: X* = X=.
Moreover, for any point x € X the equality

(ho fF)n(x,n) = ((8n 0 fa)(x),1).

holds. In other words,
(hofz)nOQE = ‘IE o (gno fu)

where ¢* is the homotopy equivalence ¢ : X, — X> constructed above, which
is inverse to the homotopy equivalence p> : X* — X,,. Therefore,

(ho f¥)n~ (ho fX)o(gnopy) =qno((gnofu)opy~an~qnopy~1lx:.

Thus, the map ho f* has (with respect to the subspaces XZ) the property that
we required of the map f in the first part of the proof. Therefore, by what has
already been proved, the map & o f* is a homotopy equivalence. Consequently,
the map f* is homotopy injective.

Similarly, the map

fEoh:YE Y
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has the property that
(fFoh)(Yr)cYy, nx0,
and therefore defines maps
(fFoh)n: (Yy) =Yy, n20,
satisfying the relation
(¥ oMo Gy =qy 0 (fuo8n).

where EE is the map ¢* constructed for the spaces ¥,. From the last relation
it follows that the maps (f~ o h),, are homotopy identities. Therefore, the map
f* o h is also a homotopy equivalence, and therefore the map f* is homotopy
sujective. O

Being both homotopically injective and homotopically surjective, the map
f* is a homotopy equivalence. O






Chapter 3

Cellular decompositions

General cellular decompositions seem to provide us with the most natural stock
of objects for constructing a homotopy theory. They have all the basic geo-
metric properties of classical simplicial decompositions (triangulations), and at
the same time their theory compares favourably with the theory of simplicial
decompositions in its generality, structure, and internal integrity. However, un-
til now no one has apparently attempted to give a coherent and independent
exposition of the basic properties of cellular decompositions. This chapter is the
first attempt in this direction.

The definition and simplest properties of cellular decompositions are pre-
sented in §3.1 and §3.2.

In §3.3 it is proved that any cellularly decomposed space is paracompact
(and, therefore, normal). Here it is also proved that the topological product
of two cellular decompositions is a cellular decomposition if at least one of the
given decompositions is locally finite or if both of them are locally countable.

In §3.4, after a number of simple remarks on continuous maps of cellularly
decomposed spaces, it is proved that any cellular pair satisfies the axiom of ho-
motopy extension, and the main theorem on cellular maps is formulated (along
with some corollaries). §3.5 is devoted to the proof of this last theorem.

In the final §3.6, a remarkable theorem of Whitehead is proved that any weak
homotopy equivalence connecting cellular spaces is a homotopy equivalence. In
this section, several simple remarks are placed on quasi-polyhedra (i.e., spaces
homotopy equivalent to cellularly decomposed spaces).

3.1 Cellular pre-decompositions

Let X be an arbitrary Hausdorff space. We call a subset e of X an (open) cell
if there exists a continuous map

xy:E'"—>X (3.1)

97
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of the unit Euclidean ball E" into X that homeomorphically maps the open ball
E" onto the set e and has the property that y(S""')Ne = @ where S*~! = E"\E".
We will call the dimension n of the ball E" the dimension dime of the cell
e. Clearly, it is uniquely determined by the cell e (since the balls E" are not
homeomorphic for different n). When it is necessary to specifically indicate the
dimension n of the cell e, we will denote this cell by the symbol e”.

The image y (E") of the ball E" under map (3.1) is compact and therefore a
closed subset of the Hausdorff space X. Consequently, the closure e = y (E") of
the cell e is contained in the set y(E") and therefore coincides with it (since the

continuity of the map y implies the inclusion y(E") c y(E") (see the properties
of continuous maps in §1.5). Thus,

Proposition 3.2. the image of the ball B" under the map (3.1) is the closure
e of the cell e.

The cells of the space X need not be open in X. For example, for n = 0,
the ball E° = E" is a one-point space, so that any point of the space X is its
zero-dimensional cell.

For n > 0, the points of the ball E" have the form vu, where 0 <v < 1, and
u is the unit vector, i.e., a point of the unit sphere $"~'. Thus, any point of the
set e (after the map (3.1) is chosen) has the form y(vu), where 0 < v < 1, and
|lu| = 1. Moreover, the number v is uniquely determined by a given point. The
vector u is also uniquely determined if only 0 <v < 1.

We will call map (3.1) characteristic for the cell e. Clearly, every map of the
form y o « is also characteristic, where a : E" — E" is an arbitrary homeomor-
phism of the ball E" onto itself. However, there may exist characteristic maps
E" — X for the cell e that are different from maps of the form y o a.

Thus, for example, for a disk E? in a plane, along with all possible home-
omorphisms E? — E2?, its characteristic maps are identification maps, under
which some arc of the boundary circle S! is contracted to a point.

Sometimes it will be convenient for us to imagine the set e as a continuous
image not of the unit ball E”, but of some space E] homeomorphic to the ball E"*
(for example, the unit cube or the product EP XE?, where p+¢ = n). In this case,
the maps E? — X, which are the composition of some homeomorphism E} — E"
and an arbitrary characteristic map E" — X, we will also call characteristic
maps.

Since the space X is, by assumption, Hausdorff and the ball E" is compact,
the characteristic map y (considered as a map of the ball E” onto the closure
of the cell ¢) is an identification map and therefore

Proposition 3.3. the topology of the set e is the identification topology.

In particular, we see that the topology of the set e does not depend on the
topology of the space X in the sense that any other topology in X in which
the set e is a cell (with characteristic map y) induces the same identification
topology on e.

Note that, being a continuous image of a compact and path-connected set
En

b
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Proposition 3.4. the set e is compact and path-connected.

The set
é=ec\e

will be called the boundary of the cell e. For any choice of the characteristic
map y : E" — X, it coincides with the set y(S*~!). Therefore, for n > 1, the set
¢ is path-connected, and for n = 1, it consists of at most two points. For n = 0,
the set ¢ is empty.

The main object of our study will be certain families K of pairwise disjoint
cells e C X. For each such family, we will denote by |K]| its body, i.e., the subspace
of X that is the union of all cells e € K, and by K", where n is some non-negative
integer, its n-th skeleton, i.e., the subfamily of the family K consisting of all cells
e € K whose dimension dim e does not exceed n. It is convenient to add to the
number of skeletons the empty subfamily of the family K, considering it the
(=1)-th skeleton of K~!, as well as the family K itself, considering it the co-th
skeleton of K.

By choosing characteristic maps y. : E. — X for all cells e of the family K
such that E,, NE., = @ for e; # e3, we can define a topological sum

Pk = UeekEe

of the spaces E, and a map
X P — X,

coinciding on each of the summands of E, with the corresponding map y.. We
will call the (obviously continuous) map y : Px — X counstructed in this way
characteristic for the family K.

A family K of pairwise disjoint cells e ¢ K will be called a cellular pre-
decomposition of the space X if |K| = X and for any n > 0 the boundary é" of
each n-dimensional cell ¢ € K belongs to the subspace |K"| (the body of the
n — 1-th skeleton).

Remark 3.5. Usually, the condition y(S""! Ne) = @ is not included in the
definition of a cell, since only cells that make up pre-decompositions are of
interest, and for such cells this condition is satisfied automatically.

It is clear that

Proposition 3.6. any cellular sub-decomposition K contains at least one zero-
dimensional cell, i.e., its 0-th skeleton K° is not empty (unless, of course, the
space X is empty).

In what follows, we will call the zero-dimensional cells of a cellular pre-
decomposition K its wvertices.
Since
K™ c K"

for m < n and, in particular, K c K" for n > 0, then
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Proposition 3.7. any skeleton K" of an arbitrary cellular pre-decomposition
K is not empty.

A pre-decomposition K is called finite-dimensional if there exists n > 0 such
that K = K. The smallest of these n is called the dimension dim K of the pre-
decomposition K. Clearly, K™ = K for any m > dim K. Moreover, dim K" < m
for any m > 0 (the strict inequality dim K™ < m holds if the decomposition K
has no cells of dimension m).

Remark 3.8. Thus, for unequal n and m, the equality K" = K™ is possible (even
for n and m less than dim K). This is possible when the pre-decomposition has
no cells of intermediate dimensions.

Ezample 3.9. (of pre-decompositions.)

1) Every Hausdorff space X can be “scattered” into a family K consisting of all
its points. This family will be a cellular pre-decomposition of X containing
only zero-dimensional cells.

2) For any n > 0, the family K = {e", e"} consisting of the point ¢’ = uy =
(1,0, ..., 0) of the sphere S" and its complement e = S" \ u is a cellular
pre-decomposition of the sphere S$". Here é¢" = ¢ (if n > 0), k™ = {e°} for

0<m<n,and K™ =K for m > n.

3) For any n > 0, the family k = {e°, e", e"*!} consisting of the cell ¢"*! = E"
and the pre-decomposition {e°, "} of the sphere S" constructed in Example
2) is a cellular pre-decomposition of the ball E"*!. Similarly, the family
consisting of two points 0 and 1 and the open interval (0,1) is a cellular
pre-decomposition of the segment I = [0, 1]. Taking liberties, we will denote
this pre-decomposition by the same symbol I.

n+1

4) For any n > 0, the family K consisting of the cell e”*! = E" and all points
of the sphere S” is also a cellular pre-decomposition of the ball E**1. Its
0-th skeleton K° contains (for n > 0) an uncountable number of cells and is
a pre-decomposition of 1), constructed for the space X = S".

Remark 3.10. A reader familiar with the concept of a (finitely) triangulated
space will immediately recognise that any triangulation of such a space is a cellu-
lar pre-decomposition of it. In the following discussion, cellular pre-decomposition
of this kind are not used.

We will call a subfamily L of a cellular pre-decomposition K its sub-pre-
decomposition if e C |L| for any cell e € L. It is clear that

1) any sub-pre-decomposition L is a cellular pre-decomposition of the subspace
|LI;

2) any subfamily L of a cellular pre-decomposition K, for which the subspace
|L| is closed, is a sub-pre-decomposition;

3) for any n > 0, the skeleton K" is a sub-pre-decomposition of the pre-decomposition
K.

)
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4) the union and intersection of any (finite or infinite) system {L,} of sub-pre-
decomposition of the pre-decomposition K is also a sub-pre-decomposition,
and

|mLa| = ﬁ|La/|a |ULQ| = U|La/|~

In connection with assertion 2), we note that there may well exist sub-pre-
decompositions of L for which the subspace |L| is not closed. (For example, any
subset of the space X is a sub-pre-decomposition of the pre-decomposition of
this space specified in Example 3.9 - 1)). However,

Proposition 3.11. for any finite (i.e., consisting of a finite number of cells)
sub-pre-decomposition of L, the subspace |L| is closed and even compact.

Proof. Indeed, in this case the subspace |L| is the union of a finite number of
compact sets e, e € L. O

From property 4) it follows, in particular, that

Proposition 3.12. for any subset A C X there exists a smallest sub-pre-
decomposition L C K for which |L| D A.

Such a sub-pre-decomposition is the intersection of all sub-pre-decompositions
of L c K for which |L| > A. We will denote it by the symbol K(A).
It is clear that

1) for any point x € X, the equality
K(x) =K(e) =K(e)
holds, where e is a cell of the pre-decomposition K containing the point x;

2) for any cell e € K, the sub-pre-decomposition K(e) consists of the sub-pre-
decomposition K(¢) and the cell e:

K(e) = {K(é),e};

3) for any cell e belonging to a sub-pre-decomposition L of a pre-decomposition
K, the equality
L(e) = K(e)

holds.

We will call a cellular pre-decomposition K of a space X point finite if any
point x € X belongs to the body |L| of some finite sub-pre-decomposition L c K
or, in other words, if for any point x € X the sub-pre-decomposition K(x) is
finite. Similarly, if any point x € X is an interior point of the body |L| of some
finite (resp. countable) sub-pre-decomposition L c K, then we will call the sub-
pre-decomposition K locally finite (respectively, locally countable). It is clear
that
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Proposition 3.13. any locally finite pre-decomposition of K is point finite.
Moreover,

Proposition 3.14. any sub-pre-decomposition L of a point finite (resp. locally
finite or locally countable) pre-decomposition K is point finite (respectively, lo-
cally finite and locally countable).

Further, it is easy to see that

Proposition 3.15. for any locally finite (resp. locally countable) pre-decomposition
K of X, the characteristic map

x:Pxk—X
is locally compact (respectively, locally countably compact).

Proof. Indeed, let p be an arbitrary point in the space Px. By the condition,
the point y(p) € X has in the space X a neighbourhood U contained in the
body |L| of some finite (resp. countable) sub-pre-decomposition L c K. Let
S =y Y(U) and C = y"Y(|L]). It is clear that the set S is a saturated (with
respect to the map y) neighbourhood of the point p in the space Pk, and
the set C is the union of a finite (respectively, countable) number of terms E,
of the topological sum Pk and is therefore closed and compact (respectively,
countably compact). Moreover, the set C is saturated with respect to the map
y and contains the closure S of the neighbourhood S. Thus, each point in the
space Pk has a saturated neighbourhood, the closure of which is contained in
a saturated, closed, and compact (resp. countably compact) set. But this, by
definition, means that the map y is locally compact (resp. locally countably
compact). i

Remark 3.16. 1t is easy to see that if a pre-decomposition K is point finite, then
the converse is also true, i.e., any point finite pre-decomposition K for which
the characteristic map Px — X is locally compact (reps. locally countably
compact) is a locally finite (resp. locally countable) pre-decomposition. We will
not need this fact.

For any closed set A C X, all sets of the form ANe, e € K, are, of course,
closed (in X). If the converse is true, i.e. if every set A c X for which the
family {A Ne;e € K} consists of closed sets is itself closed (in X), then we will
say that the topology of the space X is a weak topology with respect to the pre-
decomposition K. In other words, the topology of a space X is a weak topology
with respect to the pre-decomposition K if this space is a free union of subspaces
e C X, e € K. Clearly, this is the case if and only if the characteristic map

x:Pxk—X

is an identification map.
Similarly, for any closed set A ¢ X and any finite sub-pre-decomposition
L c K the intersection A N|L| is closed in X. It is easy to see that
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Proposition 3.17. if the converse is true, i.e., if a set A C X is closed in X
when it has the property that for any finite sub-pre-decomposition L of a pre-
decomposition K the intersection AN|L| is closed in X, then the topology of the
space X is a weak topology with respect to the pre-decomposition K.

Proof. Indeed, if for any cell e € K the intersection A Ne is closed, then for any
finite sub-pre-decomposition L C K the intersection A N |L| is also closed (since
the space |L| is the union of a finite number of sets of the form e,e € L), and
therefore, according to the condition, the set A is closed. O

However, in the space X, whose topology is a weak topology with respect
to the pre-decomposition K, there may exist non-closed subsets A possessing
the property that for any finite sub-pre-decomposition L c K, the intersection
AN|L| is closed (this property is possessed, for example, by any subset A of the
sphere S"~! in Example 3.9 - 4)).

It follows directly from the proven statement, in particular, that

Proposition 3.18. for any finite pre-decomposition K of the space X (when
such a pre-decomposition exists), the topology of the space X is a weak topology
with respect to the pre-decomposition K.

Moreover, it is easy to see that

Proposition 3.19. the last statement holds not only for finite but also for any
locally finite pre-decompositions.

Proof. Indeed, for any locally finite pre-decomposition K of the space X, the
family {e : e € K} is obviously a locally finite family of closed subspaces of the
space X, and therefore this space is their free union (see §1.1). O

Let K and L be arbitrary cellular pre-decompositions of Hausdorff spaces
X and Y, respectively. It is clear that in the case when the spaces X and Y
do not intersect, the union K U L of the cellular pre-decompositions K and L
is a cellular pre-decomposition of the topological sum X UY. We will call the
pre-decomposition KUL the sum of the pre-decompositions K and L. According
to what has just been said,

IKUL|=|K|UILI.

Similar statements hold for any number of summands.

Furthermore, since for any n > 0 and m > 0, the ball E"*™ is homeomorphic
to the product E" x E", then for any two cells ¢” € K and ¢™ € L (with charac-
teristic maps y1 : E" — X and y : E" — Y), the product e” X ™ represents an
(n+ m)-dimensional cell of the space X XY (for the corresponding characteristic
map, one can take, for example, the map y1 X y2 : E" X E™ — X xY), where

(e"xe™) =¢é"xemUe" xe™.

Consequently, the family K x L of all cells of the form e' x e2, where e! € K
and e? € L, constitutes a cellular pre-decomposition of the space X XY, denoted
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as |K X L| = |K| x |L|. We will call the pre-decomposition K X L the product
of the pre-decompositions K and L. The product of any finite number of pre-
decompositions is defined similarly.

It is clear that

Proposition 3.20. the product of point finite (respectively, locally finite and
locally countable) pre-decompositions is point finite (respectively, locally finite
and locally countable).

In the special case where the pre-decomposition L is the pre-decomposition
I =1{0,1,(0,1)} of the interval I = [0, 1], we obtain a pre-decomposition xI of
the product X x I. The cells of this pre-decomposition are of the form e x 0,
ex 1 and e x (0,1), where e € K. In this case, the dimension of the cells ¢ X 0
and e x 1 is equal to the dimension n of the cell e, and the dimension of the cell
e x (0,1) is equal to n + 1.

Let

Xk Pk =X, xL:PL—Y

be the characteristic maps for the pre-decompositions K and L respectively. It
is clear that in the case when the spaces Px and Pp are chosen to be disjoint, we
can take their topological sum PxUPy, as the space Pxyr, and the corresponding
characteristic map Pgyur — X UY can then be considered as the map

Xk YxrL:PxkUPy - XUY.
Similarly, we can consider the space Pg X P, as the space Pxxy and the map
)(KXXL:PKXPy—>XXY.

as the characteristic map of the pre-decomposition K x L.

3.2 Cellular decompositions

We will call a cellular pre-decomposition K of a space X a cellular decomposition
if

e it is point finite, and

e the topology of the space X is a weak topology with respect to the pre-
decomposition K.

It follows directly from the results of the previous section that

Proposition 3.21. any locally finite (in particular, any finite) pre-decomposition
of K is a decomposition.

Thus, the pre-decompositions indicated in examples 2) and 3) of Example
3.9 in §3.1 are decompositions. Conversely, the pre-decomposition in example
1) is a decomposition only when the space X is discrete (because otherwise its
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topology will not be a weak topology). In particular, when X = S$", n > 0, this
pre-decomposition is not a decomposition. Similarly, the pre-decomposition in
example 4) of Example 3.9 in §3.1 is not a decomposition either, because it is
not point finite (note that the condition of weakness of the topology is satisfied
in this example).

The last pre-decomposition also possesses sub-pre-decompositions that are
not decompositions (these are arbitrary subsets of the sphere S"!). At the
same time,

Proposition 3.22. any sub-pre-decomposition of an arbitrary cell decomposi-
tion K 1is itself a decomposition.

Before proving the last statement, we note that the sufficient condition for
the weakness of the topology of the space X indicated in §3.1 is also necessary
in the case of decompositions, so that

Proposition 3.23. A subset A of a space X = |K| is closed if for any finite
sub-decomposition L of the decomposition K the intersection A N |L| is closed.

Proof. Indeed, since for any cell ¢ € K the intersection A N |K(e)| is closed
(since the sub-decomposition K (e) is finite) and since e C |K(e)[, the intersection
Ane=(AN|K(e)|) Ne is closed. Therefore, the subset A is also closed. O

It follows from this that, in contrast to the case of arbitrary sub-decompositions,

Proposition 3.24. the body |L| of each sub-pre-decomposition L of the decom-
position K is closed in the space X = |K]|.

Proof. Indeed, for any finite sub-decomposition of N C K the intersection LNN
is also finite and therefore the intersection |L| N |N| = |L N N| is closed. O

Now let A be an arbitrary subset of |L| such that, for any finite sub-
decomposition N c L, the intersection A N |N| is closed (in |L|, and therefore,
by what has been proved, in X). Then, for any finite sub-decomposition N c K,
the intersection

AN|N|=ANn|LNN|

is also closed, and, consequently, the set A is closed (in X, and therefore in |L|).
This proves that the topology of the space |L| is a weak topology with respect
to the pre-decomposition L. Since the pre-decomposition L is, moreover, point
finite (being a sub-pre-decomposition of the point finite decomposition K), this
pre-decomosition is, as stated above, a decomposition.

In what follows, we will call sub-decompositions L of an arbitrary cellular
decomposition K its sub-decompositions.

When studying the properties of cellular decompositions, it is useful to keep
in mind that

Proposition 3.25. for any compact subset C of X and any cellular decompo-
sition K of X, the sub-decomposition K(C) is finite.
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Proof. To prove this statement, it is sufficient to prove that the subset C in-
tersects only a finite number of cells e € K, since then it will be contained in a
finite sub-decomposition that is the union of sub-decompositions K(e) for which
enC # Q.

Let there exist an infinite system {e;} of different cells ¢; € K for which
e; N C # @ for each i, and let x; € ¢; N C. Consider an arbitrary finite sub-
decomposition L of the decomposition K. It contains only a finite number of
cells e; and e; N |L| = @ if e; ¢ L. Therefore, the subspace |L| contains only
finitely many points x;, so the intersection {x;} N|L| is closed. Consequently, the
set Xi is closed. By similar arguments, any subset of the set {x;} is also closed,
so the set {x;} is discrete. But this is impossible, since any discrete subset of a
compact set must be finite. Consequently, the set C actually intersects only a
finite number of cells of the decomposition K. O

It easily follows from the proven statement, for example, that

Proposition 3.26. any pre-decomposition K, for which, for eachn =0,1, ..., oo,
the topology of the space K" is a weak topology with respect to the pre-decomposition
K™, constitutes a decomposition.

Proof. Indeed, since K = K, we only need to prove that the pre-decomposition
K is point finite, for which it is sufficient in turn to prove that for any finite n, the
pre-decomposition K™ is point finite (because if dime = n, then K(e) = K"(e)).
We will prove this by induction on n, considering that the pre-decomposition
K° is obviously point finite.

Let it already be proven for some n > 0 that the pre-decomposition K"~ ! is
point inite. Since, by assumption, the topology of the space |[K"~!| is a weak
topology with respect to this pre-decomposition, the pre-decomposition K"~! is
a decomposition, and therefore, according to the statement just proven, for any
compact subset C ¢ |K"!| the sub-pre-decomposition K"~(C) = K(C) is finite.
In particular, for any n-dimensional cell e” € K, the sub-pre-decomposition
K(eé" 1) is finite. But, as we know, K(e") = {K(e"),e"}. Therefore, the sub-
pre-decomposition K(e") is also finite. O

In the study of cellular decompositions, an important role is also played by
the fact that

Proposition 3.27. for any increasing sequence
KycKyc---CcK,, C---

of sub-decompositions of the decomposition K, whose union is the entire decom-
position K, the space X = |K| is a free union of subspaces

Kol C|Ky| €+~ C Kyl C -2

Proof. We must show that any subset A of the space X for which the intersection
A N |K"| is closed for any n is itself closed. Since the space X is a free union of
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the sets e, e € K, it suffices to prove that for any cell e € K, the intersection
AN e is closed.
Let n be a number such that e € K. Then

Ane=(AN{K"})Ne,
and therefore, this intersection is closed. O
In particular,

Proposition 3.28. for any decomposition K of the space X, this space is a free
union of subspaces
IK°| c |K'|c---c|K"| C---

Note that the converse of the proposition proven above also holds, i.e.,

Proposition 3.29. if a cellular pre-decomposition K of the space X is the union
of an increasing sequence

KhcKyc---CcK,C---

of sub-decompositions K", each of which is a cellular decomposition (of the sub-
space K™), and if the space X is a free union of subspaces

|Kol C |Kyi| -+ C|Kyl C -
then the pre-decomposition K is a decomposition.

Proof. Indeed, since for any cell e € K" the equality K(e) = K,,(¢) holds, the
pre-decomposition K is point finite. Therefore, we only need to prove that the
topology of the space X is a weak topology with respect to the pre-decomposition
K. Let A be an arbitrary subset of the space X for which the family {Ane; e € K}
consists of closed sets. Since

(AN|K")ne=Ane

for e € K" and since the topology of the space |K"| is a weak topology with
respect to the decomposition K", for any n > 0 the set AN |K"| is closed in |K"|.
Therefore, the set A is closed in X. Consequently, the topology of the space X
is indeed a weak topology with respect to the pre-decomposition K. O

The existence of a cellular decomposition K for a space X imposes rather
strong restrictions on the topology of that space. For example, it is clear that

Proposition 3.30. Any space X that admits a cellular decomposition K is a
canonical space.

Furthermore, since the closure e of each cell e of an arbitrary cell decompo-
sition K is connected, any connected component A of the space X = |K| either
contains such a closure entirely, ANe = e, or does not intersect with it, ANe = @.
Since in both cases the intersection A Ne is closed and open in e, the connected
component A is closed and open in X. This means that
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Proposition 3.31. any space X that admits a cellular decomposition K is a
topological sum of its connected components.

Furthermore, for each connected component A C X, the set L of all cells e € K
whose closures are contained in A (i.e., for which A Ne = ¢) constitutes a sub-
decomposition of the decomposition K, and the body of this sub-decomposition
coincides with A : [L| = A.

Thus,

Proposition 3.32. any connected component A of the space X, which admits
a cell decomposition K, serves as the body of some sub-decomposition L C K.

On the other hand, since the sets e, ¢ € K, are not only connected but even
path-connected, the path-connected components A of the space X also possess
the property that for any cell e € K, either AnNe = @ or Ane = e, and
therefore each path-connected component A is simultaneously closed and open
in X. Consequently,

Proposition 3.33. every connected space X that admits a cellular decomposi-
tion K is path-connected.

Furthermore, it is easy to see that

Proposition 3.34. for every space X admitting a cell decomposition K, any of
its connected components is a path-connected component, and, conversely, any
of its path-connected components is a connected component.

Proof. Indeed, any connected component of the space X, being the body of
some sub-decomposition of the decomposition K, is path-connected and there-
fore is a path-connected component. Conversely, since any path-connected com-
ponent is both closed and open, it coincides with the connected component
containing it. O

Since each connected component of the space X, being the body of some
sub-decomposition, contains at least one vertex of the decomposition K, and
since his component is path-connected, it follows that

Proposition 3.35. any point in the space X = |K| can be connected by a path
to at least one of the vertices of the decomposition.

Therefore,

Proposition 3.36. the space X = |K| is connected if its subspace K' is con-
nected.

It turns out that the converse statement is also true, i.e.,

Proposition 3.37. if the space X = |K| is connected, then its subspace K' is
also connected.
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Proof. Indeed, let A be an arbitrary connected component of the space |K'|. As
we know, A = |L|, where L is some sub-decomposition of the decomposition of
the skeleton K. We will show that there exists a sequence of sub-decompositions
Ll1clLyc---CcL,cC--- of the form L, c K", such that

].) L1 = L,
2) (Ln+1)" = Ly;
3) For any cell e € K", eitheren|L,| =@ oren|L,| =e.

Let a sub-decomposition L, be already constructed for some n > 0. From
condition 3) it immediately follows that the set |L,| of this sub-decomposition
is both closed and open in the space |K"|. Therefore, for any (n+ 1)-dimensional
cell e"*! € K, either ¢"*' N |L,| = @ or ¢"*' N |L,| = é"*! (recall that the set
é"*1 is connected). Therefore, the collection L,4; of all cells e € K"*! for which
enN|L,| # @ is a sub-decomposition of the decomposition K"*!. It is clear that
this sub-decomposition satisfies conditions 1) - 3).

Now let us consider the sub-decomposition

Ly = U;ozan

of the partition K. It is clear that its body |L«| C X has the property that for
any cell e € K, either e N |Le| = @ or e N |Ls| = €. Therefore, the subspace |Le|
is closed and simultaneously open in X. Consequently, |Lo| = X, i.e., Lo = K.
But it is clear that (Le)! = L = L. Therefore, L = K' and, consequently,
A =|L| = |K'|. Therefore, the subspace |K!| of the space X is connected. ]

Since (K™)! = K! for any n > 1, it immediately follows from the last two
statements that

Proposition 3.38. if the space X = |K| is connected, then for any n > 1 its
subspace |K™| is also connected; if at least for one n > 1 the subspace |K"| is
connected, then the entire space X is also connected.

As for the subspace |K°|, it is easy to see that

Proposition 3.39. for any cell decomposition K of the space X, the subspace
|K°| is discrete.

Therefore, the subspace |K°| is connected if and only if the decomposition K
contains only one zero-dimensional cell (such decompositions are called single-
vertex decompositions).

Remark 3.40 (Terminology Convention). Further, for the sake of brevity, we
will not distinguish between cellular decompositions of K and the corresponding
spaces |K|. Accordingly, we will allow expressions such as

“connected cellular decomposition of K,”

“continuous map of a decomposition of K into a decomposition of L,”
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and so on, meaning, respectively,
“a cellular decomposition of K for which the space |K| is connected,”
“a continuous map of the space |K| into the space |L|,”

and so on. In particular, the formula e € K will, as above, mean that the cell e
belongs to the cellular decomposition of K, and the formula e c K, means that
the cell e lies in the space |K|.

In cases where this convention could lead to misunderstandings, we will, nat-
urally, continue to distinguish between decompositions of K and spaces |K|. In
this case, spaces of the form |K|, i.e., spaces that admit cellular decompositions,
will be called cellular polyhedra.

3.3 Theorem on paracompactness

In this section, we prove that any cellular decomposition (i.e., the space |K|; see
the terminology convention at the end of the previous section) is paracompact,
i.e., any open covering I' of it can be refined into a locally finite covering A.
We will construct the covering structure A by “ascending” step by step along
the skeletons K" of the decomposition K. To describe this construction, it is
convenient for us to introduce the following general definition:

Let X c Y and let {U,;@ € A} and {Vp; B € B} be families of open sets in
spaces X and Y respectively. The family {Vg;8 € B} will be called an extension
of the family {U,;a@ € A} if A C B and

Us=VanX

for every a € A.
In order to construct an open covering A of a decomposition K, it is obviously
sufficient to construct a sequence of open coverings

A" ={V};B € B"}

of the skeletons K", having the property that for any n > 0 the covering A"” is
an extension of the covering A"~!. Indeed, then the family A of sets

VB = UnV’g

where the summation is extended to all n for which g € B", will, as is easily
seen, be an open covering of the decomposition K (with the index set B being
the union of the sets B c Bt c---c B"C --+).

For this covering to be refined in the given covering

I'={Uy;a € A}
of the decomposition K, it is necessary to ensure that there exists a map a

a:B—> A,
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such that for any n > 0 the inclusion holds
V,g C Ua/(,B) NnK".

To carry out the proof, it will be more convenient for us to require more,
namely, that the inclusion take place

‘_/73 CUqp) N K".

Let us now consider the question of conditions that ensure local finiteness of

the covering
A ={Vg;B € B}

Let x be an arbitrary point in the space K. To construct a neighbourhood
of a point x in the space K, it is sufficient for any x for which x € K" to define
in the space K" a neighbourhood W7 of the point x with the property that for
x e K"

WinK" Tt =with
Indeed, then the formula
Wy =U, W
(the summation is extended to all n for which x € K™) will define for us some
neighbourhood of the point x in the entire space K. This method can obviously
be used to obtain any neighbourhood W, (it suffices to set W2 = W, N K™).
Note that for W, NVg # @ there exists a number n > 0 such that x € K" and

Winvg # 2.
Now suppose that the neighbourhoods W§ have the following two properties:

i) the intersection W7 NV7 for x € K™, where m < n, is non-empty if and only
if B € B™ and the intersection W' N Vg’ is non-empty;

ii) for x € K™ \ K" ! the intersection W” N Vg is non-empty only for a finite
number of indices 8.

From what has just been said, it follows directly that, if conditions i) and ii)
are satisfied, the intersection W, NVg will be non-empty only for a finite number
of indices 8. In other words, the existence of neighborhoods W7 satisfying
conditions i) and ii) ensures the local finiteness of the covering A.

Summarising all that has been said, we see that to construct a locally finite
open covering A refined in a given open covering T, it is sufficient to construct

a) a sequence of open coverings A" = {Vg;,B € B"}, n =0,1,2, ..., each of
which is an extension of the previous covering;
b) a map
a:B— A,
where B = U}’ | B", having the property that for any n > 0 and any 8 € B",
the inclusion
—n
V.B C U(Y(B) nK"
holds;
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c¢) for any n > 0 and any point x € K" in the neighbourhood W2, with the above
properties i) and ii).

We will construct these objects by induction on the number n.

For n = 0, we take the 0-th skeleton K° of the decomposition K for the set
B°. We define the map a on the set B® by choosing, for each point 8 € B® = K9,
the element of the covering I' that contains it and taking @(f8) as the index of
this element. For the set Vg corresponding to the point 8 € B°, we take this

point itself. Similarly, for the set W corresponding to the point x € K°, we also
take this point itself. Since the space K° is discrete, it is easy to see that all our
conditions are satisfied.

Let for some n > 0 we have already constructed a set B, a map « of this
set into a set A, open sets Vg C K" and neighbourhoods W} c K", x € K",

satisfying conditions a), b), c).
In the trivial case K"t =" we set

1 1 1
Bl =g, vptl=vE Wit =W

It is clear that the index sets B"*!, open sets Vg“ and neighbourhoods W7+!

constructed in this way still satisfy conditions a), b), c).

Thus, we need to consider only the case when K**! # K", i.e., when the
decomposition K contains n + 1-dimensional cells "*!'. For each such cell, we,
having chosen some characteristic map

y: B S x,
wee put

Uy =x""(Ua) =x"' (Uane™), aeA,
Ve=x'(Vp) =x (Vi né™h), BeB.

The sets U/(, (many of these sets are, generally speaking, empty) constitute an
open covering I of the ball E"*!, and the sets V’L; (among which there may also

be empty sets) constitute an open covering of its boundary sphere S”. Moreover,
in view of condition b), for any element g € B", the inclusion holds

Vg CUpyp NS

(from which, in particular, it follows that the covering {Vl;} is refined in the
covering I' N §" = {U:l(ﬁ) NS"; a € A}). Moreover, in view of condition c) (by
which the covering A" = {Vg;ﬁ € B"} of the space K" is locally finite), the
covering {V[;,; B € B"} of the sphere S" is locally finite. (However, it is easy to
see by induction that in fact only finitely many elements of this covering are
non-empty.)

Next, for each point x € K" we set

W= x LW = x (W2 e,
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Clearly, the (possibly empty) sets W; are open in the sphere S" and have the
property that for each point x there are only finitely many indices B for which
W, NV, 0.

For any set G c S" and any positive € < 1, we will denote by G, the
“radial extension to &” of the set G into the ball, i.e., the subset of the ball E**!
consisting of all points v = vu € B!, 0 <v < 1, |u| = 1, for which

l-e<v<l, ucedG.

It is clear that if G is open in the sphere S", then the set G, is open in the ball
En+1‘
The sets G, have the property that G, NS" = G. Moreover, for any ¢ < &,
the inclusion
G, CcGg

holds. Moreover, for any sets G,H C S" and any positive € < 1 and 5 < 1,
the intersection G, N H,, of their “radial extensions” is non-empty if and only
if the intersection of the sets G N H is non-empty. In particular, the set G, is
non-empty if and only if the set G is non-empty.

Now, choosing for each element 8 € B" some positive number €5 < 1, we set

Vi = (Vg)ey-

Since Vﬁ c U;(ﬁ) N S", for sufficiently small gg the inclusion

’

Vs €U

(and even the inclusion Vi C Ulao(ﬁ,)) holds, so that all sets VB*, B € B", form an

open (and obviously locally finite) covering “adjacent” to the sphere S" of the
set
V* = Ugepn Vs,

refined in the covering I' N V* = {U,, N V*}.
Since the set E,4; \ V* is closed in the ball E"*!, it is compact, and therefore
it can be covered by a finite number of non-empty sets of the covering I'". Let

’

Ugys ---» U/as be these sets. Since V* is open and contains the sphere S", it is
possible to refine the open covering U:n, el U;,s of the set E"*1 \ V* into an
open covering Ty, ..., T, such that

T, cU,, T,ns"=0.

For consistency of notation, we will write V; instead of T;. Here, the su-
perscript #, unlike in the previous case, of course, does not mean that V, is
obtained by radial extension. Furthermore, this notation implies that the sets
B™ and A do not intersect; clearly, this last assumption does not restrict gen-
erality. It is obvious that the sets Vg, BeB", and V,,i=1, ..., s, provide
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an open locally finite (essentially, even finite) covering of A* of the ball E"*!,
refined in the covering I'.

Since the set U‘l.‘zlv; is closed and does not intersect the sphere S", then for
any point x € K" there exists a positive s; < 1 such that the set

Wi = (W),

does not intersect with the set Ufﬂ‘_/;_. The sets W are open in the ball E"*!
and have the property that

Wins'=w,.
Furthermore, each of the sets Wy intersects with only a finite number of sets
from the covering A*.

Let v be an arbitrary interior point of the ball E"*!. Since the covering A*
is locally finite, this point has neighbourhoods that consist entirely of interior
points of the ball E**! and intersect with only a finite number of sets of this
covering. Choosing one of these neighbourhoods, we denote it by W, where
x € e is the image of the point v under the characteristic map y. Here,
the asterisk again does not denote radial extension, but is introduced only for
uniformity of notation.

All the constructed objects will have to be considered below for all cells
e™1 € K simultaneously. Therefore, we will introduce an additional index e*!
into all notations. Thus, we will consider maps yen+1, numbers s.n+1, indices
@; en1, sets V2, ete.

Now we have everything ready to construct the objects we need for n + 1.
We obtain the set B"™! by adding to the set B" all possible pairs of the form
(i,e™1), where e € K, i=1, ..., s,n+1. We define the map a on the set B!
by the formula

o(6) - {a(ﬂ) if BeB,

a/,»,enn lf ﬂ = (l, €n+1),

of the set Vg*l c K™, B e B™! by the formula

n+l _
VB =

V;; Ue'”lEK Xent+l (V,B*,e'”l)’ lf ﬁ € Bn,
Xentl (V(ti,e"”)’ if ﬁ = (i, €n+1),

and, finally, on the neighbourhood W"*! x € K"*!, by the formula

1 {W;} Uentiex Xert(We ), if x € K™,

X - .
Xen+1 (W;H;H), if xee'h

n+1

Since for any cell ¢"** € K the characteristic map

Xentt t B 5 X

is homeomorphic on the open ball E"*! = E"*1 \ $" and V c E™! for

(liygn+1

each i = 1, ..., sen+1, then for any B = (i,e"*!) the set Vg“ = Xerr1 (V) juir)
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is open in @"*'. Consequently, this set is also open in K"*!, because for any

cell e € K"™*! different from the cell ¢"*!, the intersection Vi*! N2 is obviously
empty (and therefore open in ).
Furthermore, since for any 8 € B" and any cell "' € K the following
equality holds:
Vﬁ*,€"+1 m Sn = VB’en+1 = Xe_n1+1 (Vg)’

so the set V7,,, is saturated with respect to the map yn+ (considered as a

map from the ball E™*! to the closure of the cell "*') and therefore the set

Xen+1(V,,1) is open in 2"*1. On the other hand, for any cell e € Kn + 1 either

Vgn+1ne=Vyne (if dime < n) or Vg” Ne = xenr1 (V) o (if e ="*1). Since
in both cases the intersection Vgn + 1 N'e is open in e, it is thus proved that the
set V/';” is open in the space K"*! even for SinnB".

It is similarly proved that all sets of the form W?*! are also open in the space
Kn+1‘

Let us now check conditions i) and ii) for these sets. First, we will consider
condition ii).

Let x € K™\ K" and 8 € B""'. Consider a cell ¢"*! of the decomposition
K containing the point x. By definition,

n+l _ 5
Wx - Xe"+1(Wx’en,+1),

and therefore the intersection Wi*! nVg*! can be non-empty, only when g € B"

or when B8 = (i,e™"), where i = 1, ..., s,n1. Since the number of indices 8 of

the form (i, e"*1) is finite, it suffices to prove that the number of those g € B"
for which this intersection is non-empty is also finite. But it is clear that for
BeB"”

W;H—l N V£+1 = Xentl (W;’erwl N Vﬁ*’erwl)’

and therefore, according to the choice of the set W ne1, the intersection witln
Vg” is non-empty only for a finite number of indices 8 € B".

Let us now check condition i). Let m < n+ 1, 8 € B"! and x € K™. Since
m < n+1, then
W = WU Ugnt e Xerot (W) jir)

Therefore if 8 = (i, ¢**!), then
W;H-l N V£+1 = Xentl (W;,en+1 N V,[;,e"”) = Q.
If B € B", then due to inclusions

Xen+l (W;’en+1) N Kn C W;l,
Xert (Vi ) K" C VS

the equality will hold

W;l+1 ) V£+1 = (W;l N V,Z;) U Uerz+1 cK Xen+l (W;,e"” N VE,€"+1)'
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Let for some cell e**! € K the intersection
W;’erwl n V;’erwl
is non-empty. Then the intersection is non-empty

W ,€"+1 m Vﬁ,e"” = Xgn1+1 (W_)'Cl m V£)3

X

and the intersection as well
win Vg.

It follows from this that the intersection W7+! ﬂVE”, B € B", is non-empty if and
only if the intersection W NV} is non-empty, i.e., by the induction hypothesis,
when 8 € B™ and the intersection W*NV7" is non-empty. Thus, the construction
of coverings A" and neighbourhoods W¥ by induction is accomplished for all n.
According to the above, it is thus proved that

Proposition 3.41. any open covering I' of a cellular decomposition K can be
refined into a locally finite open covering A.

In other words, we have proved that
Proposition 3.42. any cellular decomposition of K is a paracompact space.

Since the space K is, by assumption, Hausdorff, it follows directly from this
statement that

Proposition 3.43. any cellular decomposition of K is a normal (and even stably
normal) space.

Let us now consider the characteristic map yxxr : Pxkxr — K X L for the
pre-decomposition K x L which is the product of two cellular decompositions K
and L. By what has just been proved, the spaces K and L are regular. Moreover,
as we know, if the decomposition K is locally finite (resp. locally countable),
then the characteristic map yx : Pk — K is locally compact (resp. locally
countable). On the other hand, as noted at the end of §3.1, we can assume that
Pgxr = Px X Pp and ygxr = xk X xr- Therefore, by the theorem proved in
§1.5, the map ygxr is an identification map if at least one of the decompositions
K and L is locally finite or if both these decompositions are locally countable.
Since the pre-decomposition KX L is obviously point-wise finite, it is thus proved
that

Proposition 3.44. The product K X L of cellular decompositions K and L is a
cellular decomposition if at least one of the decompositions K and L is locally
finite or if both these decompositions are locally countable.

In particular,

Proposition 3.45. for any cellular decomposition K, the product K X I is also
a cellular decomposition.

Remark 3.46. As Dowker showed, there exist cellular decompositions K and L
such that their product K X L is not a cellular decomposition.
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3.4 Continuous maps of cellular decomposition

Let K be an arbitrary cellular decomposition and Y be an arbitrary topological
space.
Since the decomposition K is a free union of sets e, e € K, then

Proposition 3.47. the single-valued map
f:K—>Y

is continuous if and only if for any cell e € K the map
fle:e—>Y

18 continuous.

Similarly, since a cellular decomposition K is a free union of its skeletons K",
then

Proposition 3.48. the map
f:K—>Y

is continuous if and only if for any finite n > 0 the map
flgn : K" > Y.
18 continuous.

In what follows, we will repeatedly construct maps
f:K—>Y.

by constructing, for any n > 0, “consistent” continuous maps f", i.e., continuous
maps
" K" —>Y.

such that
fn+1|K" — fn

for any n > 0, and setting for any point x € K
fx) = f"(x), if xeK".
According to the previous assertion,

Proposition 3.49. the map
f:K—>Y.

constructed in this way is continuous.

All these statements are applicable, in particular, to the decomposition K x 1
and to continuous maps K X I — Y, i.e., to homotopies f; : K - Y, 0 <t < 1.
Since the decomposition K X I is obviously a free union of sets e x I, we obtain
from this that
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Proposition 3.50. the family of maps
fi:K—>Y, 0<t<l,
is a homotopy if and only if for any cell e € K the homotopy is the family
file:e—>Y, 0<t<1,
and also if and only if for any n = 0 the homotopy is the family
filgn : K" > Y.
Moreover,

Proposition 3.51. if for all n > 0 we are given “consistent” skeleton homo-
topies, i.e., homotopies

fn, K" —>Y, 0<tr<l,

such that
ffHlgn:e—-Y, 0<t<l1,

for any n > 0, then, setting for each point x € K and any t € 1
filx) = fi'(x), if xeK",
we obtain some homotopy
fi: K—>Y, 0<t<l1.

Sometimes we will consider not the sequence K K', ..., K", ... of skele-
tons, but an arbitrary increasing sequence

KhcKycCc---CcK,C---

of sub-decompositions of the decomposition K, the union of which is the entire
decomposition K. Since the decomposition K is the free union of any such
sequence, then

Proposition 3.52. All the assertions proved above remain valid even if the
sequence of skeletons is replaced by an arbitrary increasing sequence of decom-
positions of the decomposition K, the union of which is this entire decomposition.

On the other hand, since any closed (or open) subspace X of the decompo-
sition K is a free union of sets X Ne, e € K, then everything said above is true
(with obvious modifications) for any such space. Thus, for example,

Proposition 3.53. the map
f:X—->Y

is continuous if and only if for any cell e € K the map

flxne : XNe—-Y
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is continuous, and also if and only if for any n > 0 the map
f|XﬂK" : XﬂK" —Y

18 continuous.

A pair (K, L) consisting of a cellular decomposition K and an arbitrary sub-
decomposition L of it will be called a cellular pair. Using the above remarks, one
can easily prove that the extension property of maps of spheres, which underlies
the definition of m-connected spaces (see §2.1), holds for any cellular pairs (K, L)
for which dim(K\ L) < m+1, i.e., for which dime < m+1 for each cell e € K\ L.
Namely,

Proposition 3.54. if dim(K\ L) < m + 1, then any map f : L — Y of a sub-
decomposition L into an m-connected (m > 0) space Y can be extended to some
map g: K —=Y.

Proof. Indeed, let
K,=K"'UL.
For any n =0,1, ..., m+ 1, we construct a continuous map

gn:Kn_>Y,

such that g,z = f, gn+1lk, = gn- Then the map g,,4+1 will be the desired map
g (since, according to the condition, K,,+1 = K).

We will construct the map go by arbitrarily defining it on the vertices of the
decomposition K that do not belong to the sub-decomposition L (on L, it must,
of course, coincide with f). Clearly, this map is continuous.

Let g, already be constructed for some non-negative n < m. If K,y = K,
then we set ,41 = gn. Let 41 # K, and let ™! be an arbitrary n+ 1-dimensional
cell of the decomposition K that does not belong to the sub-decomposition L.
Having chosen a characteristic map for each such cell,

Xentl ! En+1 e K,
we consider the composition
gn © Xen+t|gn : 8" =Y,

of the restriction y,n+1|sn of the map y.n+1 to the sphere S" and the ma g,.
Since the space Y is, by assumption, m-connected, and n < m, we can extend
this composition to some map

Yent1 : B Y.

For any point x € K,,+1, we now set

8gn(x), if x¢€Kp,

o1 () = {x (Ch) i xg K,
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where ¢! is the cell of the decomposition K containing the point x. It is clear

that we thereby obtain a single-valued continuous map
gn+1 : Kny1 — Y,
possessing all the required properties. O
Let us now show that

Proposition 3.55. any cellular pair (K, L) satisfies the aziom of homotopy
extension.

Proof. Indeed, let Y be an arbitrary space, f : K — Y an arbitrary map, and
gL —>Y, 0<1t<1, beahomotopy such that gg = f|L. We must construct
a homotopy f; : K — Y for which fy = f and f;|, = g; for any t € I. Let
K, = KnUL. According to the above, to construct a homotopy f;, it is sufficient
to construct for any n > 0 a homotopy

1K, —Y,

such that
= Fflk,, fl'le=g. and f"*k, =f"

For any point x € Ky we define a homotopy £ by the formula

o &), if xelL,
Je= f(x), if xeKkO.
It is clear that this formula indeed defines a homotopy, for which fg = |k, and
f) =g foranytel.
Let for n > 0 we have already constructed a homotopy f/'. If K41 = Ky,
then we set f"*! = f" 0 <t <1. Let K41 # K,, and let ¢"*! be an arbitrary
n + 1-dimensional cell of K that does not belong to L. Having chosen for each

such cell e"*! a characteristic map
Xen+1 : B > K,
For each point x = yne1(var), 0 < v < 1, |u|, of the set 2"*' and any number
t €1 we set
o [P ()it 0sve
g "+1,l’ X) = . _
¢ 2ot (u)), if 2<v<l

It is easy to see (Fig. 3.1) that this formula uniquely defines a certain map
genri g i@ Y

(depending on the choice of the map y). Moreover, since the family of maps

Genti g O Xent1 : BT Y
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Figure 3.1:

is obviously a homotopy, the family of maps g.n+1; is also a homotopy (since
the characteristic map y,n+1 considered as the map E"™*' — 2"*! is an identity
map, and the segment 7 is compact, so the map yenss X 1 : B x T — 2" x 1

is also an identity map). This homotopy has the property that

gen+1’0 = flgrwl and ge"+1,t|é”+1 = f;”|én+1

for any t €. Therefore, the formula

el (X)), if xeky,
! Zen+1 ¢ (X) if xee™ €K, \K,,

defines a certain homotopy f**!: K,+ — Y, 0 <t < 1, which obviously has all
the required properties.

Thus, the homotopies f;* are constructed, by induction, for all n > 0. The
proposition formulated above is thus completely proven. O

Remark 3.56. A special case of the proved proposition is the statement for-
mulated in §2.4, since all pairs listed in this statement, as is easy to see, are
cellular.

We see, therefore, that all the results of §2.3 are applicable to arbitrary
cellular pairs (K, L), since, together with the pair (K, L), the pair (KxI, (K, L))
is also cellular. Thus, firstly,

Proposition 3.57. for any cellular pair (K,L) of any space Y and any two
homotopic maps

f.g:L—>Y
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the spaces K UrY and K Ug Y are homotopically equivalent moreover, the corre-
sponding homotopic equivalence can be chosen so that it is the identity map on
K,

and, secondly,

Proposition 3.58. For any cell pair (K, L), any space Y, any continuous map
f:L—>Y
and any space Z homotopically equivalent to Y, every homotopy equivalence
h:Y—>Z
can be extended to some homotopy equivalence
H:KUpY — K Upoy Z.

Generally speaking, the space KUY is not a cellular decomposition even in
the case when the space Y is a cellular decomposition. One can only say that

Proposition 3.59. for any cellular pair (K, L), any cellular decomposition Q
and any continuous map

f:L—>Q

the space K Uy Q is homotopy equivalent to some cellular decomposition é that
contains the decomposition Q as a sub-decomposition, and the homotopy equiv-
alence K Uy Q — Q can be chosen such that it is the identity map on Q.

To prove this statement, we introduce continuous maps
f:K—>Q

of a cellular decomposition K into a cellular decomposition Q, with the property
that

f(K") c Q"
for any n > 0. We will call such maps of cellular decompositions cellular. The

statement formulated above will obviously be proven if we show, first, that

Proposition 3.60. any continuous map K — Q is homotopic to some cellular
map K — Q

and, secondly, that

Proposition 3.61. For any cellular pair (K, L), any cellular decomposition Q,
and any cellular map,

f:L—>Q

the space K Uyr Q is a cellular decomposition containing the decomposition Q as
a sub—decomposition.
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Let us first consider the second statement. Since the cellular decompositions
K and Q are, as we know, normal spaces, the space K Uy Q is Hausdorff (§1.6).
Moreover, since the natural projection & : K UQ — K Uy Q onto K \ L and
Q is a homeomorphism, then for any cell e € (K \ L) U Q (with characteristic
map x) the set a(e) is a cell of the space K Uy Q (with characteristic map
@ o x). Moreover, given that the map f is cellular, all cells a(e), e € (K\L)UQ
constitute a cellular pre-decomposition of this space.

Let us show that this subdivision is point-finite, i.e., that any cell a(e) of it
belongs to some finite subdivision. For e € Q, this is obvious, since the map a|g
is homeomorphic, and therefore the image a(Q(e)) of the sub-decomposition
Q(e) under the map « is a finite sub-decomposition of the pre-decomposition
K Uy Q, containing the cell a(e). Let e € K\ L. Since the sub-decomposition
K(e)NL is finite, it is compact, and therefore its image f(K(e)NL) C Q under the
map f is contained in some finite sub-decomposition Q. of the decomposition
Q. Consider the set a(K(e) U Q.). It is obviously compact. Furthermore, it is
the union of cells of the form a(e), ¢ € (K(e) \ L) U Q.. Therefore, this set is
a finite sub-decomposition of the pre-decomposition K Uy Q, containing the cell
ale).

Thus, to prove the statement under consideration, we only need to prove
that the topology of the space K Uy Q is a weak topology. As we know, for
this it is sufficient to prove (see §3.1), that the set A ¢ K Uy Q is closed if its
intersection a N P with any finite sub-decomposition P ¢ K Uy Q is closed. At
the same time, since the natural projection « is an identification map, and the
topological sum KUQ is a cellular decomposition, the set A € KK U Q is closed
if and only if for any cell e € K U Q the intersection a'(A) Nne is closed. Thus,
we need to prove that if the intersection AN P of some set A ¢ KUy Q with any
finite sub-decomposition P ¢ K Uy Q is closed, then for any cell e € K U Q the
intersection @' (A4) Ne is closed. It is easy to see that this fact will be proved
if we show that for any cell e € K U Q the set a(e) is contained in some finite
sub-decomposition P, of the pre-decomposition K U Q.

Indeed, since the subdivision P,, being finite, is closed, and a(e) C P,, then
a(e) c a(e) C P,, and therefore ¢ ¢ a~*(P,). Therefore,

a A necalt@Ane(P)neca(AnP,)cal(A)Ne,

and therefore
a (A ne=a'(ANP,)NE.

By assumption, the right-hand side of this equality is closed. Therefore, its
left-hand side is also closed.

Thus, we only need to prove that for any cell e € K U Q there exists a finite
sub-decomposition P, ¢ K Uy Q such that a(e) C P.. But if e ¢ L, then the
set a(e) is a cell of the pre-decomposition K Uy QO and therefore, as has already
been proved, is contained in some finite sub-pre-decomposition P, of this pre-
decomposition. Let e € L. Since the set f(e) C Q is compact, it is contained in
some finite sub-decomposition of the decomposition Q. Therefore, in this case,
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the set a(e) = f(e) C f(e) (generally speaking, no longer a cell) is contained in
some finite sub-decomposition P, of the pre-decomposition K Ur Q.

Thus, the statement that the pre-decomposition K Uy Q is a decomposition
is completely proven.

In particular, we see that

Proposition 3.62. for any cellular pair (K,L) the space K/L is a cellular
decomposition.

Similarly,

Proposition 3.63. the cylinder Zy of any cellular map f : K — L is a cellular
decomposition (with cells of the form e € K, e € L and e X (0,1), e € K).

Remark 3.64. For the above statement to be true, the requirement that the map
f be cellular is not necessary. It is sufficient that this map have the property
that f(LNé c Q" ! for any cell e K \ L, where n = dime.

As for the first of the above statements, it can even be strengthened some-
what. Namely, it turns out that

Proposition 3.65. any continuous map K — Q that is a cellular map on some
sub-decomposition L C K is homotopic to the cellular map K — Q rel L.

We will prove this fundamental theorem about cellular maps in the next
section. We will dedicate the end of this section to deducing one important
consequence from it.

A homotopy

fi:K—=0, 0<t<1,

will be called cellular if the maps fy and f; are cellular and if
fi(K") c Q"' forany n>0.

Clearly, a homotopy f; : K — Q, 0 <t < 1, is cellular if and only if the
corresponding map K X I — Q is a cellular map. Cellular maps associated by a
cellular homotopy will be called cellularly homotopic.

It follows from the theorem on cellular maps that

Proposition 3.66. if cellular maps
f,.g: K—0

are homotopic relative to some (possibly empty) sub-decomposition L C K, then
they are also cellularly homotopic rel L.

Proof. Indeed, the statement that the maps f and g are homotopic rel L means
that there exists a map
F:KxI—Q,

such that
F(x,0) = f(x), F(x,1)=g(x)
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for any point x € K and
F(x,1) = f(x) = g(x)

for any points x € L and t € I. It is clear that the map F is cellular on the
sub-decomposition
I(K,L) = LxUKXITULX1

of the decomposition K X I and therefore, according to the theorem on cellular
maps, it is homotopic relative to this sub-decomposition to some cellular map

G:KxI— Q.
The family of maps corresponding to G
g :K—>Q, 0<r<1,
obviously represents a cellular homotopy rel L, connecting the maps f and g. O

Thus, when studying the homotopy properties of cellular decompositions,
we can, without loss of generality, restrict ourselves to considering only cellular
maps and their cellular homotopies.

Let us apply, for example, this remark to the study of homotopy groups
7, (X;xp) in the case where the space X is a cellular decomposition of K. Here
we can obviously assume that the point xg is some vertex e° of the decomposition
K.

Having agreed to regard the sphere S" as a cellular decomposition with
a zero-dimensional cell #y and an n-dimensional cell S” \ uy, we apply to an
arbitrary map

¢ (8" ug) — (K, e’)

the theorem on cellular maps. Since the points ug and e are vertices, this map
is cellular on uy. Therefore, according to the theorem on cellular maps, it is
homotopic rel ug to some cellular map

W (S"ug) — (K, eY).

But the last map, being cellular, is a map of the sphere S" into the n-dimensional
skeleton K" of the decomposition K. Therefore, any map (S",ug) — (K, e°) is
homotopic rel ug to a map of the form i o ¢, where i : K — K is an inclusion,
and y is some map (S",ug) — (K", e"). This means that

Proposition 3.67. the inclusion i : K" — K defines an epimorphism
iy Th (K™ e%) — 1 (K e?)
of the group m,(K";e®) onto the group m,(K;e®).

Similarly, using the fact that homotopic cellular maps are cellularly homo-
topic, we obtain that
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Proposition 3.68. the group m,,(K;e®) is isomorphic to the group m,(K*1; %)
(and, in general, to any group m,(K™;e") withm >n+1).

In particular, it directly follows from this general statement that

Proposition 3.69. for any m < n, the following equality holds:
”n(SmﬁuO) = 0’
i.e., that the sphere S™ is an (m — 1)-connected space.

We emphasise, however, that we obtained this statement by relying on the
theorem about cellular maps. On the other hand, in the next section, when prov-
ing the last theorem, we will make substantial use of this statement. Therefore,
to avoid a vicious circle, we will be forced to provide an independent proof of it
there.

3.5 Proof of the theorem on cellular maps
Let QO be an arbitrary cellular decomposition and

@=0Q1CQpgC---CQ,C---

be an arbitrary increasing sequence of its sub-decompositions (the union of these
sub-decompositions may be the decomposition Q or may not). A map

f:K—Q

of some cellular decomposition K into a decomposition Q will be called subor-
dinate to the sequence {Q,} if

F(K™) € Qn

for any n > 0. Accordingly, we will say that for a sequence {Q,} the theorem on
subordinate maps holds if for any cellular pair (K, L) each map f : K — Q whose
restriction f|g is subordinate to {Q,,} is homotopic rel L to the subordinate {Q,}
map g: K — Q.

In the case where the sequence {Q,} consists of skeletons Q" of the decom-
position Q, the subordination of the map f means its cellularity.

Thus, the theorem on cellular maps formulated in the previous section means
that

Proposition 3.70. for the sequence {Q,} of skeletons of the decomposition Q,
the theorem on subordinate maps holds.

The basis of the proof of the theorem on cellular maps is the fact that

Proposition 3.71. if the sequence {Q,} is such that for any n° every map
(B", $" 1) = (Q,Qn-1) is homotopic rel S*~! to some map (E",S$" 1) = (Qpn, On-1),
then the theorem on subordinate maps holds for the sequence {Q,}.
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In other words, if the sequence {Q,} has the indicated property, then every
continuous map f : K — Q subordinated on L to the sequence {Q,} is homotopic
rel L to some map g : K — Q subordinated to the sequence {Q,}.

Proof. According to the remarks made at the beginning of the previous section,
to construct a homotopy

fi:K—>Qrel L, 0<t<1,

connecting the map f with the map g, it is sufficient for us to construct for each
n > 0 a homotopy
ffK—>Q0, 0<t<1,

such that

[ = flgns ANK™) CQuy fMlin = flens I kn = £

foran>0and el

By hypothesis, every map (E",S"™') — (Q,Q,_1) is a homotopy rel §"~']
to some map (B, $" 1) — (Qn, Qn_1). For n = 0, this means that for any point
y € Q, there exists a path u, : I — Q such that u,(0) =y and u,(1) € Qp. For
every point x € K and any number ¢ € I we put

UF(x),s if x¢lL,
fIO(x) — f(x) ]
f ), if xelL.

It is clear that this will give us a homotopy
R K-, 0<t<l,

for which
£ = fees AK€ Qo fleo = flro.
Let for n > 0 a homotopy f" has already been constructed. If K"*! = K",

then we set f"*! = fI'. Let K"*! # K. Since the pair (K"*!, K"), being cellular,
satisfies the axiom of homotopy extension, there exists a homotopy

g K" 50, 0<r<]l,

such that
g0 = flgnr, and  g/lxn = f'
for any r € I.
Let’s consider the map
g1: Kn+1 N Q
Since gllK" = ftl, then
g1(K") C Qn.

Let ¢"™! be an arbitrary n + 1-dimensional cell of the decomposition K and let

y:E" S K
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be an arbitrary characteristic map of this cell. Since ¢"*! ¢ K and g;(K") C Q,,
then

grox: (E™,5") — (Q,00)
Therefore, according to the condition, there exists a homotopy
& B 5 Q0 rel S",
such that
fo=giox. &(B"™) C Qi

For any point x = y(vu), 0 < v < 1, |u| = 1, any cell ¢"*'1, and any number
tel, we set

gz (x(vu)), if 0<r<H,
1

h n+ =
et (1) {gmlvl(vu), if

It is easy to verify (Fig. 3.2) that we thereby obtain a certain uniquely defined

& (vu) 7
______ 7
(&, (VU
=~ ﬁir_.il_l
Hi g,o“‘"’” >
J go(“‘n %
&
Y F

S

e (¥ M//\A
3
R
Q
&
~

Jo*(ve))

)
~
Q

Figure 3.2:

homotopy

honvi i@ > L, 0<r<l1.

To construct a homotopy f/"*!, we now consider an arbitrary point x € K"*!,
In the case where x ¢ K", the point x belongs to some uniquely determined n+ 1-
dimensional cell ¢"*! € K. For any number ¢ € 1

S, if xeK",
fHE) = f @), if x¢K" and e'el,
hep+1 (x), if x¢gK" and e"*l¢lL.
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It is easy to see that this gives us a homotopy
fn+1 . Kn+1 N Q
t . >
such that

= flgna, YUK =C O

and
fH e = fxner, [k = £ for any ¢ € 1.

Thus, the homotopies f* are constructed for all n > 0.
The proposition formulated above is completely proved. O

Now consider the following statement:
Proposition 3.72 (A,). Any map
(E",s") = (Q,0"™)
is homotopic rel S*™1) to some map
(E", ") S (0", 0" ).
According to the proposition just proved,

Proposition 3.73. To prove the theorem on cellular maps, it suffices to prove
statement (A,) for any n > 0.

Remark 3.74. For n = 0, the statement (A,) is true (since in this case it simply
states that any point of the partition Q can be connected by a path to some of
its vertices). Thus, this statement requires proof only for n > 0.

A pair (X, Xy) consisting of some Hausdorff space X and its closed subspace
Xo, which has the property that the complement X \ Xj is an m-dimensional
(m = 0) cell e™, we will call an m-dimensional relative cell.

Counsider the following statement:

Proposition 3.75 (B,). For any m > n and any m-dimensional relative cell
(X, Xo), every continuous map f of the ball E" into the space X that maps the
sphere S"~1 into the subspace Xy, i.e., a map of the pair (E",S*™1) into the pair
(X, Xy), is homotopic rel S to some map E" — Xp.

It is easy to see that

Proposition 3.76. if for some n > 0 statement B, is true, then statement A,
is also true (for any cellular decomposition Q and any map f : (E",S""1) —

(Q,0" ).

Proof. Indeed, let assertion (B,) be true and let f be an arbitrary map of
the ball E” into some cellular decomposition Q that takes the sphere $"! to
the (n — 1)-th skeleton Q"~'. Since the ball E" is compact, its image f(E")
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under the map f is also compact and therefore is contained in some finite sub-
decomposition of the decomposition Q. Therefore, without loss of generality,
we can assume from the outset that Q is finite.

Using the finiteness of the decomposition Q, we will prove the statement (A,)
for it by induction on its dimension m = dim Q and on the number a,,(Q) of its
m-dimensional cells. If m = n, then the assertion (A,) is trivially true. Assuming
that this assertion has already been proven for all finite decompositions of Q for
which either dim Q < m, where m > n, or the number a,,(Q) is less than some
positive integer k, consider an arbitrary decomposition of Q for which dimQ =m
and a,,(Q) = k. By choosing an arbitrary m-dimensional cell ™ € Q and setting
Qp = Q\ ™, we obviously obtain an m-dimensional relative cell (Q, Q). Since
any map (E",$" 1) = (Q,0"!) is automatically a map (E",S*" 1) — (Q, Qo),
then, according to the statement (B,,), each such map is homotopic rel $*!) to
some map g : E" — Qg.

On the other hand, it is clear that the subspace Qy is a cellular decomposition
such that either dimQy < m or a,,(Qy) < k. Therefore, by the induction
hypothesis, the map g is homotopic with rel $"~!) to some map 4 : E" — 05-
Consequently, the map f is also homotopic rel $"1') to the map h. Thus,
assertion (A,) is completely proved. O

Thus, to prove the theorem on cellular maps, we only need to prove the
statement (B,) for any n > 0.

Remark 3.77. Like the statement (A,,), the statement (B,,) is trivially true when
n =0 (since the set " is path-connected).

Now consider the following statement:

Proposition 3.78 (C,). For any m > n and any m-dimensional relative cell
(X, Xp), every map f : (B*,S" 1) = (X, Xo) is homotopic rel S~ ! to some map
g : B" — X with the property that the image g(BE") of the ball E" under g does
not contain the entire cell e™ = X \ Xo.

It is easy to see that
Proposition 3.79. statement (C,) implies statement (B,).

Proof. Indeed, let the statement (C,) be true and let xg be an arbitrary point
of the cell ™ that does not belong to the set g(E"). Let us choose a map

x :E" —>e",

characteristic of the cell ™ such that y(0) = xo (it is clear that such a map can
always be found). It is easy to see that, by setting

gx) =x : ((v(x),u(x)), xeG

(where g is the map E" — X specified by the statement (C,)), we uniquely
define two continuous maps on the open subset G = g~'(e™) of the ball E":

v:G—oI, u:G—o8s"!
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(since, by hypothesis, ¥(0) ¢ g(E"), then v(x) # 0 for each point x € G and
therefore the map u : G — S ! is uniquely defined). For any point x € E" and
any number ¢ € I, we now set

{X((u —tw(x) +0u(x)), if xeG,
g;(X) = .
g(x), if x¢G

It is clear that we thereby obtain a homotopy g; : " — X rel S"~!, for which
go = and g1 (E") c Xy. Thus, the map g, and hence the map f, is homotopic rel
S"1 to some map E" — Xj. Assertion (B,) is thus completely proved. O

Thus, all that remains for us to prove is statement (C,,) for all n > 0.
To this end, we consider the following statement:

Proposition 3.80 (D,,). For any m > n, any n-dimensional relative cell (X, Xo),
and any map f: (E",S" 1) = (X, Xy), there exists a map

8" (En’Sn_l) - (X’X0)9
such that

1) the image g(E™) of the ball E" under the map g does not contain the entire
cell " = X \ Xo;

2) the map g coincides with the map f outside some open set U C E";

3) the image of the set U under each of the maps f and g is contained in the
cell e™.

It is easy to see that

Proposition 3.81. the map g provided by statement (D,,) is homotopic rel S"~1
to the map f.

Proof. Indeed, let
x:E"—>X

be an arbitrary map characteristic of the cell . Since, by hypothesis, f(U) c
e™ and g(U) c ™, then single-valued continuous maps are defined on the set U

fxtef:U—E" gy log:U—E"
For any point v € E" and any number ¢ € [ we put

{X(tf'(v) +(1-ng (), if veU,
gt(") = .
f), if veU.

Clearly, we thereby obtain a homotopy g; : E* — X rel $"!, connecting the
map f with the map g. O
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By condition 1) of assertion (D,), the proven proposition means that

Proposition 3.82. the truth of assertion (D, ) implies the truth of assertion

(Cn)-

Thus, to prove the theorem on cellular maps, we only need to prove statement,
(D) for any n > 0. We will carry out this proof by induction on the number n.
First, we will consider the case n = 1.

Proof. (the case n = 1) Let xg be an arbitrary interior point of the cell ¢ and
let F be its complete preimage f~'(xo) under the map f : E! — X. The set F is
a closed subset of the segment E' = [-1, 1] that does not contain its endpoints.
Since the map f is continuous and the cell €™ is open in the space X, on the
segment B! there exists a finite system of open intervals (a;,b;), i =1, ..., k
such that their union U contains the set F and goes under the map f into the
cell e™. Since the set e™ \ x¢ is linearly connected (since m > 1), then for any
i =1, ..., k there exists a map g; of the closed segment [a;, b;] into the set
€™\ xg such that g;(a;) = f(a;) and g;(b;) = f(b;). But then it is clear that the
map g : B! — X defined by the formula

gi(v), if v e (a;,b),

g(v) = { .

fv), if veU,
is continuous and satisfies all the conditions of assertion (D). Therefore, asser-
tion (Dq) is completely proved. O

Now suppose that for some n > 1 the assertions (D1, ..., D,—-1) have already
been proved, and we prove the assertion (D).
To this end, we first note that

Proposition 3.83. the validity of the assertions (D1, ..., D,_1) implies that
for any m > n the sphere S™ is an n — 1-connected space.

Since the statement (Dy), k =1, ..., n— 1, implies the statement (By), to
prove this proposition it suffices to prove that

Proposition 3.84. from the validity of the statement (By) it follows that for
any m > k the sphere S™ is a k-aspherical space.

Proof. Let g be an arbitrary map S¥ — $™. Having chosen some map
x : EF - sk,

that maps the sphere S~ c E* to the point ug = (1,0, ..., 0) € sk and
homeomorphically maps the open ball EF = EF \ k=1 to the set S* \ uq (ie., a
characteristic ma of the cell S¥ \ ug), we consider the map

f=gox: (EESY = (8™, wy),



3.5. PROOF OF THE THEOREM ON CELLULAR MAPS 133

where wg = g(up) € S™. Since the pair (S™,wq) is obviously an m-dimensional
relative cell and m > k, assertion (By) applies to this map. Therefore, it is
homotopic rel S¥~! to the map of the ball EX to the point wo. Let

f, BF > sm
be the corresponding homotopy. Clearly, for any ¢ € I, the map
g =froxt sk —g"

is uniquely defined and that all these maps form a homotopy connecting the map
g with the constant map S¥ — wg. Therefore, the sphere $™ is k-aspherical. O

Using the statements proved in §2.1, we immediately obtain from this that

Proposition 3.85. from the validity of the statements (D1), ..., (Dy) it fol-
lows that for any m > n the product S™ ! x (0,1) is an n — 1-connected space.

After these preliminary remarks, we can now proceed directly to the proof of
the assertion (D,) (assuming that the assertions (D1), ..., (D,-1) have already
been proven).

Proof. (of the assertion (D,)) Let m > n and let
[ (B8 - (X, Xo)

be an arbitrary map of the pair (E", $*~!) into some m-dimensional relative cell
(X, Xo). Let, in addition, xg be an arbitrary interior point of the cell ™ = X\ Xj
and let

F = ' (xo)

be its complete preimage under the map f. Since, by hypothesis, the boundary
S"~1 of the ball E" is mapped by f into the subspace Xy, the set F (obviously
closed) is contained in the open ball E* = E" \ $"*~!. By similar considerations,
the set G = f~1(e™) (obviously open) is also contained in the ball E". Since
F c G, there exists a cubillage of the Euclidean space R" (i.e., a partition of
the space R" into cubes by orthogonal systems of parallel hyperplanes) so small
that the set F' has a neighbourhood U contained in the open set G, which is the
union of some open cubes of this cubillage. Let P be the closure of the set U
and Q be the boundary of this closure, i.e., its intersection with the union of all
closed cubes of the cubillage under consideration that do not belong to it. It is
clear that the set P is a cellular decomposition of dimension n (whose cells are
the open cubes of the cubillage under consideration and their open faces), and
the subset Q is a cellular subdivision of it. On the other hand, it is clear that
F N Q =@ and therefore

f(Q) c e\ xo,

so that we can view the map f|p as the map

flo : Q — €™\ xo,
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Finally, it is obvious that the set ¢\ xg is homeomorphic to the product S*~! x
(0,1) and therefore, by the induction hypothesis and the remarks made above,
it is n — 1-connected.

Thus, the map f|p is a continuous map of the sub-decomposition Q of P
into the n — 1-connected space e™ \ xg, where dim(P \ Q) < n. Therefore, by the
theorem proved in the previous section, there exists some extension

h:P—e™\ xg.
for this map. We define the map
g:E'"—>X

by putting
h(v), if veP,
gv) = .
f(v), if vgP

for any point v € E". Clearly, this map is continuous and satisfies all the
conditions of assertion (D). i

Thus, the assertions (D,) are proved for all n > 0. Along with them, the
theorem on cellular maps is also completely proven.

Remark 3.86. Incidentally, we have proven that for any n > 0, the sphere S" is
an (n — 1)-connected space (see the end of §3.4).

3.6 Whitehead’s theorem. Quasi-polyhedra

Let us return to the proposition proved at the beginning of the previous section.
Setting in this proposition Q = K and Qg = Q1 = --- = Q, = --- = K, where
Ky is some sub-decomposition of the cellular decomposition K, we immediately
obtain that

Proposition 3.87. if for every n > 0 any map (E",S"" ') — (K, Ky) is homo-
topic rel SS"! to some map B — K, then every map

f (K, Ko) — (K, Ko)
is homotopic rel Ko to some map
g: K — Kp.

According to the assertion proved at the end of §2.4, the conditions of this
proposition are satisfied if the sub-decomposition Ky is a representative subspace
of the space K. On the other hand, in the case where the map f is the identity
map lg of the decomposition K, the map g provided by this proposition is
obviously a retraction K D K. Thus,

Proposition 3.88. any sub-decomposition Ky of the decomposition K, which is
its representative subspace, is a deformation retract of the space K.
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In other words,

Proposition 3.89. for sub-decompositions of cellular decompositions, the prop-
erty of being a representative subspace is equivalent to the property of being a
deformation retract.

It easily follows from this proposition that

Proposition 3.90. for any cellular decompositions K and L, every weak ho-
motopy equivalence
f:K—L

1s a homotopy equivalence.
In other words,

Proposition 3.91. For cell decomposition maps, the property of “being a weak
homotopy equivalence” is equivalent to the property of “being a homotopy equiv-
alence”.

Proof. Indeed, according to the theorem on cellular maps, we can assume with-
out loss of generality that the map f is cellular, and therefore its cylinder Zy
is a cellular decomposition. On the other hand, the fact that the map f is a
weak homotopy equivalence means, as we know, that the subspace K of the
cylinder Z; is representative. Therefore, since this subspace is clearly a sub-
decomposition of the cylinder Zy, it is a deformation retract of it, and therefore
the map f is a homotopy equivalence. m]

The proved proposition is known as Whitehead’s theorem. It is one of the
fundamental tools for studying the homotopy properties of cellular decomposi-
tions. For example, this theorem almost immediately implies that

Proposition 3.92. any cellular decomposition K is the homotopy limit of every
increasing sequence
KhcKyc---CcK,C---

of its sub-decomposition, the union of which coincides with the entire decompo-
sition K.

Proof. Indeed, the space K* corresponding to the sequence under consideration
is, obviously, a cellular decomposition, and the natural map

pZ:KE—>K

is weak homotopy equivalence. Therefore, according to Whitehead’s theorem,
this map is a homotopy equivalence. O

We will call a topological space X a quasi-polyhedron if it is homotopically
equivalent to some cellular decomposition. Clearly, Whitehead’s theorem re-
mains valid for quasi-polyhedra as well, i.e.,
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Proposition 3.93. any continuous map
f:X—>Y

of a quasipolyhedron X into a quasipolyhedron Y that is a weak homotopy equiv-
alence is a homotopy equivalence.

Moreover, from what was said at the end of §3.4 it immediately follows that

Proposition 3.94. for any cell pair (K, L) and any continuwous map f : L —»Y
of a sub-decomposition of L into an arbitrary quasi-polyhedron Y, the space
K UrY is a quasi-polyhedron.

Remark 3.95. Quasi-polyhedra constitute a remarkable class of topological spaces,
distinguished by the property that practically any “reasonable” operations on
topological spaces do not lead outside this class. For example, for any quasi-
polyhedra X and Y, the space YX of all continuous maps X — Y, considered in
the so-called “compact-open topology” (see §9.1), is also a quasi-polyhedron, and
every topological space X for which there exists a homotopically injective map
A — K into some quasi-polyhedron K is itself necessarily a quasi-polyhedron.
On the other hand, in all homotopy questions one can restrict oneself only to
quasi-polyhedra, since for any space X there exists a continuous map from some
quasi-polyhedron Z to the space X that is a weak homotopy equivalence. These
properties of quasi-polyhedra will not be needed by us, and we will leave them
without proof.



Chapter 4

Smooth Manifolds. 1

This chapter is mainly devoted to the construction of tensor calculus on arbitrary
smooth manifolds.

In the preparatory §4.1, we introduce the concept of a smooth premanifold
as a Hausdorff topological space on which a certain sheaf of germs of real-valued
functions is defined (to use the currently fashionable terminology).

In §4.2, which also has a preparatory character, we prove the classical the-
orem on differentiable maps with non-zero Jacobian for Euclidean spaces; in
doing so, we specifically emphasise some details that are essential for what fol-
lows, related to estimating the diameter of the domain in which the map is
diffeomorphic, which are usually left without consideration.

In §4.3, smooth manifolds are defined as smooth premanifolds that are locally
diffeomorphic to Euclidean spaces. Here, the concept of a product of smooth
manifolds is also introduced.

In §4.4, we prove analogues of Urysohn’s lemma and Tietze’s theorem for
smooth functions. Here, we also prove that any convex open subset of Euclidean
space is diffeomorphic to an open ball.

In §4.5, we introduce vector fields as derivations of the algebra of smooth
functions and show that in any coordinate neighbourhood, each vector field is
a linear combination of partial derivations with respect to local coordinates.

In §4.6, we introduce the concept of a vector at a point, define the manifold
M. of all vectors at all possible points of a given manifold M, and show that the
vector fields introduced in §4.5 can be interpreted as smooth maps M — M,.
In this section, we also introduce the concept of a differential of a smooth map
and, in connection with this, the concept of a regular map.

In §4.7, linear differential forms are considered in a similar way, and in §4.8,
tensor fields of arbitrary type.

In §4.9, an algebra of tensors and tensor fields is constructed. In particular,
the operation of convolution is considered in detail here.

In the final §4.10, the concept of a Riemannian space is defined and, based
on the results of §4.4, it is proved that on any smooth separable (i.e., with a
countable base) manifold there exists a metric tensor field, i.e., that each such

137
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manifold can be defined as a Riemannian space.

4.1 Smooth premanifolds

Let M be an arbitrary set and let £, f1, ..., f be some real functions defined
on the space M. We will say that a function f depends smoothly on functions
fY, ..., f7 if there exists an infinitely differentiable function u(t', ..., ") of
real variables ¢!, ..., ", defined (and infinitely differentiable) for all values of
these variables, such that f = u(f', ..., f7) on M, i.e. such that

f(p)=u(f'(p) ..y f1(P) (4.1)

for any point p € M. If equality (4.1) holds only for points p of some set
U c M, then we will say that the function f depends smoothly on the functions
f, ..., f" on the set U.

Remark 4.2. Some authors require that the function u, which establishes the
smooth dependence (4.1), be defined (and infinitely differentiable) only in some

open set of the arithmetic space R”, containing all points of the form (f1(p), ..., f"(p)),
p € M. Tt is easy to show that this (formally more general) definition essentially
coincides with our definition. On the other hand, it is often required not that

the function u be infinitely differentiable, but only that it have a finite number

of derivatives (up to some fixed order N). It can easily be verified that all the

theory developed below remains valid with this definition of smooth dependence,
provided that the number N is sufficiently large.

Now let M be a topological space. We will say that a function f defined
on M depends smoothly on the functions f', ..., f" near a point pg € M if
equality (4.1) holds for all points p in some neighbourhood of the point py.
Similarly, we will say that two functions coincide near a point pg € M if they
take the same values in some neighbourhood of this point.

Definition 4.3. By smoothness on a topological space M we will define a non-
empty set O of real functions defined on the space M such that

1) any function that depends smoothly on functions from O itself belongs to 0;

2) any function that coincides near each point p € M with some function from
O (generally speaking, depending on the point p) itself belongs to O.

Condition 1) implies that all constant functions belong to @ and that the
sum and product of any functions from @ also belong to ©. Consequently,

Proposition 4.4. every smoothness O is an algebra over the field R of real
numbers.

This algebra is commutative, associative, and has a unit.

A Hausdorff topological space M on which some smoothness 6 = O(M) is
defined will be called a smooth premanifold, and functions f € © will be called
smooth functions on M.
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Note that smoothness is very weakly related to topology (only through con-
dition 2). In particular, smooth functions, generally speaking, may not be
continuous. A close interaction between smoothness and topology occurs only
for manifolds (see below, section 4.3).

We obtain an important example of a smooth premanifold by considering an
arbitrary n-dimensional linear space L. By choosing a basis in this space, we can
consider every function on L as a function of m real variables - the coordinates
of vectors from L in this basis. Clearly, the set O(L) of all functions on L
that are infinitely differentiable functions of coordinates is independent of the
choice of basis and satisfies conditions 1 and 2) of the definition of smoothness.
Furthermore, when speaking of the linear space L as a smooth premanifold, we
will always imply that the functions in O(L) are considered smooth on L.

In particular, the arithmetic space R™ is a smooth premanifold. Smooth
functions on R™ are simply infinitely differentiable functions of the coordinates
t1, ..., t™ of its points.

Let N be an arbitrary subspace of some smooth premanifold M. A real
function f, defined on N, will be called smooth (on N) if, near any point € N,
it coincides with some smooth function on M, i.e., if for any point p € N there
exists in M a neighbourhood U and a smooth function g on M such that

flunn = glunn-
It is easy to see that

Proposition 4.5. the set O(N) of all smooth functions on N is a smoothness
(on N).

Proof. Indeed, let a function f on N depend smoothly on smooth functions
fl, ..., ffon N, ie., let

f=u(fY, ..., f) on N,

where u is some infinitely differentiable function of r real variables. By definition,
for any point p € N and any i =1, ..., r there exists in M a neighbourhood U;
of the point p and a smooth function g’ on M such that

fi|UimN = giluinN, i=1,...,r.
Let U=n[_,U; and let g = u(g', ..., 8"). Then g € 6(M) and
flunn = glunn-

Thus, for any point p € N, there exists a neighbourhood U in M and a function g
smooth on M such that f = g on UNN. Consequently, the function f is smooth
on N. Thus, for the set O(N), condition 1) of the definition of smoothness is
completely verified.

Let us now check condition 2). Let a function f defined on N coincide near
any point p € N with some smooth function on N, i.e.; let for any point p € N



140 CHAPTER 4. SMOOTH MANIFOLDS. 1

there exist in N a neighbourhood V of p and a smooth function & on N such
that 2 = f on V. By definition, in M there exist a neighbourhood W of p and a
smooth function g on M such that A =g on NN W. Let U be a neighbourhood
of p in M such that UNN c WNV. Then f = g on NNU. Thus, near any point
p € N the function f coincides with some smooth function g on M. Therefore,
the function F is a smooth function on N. Condition 2) is thus also verified. O

The subspace N ¢ M considered together with the smoothness O(N) will
be called a sub-premanifold of the premanifold M. According to the proved
assertion, any sub-premanifold is a smooth premanifold.

A function f that is smooth in some neighbourhood of a point p € M (and
defined in this or a larger neighbourhood) will be called a function smooth at
p. Clearly, if we agree to consider two functions smooth at a point p to be the
same when they coincide near this point, then the set O(p) = Opr(p) of all such
functions will also be an algebra over the field R.

Remark 4.6. In the terminology of sheaf theory, the algebra O(p) is nothing
more than the algebra of germs of smooth functions in p, and the algebra 6 (M)
is the algebra of sections of the sheaf of these germs. We will not use this
terminology, since we essentially do not need to employ the apparatus of sheaf
theory.

Let N and M be arbitrary smooth premanifolds. A continuous map
O:N->M

from a smooth premanifold N to a smooth premanifold M will be called smooth
at a point P € N if, for any function f that is smooth at a point ®(p) € M, the
composite function fo® is smooth at p. When a map ® is smooth at all points
p € N, we say that this map is smooth on N. An example of a smooth map is
the inclusoin i : N € M of an arbitrary sub premanifold N of the premanifold
M. Another example is an arbitrary smooth function f on M, considered as a
map of the premanifold M onto the real axis R.
A homeomorphic map
O:N—->M

of a premanifold N onto a premanifold M will be called a diffeomorphism (or
diffeomorphic map) if it is smooth on N, and its inverse map ®~! : M — N is
smooth on M. Premanifolds N and M for which at least one diffeomorphism
N — M exists are called diffeomorphic. As arule, we will consider diffeomorphic
premanifolds to be the same.

We will call a map ® : N —» M diffeomorphic at a point p € N if it is
a diffeomorphic map of some neighbourhood of p onto some neighbourhood
of ®(p). A map that is diffeomorphic at all points p € N is called locally
diffeomorphic. Clearly,

Proposition 4.7. a map ® : N — M is diffeomorphic if and only if it is
bijective and locally diffeomorphic.
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4.2 Inverse function theorem

In the special case where the premanifolds N and M are open subsets U and V
of the space R™, each smooth map

O:U—->V

is defined by a system of m smooth (i.e., infinitely differentiable) functions

wut(t, o™, ou™ (i, T
expressing the coordinates u', ..., u™ of the point ¢(f) € V in terms of the
coordinates t', ..., #™ of the point £ € U. The Jacobian

D', ..., u™ out

CACIREE 0 NN (L

D(tt, ..., ™) ot ij=1, ... m

of this system of functions we will call the Jacobian of the map ¢ and will denote
it by the symbol D,. This Jacobian is a smooth function on an open set U.
From the rule for differentiating composite functions, it follows directly that
the Jacobian Dy, of the composition ¥ o ¢ : U — W of two smooth maps
w:U—->Vandy : V- W, where U, V, and W are open subsets of the space
R™, is expressed in terms of the Jacobians D, and D, of the maps ¥ and ¢
according to the formula

Dyop = (Dy o) -Dy. (4.8)
In particular, if the map ¢ is diffeomorphic, then

_ -1
Dy-10p =D,
Consequently,

Proposition 4.9. the Jacobian D, of the diffeomorphic map
p:U—>V
does not vanish at any point of the set U.

Furthermore, since for any open set Uy C U the Jacobian D, of the inclusin
t: Uy c U is obviously equal to one, we, by applying relation (4.8) to the map
@ o ¢, immediately obtain that

Proposition 4.10. the Jacobian D, of the restriction ¢ = ¢|y, of an arbitrary
smooth map ¢ : U — V on the set Uy C U is the restriction D ,|y, of the Jacobian
D of the map ¢:

Dy, = D<P|Uo'

Therefore,
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Proposition 4.11. if the map ¢ : (U — V) is diffeomorphic at a point tg € U,
then its Jacobian D, is non-zero at this point.

In particular,
Proposition 4.12. the Jacobian D, of an arbitrary locally diffeomorphic map
p:U—>V
is monzero everywhere on the set U.
It turns out that the converse is also true, i.e.,

Proposition 4.13. if the Jacobian D, of a smooth map
p:U—>V
is monzero at a point ty € U, then the map ¢ is diffeomorphic at this point.

This statement is known as the inverse function theorem. Although its proof
can be found in any sufficiently comprehensive course on analysis, we will present
it here because we will need some aspects of this theorem that are usually left
aside.

It is clear that in proving the theorem on inverse functions, we can, without
loss of generality, assume that ¢y = 0, p(tg) = 0, and that the set U is a ball
|to| < R of some radius R > 0 with centre at the point 0. Since the map ¢ is
smooth by assumption, for any two points ¢, t + h € U the equality holds:

@(t+h)—o(t) = ¢ (t)h + |h|e(h,1),

where ¢’ (¢) is a linear operator whose matrix is the Jacobian matrix of the map
¢, and &(h,t) is a vector whose length |e(h, ¢)| tends to zero as || — 0. The
operator ¢ (t) depends smoothly on the point ¢ = (t*, ..., ™) in the sense
that the elements % of its matrix are infinitely differentiable functions of the
variables ¢!, ..., ™. Therefore, this operator satisfies the Lipschitz condition
at the point 0, i.e., there exists a constant number M > 0 such that for any

points]t € U, h € R™ the following equality holds:
@' (Oh ¢ (Oh] < M -|t] - |h|.
Let )
m = |}izr|l=fl|¢ (0)h|.
Since, by hypothesis, )
D ,(0) =det (0) # 0,

then m > 0 and therefore ro = min (R, 557) > 0.
It is easy to see that for |¢| < ro the operator ¢ (¢) is invertible. Indeed, if

¢ (t)h = 0, then

¢ (0)h| = | ()h — ¢ (0)h| < M - |t| - |h| < Mro < m,
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which is impossible for i # 0.

Now let |f| < ro and |t + h| < rg. To each unit vector e € R™ we assign a
numerical function f(2) of a real variable A € I, equal to the scalar product of
the vectors ¢(t + Ah) and e:

F) = (et +Ah), e).

Since ) )
f ) = (¢ (t+ah),e),

then, applying Lagrange’s theorem to the function f(1), we obtain that
¢(t + h’ e) - (Qﬂ(t, 8) = (‘Pl(t + /loh), e)?

where g is some number of the segment I (depending on the vector e). Hence,

|(p(t+h) = (0)] 2 |g(t + h) = ¢(1). )| = |¢ (¢ + oh) . €)|
2 (¢ (0h.e)| = |(¢ (¢ + doh)h = ¢ (0. e)].

On the other hand,

(¢ (¢t + Aoh)h — ¢ (0)h,e)| < |¢ (t + oh)h — ¢ (0)h]
< M - |t + Aoh|-|h| < Mrolh| < %|h|.

o= € (Oh
Also, if e = PROE then

¢ (0)h, e)| = |¢ (0)h| > m|h|.

Hence m
lp(t+h) —p(B)] 2 Elhl- (4.14)

Moreover, as is easy to see, the equality is possible here only if A = 0. Therefore,
if h # 0, then

et +h) # ¢(2).

This means that on the ball Uy : |¢| < rg the map ¢ is injective, and therefore
on the set

Vo = ¢(Uo)

the inverse map
el Vo> U

is defined. By relation (4.14), the map ¢! is continuous.
Let us show that the set V; is open in the space R,,, i.e., that any of its
points ¢(tg), |tg| < ro is its interior point. Let |¢g] < r < rg and let

5= %(r— Ito]) > 0.
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We will show that an open ball of radius § with centre at the point ¢(#() is
entirely contained in the set Vj, i.e., that for any point ¢ ¢ Vg (if such a point
exists) the inequality

l(to) —¢| > 6.

holds.
For this purpose, we consider the number

n = inf |¢(t) —c| > 0.
lt|<r

By definition, in the ball |#y| < r there exists a sequence of points ¢, such that
lim |o(#,) —¢| = 1.

Since the ball |¢] < r is compact, we can assume (passing to a subsequence if
necessary) that the sequence ¢, converges to some point a. It is easy to see that

la| =r.

Indeed, since |a| < r < rg, the operator ¢’ (a) is invertible and therefore there
exists a vector h € R™ such that

¢'(@)h =c - p(a).
Let |a| < r and let A be a positive number so small that
la + Ah| < r.

Since
o(a+Ah) = p(a) + ¢ (a)h + 1&(Q),

where £(1) —» 0 as 1 — 0, then
p(a+Ah) —c=(1-2)(¢(a)—c) + &),
and therefore
le(a+ah) —c| < (1-Dl(¢(a) - )| + Ae(D)] < (1 - D + Ae(D)].
Therefore, if A is small enough, then
lp(a +Ah) —c| < 1.

This inequality contradicts the definition of the number 7, and, consequently,
the assumption |a| < r is false.
Let us now use inequality (4.14). According to this inequality,

m m
lo(to) — el +le(tn) —cl 2 l@(tn) — @(t0)| 2 5 |tn —to]2 7 (Ita] - |t0])-
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Passing to the limit as n — oo and taking into account that, as just proved,
|t,| — |a| = r, we obtain from this that

m
lolto) — el 472 5.(r = 1t0) = 2.
Since n < |¢(tg) — ¢|, this is possible only for
lp(to) — ¢l > 6.

To complete the proof of the theorem on inverse functions, it remains to
prove that in the open set Vo the map ¢~! is smooth. To this end, we first
prove that it is differentiable, i.e., that for any point #; € Vj there exists a linear
operator (¢~1) (1) such that for any two points ¢1,¢, + k1 € V; the following
equality holds:

@' (t1+ k1) = (¢ (t0)hy + |ha|n(hy, t), (4.15)
where |p(hy,t1)| — 0 as |hy| — 0.
Let t = ¢ ' (t;) and t + h = ¢~ (¢, + hy). Then
e () hy = o7 (@t + h) — @(t)) = h + |hlg (8) 't + h)
= ¢ Ht1+hy) — ¢ (t1) + |hl@ ()" '&(t + h).
But this means that for the map ¢! the equality (4.15) holds with
(¢ (1) =@ ) and phyty) = %90

Since (¢!(t1) = ¢ ()71, it immediately follows from the elementary formulae
for the matrix of the inverse operator that all elements of the matrix of the
operator (¢!) (¢) are infinitely differentiable functions of the coordinates of the
point #;. Consequently, the map ¢! is smooth.

Thus, the inverse function theorem is completely proven.

() et + h).

Remark 4.16. In what follows, we will have to consider not a single smooth map
@, but a whole family ¢, of such maps. We will assume that

1) all these maps are defined on the same ball || < R;

2) for any x, the Jacobian D, of the map ¢, at the point 0 is nonzero;

3) the parameter x ranges over some topological space X;
)

4) the maps ¢, depend continuously on the parameter x in the sense that the

functions u’ (¢!, ..., ™) defining these maps depend continuously on x.

In this case, the Lipschitz constant M can obviously be chosen so that it
depends continuously on the parameter x. Furthermore, it is clear that the
number m also depends continuously on x. Therefore, the number ro will also
depend continuously on x.

Thus,

Proposition 4.17. in the case under consideration, the radii ry of neighbour-
hoods of the point 0 in which the maps ¢y are diffeomorphisms can be chosen
so that they depend continuously on the parameter x.
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4.3 Smooth manifolds

A smooth premanifold M is called an m-dimensional smooth manifold if each of
its points p has a neighbourhood U diffeomorphic to some open subset of R™.
For m = 0, each such premanifold is a discrete space, i.e., it consists of separate
isolated points. Since this case is uninteresting, we will assume throughout that
m > 0.

The neighbourhood U of the point p, provided by the definition of a smooth
manifold, we will call the coordinate neighbourhood of this point, and its diffeo-
morphic map into the space R will be called the coordinate diffeomorphism.
On each coordinate neighbourhood U, the coordinate diffeomorphism

E:U—-R"
defines, according to the formula

£(g) = (' (g, ..., X™(q), qeU, (4.18)

m real functions x' = x'(q), ..., x™ = x"(q), which we will call local coordinates
at the point p corresponding to the given coordinate diffeomorphism &.
It is easy to see that

Proposition 4.19. functions x', ..., x™ defined in some neighbourhood U of

a point p are local coordinates in the neighbourhood U if and only if

1) the map
E:U—>RM

defined by formula (4.18) is a homeomorphism of the neighbourhood U onto
some open set U° c R™;

2) the functions xY ..., x™ are smooth on U;

3) each function f, smooth at a point g € U, depends smoothly near this point

on the functions x*, ..., x™.

Proof. Indeed, if the functions x', ..., x™ are local coordinates in a neigh-

bourhood U, then condition 1) is satisfied by definition, condition 2) is satisfied
because x’ = ¢’ o &, where ' are functions on R™ that associate with each point
of R™ its i-th coordinate, and, finally, condition 3) is satisfied because, by the
smoothness of the inverse map &1 : U° — U, the function f o ¢! is smooth
at the point £(g) € R™, i.e., it coincides near this point with some smooth in-
finitely differentiable function on R™, and, consequently, in the corresponding
neighbourhood of the point g the equality f = u o & holds, i.e. the equality

f=ulxt ..., x™).

Conversely, if the functions x!, ..., x™ satisfy conditions 1) - 3), then the
map & will be a diffeomorphism, since condition 1) guarantees it is homeomor-
phic, condition 2) guarantees it is smooth (since u o & = u(x!, ..., x™) for any

function u on R™) and condition 3) guarantees the inverse map £71S is also
smooth (since the relation f =u(x!, ..., x™) means that u = f o &'). O
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Since local coordinates x!, ..., x™ are obviously continuous, it follows di-
rectly from the proved assertion that

Proposition 4.20. any smooth function on a smooth manifold is continuous
on this manifold.

It is clear that at any point p of a smooth manifold M, there exist infinitely
many different systems of local coordinates. To obtain another system from a
given system of local coordinates x', ..., x™, defined, say, in a neighbourhood
U, one can, for example, take an arbitrary neighbourhood V contained in U and
consider the restrictions

yh=xty, oy =Xy

of the functions x', ..., x™ to the neighbourhood V. It is clear that the functions
yl, ..., y™ are local coordinates in a neighbourhood V. We can also take an
arbitrary diffeomorphism ¢ of the open set U° = £(U) (where ¢ is the coordinate
diffeomorphism defining the local coordinates x4, x™) onto some other open
set Vo of the space R™ and consider the functions y!, ..., y” defined by the
diffeomorphism ¢ o &. These functions will be local coordinates in the same
neighbourhood U as the coordinates x!, ..., x™. It is easy to see that

Proposition 4.21. these two transformations are sufficient to relate two arbi-
trary systems of local coordinates at the point p.

Proof. Indeed, if one system is defined in a neighbourhood U by a coordinate
diffeomorphism &, and the other is defined in a neighbourhood V by a coordinate
diffeomorphism 7, then in a neighbourhood U NV the equality n = ¢ o & holds,
where ¢ is a diffeomorphism o &7 : £(UNV) - n(UNYV). mi

These observations, together with the inverse function theorem, directly lead,
in particular, to the following statement, known as the local coordinate change
theorem:

Theorem 4.22. Smooth functions at a point p
yi=ul(xt, Lo, XM, i=1, ..., m,

are local coordinates at this point if and only if the Jacobian of the functions
1

u, ..., u™ at the point £(p) € R™ is nonzero.

An example of local coordinates are functions defined on a linear space L that
associate with each vector of this space its coordinates in a given basis. (The
corresponding coordinate neighbourhood U coincides with the entire space L.)
This shows that

Proposition 4.23. any m-dimensional linear space is an m-dimensional smooth
manifold.
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In particular, the arithmetic space R™ is an m-dimensional smooth manifold.

Pre-submanifolds of a smooth manifold, generally speaking, are not mani-
folds. A pre-submanifold of a smooth manifold that is itself a smooth manifold
will be called a submanifold of that manifold. It is easy to see that

Proposition 4.24. any open pre-submanifold W of a smooth manifold M is its
submanifold.

Proof. Indeed, for any point p € W, the intersection U N W, where U is an
arbitrary coordinate neighbourhood of the point p in the manifold M, is obvi-
ously a coordinate neighbourhood of the point p in the pre-manifold W. More-
over, the local coordinates in the neighbourhood U N W are the restrictions
xHuaw, - .., x™|uaw of the local coordinates x!, ..., x™ defined in the neigh-
bourhood U. O

In particular,
Proposition 4.25. any open subset of the space R™ is a smooth manifold.

Let M and N be arbitrary smooth manifolds of dimensions m and n, re-
spectively. Let us consider their topological product M X N and the natural
projections

T:MXN-—->M, p:MXN—>N,

defined respectively by the formulae

x(p,q)=p, p(p.q) =q, (p.q) € M XN.

For any function f on M, we assign a function fto M x N by setting

F=fon

Similarly, for any function g on N, we assign a function g to M X N by setting
g§=gop.
Thus, R
f(p.q) = f(p), &(p.q) =¢g(q).

for any point (p,q) € M X N.

Let O(M x N) be the set of all functions on M X N that near any point
(p,q) € M x N depend smoothly on functions of type f, f € O(M) and g,
g € O(N). (See Definition 4.3.)

It is clear that O(M x N) is a smoothness on the space M X N. Moreover,

Proposition 4.26. The space M X N equipped with this smoothness is a smooth
manifold of dimension m + n.

Proof. Indeed, for any local coordinates x!, ..., x™ and y', ..., y" at the
1

points p and g of the manifolds M and N respectively, the functions x', ..., ¥, 7', ...

form, as is easy to see, a system of local coordinates at the point (p, q). O

"
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We will call the constructed smooth manifold M X N the product of the
manifolds M and N. By construction,

Proposition 4.27. natural projections
n:MXN-—->M, p:MXN-—>N

are smooth maps.

The product My X- - -x My, of a finite number of smooth manifolds M+, ..., My
is defined similarly. By definition, functions smooth on this product are func-
tions that depend smoothly on functions of the form f; o #; near any point of
the product, where m; : My, ..., My — M; is the natural projection, and f; is
an arbitrary smooth function on M;. The natural projections n; in this case are
also smooth maps.

Clearly, the presence of a smooth manifold structure on a topological space
M imposes quite strong topological restrictions on this space. (The structure of a
smooth premanifold does not impose such restrictions.) In particular, since any
point of an arbitrary smooth manifold M has a neighbourhood homeomorphic to
an open set of the space R™, this manifold is locally compact and has countable
local weight. (Recall that the minimum cardinality of a base for its topology is
called the “weight”.) Furthermore, being Hausdorff by assumption, it is regular
by virtue of its local compactness. Thus, any smooth manifold is a regular
locally compact space of countable local weight.

In particular,

Proposition 4.28. any smooth manifold is a compactly generated (aka ‘kaonic”)
space of the second category.

Moreover,

Proposition 4.29. any separable smooth manifold is a paracompact space with
a countable base.

Remark 4.30. In particular, any separable manifold is a normal space. This is
generally not true for non-separable manifolds.

4.4 E-manifolds

We call a smooth manifold N an E-manifold if, for any smooth manifold M, its
any compact subset C ¢ M, and any smooth map ¥ : C — N, there exists a
smooth map ® : M — N such that ¥ = ®|c.

C —‘P> N
7
Cl '.".A
M

In this section, we prove that
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Proposition 4.31. every open convex subset of R™ is an E-manifold.
To this end, we first prove that

Proposition 4.32. for any compact subset C of an arbitrary smooth manifold
M and any open set U D C, there exists a smooth function f on M, taking values
from the interval I = [0,1], equal to one on C and equal to zero outside U.

This statement can be viewed as a refinement of Urysohn’s lemma for the
case of smooth manifolds. We will therefore call the function f envisaged by it
the smooth Urysohn function of the pair (U, C).

First, we consider the case M = R,

Let a <t < b and let

b 1
Fo =k [ o |- |

where the normalising factor k is chosen such that F(b) = 1. It is easy to see
that all derivatives of the function F(¢) at points a and b are equal to zero.
Therefore, by defining the function F(t) for all values of ¢ by the formula

0, if t<a,
F(1) = Lo
1, if r>1,

we obtain an infinitely differentiable function on the entire R axis, taking values
from the I interval, equal to zero for ¢t < a and one for ¢t > b.

Now let E and E' 5 E be two (closed) concentric balls in E™ with radii p > 0
and p > p, respectively. We define a numerical function g on R by setting for
any point ¢t € R™

g(t) = F(r),

where F is the function we just constructed with a = p and b = p" and r is the
distance of the point ¢ from the common centre of the balls E and E .

Let us consider all possible closed balls of the space R™ that contain at least
one point of the set C and are entirely contained in the open set U. Since the set
C is, by assumption, compact, there exists a finite system E;, ..., Ex of such
balls covering the set C. Since the set U is open, for each ball E; there exists
a concentric ball El of larger radius such that El c U. Let g; be the function g
constructed for the balls E; and E; Clearly, the function g; - -- gx is infinitely
differentiable, takes values from the interval I, is zero on the interior of each
ball E; and therefore on the set C, and is one outside all balls El and therefore
outside the set U. Therefore, the function f = 1—gq - -- gx is the desired smooth
Urysohn function of the pair (U, C).

Let us now turn to the general case of an arbitrary manifold M. Let p be
an arbitrary point of the set C, and let U, be some of its coordinate neighbour-
hood. Since the manifold M is a regular locally compact space, the point p has
neighbourhoods W, and V,, such that Wp cVp, Vp c U, nU, and the closure
v of the neighbourhood W), is compact. Let Wy and V) be the images of the
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neighbourhoods W, and V,, under the coordinate diffeomorphism ¢ : U, — R™.

Since the set W?, = f(W,,) is compact, and the set Vg is open and contains the
set Wg, the already proven special case of the statement under consideration is
applicable to these sets. Consequently, on the space R there exists an infinitely
differentiable function #,, taking values from the interval 7, equal to one on the

—0 .
set W, and zero outside the set V}.
We define a numerical function g, on the manifold M, setting for any point

qeEM

hp(xl(CI)’ cee xm(Q))’ lf q € U s

gp(q) = {0, PA

where x!, ..., x™ are local coordinates defined in the neighbourhood U,. It is
clear that the function g, is uniquely defined. Moreover, near any point ¢ € M,
it either coincides with the smooth function &, (x', ..., x™) at ¢, or with the
smooth function 0 (recall that, by hypothesis, V,, C ﬁp). Consequently, this
function is smooth on the manifold M. It takes values from the interval I, is
equal to one on the set Wp, and is zero outside the set V,.

Since the set C is compact, it contains a finite system of points p1, ..., px
such that the corresponding sets Wpl, R ka form a covering of the set C.
Let V,,, ..., Vp, be neighbourhoods of V,,, and g,,, ..., gp, be functions of
gp corresponding to points pi, ..., px. Clearly, the function

le_(l_gpl)"'(l_gpk)

takes values from the interval I, is equal to one on any set an and therefore
on the set C, and is equal to zero outside all sets V,,, and therefore outside the
set U.

Thus, this function is the desired smooth Urysohn function of the pair (U, C).

Let us now consider the question of a similar refinement of the theorem on
the existence of a partition of unity. Let {Uy;a@ € A} be an arbitrary locally
finite open covering of M. A partition of unity {f,;a@ € A} subordinate to the
covering {Uy;a € A} will be called smooth if all its constituent functions f, are
smooth functions on M. From the just-proven refinement of Urysohn’s lemma
it follows immediately that

Proposition 4.33. if the manifold M is a normal space, then for each of its
open locally finite coverings {Uy;a € A}, which has the property that for any
a € A the closure U, of the set Uy is compact, there exists a smooth partition
of unity {fq; @ € A} subordinate to this covering.

To prove this statement, it suffices to repeat (with appropriate trivial changes)
the proof of the similar statement from §1.3.

We obtain an important modification of the previous proposition by consid-
ering an arbitrary compact subset C in the manifold M (no longer necessarily
normal). Let {Uy;a € A} be an arbitrary family of open sets of M that is a
cover of the set C (i-e., such that C c NU,). We will call a family {f,;a € A}
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of smooth functions f, on M subordinate to a covering {Ugy;a € A}, a smooth
partition of unity on the set C, if

1) for any a € A the function f, is non-negative and its support [f, # 0] is
contained in the set Uy,;

2) for any point p € C the following equality holds

D falp) = 1.

acA

Naturally, it is assumed that the last condition is meaningful. This assumption is
certainly satisfied if the covering {U,; @ € A} is finite. On the other hand, given
the compactness of the set C, the assumption that the covering {Uy;a € A} is
finite essentially does not limit generality. From now on, we will always assume
that this covering is finite.

Now suppose that for a (finite) covering {U,; @ € A} there exists an open (in
M) covering {V,;a € A of C such that for any a € A the set V,, is compact and
contained in U,. (This condition now replaces both the condition of normality
of the manifold M and the condition of compactness of the sets U,.) It turns
out that

Proposition 4.34. under this assumption there ewxists a smooth partition of
unity on the set C subordinate to the covering {Ugy;a € A}.

Proof. Indeed, let iy be a smooth Urysohn function of the pair {Uy, V4. Con-

sider the function
ha

o=
¢ Z(XEA haf

Since Y yea o # 0 on V = UgzeaVy, the function g, is defined on the open set
V and is a smooth function on V. At the same time

Zga=1~

Since the manifold M is a regular space, the compact set C has a neighbour-
hood W such that W c V. Let & be the smooth Urysohn function of the pair
(W,C). For any a € A, we define a function f, on the manifold M by setting

_J8a(p)h(p)), if pevV,
f“()"{o, if pgVv.

Clearly, this function is smooth on M and its support is contained in the set

U,. Furthermore,
Z fao=1 on C.

a€cA

Thus, the above statement is completely proven. O
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Now we can easily prove that
Proposition 4.35. the number line R is an E-manifold.

Proof. Indeed, let M be an arbitrary smooth manifold and C be its arbitrary
compact subset. We must prove that for any smooth function g on C, there
exists a smooth function f on M such that f|c = g. Let p be an arbitrary point
of C. By the definition of smooth functions on C, there exists a neighbourhood
U, € M of the point p and a smooth function g, on M such that

glu,nc = gplu,nc-

Let V, be a neighbourhood of the point p whose closure Vp is compact and
contained in the neighbourhood U,. Since the set C is compact, there exists a

finite system of points p1, ..., px € C such that the set

V= Ulr'lzlvpi
contains the set C. It is clear that the corresponding neighbourhoods Up,,, ..., Up,
form a covering of the set C that satisfies all the conditions of the previous propo-
sition. Let {f1, ..., fu} be the corresponding smooth partition of unity on the
set C. Since for any point p € C and any i =1, ..., n either

gp: =8p,» if pelUnC, or
filp)=0, if peU;NC,

then the formula
f= flgp1 +-- +fngpn

defines a smooth function on M possessing the required property (i.e., coinciding
on C with the function g).

Thus, the above statement (which is an analogue of Tietze’s theorem) is
completely proven. O

Remark 4.36. Remark. It is clear that the support [f # 0] of the constructed
function f is compact. Thus, we have in fact proved that

Proposition 4.37. any smooth function on a compact subset C of M is the re-
striction of some smooth function on M with compact support.

It follows from the proved statement that

Proposition 4.38. for any m > 1, the m-dimensional arithmetic space R™ is
an E-manifold.

Proof. Indeed, any smooth map C — R™ is defined by m smooth functions, and
in order to extend this map to the entire manifold M, it is sufficient to extend
these functions to M. O

Let us now consider the unit open ball E™ of the space R™. It is easy to see
that
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Proposition 4.39. the ball E™ is diffeomorphic to the space R™.

Proof. Indeed, by associating with each point ¢ = (!, ..., ™) of the space R™
a point v == (v!, ..., v"™) of the ball E" with coordinates

i o 2 arctan|t|ti
]
we obviously obtain a diffeomorphism
R™ — E™.
O

Since a manifold diffeomorphic to an E -manifold is itself obviously an E-
manifold, it follows that

Proposition 4.40. the ball E™ is an E-manifold.

Now let D be an arbitrary open bounded convex subset of the space R™. To
prove that this subset is an E-manifold, it suffices, according to what was said
above, to prove that it is diffeomorphic to the ball E™.

For this purpose, we choose an arbitrary point xo € D and consider the
function ¢(u) of vectors u € ™!, which defines the boundary of the body P = D
in “polar coordinates” with centre at the point xq. Simple elementary geometric
considerations show that the function ¢ satisfies the Lipschitz condition, i.e.,
there exists a number L such that

lo(u1) — @(uz)| < Lluy — us]

for any points w1, us € $™71.
On the other hand, it is easy to see that

Proposition 4.41. For any function ¢ satisfying the Lipschitz condition on
the sphere ™1, there exists a continuous function g in the closed unit ball E™
such that:

1) the function g in the open ball E™ = E™ is a smooth function;
2) on the sphere S™1, the function g coincides with the function ¢;
3) at the point 0, the function g is nonzero;

4) along each radius of the ball E™, the function g increases monotonically.

Such a function g can, for example, be defined by the formula

ghvu) = A (exp (1 - iz) - 1) +
2"exp(1 - vz)
1-vn / / [

0<v<l, wueS™!,

:]s

w(2(;’_—:t))lw(%)dtl__.dtm,

Il
Ju

i

where
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a) A is some sufficiently large positive number;

o

)
) ut, , u™ are the coordinates of the point u € S™71,
c) tis a point in space R™ with coordinates t*, ..., ™;
d)

w(t) is a smooth function defined by the formula

1)dt.

Verifying that the function g defined in this way satisfies all conditions 1) - 4)
is quite elementary and we will omit it.

Having constructed a function g for the function ¢ corresponding to the
convex set D, we define a map

M:E™=E" - D,

0, it )t > 1, 1

1 1 i 1
w(t) — {kexp(IQI)’ lf |t| < 1’ k — / exp (tzl_

by setting for any point vu € E™, 0 <v < 1, u € S™1,
O(vu) =xo9 + g(vu)u.

It is easy to verify that the map ® constructed in this way is a diffeomorphism.
We have thus proved that

Proposition 4.42. any open bounded convex subset D of R™ is diffeomorphic
to the ball E™ = E™ and is therefore an E-manifold.

Finally, let us consider the case where the open convex set D is unbounded.
Let M be an arbitrary smooth manifold, C its arbitrary compact subset, and ¥
an arbitrary smooth map of C into the convex set D. Since the set C is compact
and the map ¥ is continuous, the image W(C) of the set C under the map ¥
is compact and therefore bounded, i.e., it is contained in some open ball of the
space R of sufficiently large radius. Let D" be the intersection of D with this
ball. The set D’ is open, bounded, and convex. Therefore, by what has already
been proved, this set is a E-manifold. On the other hand, since ¥(C) c D, we
can regard the map ¥ as a map C — D’. Therefore, there exists a smooth map
® : M — D' such that ®|¢c = ¥. Finally, since D' ¢ D, we can assume that ®
is a smooth map M — D.

Thus, the proposition formulated at the beginning of this section is fully
proven.

Remark 4.43. The case of an unbounded convex set D can be treated similarly
to the case of a bounded set, by proving that any such set is also diffeomorphic
to the ball E™ = E™. If the set D does not contain any lines (for example,
the interior of a paraboloid of revolution belongs to this type), then by means
of a suitable projective transformation it is immediately transformed into some
bounded convex set. If the set D contains at least one line, then, as is easily
proved, it is a cylinder over some m — 1-dimensional convex set. In this case,
a diffeomorphism of the set D onto the ball E™ = E™ ig easily constructed by
induction on the number m.
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In conclusion, consider an arbitrary open submanifold W of some smooth
manifold M. By definition, the restriction |fy of an arbitrary smooth function
f on M is a smooth function on W. In other words, the correspondence f +— f|w
defines a certain map (the so-called restriction map)

O(M) — O(W),

which is obviously a homomorphism of the algebra O(M) into the algebra O(W).

Generally speaking, the restriction map O(M) — O(W) is not an epimor-
phism, i.e. (in contrast to the case of compact submanifolds) not every smooth
function on W is the restriction of some function that is smooth on M. However,
from the results proved above, it immediately follows that this map is locally
epimorphic in the sense that

Proposition 4.44. whatever the open set V.C W whose closure V is compact
and contained in W, for any smooth function g on W there exists a smooth
function f on M such that fly = g|v.

4.5 Vector fields

Let M be an arbitrary smooth manifold. By a wvector field on M we mean an
arbitrary derivation of the algebra O(M), i.e., a linear map X of this algebra
into itself such that

X(fe)=f Xg+Xf-g

for any functions f,g € ©(M). Obviously, the set ©*(M) of all vector fields on
the manifold M is a O(M)-module with respect to the operations

(X+Y)g=Xg+Yg, X, YeO (M), gecOM),
(fX)ngXg’ XG@l(M), f?ge@(M)

Moreover, it is easy to see that for any vector fields X,Y € 0'(M), the map
X,Y € 61 (M)
defined by the formula
[X.Y]g =X(Yg) -Y(Xg), g€OM),

is also a vector field, and the operation [X,Y] defines the module 6'(M) as a
Lie algebra, i.e., this operation is anti-commutative:

[X.Y] =-[Y.X]. X.YeO'(M)
and satisfies the Jacobi identity:

[[X,Y],Z] +[[Y.Z],X] + [[Z.X],Y] =0, X,Y,ZeO'(M).
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Let W be an arbitrary open submanifold of M and let X be an arbitrary
vector field on M. As noted at the end of the previous section, for any smooth
function g on W and any point p € W, there exists a smooth function f on M
such that g = f on some neighbourhood of p. Let f; and f; be two smooth
functions on M with this property, and let V be a neighbourhood of the point
p such that f; = fo = g on V. Let, in addition, & be a smooth function on the
manifold M equal to one at some point ¢ € V and zero outside the neighbourhood
V. Then h(f1 — f2) =0 on M and therefore

h-X(fi—-fo)+Xh-(fi-f2)=0 on M.

Since
h(q) =1, fi(q) = f2(q), X(fi—fo) =Xf1 - Xfa,
it follows that

(Xf1)(q) - (Xf2)(q) = (Xh)(q) - (f1(q) - f2(q)) =0,

i.e., that
(Xf1)(g) = (Xf2)(q).
Therefore, setting

g(q) = (Xf)(q), qeV,

where f is an arbitrary smooth function on M for which f|y = g|yv, we obtain on
V some uniquely defined, smooth on V, function g. It is clear that the functions
g corresponding to different neighbourhoods V of the point p take the same
value at the point p. Therefore, by setting

(Yo)(p) =2(p), pev,

we uniquely define on W some function Yg. This function near any point p € W
coincides with a smooth function g at p and is therefore itself a smooth function
on W. Therefore, the correspondence g + Yg defines a map

Y:0(W)— 6(W),

and it is easy to verify that this map is a derivation of the algebra O(W), i.e., it
is a vector field on the manifold W.

We will call the field Y the restriction of the field X on the open submaniold
W and will denote it by the symbol X|y and even simply by the symbol X if
there is no misunderstanding. It is easy to verify that the restriction map

6'(M) - 0" (W),

assigning to each field X € 0'(M) a field X|w € O'(W), reserves all the algebraic
operations introduced above, i.e., it is both a module homomorphism (if the
O(W)-module 6 (W) is considered, via the restriction map 6(M) — 6(W), as a
O(M)-module), and a Lie algebra homomorphism.

Just as for functions, the restriction map 0'(M) — OY(W) is, generally
speaking, not epimorphic, i.e., not every field Y € 0'(W) is a restriction of some
field X € 0'(M). It is only locally epimorphic in the sense that,
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Proposition 4.45. for any open set V.C W whose closure V is compact and
contained in W, for any field Y € O (W) there exists a field X € 6 (M) such
that

Xlv =Ylv.

This field X can be defined, for example, by the formula

) {h(p) XYW p), i peW,
(Xf)(p) = .
0, if pew,
where f is an arbitrary smooth function on M, p is an arbitrary point of the
manifold M, and & is a smooth function on M equal to one on V and equal to
zero outside some open set U D V whose closure U belongs to W.

In the special case where an open submanifold W is a coordinate neighbour-
hood U, one can easily describe all vector fields on W. Let xY, ..., x™ be local
coordinates defined in a neighbourhood U. As we know, for any smooth func-
tion f on U and any point p € U, there exists a neighbourhood V c U of p such
that on V the function f depends smoothly on the coordinates x', ..., x™, i.e.,

f=ukx! ..., x™) on V

where u = u(t!, ..., t™) is some smooth function on R” (uniquely determined
by f). Let V; be another relative position of the point p with the same property,
ie. such that f = uy(x', ..., ¥™) on R™ where u; = ui (¢!, ..., ™) is some
smooth function on R™. It is clear that the functions u and u; coincide in some
neighbourhood of the point £(p) = (x!(p), ..., x™(p)) (namely, in the neigh-
bourhood &(V N Vy), which is the image under the coordinate diffeomorphism
& : U — R™ of the neighbourhood V NV; of the point p), and therefore their

partial derivatives 2% and %, i=1, ..., m, take the same value at the point

O i
&(p). It follows thattformula

ﬁu)
' ] ()

uniquely defines on U some functions hi, ..., h,. In a neighbourhood V,
the functions h; coincide with the smooth functions %(xl, ..., x™) and are
therefore smooth functions in p. Since the point p is arbitrary, this means that
every function h; is smooth on U. We will denote it by the symbol %
call it the partial derivative of the function f with respect to the coordinate x'.
According to this definition,

i=1, ..., m,

hi(p) = (

and

Proposition 4.46. if
f=ulxt, ..., X" on VcU,

then of o
u
ﬁzﬁ(xl, ...,xm) on V.
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It is easy to check that the map

d af
FIRRARdr vl

is a vector field on U and that the vector fields constructed in this way

9 9
axl? T axm

satisfy the relations .
ox’ Y
=00
where 6{ is the Kronecker delta (6{ =0,if i # j, and 6{ =1,ifi=j.)
In particular, we see that

i=1, ..., m,

, c')x% are linearly independent (in

Proposition 4.47. the vector fields %,
the O(U)-module 0'(U)).

In the particular case M = R™, the neighbourhood U can be taken to be
the entire space R™, and the local coordinates xY, ..., x™ can be taken to be
the functions that associate with each point # € R™ its coordinates tho, .
Clearly, in this case,

represent the usual opera-
t".

Proposition 4.48. the vector fields %, R #
tions of partial differentiation with respect to the variables t, ...,

In particular, for m = 1 there is only one coordinate r = #/ and we obtain
that

Proposition 4.49. the vector field % represents the differentiation % with

respect to the variable t.

Returning to a smooth function f on U and a neighbourhood V in which
f =u(x!, ..., x™), we can, without loss of generality, obviously assume that
the image £(V) of the neighbourhood V under the coordinate diffeomorphism

£(q)= ("), .oy XM(@), qeV
is an open ball in the space R™ centred at 0. In this open ball the function
u(tt, ..., ™) admits the representation’
Lo
u(tt, ..., ™) =u(0, ..., 0) +/ —u(stl,..., st™)ds
0 Js
1
A 0
=u(0, ..., 0)+ t’/ —u.(stl, ..., st™)ds.
o Ot

Here, as everywhere below, we (following the convention adopted in tensor calculus) as-
sume that summation is performed over two identical indices, one upper and the other lower
(the limits of which are each time clear from the context).
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Therefore, defining smooth functions on V g; = g;(¢) by the formula

You, | m
i = — ey ds,
w@= [ Gaer . smas

we obtain the relation _
f=rf(p)+x'gi on V, (4.50)

where the number f(p) is considered as a constant function on V. taking the
same value f(p) at all points g € V.

Let V be an arbitrary vector field on a neighbourhood U. It is easy to see
that the formula

pr = (Xf)(p)’ p € Y’ f € @(P),

where X on the right-hand side is the restriction of X to the corresponding
neighbourhood of the point p, defines a certain linear map X, of the algebra
O(p) into the field R, with the property that

X, (fe)=Xpf-g(p)+ fp-Xpg (4.51)

for any functions f,g € O(p).
From relation (4.51) it immediately follows that

Proposition 4.52. X,(c) =0 for any constant c.

Therefore, applying the map X, to both parts of formula (4.50), we obtain
that

pr = pri -8i(p).

But,
L du ou of
gi(p) _/0 ﬁ(O, ooy 0)ds = ﬁ(O, s 0) = ﬁ(l’)-
Thus,
. (')f
X, f=X,x""—=(p). 4.
»f pX 6xl(p) (4.53)

Since by definition X,, = (X f)(p) and since the function f is an arbitrary
smooth function on U, and P is an arbitrary point in U, then

.0
X =Xx'— U. 4.54
x'ooon (4.54)
Since the fields %, cees (')xim are linearly independent, it is thus proved that
Proposition 4.55. the module 6 (U) over the algebra O(U) has a basis %, R axim

consisting of m elements; any field X € 0*(U) can be expressed in terms of this
basis by formula (4.54).

In the special case when M = R™, we obtain from this that

Proposition 4.56. the partial derivations %, cee axim form a basis for the
module O1(R™).
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A basis X1, ..., X, of a module 6'(U) consisting of m fields will be called
holonomic if in U there exists a system of local coordinates x', ..., x™ such
that p P

Xl:ﬁ,“” m=ax—m.
Otherwise, we will call the basis X1, ..., X, non-holonomic.

In any basis Xi, ..., X, of the module 6'(U) consisting of m fields, each

field X € 0'(U) has the form

X =X'X,
where X' are some smooth functions on U. These functions are uniquely deter-
mined by the field X and are called its components in the basis Xy, ..., X.

According to formula (4.54), for a holonomic basis
X' =Xx',

Linear operations defined in the ©'(U) module are expressed in terms of
components according to the formulas

(fX)' =X, feoOU).Xe0 (),
(X+Y)'=X'+Y", X,Y € 0OL(U).

As for the Lie operation [X,Y], the following statement holds:

Proposition 4.57. If the basis X1, ..., Xy, is holonomial, then
. 9Y! X!
X,YI=X]—.—Y]—.. 458
[X,Y] T ] (4.58)

Proof. Indeed,
[X,Y]' = [X,Y]x' = X(Yx') =Y (Xx') = X(Y") = Y (XY).

O
From formula (4.58), in particular, it follows that
Proposition 4.59. for any holonomic basis X1, ..., X, the equalities hold:
[Xi, X;] =0. (4.60)

In the general case,
[Xi, X;] = ¢ X,

where cfj are some smooth functions on U, and formula (4.58 is replaced by the
formula . _ . . . o
(X Y] = X7 X;(Y) =Y/ - X;(XT) + ¢, XIYK

Remark 4.61. Formula (4.60eq:4-5-6) means that the result of applying two

operations % and -2 to an arbitrary smooth function on U does not depend
X oxJ

on which of these operations is applied first. In other words, as in elementary
analysis,
02 02
Axidxi  dxidxi’
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4.6 Vectors

The linear map introduced in the previous section
X,:0(p) >R

will be called the vector of the field X at the point p. A linear map A : O(p) > R
will be called a vector of the manifold M at the point p if in some neighbourhood
of the point p (or, equivalently, on the entire manifold M) there exists a vector
field X such that X, = A. It is easy to see that

Proposition 4.62. ¢ linear map A : O(p) — R is a vector of the manifold M
at a point p if and only if

A(fg) =Af-g(p)+ f(p)- Ag
for any functions f,g € O(p).

Proof. The necessity of this condition follows immediately from the relation
(4.51). On the other hand, in proving formula (4.53), we used only relation
(4.51), so for any linear map A : O(p) — R satisfying the conditions of the
theorem, a similar formula will hold:

Af =d -Aa—){i(p), where a' = Ax', (4.63)

and therefore the vector field X defined on the coordinate neighbourhood U by
the formula

: 0
X =da 'A—.,
a4 ox!

will have the property that X, = A. ]

The set of all vectors of the manifold M at the point p is, obviously, a linear
space over the field R. This space is called the tangent space of the manifold
M at the point p and is denoted by the symbol M,, or the symbol 6'(p). It
contains, in particular, the vectors

0 0
) (). o
1 m

where x*, ..., x™ is an arbitrary system of local coordinates at the point p.
Vectors (4.64) are linearly independent and any vector A € M, is expressed

linearly through them:
A= Axi : (aal) s
*p

(see formula (4.63)). This proves that

Proposition 4.65. for any point p € M, the dimension of the space M, is
equal to the dimension m of the manifold M.
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Let, in particular, the manifold M be an m-dimensional linear space L. It
is easy to see that for any vector A € L and any smooth function f on L, the
of

function 7z defined by the formula

df (B +tA)

-0, Be€L,
T l=0

af
8_A(B)_

is a smooth function on L, and the resulting map % :O(L) — OL) is a vector
field on L.

Let Ay, ..., A, be an arbitrary basis of the space L. Setting f(B) =
f(b', ..., b™), where b', ..., b™ are the coordinates of the vector B in the
basis Ay, ..., A, we immediately obtain that

af\ _af
0A; )z Ob'
It follows that
Proposition 4.66. for any vector B € L, the vectors (;—i)B ey (aaA—m)B are

linearly independent and form a basis of the tangent space Lg.

This means, in particular, that

Proposition 4.67. for any vector B € L, the map A — (6%)3 of the space L

into the space Lg is an isomorphism.

In the future, we will, as a rule, identify the vectors A and (%)B and, thus,

we will assume that L = Lp.
Returning to an arbitrary smooth manifold M, consider the set

M, = UpEMMp

of all its vectors at all points p € M. Denoting for each vector A € M, by the
symbol u(A), where A € M, for the point p of the manifold M, we obtain a
certain single-valued map

u:M,— M.

Let U be an arbitrary coordinate neighbourhood in the manifold M and let
U. = /Jl(U)

be its complete preimage under the map u. By choosing local coordinates
x!, ..., x™ in the neighbourhood U and constructing the corresponding co-
ordinate homeomorphism & of the neighbourhood U onto an open set U° of R,
we define a map

& U, —» U xR

of the set U, into the topological product U° x R™ c R?™, setting for any point
AceU,
&(A) = (t,a),
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where ¢ is the image of the point p = u(A) under the homeomorphism ¢, and
a=(a', ..., a™) is a point of R” such that

A:ai(ii) .
Ox »

It is easy to see that the map &, is bijective.

We introduce a topology into the set U, with respect to which the map é&.
is a homeomorphism. Clearly, this topology is uniquely defined and does not
depend on the choice of the local coordinate system x!, ..., x™. In particular,
for any two coordinate neighbourhoods U,V c M, the topologies induced by the
topologies of the sets U, and V, on the set U, NV, = (UNYV), coincide with each
other, i.e., the intersection U, NV, is a subspace of each of the spaces U, and V..

Moreover, it is clear that this subspace is open in both U, and V.. Therefore
(see §1.1) on the set M., there exists a unique topology with respect to which
this set is the free union of all subspaces of the form U,.. Obviously, in this
topology, the set M, is a Hausdorff space.

A real function F defined on the space M, will be considered smooth if,
for any coordinate neighbourhood U ¢ M and any local coordinate system
x', ..., x™ defined on the neighbourhood U, the function Fo&,! on the product
U x R c R?™, where &, is the map U, — U° x R™ constructed above, is a
smooth function on U° x R™. It is easy to verify that the set QO(M,) of all
smooth functions on M, is smooth on M, and that the space M, equipped with
this smoothness is a smooth manifold. For coordinate neighbourhoods in M.
we can take, for example, subspaces U., and for coordinate homeomorphisms -
maps

& U, —» R,

We will call the constructed 2m-dimensional smooth manifold M, the man-
ifold of tangent vectors (or the tangent bundle) of the manifold M.
Continuous maps
X M- M,

of a manifold M into the manifold M, for which
pHoX =1y,

i.e., such that X(p) € M, for any point p € M, we will call continuous vector
fields on the manifold M. A continuous field X, which is a smooth map of
the manifold M into the manifold M., we will call a smooth vector field on the
manifold M.

The condition of smoothness of the field X means, by definition, that for any
smooth function F on M,, the function f(p) = F(X(p)) of the point p € M is a
smooth function on M. Since for each coordinate homeomorphism &, : U, — R?™
the relation holds, this condition is equivalent to the smoothness condition (for
each coordinate neighbourhood U c M) of the map

& Xy — R?™,
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Let x!, ..., x™ be the local coordinates in the neighbourhood U with the
help of which the homeomorphism &, was constructed, and let
X'(p) = X(p)x'
be the coordinates of the vector X(p), p € U, in the basis (%) Lo (axim) )
P P
Then, according to the definition of the homeomorphism &,
(& o X)(p) = ((p), ..., X™(p), X (p), ..., X" (p))
for any point p € U. Since the local coordinates x!, ..., x™ are smooth functions

on U, it follows that the map &, o X|y is smooth if and only if all functions X*(p)
are smooth. Since for any smooth function f on U the equality holds,

. af
X(p)f = XI(P);,
X

we thus finally obtain that

Proposition 4.68. A continuous vector field

is smooth if and only if for any smooth function f on M, the function

g(p)=X(p)f

at a point p € M is a smooth function on M.

Let us now consider on the manifold M an arbitrary vector field X : O(M) —
O(M) in the sense of the previous section. It is clear that, setting

X(p)=X,, peM,

we obtain a certain map

X M- M,,
which is a continuous vector field on the manifold M. Moreover, since for any
smooth function f on M the equality holds

X(p)f =Xpf =X )p),

the continuous vector field constructed in this way X : M — M, is smooth.

Conversely, let X : M — M, be an arbitrary smooth vector field on the
manifold M. We define a map X : O(M) — O(M) of the algebra 6G(M) into
itself by setting

(Xf)(p)=Xpf

for any smooth function f on M and any point p € M. It is clear that the map
X of the algebra O(M) into itself defined in this way is linear. Moreover, for any
functions f,g € O(M), at each point p € M the equality holds

X(fe)(p) =X(p)(fe) =X(p)f-gp)+f(p) - X(p)g=(Xf-g+f Xg)(p).

Consequently, the map X is a derivation of the algebra O(M), i.e., a vector field
on the manifold M in the sense of the previous section. Thus,
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Proposition 4.69. the concept of a smooth vector field essentially coincides
with the concept of a vector field as a derivation of the algebra O(M).

The concept of a vector at a point allows us to specify a simple, but often use-
ful, necessary and sufficient condition for a system of vector fields Xy, ..., X,
defined on a coordinate neighbourhood U, to constitute a basis (not necessarily
holonomic) of the module 0! (U). Namely, as is easy to see,

Proposition 4.70. vector fields X1, ..., X € O1(U) form a basis of the O(U)-
module 01 (U) if and only if for any point p € U the vectors
(Xl)[N ) (Xm)p

form a basis of the space M,,.

Proof. Indeed, let the fields X;, ..., X, form a basis of the O(U)-module
6'(U) and let A be an arbitrary vector in the space M,. By definition, in the
neighbourhood U there exists a vector field X € 0 (U) such that X, = A. Let

X =X'X;
be the decomposition of the field X in the basis Xi, ..., X;,. Then
A=X(p) - (Xo)p.
Therefore, the vectors (Xi)p, ..., (Xu)p generate the space M,. Since there
are m of them, they are linearly independent, i.e., they form a basis.
Conversely, let fields X, ..., X,, € 6} (U) have the property that for any
point p € U the vectors (X1)p, ..., (Xm)p form a basis for the space M), and

let X be an arbitrary vector field on the neighbourhood U. Then at any point
p € U the expansion holds

X =X'(p) - (Xi)ps

where X' (p) are some functions of the point p. Then for any i =1, ..., m the
equality holds o _

Xpx! = X' (p) - (Xi)px/.
But the numbers prf are, as we know, the values at the point p of the
components X/ = Xx/ of the field X in the basis ail’ e, afr"' Similarly,
(X )pr = X (p), where Xj are the components of the field X;, in the basis
Thus,

6x1""’c')xm' . )

X/(p) = X'(p) - X/ (p). (4.71)
It is clear that the determinant det Xj (p) at any point p € U is nonzero. There-
fore, using the well-known Cramer formula, we can express the numbers Xi (p)
in terms of the numbers X/ (p) and X] (p). Since the components X/ and X] are
smooth functions of the point p, it follows that the functions X=X (p) also

depend smoothly on p. Thus, _
X =X'X;
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where X' are smooth functions on U. Consequently, the fields X3, ..., X, €
0'(U) generate the O(U)-module 0'(U). Since they are obviously linearly in-
dependent, they form a basis of this module. O

It immediately follows from the proved proposition that

Proposition 4.72. for any coordinate neighbourhood U, each basis of the O(U)-
module O (U) consists of m fields.

In connection with this proposition, it is also worth noting that, in view of
the arbitrariness in the choice of local coordinates described in §4.3, the following
statement holds:

Proposition 4.73. whatever the point p of a smooth manifold M, for any

basis A1, ..., A, of the space M, there exists at the point p a system of local
coordinates x', ..., x™ such that
0 0
— =Aq, ..., — =A,.
6.7(1 )2 ! oxm §2 "

In conclusion, let us consider an arbitrary smooth map ® at a point p e M
of the manifold M into some manifold N. To any vector A € M,, we can assign
the map

d®p(A) : O(@(p)) — O6(P(p)),

by setting
d®,(A)g = A(go D)

for any function g smooth at the point ®(p) € N. It is easy to see that the map
d®,(A) constructed in this way is a vector of the manifold N at the point ®(p).
Thus, we obtain a certain (obviously linear) map

d®, : M, — No(p)-

We will call this map the differential of the map ® at the point p.
It is clear that

Proposition 4.74. for any smooth manifolds M, N, and P and any smooth
maps ®: M — N and ¥ : N — P, at any point p € M, we have the relation

d(¥Y®), = d¥Ye(p)dD,. (4.75)

Let x', ..., x™ be local coordinates at a point p of a manifold M, and
yl, ..., ¥" be local coordinates at a point ®(p) of a manifold N. Since the map
® is smooth, the functions y' o ®, ..., y™ o ® (defined in some neighbourhood
of the point p) are smooth functions at p and therefore depend smoothly near
the point p on the coordinates x!, ..., x™, i.e., there exist smooth functions
wl(eh, .., ), .., u™(tY, ..., t™) of the real variables t', ..., #™ such that

yod=ul(xt, ..., x™, i=1, ..., n, (4.76)
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near the point p. Following the accepted custom, we will write these equalities
in the form
yi=u'(xt ., XM, i=1, ..., n, (4.77)

and we will say that they represent a notation of the map ® in local coordinates

xt oo xX™and ¥, .., Y.

From relations (4.76) and the definition of the map d®,, it easily follows
that

Proposition 4.78.
0 d(y/ o ® 0
dq)p(F) :(%) (F) . i=1,...,m, j=1,...,l’l.
b X p Y o(p)

Proof. Indeed, let
g=uly's ...,y

be an arbitrary smooth function at the point ®(p) on the manifold N. By
definition,

% B %(yl, s Y.
On the other hand,
god=u(y'o®, ..., Yy o®) =u(u'(x", ..., X", . u"(x, ., x™)
and therefore
af;;jcb _ %(yloq), ynoq)).%(xl, co, XM,

Therefore,

Jo 0 _[(0(go®)\ (g 0(y/ o @)
Ploxi] 87\ 7o ) T\ay e )
X p X r Y op) X P

since relations (4.76) yield

oul my d(y o @)
6ti(x,...,x)— Fra
Thus, relations (4.79) are completely proven. m|

In accordance with the abbreviated notation (4.77), we will, as a rule, write
formulae (4.79) in the form

9\ (007 (4
dq)p(ﬁ)p_( ox! )p (ayj)w)' (0
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The matrix of order n X m with elements

0y’ d(y/ o @) . .
(W) :(T) s i=1, ....,m, j=1, ..., n.
p p

i.e., the matrix of linear relations (4.79), we will call the matriz of the map © at
the point p (with respect to the local coordinates x!, ..., x™ and y!, ..., y").
For m = n, we will call the determinant of this matrix the Jacobian of the
map @ at the point p (with respect to the local coordinates x!, ..., x™ and
yl, ..., y"). Obviously, it coincides with the Jacobian (in the sense of §4.2)
of the map 1 o ¢!, where 5 and ¢ are coordinate diffeomorphisms defining the
local coordinates y', ..., y" and x!, ..., x™, respectively.

A smooth map
O:M—>N

of an m-dimensional manifold M into an n-dimensional manifold N is called
reqular at a point p € M if the map

d®, : M, — No(p)-

has the maximum possible rank, i.e., if it is monomorphic for m < n and epi-
morphic for m > n (and hence isomorphic for m = n). From the elementary

properties of linear maps it immediately follows that

Proposition 4.81. ¢ map ® : M — N is regular at a point p € M if and
only if the rank of its matriz at this point (calculated in arbitrary systems of
m

local coordinates x*, ..., x™ and y', ..., y" at the points p and ®(p) of the
manifolds M and N) is equal to m for m <n and n for m > n).

By way of the theorem on the replacement of local coordinates, it follows
that

Proposition 4.82. for m < n, the map ® : M — N is regular at a point p € M
if and only if, for any system of local coordinates y', ..., ¥ at the point ®(p) of
the manifold N, from the functions y'o®, ..., y"o®, one can select m functions
that constitute a system of local coordinates at the point p of the manifold M.

Besides,

Proposition 4.83. for m = n the map ® : M — N is regqular at the point p € M
if and only if its Jacobian at this point is non-zero.

The inverse function theorem from §4.2 states that for maps of domains
of the same Euclidean space, being regular at a point is equivalent to being
diffeomorphic at that point. Due to the local nature of this statement, it is
obviously also valid for maps of any manifolds (of the same dimension). Thus,

Proposition 4.84. A smooth map ® of a manifold M into a manifold N of the
same dimension is diffeomorphic at a point p € M if and only if it is reqular at
that point.
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Points p of the manifold M at which the map ® : M — N is not regular will
be called critical points of this map. Maps that have no critical points, i.e., are
regular at all points p € M, will be called regular (on M).

According to the previous proposition,

Proposition 4.85. A smooth map ® of a manifold M into a manifold N of the
same dimension is reqular if and only if it is locally diffeomorphic.

Let us now consider the product M X N of smooth manifolds M and N (see
§4.3). Let
T :MXxXN-—->M, p:MxXN-—>N

be the natural projections of the product M X N onto manifolds M and N,
respectively. Since these projections are smooth maps, for any point (p,q) €
M x N the followwng maps are defined

dn(p,q) : (M XN)(p.q) = Mp, dp(p,g) : (M XN)(pq) — Ng.

Let A be an arbitrary vector of the manifold M X N at the point (p, ¢) and
let
B = dﬂ'(p’q)(A), C=dpp,g (A).

It is clear that for any system of local coordinates x', ..., x™ at a point p
of the manifold M the following equalities hold:
AX' =Bx', i=1, ..., m.
Similarly, for any system of local coordinates y', ..., y* at a point g of the
manifold N the following equalities hold:
Ay =By/, j=1, ..., n.

This shows, firstly, that A = 0 when and only when B = 0 and C = 0, and,
secondly, that for any vectors B € M, and C € N, there exists a vector A €
(M X N)(p,q) such that B =dn(, 4)(A) and C = dp(p,q)(A). In other words,

Proposition 4.86. the maps

Mp d7(p.q) (MXN)(p’q) dp(p.q) Nq-

define a decomposition of the space (M X N)(p.q) into a direct sum of the spaces
M, and Ny.

It is clear that this decomposition is consistent with the actions of vectors
A on functions smooth at the point (p,q), i.e., for any such function f, the
equality

Af=Bf+Cf,

holds where, say, Bf is the result of applying the vector B = dn(,, 4)(A) to the
function f, considered as a function of one point p € M (for a fixed point g € N).

In the future, when it is convenient for us, we will denote the vector A €
(M X N)(p.q), for which B = dn(, 4)(A) and C = dp(, 4)(A), by the symbol
(B,C).

It is clear that similar direct sum decompositions also hold for products of
any finite number of smooth manifolds.
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4.7 Linear differential forms

Let, as above, M be an arbitrary smooth manifold of dimension m. By a linear
differential form on a manifold M we mean a derivative O(M)-linear map of the
O(M)-module 6*(M) into the algebra O(M) (considered as a O(M)-module).
Thus, each form w associates with any vector field X € 0'(M) some smooth
function w(X) on M, and for any smooth function f on M and any fields
X, X1, X5 € 01 (M) the following equalities hold:

w(fX) = fw(X),
w(X1 + X2) = w(X1)) + w(X2).

Obviously, the set @1 (M) of all linear differential forms on the manifold M
is an O(M)-module with respect to the operations

(fw)(X) = fu(X), feOM),web,(M),Xe0 (M),
((1)1 +(1)2)(X) = a)l(X) +(,4)2(X), w1, W9 € @1(M),X € @I(M)

Let W be an arbitrary open submanifold of M and let w be an arbitrary
linear differential form on M. Further, let Y be an arbitrary vector field on W.
For any point p € W, consider its neighbourhood V whose closure V is compact
and contained in W. As we know, on the manifold M there exist vector fields X
such that X|y =Y|y. Let X; and X5 be two fields on M that have this property,
and let & be a smooth function on M that is equal to one at the point p and
zero outside the neighbourhood V. Then & - (X; — X3) = 0 on M and therefore

h(w(X1) - w(X2)) = 0.

It follows that at the point p the functions w(X1) and w(Xz) coincide. Since the
point p was an arbitrary point of the submanifold W, it was thus proved that
the formula

wlw (¥)(p) = w(X)(p),

where X is an arbitrary vector field on M that coincides with the field Y on
V, identically defines on the submanifold W some (as is easily seen, smooth)
function w|w (Y). Thus, we obtain some (obviously linear) map

wlw : O (W) = w(W),

i.e., a linear differential form on the submanifold W. We will call this form the
restriction of the form w on the open submanifold W and, when there is no
possibility of misunderstanding, we will denote it by the same symbol w.

Just as for vector fields, the restriction map w — w|w is, generally speaking,
not epimorphic, but only locally epimorphic in the sense that,

Proposition 4.87. Whatever the open set V. W whose closure V is compact
and contained in W, for any linear differential form 0 € O1(W) there exists a
linear differential form w € O1(M) such that

wly = 6ly.
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This form w is defined by the formula

0 outside W,

where g is a smooth function on M that is equal to one on V and zero outside
some open set whose closure is contained in W.

In the special case where W is a coordinate neighbourhood of U, one can
easily describe all linear differential forms on U.

Let X1, ..., X,, be an arbitrary basis of the 6(U)-module 0'(U). Clearly,
for any i =1, ..., m, the relations
wi(Xj) :65., j=1, ..., m
uniquely determine on U some linear differential form w’. The forms w!, ..., 0™

are linearly independent and have the property that for any vector field X €
0'(U), the following equality holds

X' = w'(X),
where X' are the components of X in the basis X1, ..., X,,. It follows directly
from this that
Proposition 4.88. the forms w1, ..., wy form a basis for the module 01(U),

and
w = w(X;)wi

for any form w € O1(U).

We will call the functions w(X;) the components of the form w in the basis

X1, ..., X (or in the basis w1, ..., wn).
If the basis X1, ..., X, is holonomic, i.e., if
0 0
X1=—, ..., = —,
LT oxt " gxm

where x!, ..., x™ is some system of local coordinates in the neighbourhood
U, then we will also call the basis a holonomic basis. In this case, the forms
w!, ..., o™ we will, as a rule, denote by the symbols

dx! dx"™
The components of the form w (%) in the basis dx!, ..., dx™ we will sometimes
call its coefficients (in the system of local coordinates x!, ..., x™).

We obtain an important example of a linear differential form on a manifold
M by setting for some smooth function f on M and any field X € 6 (M)

df (X) = X(f).
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It is clear that this formula defines a certain linear differential form df on M.
We will call the form df the differential of the function f.

By definition, for any smooth function f on the manifold M (or at least on
the coordinate neighbourhood U), the following equality holds

df(a)—a—f i=1, ..., m,

oxi |~ oxi’

so that, as in elementary analysis,

af . .
d = —.dx’.
s oxt
In particular, we see that the forms dx!, ..., dx™ of the holonomic basis are
nothing more than differentials of the local coordinates x!, ..., x™.

Linear functionals defined on the space M(p) = 6(p), i.e., linear maps of
this space into the field R, we will call covectors of the manifold M at the point
p- They form a m-dimensional linear space M},. dual to the space M. We will
also denote the space M, by the symbol 0:(p).

It is easy to see that for any form w € 6;(M) and any field X € 6'(M), the
equality X, = 0 implies the equality w(X)(p) = 0. Indeed, in the coordinate
neighbourhood U of the point p, the following relation holds

0 .
wX)=w (—) - Xxt,
oxt
and therefore
9 i
w(X)(p) = w (5) () X' =0,
It follows that, by setting for any vector A € M),

wp(A) = w(X)(p),

where X is an arbitrary vector field on M for which X, = A, we uniquely
determine on M), some covector w,.
In particular, the differentials dxt, ..., dx™ of the local coordinates x!, ..., x™
define covectors
(dxl)p, ey (dx™)p.

These covectors form a basis for the space M}, (there are m of them, and they
are linearly independent). Any covector a € M, can be decomposed in this basis

according to the formula
0 i
o=ol(5),)

From this, in particular, it follows directly that
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Proposition 4.89. for any covector a € O1(p) there exists on the manifold M
a linear differential form w such that w, = a.

Proof. Indeed, according to the local epimorphism property of the restriction
map, it suffices to construct the form w on some coordinate neighbourhood U
of the point p. On the other hand, the formula

w = a;dx',

where a; = ((%) ), obviously defines a form w on a neighbourhood U for
p
which w, = a. O

Analogously to the set of all vectors, the set M of all covectors of the
manifold M at all its points p € M can be defined as a 2m-dimensional smooth
manifold, after which the concept of a continuous (or smooth) covector field w
on the manifold M is naturally defined as a continuous (respectively, smooth)
map w : M — M; such that w(p) € M}, for any point p € M. Moreover, it
can be easily shown (see the corresponding arguments for vector fields) that a
covector field w is smooth if and only if for any vector field X € 6'(M) the
numerical function w(p)(X,) of a point p of a manifold M is a smooth function
on M.

However, to save space, we prefer not to introduce the manifolds M explic-
itly here, but instead adopt the latter property of smooth covector fields as their
definition. Thus, by a smooth covector field on a manifold M we will define an
arbitrary function wX € 0*(M), the numerical function w(p)(X,) of the point
p € M is a smooth function on M.

It is clear that for any differential form w € 0;(M), the formula

w(p) =wp, peEM,

defines a smooth covector field on the manifold M. Conversely, every smooth
covector field w € O1(M) uniquely determines, according to the formula

w(X)(p) =w(p)(Xp), X €O'(M),€M,
a linear differential form w € O1(M). Thus,

Proposition 4.90. the concept of a linear differential form essentially coincides
with the concept of a smooth covector field.

Remark 4.91. Any smooth function f on M defines a covector (df), at each

point p € M. On the other hand, considering the function f as a smooth map

M — R, we can speak of its differential df), : M, — Ry, , where Ry, is the

tangent space of R at the point f(p). The space Ry, is one-dimensional and

is generated by the vector (%)ﬂ . It is clear that if we identify each vector
P

a (%)f( ) € Ry, with a number a, then the differential df), coincides with the
P

covector (df),. In this sense, the definition of the differential of a function is
consistent with the definition of the differential of a smooth map.
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In conclusion, let us consider an arbitrary smooth map ® of some manifold
N into a manifold M. Let w be an arbitrary linear differential form on the
manifold M. At each point p € N, we can define a covector (®*w), by setting

(@*w)p(A) = wp(dP(A))

for any vector A € Nj,. Thus, on the manifold N, we obtain a (obviously smooth)
covector field ®*(w), i.e., a linear differential form. It is easy to verify that the
map

@ : 01 (M) — O'(N)
defined in this way is a homomorphism of @(M)-modules (if the ©(N)-module
O'(N) is considered as a O(N)-module via the map ®* : 6(M) — O(N), which
associates with each function f € 6(M) the function ®*f = o®).

If @ is an inclusion of an open submanifold W into a manifold M, then the
map ®* is nothing more than a restriction map 01 (M) — O1(W).

4.8 Tensors and tensor fields

Let r and s be arbitrary non-negative integers. By a tensor field of type (r,s)
on a manifold M we mean an arbitrary function

T(w!, dotsc, " X1, ..., Xs)
of r + s arguments, the first  of which are linear differential forms w', ..., " €
0,(M), and the last s are vector fields X, ..., X; € O (M).

We will denote the set of all tensor fields of type (r,s) on a manifold M by
the symbol Of (M). Clearly, this set is naturally defined as an O(M)-module.
By definition, tensor fields of type (0,0) are nothing more than smooth
functions on M, so that
63(M) = 6(M),

and tensor fields of type (0,1) are nothing more than linear differential forms,
so that
0) (M) = 6,(M).

Moreover, any vector field X € 0'(M) can be considered as a tensor field
of type (1,0), i.e., as a O(M)-linear map of the O(M)-module O1(M) into the
algebra O(M), defining its value X(w) on an arbitrary form w € 0;(M) by the
formula

X(w) = w(X).

Since w(X) = 0 for all forms w € O;(M) only when X = 0, the module 6'(M)
is embedded in the module @é(M). It turns out that these modules actually
coincide:

Os(M) = 0 (M), (4.92)

ie.,
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Proposition 4.93. vector fields exhaust all tensor fields of type (0,1).

We will prove this important statement a little later, after we have studied
in more detail the structure of arbitrary tensor fields.

Let W be an arbitrary open submanifold of M, and let T be an arbitrary
tensor field of type (r,s) on M. It is easy to see that

Proposition 4.94. if at least one of the arguments w, ..., W', Xy, ..., X5 of
T is zero on W (i.e., its restriction to W is zero), then

T(w', ..., w3 X1, ..., X;)=0 on W.

Proof. Indeed, let p be an arbitrary point of W and let V be some neighbour-
hood of it whose closure V is compact and contained in W. Further, let f be
a smooth function on M equal to one at p and zero outside V. Assuming, for
definiteness, that w!' = 0 on W, we obtain that fw! =0 on M, and therefore

T(fo',w? ...,omega"; X, ..., Xs) =0.
But
T(fol,o?, ..., & X1, ..., Xy) = fT(0, ..., &"; X1, ..., Xy).
so that
T(w', ..., 03 X1, ..., X)(p) = f(P)T(", ..., 0" X1, ..., X,)(p) =0.

since f(p) = 1. Thus,
T(wh, ..., o X1, ..., X,)=0 on W.
]

Now let 61, ..., 6" be arbitrary linear differential forms, and Y;, ..., Y
be arbitrary vector fields on an open submanifold W. For any point p € W,
consider on M the forms w?!, ..., " and the fields X, ..., X, that coincide
in some neighbourhood of the point p with the forms @', ..., " and the fields
Y1, ..., Y, respectively. From the statement just proved, it immediately follows
(see the similar arguments above for vector fields and differential forms) that
the formula

Tlw (6, ..., 0¥, ..., Y)(p) =T(w", ..., 0" X1, ..., Xs)(p)

uniquely defines on W some smooth function

Tlw(, ..., 0";Y1, ..., Y).
It is clear that this function depends linearly on the forms o, ..., 9" and the
fields Y1, ..., Y, i.e., it is a tensor field of type (r,s) on the manifold W. We

will call the field T|w the restriction of the field T on the open submanifold W
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and, when there is no possibility misunderstandings, we will denote it by the
former symbol 7.

Obviously, the restriction map 07 (M) — O; (W), which associates with each
field T € 07 (M) the field T|wO; (W), is a O(M)-homomorphism of the O(M)-
module 07 (M) into the O(M)-module O (W) (considered, via the restriction
map O(M) — O(W), as an O(M)-module). Moreover, similar to the case of
vector zeros and linear differential forms, this homomorphism obviously has the
property of local epimorphism, i.e.,

Proposition 4.95. for any open set V.C W whose closure V is compact and
contained in W, for any field S € O (W) there exists a field T € O (M), such
that

Sly =Tl|y.

Let us consider, in particular, the restriction T|y of the field T € Of (M)
to some coordinate neighbourhood U ¢ M. Let Yy, ..., Y, be an arbitrary
basis of the module 6 (U), and 6, ..., 8" be a basis of the module O;(U)
defined by the conditions Hi(Xi) = 6;.; i,j =1, ..., m. Then, for any forms
w!, ..., 0" € 0;(U) and any fields X;, ..., X, € 0*(U), the following relation
holds:

T(w' ..., X1, o X) =T w0l X X5 on U, (4.96)

where

Th

kr — r.
P =T, L 0 Y, L Yy, (4.97)

and a)’]; = ! (Yy), and Xf = QE(X,-) are the components of the forms w’ and the
fields X; in the basis Y1, ..., ¥;,. We will call functions (4.97) the components
of the tensor field T on a neighbourhood U in the basis Y1, ..., Y. They
completely determine the field T on U.

In particular, if the field T is of type (1,0), its components are the functions
Tk = T(6%). We define a vector field X; on the neighbourhood U by setting

Xy =Ty,

where, as above, Y1, ..., Y, is an arbitrary basis of the O(U)-module 6'(U)
(relative to which the components T* are calculated). Since for any form w €
01(U) the following equality

T(w) = w(Y)T(0") = 0(T*Yy) = w(Xy)

holds on U, then on the neighbourhood U the tensor field T coincides with the
vector field Xy. In particular, this implies that the field Xy is uniquely defined
(independent of the choice of the basis Y1, ..., ¥,;). Therefore, setting for any
point p e M

Xp = (XU)p,

where U is an arbitrary coordinate neighbourhood of the point p, we obtain a
uniquely defined (obviously smooth) vector field X on the manifold M. Since
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T(w) = w(Xy) on U for any form w € O1(M), then T(w)(p) = w(Xy)(p) =
‘Up((XU)p) = CUp(Xp) =w(X)(p), ie.

T(w)=w(X) on M.

In other words, T = X. Thus, relation (4.92) is completely proven.
Let p be an arbitrary point of a smooth manifold M. By a tensor of type
(r,s) at the point p we mean an arbitrary functional linear in each argument

L(at, ..., @ A1, ..., Ay),
whose first r arguments are covectors a', ..., a" € MI*77 and the last s are
vectors A1, ..., Ay € Mp,. All tensors of type (r,s) at the point p obviously

form a linear space 0! (p). It is clear that

0y (p) =0 (p), 0OY(p) =01 (p).

On the other hand, 6J(p) =R (and not 6(p)).

Let By, ..., By be an arbitrary basis of the space M, and let B, ..., Bm

be a basis of the space M}, defined by the conditions B (B, ) = 6’ ,J=1, m.

Then, for any tensor L of type (r, s) at the point p, the followmg equahty holds

L(at, ..., @ a1, ..., Ay) = Lk1 a/kl a/erf1 ~~~Af’, (4.98)

where a}; = o'/ (By) and Af) = ,BK(Aj) are the components of the covectors o'
and the vectors A; in the basis By, ..., By, and

Ly = L(BY, ..., B Be,, ... Be). (4.99)

We will call the numbers (4.99) the components of the tensor L in the basis
B1, ..., By. These numbers do not, generally speaking, satisfy any relations,
i.e., for any set m"** of numbers L’;;.'.'.'Zr, formula (4.98) defines a tensor L €
0! (p) with components L k’.

Just as for vectors, the set of all tensors of a given type (r,s) at all points
of a manifold M can be naturally defined as a smooth manifold, after which
one can define the concept of a continuous (or smooth) tensor field (r,s) on a
manifold M as a continuous (respectively, smooth) map T of a manifold M into
the manifold of all tensors such that T(p) € 6f (p) for any point p € M.
Without dwelling on this, as in the case of forms, we prefer to independently
define smooth tensor fields T of type (r, s) on a manifold M as functions T that
associate with each point p € M some tensor T'(p) of type (r,s) at this point
such that for any forms w!, ..., " € 6:(M) and any vector fields X;, ..., X, €
O0'(M) the numerical function

f(p) :T(p)((wl)p7 R (wr)li; (Xl)lh tet (XY),D)

at the point p € M is a smooth function on M.
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For any tensor field T € Of (M), it immediately follows from formula (4.96)
that if at least one of its arguments w!, ..., w” and X1, ..., X is equal to zero
at the point p, then

T(w', ..., &"; X1, ..., X;) =0.

Therefore, the formula

Ty(a', ..., @5A1, ..., Ay) =T(0', ..., &5 X1, ..., X5)(p),
where the forms w!, ..., " and the fields X;, ..., X, are chosen such that
W, =a,i=1, ..., r,and (X;), = Aj, j =1, ..., s, uniquely determines a

tensor T}, of type (r,s) at the point p. Clearly, the resulting function T'(p) =T,
is a smooth tensor field in the sense of the previous definition. Conversely, any
smooth tensor field T'(p) € O] (p) is defined by the formula

T(w', ..., &5 X1, ooy X0) =T(P){(@Y)ps ooy (@ )p; (X1)ps ooy (Xs)p)s
where wl, ..., w" € O1(M) and Xy, ..., Xy € O (M), is some field T € 07 (M).
Thus,

Proposition 4.100. the concept of a tensor field, as defined at the beginning
of this section, essentially coincides with the concept of a smooth tensor field
defined above.

This assertion has many important consequences. For example, it immedi-
ately implies the equality (4.92) already proven above. Indeed, any tensor of
type (1,0) at a point p is, by definition, a linear functional on the space M,
and therefore, by the inherent property of reflexivity of finite-dimensional linear
spaces, each such tensor can be considered as a vector at a point p.

Furthermore, any tensor L = L(a; A) of type (1,1) with a fixed argument
A is a tensor of type (1,0), i.e., a vector. Therefore, each such tensor can be
considered as a linear transformation of the space M,. With this in mind, we
will call an arbitrary function T that associates with each point p € M some
linear transformation T, : M, — M, the field of linear transformations on the
manifold M. We will call such a field smooth if, for any vector field X € 61 (M),
the field

T(X)p, =Tp(Xp), pPEM,

is a smooth vector field on M. From what has been said above it follows directly
that the concepts of a tensor field of type (1,1) and a smooth field of linear
transformations essentially coincide. On the other hand, every smooth field T
of linear transformations defines by the formula

T(X), =Ty(X,), peM,XeO (M),

some O(M)-linear map of the O(M)-module 0! (M) into itself. Conversely, any
such map T : 61 (M) — O'(M) is defined by the formula

T,(A) =T(X),, A€M,
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where X is an arbitrary field on M for which X, = A, is some smooth field T of
linear transformations.
Thus,

Proposition 4.101. The following concepts are essentially the same:
1) a tensor field of type (1,1) on a manifold M;

2) a smooth field of linear transformations on M;

3) an O(M)-linear map of the O(M)-module O (M) into itself.

In this case, the tensor field T € T@ll (M) is defined by the linear map T :
0'(M) — 0'(M) by the formula

T(w;X) = w(T(X)), weO,(M),Xec0 (M),
and the field of linear transformations 7, : M, — M, is defined by the formula
T,(A) =T(X),, A€M,

where X is an arbitrary vector field on the manifold M for which X, = A.

Remark 4.102. By fixing the argument « in the tensor L(a; A) of type (1,1) at
the point p, we can consider it as a linear transformation of the space M;,. This
linear transformation is conjugate, in the sense of the theory of linear spaces,
to the linear transformation of the space M, considered above.

After tensors of type (1, 1), the next most complex ones are tensors of type
(1,2). Reasoning as above, we easily see that

Proposition 4.103. the following concepts are essentially the same:
1) a tensor field T(w; X;Y) of type (1,2) on a manifold M;

2) a smooth field of bilinear functions T,,(A, B), A,B € M, taking values in the
space Mp;

3) an O(M)-linear function T(X,Y), X,Y € O'(M), in both arguments, taking
values in the O(M)-module O (M).

In this case, the following relations hold:

T(w;X.,Y) =w(T(X,Y)), weO(M)X,YeO (M),
T,(Xp.Yy) =T(X,Y),, peMXYeO (M).

Similarly,

Proposition 4.104. the following concepts are essentially the same:

1) a tensor field T(w; X;Y;Z) of type (1,3) on a manifold M;



4.9. OPERATIONS ON TENSORS AND TENSOR FIELDS 181

2) a smooth field of bilinear functions T,(A,B), A,B € M,, taking values in
linear transformations of the space M, ;

3) an O(M)-linear function T(X,Y), X,Y € O*(M), in both arguments, taking
values in the O(M)-linear maps of the O(M)-module O' (M) into itself.

In this case, the following relations hold:

T(w;X,Y,Z)
Tp(Xp,Yp)Z)p

w(T(X,Y)Z), weO, (M), X,Y,Z e O (M),
(T(X,Y)Z,), peM, X,Y,ZeO'(M).

4.9 Operations on tensors and tensor fields

Let L and K be arbitrary tensors at a point p of a smooth manifold M, having
types (r,s) and (u,v), respectively. It is clear that the formula

(L®K)(ala L ) ar+u;A1, LN} AS+V) =
L@, ..., a"; Ar, ..., Ay) - K@@, ..., & Agi1s ooy Agey),
where o', ..., @ € O,(p) and Ay, ..., Ag,, € O'(p) defines a tensor L ® K

of the type (r + u,s +v). We will call it the product of the tensors L and K.
On tensors of type (0,0), i.e., constant numbers, it coincides with the ordinary
product. In an arbitrary basis By, ..., By, of the space M, its components are
expressed, as is easy to see, by the formula

ki, oo kyrvuw _ ki, oo ke prkrers o Kegu
(L ® K)fla mees [s+v L[h s €S‘K€S+l5 s €s+v.

Moreover, it is easy to verify that

Proposition 4.105. with respect to the multiplication ®, the direct sum

0*(p) = ), Oi(p)
r,s=0
of linear spaces O (p) represents an associative algebra with unity over the field
R.

Let By, ..., Bp be an arbitrary basis of the space M, and let ,81, e, BT
be a basis of the space M, such that g'(B;) = 6;. Let, further, L be an arbitrary
tensor of type (r,s) at the point p and let L’Z ]}: be its components in the
basis B, ..., B,,. Consider the tensor

ky, ...

ke pt Ls
o, enBr® @B By, ®---®By,.

It is easy to see that the components of this tensor are precisely the numbers
ki, .. ky
L, 7 . Therefore,
ki, o ke gt 0
L=L, "B ® - ®F By, ®: - ®By,.

Thus, it is proved that
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Proposition 4.106. the algebra O*(p) is generated over the field R by the
vectors Bi, ..., B,, and the covectors 8%, ..., ™.

Let i and j be arbitrary integers satisfying the inequalities 1 < i < s and
1 < j < r, respectively (here we assume that s > 0 and r > 0). By fix-
ing, in some tensor L(a', ..., a";A1, ..., Ay) of type (r,a), all arguments
al, ..., a" Ay, ..., Ay except for the i-th vector argument A; and the j-th
covector argument al , we obtain from the tensor L some tensor of type (1,1),

i.e., a linear transformation of the space M,. This transformation depends, of

course, on the covectors al, ..., @t, ..., o and the vectors Ay, ..., AL, ..., A

(the sign “A” indicates that the corresponding covector - or vector - must be
omitted). Let

(C;L)(a,l’ cees a"y ceey ar;Alv ey A\i’ e AS)

be the trace of this linear transformation. It is a linear function of the r — 1
covectors !, ..., @/, ..., o" and the s — 1 vectors Ay, ..., A, ..., Aj, ie.,
it is a tensor of type (r — 1,5 —1). We will say that this tensor is obtained from
the tensor L by contraction over the i-th upper and j-th lower indices. In each

. . i 7\ Kk ;
basis of the space M), its components (C}L)fll’ o, are expressed in terms of

the components L]Z éf’ of the tensor L according to the formula

iK1, s ko1 p ki, o, ki, e, Bk, o, ke
(CiL)e e =L e e e

The constructed map
Cj: 0;(p) = 6,1 (p),

is obviously linear. We will call it the contraction map.

All the above constructions are immediately transferred from tensors to ar-
bitrary tensor fields. For example, the product T ® S of tensor fields T € 07 (M)
and S € O (M) can be defined either by the formula

(TR®S) (W, ..., & X1, ..., Xepv) =
T(w, ..., 0" X1, ..., XS, ..., & Xeets ooy Xgv)s
wh ., DM e 01(M); Xy, ..., Xeiy € OH(M),

or by the formula
T®S),=T,®S)p,

where p is an arbitrary point of the manifold M. From the corresponding
statement for tensors, it follows immediately that

Proposition 4.107. with respect to the multiplication ®, the direct sum
0"(M)= ) O;(M)
r,s=0

of O(M)-modules, OF (M), is an associative algebra with unity over the ring
O(M).
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Consider, in particular, the algebra 0*(U), where U is an arbitrary coordi-
nate neighbourhood in the manifold M. Let x!, ..., x™ be an arbitrary system
of local coordinates on the neighbourhood U. By comparing the components,
we can easily obtain (see the similar arguments above for the algebra 0*(p))
that for any tensor field T € 0} (U)) the following formula holds

0 0
N PR o 9 o... .0 2
T= Tfl, v U1 dx ® ®dx ® Oxki ® ® Oxkr’
where T ’ ”."[]‘:’11 are the components of the field 7 in the basis 6%1 ® ® (,,xim.
Therefore,

Proposition 4.108. the algebra 0*(U) is generated over the ring O(U) by the
forms dx', ..., dx™ and the fields %, 9

T

The contraction operation C;. for tensor fields is most easily defined by the
formula ) _
(CiT)p = CiT)p,

where p is an arbitrary point of the manifold M. Clearly, the resulting contrac-
tion map 4
Ci:0/(M)—0;7}(M), 1<i<s, 1<j<r,

is a homomorphism of O(M)-modules.

Of particular interest is the case r = 5. In this case, by applying r folds of
the folding map to the field T, we obtain a field of type (0,0), i.e., a smooth
function on M. We will say that this function is obtained from the field T as
a result of a complete fold. Clearly, in general, the result of a complete fold
depends on which pairs of indices were used to perform the r partial folds.

Consider, in particular, for an arbitrary tensor field T of type (r, s), the field

S=TRwW' ®  Quw ®X;® - ® X,

of type (r + 5,7 + 5), where w', ..., 0" € 6;(M) and X1, ..., X, € O (M).

Let p € M. Denoting by «', and X; the components of the covectors (w'),
and the vectors (X;), in some basis of the space M,, we obtain that the com-
ponents of the tensor S, in this basis are expressed by the formula

ki, .o r+s kr+ r+s
(Sp)pls s = (Tp)phe 7w s e wl X( L, X,
where (Tp) ;‘ are the components of the tensor T},,. Therefore, contracting
the tensor S ‘over the indices (1,5 +1), (2, s + 2), , (rys+r),(r+1,1),(r+
2,2), (r + s, 5), we obtain the number
k LR kr kr+ r+s —
(Tp)els 77 wp s oo @, X7, X =
(Tp)(@ps s (@ )ps (X)ps -os (X)p) =T (0", ..., & X1, ..., X)(p).

This proves that
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Proposition 4.109. As a result of the complete contraction of the tensor field

TRW' ® - ®w ®X;® & X

by the indices (1,s+1),(2,5+2), ..., (r,s+r),(r+1,1),(r+2,2), ..., (r+s,s),
we obtain the value

T(w', ..., W X1, ..., Xy)
of the field T on the forms w', ..., w" and the fields X1, ..., X;.

Let us consider in conclusion an arbitrary smooth map @ of some manifold
N into a manifold M. Let T be a tensor field of type (0, s) on a manifold M.
We define a tensor (®*T), of type (0,s) at each point p € N by setting

(®T) (A1, ..., Ay) =Tp(d®,(Ay), ..., dD,(Ay))

for any vectors Ay, ..., Ay € N,. It is easy to verify that we thereby obtain a
smooth tensor field ®*T on the manifold N and that the map

o : 00(M) — 0°(N)

is a homomorphism of O(M))-modules (if the O(N)-module 62(N) is considered
as an O0(M)-module via the map ®* : 6(M) — O(N)).

Obviously, in the case where the manifold N is an open submanifold W of the
manifold M, and the map ® is an inclusion map, the map ®* coincides with the
restriction map 0?(M) — 6%(N). On the other hand, for tensor fields of type
(0,1), i.e., for linear differential forms, the map ®* coincides with the map ®*
constructed in §4.7. For fields of type (r,s) with #, the map ®* is not defined.

4.10 Riemannian spaces

A smooth m-dimensional manifold M is called a Riemannian space if it is given
a smooth field of symmetric bilinear positive definite forms, i.e., a tensor field
g of type (0, 2) such that

1) for any vector fields X,Y € O0'(M) the following equality holds:

g(X.,Y) = g(¥, X);

2) for any point p € M the bilinear form g, on the space M), is positive definite.

We will call the tensor field g(X,Y) the metric tensor field of the Riemannian
space M. To simplify formulae, we will generally denote the function g(X,) by
the symbol (X,Y). It depends symmetrically on X and Y and is non-negative
for X =Y (and is equal to zero only at those points p € M for which X,, = 0).

For any point p in a Riemannian space M, the bilinear form g, defines a
scalar product in the tangent space M,

(AaB):gP(A7B)7 A’aBEMpa
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which transforms this space into a Euclidean space. This allows us, in particular,
to talk about the length of vectors in M, and the angle between them. We will
denote the length \/ZA, A) of a vector A € M, by the symbol |A]|.

Every vector field X on a Riemannian space M defines, by the formula

wx(Y) = (X,Y), YeO' (M),

a certain linear differential form w,. Conversely, by the well-known properties
of Euclidean spaces, every covector w, € M, uniquely corresponds to a vector
X, € M, such that

‘Up(B) = (Xp’B)

for any vector B € M,. Moreover, it is easily verified that if the covectors
wp form a field w that is smooth on M, i.e., a linear differential form, then the
corresponding vectors X, form a smooth vector field X for which wx = w. Thus,

Proposition 4.110. for Riemannian spaces, the concepts of a linear differential
form and a vector field essentially coincide.

In particular, for any smooth function f on M, there is a vector field grad f
associated with the differential df of this function by the formula

df (X) = (grad f,X), X e O (M).

We will call this the gradient field of f.

Remark 4.111. Similar arguments show that on the Riemannian space M, we
can identify tensor fields of any type (r,s) with fields of every type (+',s") for
which " +5 = r+s. This identification is known as the operation of “raising and
lowering indices.” We will need it only in the case considered above r + s = 1.

Postponing a more or less in-depth study of Riemannian spaces until Chapter
7, we will limit ourselves here to proving that

Proposition 4.112. any smooth separable manifold M can be defined as a
Riemannian space, i.e., there exists at least one field g on it that has the above
properties 1) and 2).

To this end, we first note that, since any separable manifold M has a count-
able base, it can be covered by a countable system of coordinate neighbourhoods
U,, n > 1, and these neighbourhoods can be chosen so that the closure U, of
each of them is compact and so that the local coordinates x), ..., x™ defined in
the neighbourhood U, are also local coordinates in some larger neighbourhood
containing the closure U, of U,.

Having chosen such a system of coordinate neighbourhoods U,,, we consider
the sets

Ay = Uzlek.

Each of these sets is compact, and their union is the entire manifold M. First,
let n = 1. We construct a tensor field g on the set A; = U;, assuming that its
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components
( a0 ) o
gij=8|— —|. @Lj=1 ..., m,
(9)611 ax{
in the basis 22, ..., % are the numbers &. Clearly, the field g is thus
Ox; ox] j

completely defined on A; and satisfies all the necessary conditions (symmetric
and positive definite).

Now let the field g already be constructed on the set A,,_1, where n > 1.
Then, in particular, it is also constructed on the set A,_; N U,, and therefore
for any point p € A,,-1 N U, the numbers are defined

o 0

-, — |, i,j=1,...,m.
Oxy, 6xf,)

gij(p) =g(

The set of @ smooth functions g;;(p) = g;i(p) can be considered as a

smooth map of the compact set A,—1 N U, into the set D of all symmetric
positive definite matrices of order m. The space of all symmetric matrices is
isomorphic to the W—dimensional arithmetic space R™5H and, as is easy
to see, the set D is a convex open subset of this space. Therefore (see §4.4)
the set D is an E-manifold. Consequently, the smooth map A,_; N U, — D
constructed above is the restriction of some smooth map M — D, i.e., on the

manifold M there exist w smooth functions g;;(p) = g;:(p) that coincide on

An_1NU, with the functions gij(p) constructed above, € A,,_4 NU,, and have the
property that for any point p € M the matrix g;;(p) is symmetric and positive
definite. Taking the numbers g;;(p) for any point p € U, as components in the

basis (6%1) e (axim) of some tensor, we obtain a tensor field g on U, that
n/p " /p

coincides on A,_; N U, with the field gg previously constructed on A,_;. We
have thus extended the field g from A,_1 to A, = Ap_q UU,. (In this argument,
we implicitly assumed that A,_; N U, # @. In the case when A,_; NU, = @,
the field g on A, is constructed in an obvious way.)

Thus, the field g is constructed by induction on all sets A,,, and therefore on
the entire manifold M.

Remark 4.113. Generally speaking, separability (or, equivalently, the existence
of a countable base) is not a necessary condition for constructing a metric tensor
field on a manifold M. Indeed, for example, it is clear that the topological sum
of any number of Riemannian spaces is automatically defined as a Riemannian
space. However, as we will show in Chapter 7, if M is connected, then this
condition is necessary, i.e., any connected Riemannian space is necessarily a
space with a countable base.



Chapter 5

Smooth Manifolds. 11

This chapter focuses primarily on the concept of a submanifold.

§5.1 presents the basic definitions related to the concepts of a curve and a
surface (of any dimension) in an arbitrary smooth manifold.

§5.2 proves a theorem on the possibility of extending an arbitrary tensor
field defined on a sufficiently “small” curve to the entire manifold.

§5.3 examines the interpretation of vector fields on a smooth manifold as
“fields of infinitesimal transformations” of one-parameter diffeomorphism groups.
In this regard, in particular, the existence of integral curves for an arbitrary vec-
tor field is proved.

§5.4 presents the simplest properties of submanifolds. In particular, it is
proved that any submanifold can be locally defined by a system of independent
equations.

In §5.5, the existence of tubular neighbourhoods is proved for closed sub-
manifolds of Euclidean spaces.

In §5.6, Whitney’s theorem on the embedding of any compact manifold into
Euclidean space is proved. In this section, Sard’s well-known theorem on critical
points of smooth maps of manifolds is proved.

In §5.7, Whitney’s embedding theorem is proved for any separable manifold
M. To this end, the manifold M is first embedded in a countable-dimensional
Euclidean space R®. The final transition from the space R® to the space R" is
accomplished through a series of suitably chosen projections.

5.1 Curves and surfaces

By a continuous curve on a smooth manifold M we will mean an arbitrary
continuous map vy : J — M of some open interval J of the real axis R into the
manifold M. The points p € M for which there exists a number ¢ € J such that
p = v(t) will be called points of the curve y and we will also say that the curve
v passes through these points.

187
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The restriction y|c of the curve v : J — M on some closed interval C c J
will be called a segment of the curve y (in this case, we will generally assume
that the interval C is not reducible to a single point). We will call the segment
vlc finite if the interval C is finite.

Allowing a certain freedom of speech, in what follows we will also call con-
tinuous maps into the manifold M of closed intervals C C R curves. By this
convention, the paths introduced in §1.5 are a special case of curves (obtained
when C = [0,1]). For each curvey : [a,b] — M, we will call the points p = y(a)
and g = y(b its initial and final points, respectively. We will also say that the
curve vy : [a,b] — M connects the point p = y(a) with the point g = y(b).

Since curves y : J — M are, by definition, maps of smooth manifolds, it
makes sense to speak of curves that are smooth (at a given point ¢ € J or on the
entire interval J). A curve that is smooth at all points of the interval J, with
the exception of a finite number of them, is called a piecewise smooth curve. A
piecewise smooth curve can be thought of as a finite sequence of smooth curves
with the property that the initial point of each subsequent curve in this sequence
coincides with the endpoint of the previous curve.

An example of a smooth curve is the curve 6, : J — M, which is a constant
map of the interval J to some point p € M. We will call curves of this kind
degenerate.

A smooth manifold M is called connected if any two of its points can be
connected by a piecewise smooth curve. Every such manifold is automatically
connected as a topological space, i.e., it has no nonempty proper subsets that
are simultaneously closed and open. (See §1.2) It is easy to see that the converse
is also true, i.e.,

Proposition 5.1. any smooth manifold M that is connected as a topological
space is a connected manifold.

Proof. Indeed, let N be the subset of M consisting of all points p € M that can
be connected by a piecewise smooth curve to some fixed point pg € M. Clearly,
N # @ (since pg € N). Furthermore, it is easy to see that the subset N is open
in M.

(Indeed, each point p € N has in M a neighbourhood U diffeomorphic to an open
ball of Euclidean space and therefore consisting of points ¢ that can be connected
to the point p by a smooth curve; combining this curve with a piecewise smooth
curve connecting the point pg with the point p, we obtain a piecewise smooth
curve connecting the point po with the point g.)

By similar considerations, the complement M \ N of N is also open, i.e., N is
closed. Being a nonempty, simultaneously closed, and open subset of a connected
topological space, N must coincide with the entire space. Thus, any point of
the manifold M can be connected by a piecewise smooth curve to some fixed
point pg. But it is clear that this is only possible when the manifold M is
connected. O

Remark 5.2. It can be proven that a smooth manifold is connected if and only
if any two of its points can be connected by a smooth (and even regular, see
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below) curve. We won’t need this fact, so we’ll leave it unproven.

For any smooth function f on M, each curve y : J — M defines a numerical
function on the interval J

f()=fy@), tel.

This function is smooth (infinitely differentiable) if the curve y is smooth.
In particular, if the curve 7y is contained in the coordinate neighbourhood U,
i.e., if ¥(¢) c U, then on the interval J the functions

) =x(y@), s X0 = 2"y (1),
1

where x*, ..., x are local coordinates in the neighbourhood U. These func-
tions uniquely define the curve y. We will say that they perform a parametric
definition of this curve in the neighbourhood U. It is clear that

Proposition 5.3. a curve y is smooth if and only if the functions x*(¢), ..., x™(t)
are smooth functions of the parameter t.

We can parametrically define an arbitrary curve on a manifold y on each
coordinate neighbourhood through which this curve passes.
Let M. be the manifold of tangent vectors of M (see §4.6) and let

u:M,—- M

be the natural projection (u(A) = p if A € M,,). By a vector field on a curve
v :J — M we mean an arbitrary curve

X : J 4 M*
of M, that projects onto the curve v, i.e., has the property that

poX=y.

In other words, the vector field X(¢) on the curve y(¢) is a function that asso-
ciates with each point 7 € J a certain vector X(r) € M, ;). On each coordinate
neighbourhood U, an arbitrary vector field X (¢) has the form

X(r>=xf<r>~(%) N
(1)

where X(f) = X(t)x' are certain smooth numerical functions (components of
the field X(¢) in the local coordinate system under consideration). It is easy to
see that a vector field X(#) on a smooth curve y(¢) is smooth (i.e., is a smooth
curve of the manifold M,) if and only if all its components X'(¢), ..., X™(¢)
are smooth functions of the parameter 7.

An example of a smooth vector field on a smooth curve y : J — M is the
field

90 = v, (5]
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We will call this field the field of tangent vectors to the curve y. It is identically
equal to zero if and only if the curve y is degenerate. A curve y : J — M we
will call regular at a point ¢ € J if y(¢) # (this definition agrees with the general
definition of a regular map; see §3.6). We will call a curve y : J — M, regular
at all points of the interval J, a regular curve, and a curve vy : J — M, regular
at all points of the interval J, with the exception of a finite number of them, a
piecewise reqular curve.

Since for numerical functions of the parameter ¢ the operation % coincides
with ordinary differentiation with respect to ¢ and since for any function f that
is smooth at a point y(t) of the curve y : J — M, the following equality holds

0 0 .
S = v () 7 =700

thus L
t+ - t
S0 — tim LOUER) — FO(0) 5
h—0 h
In particular, the derivatives xi(¢) = dd—);i of the functions x'(r) = x'(y(1)),
which parametrically define the curve y(¢) in a certain system of local coordi-
nates x!, ..., x™ are expressed by the formulae
W) =y)xt, i=1, ..., m.

This means that

() = (1) - (%) g
y(t

i.e., that

Proposition 5.5. the functions X'(t) are components of the field v(t) in the
system of local coordinates x'(t), ..., x™(1).

Therefore, for any smooth function f on M, the derivative f(r) = y(¢) f of the
function f(t) = f(y(t)) can be calculated using the usual “rule for differentiating

a composite function”; .
. of dx' (1)
fo=(55) 2 (56)
ox! (1) dt

For any smooth curve y : / - M and any smooth map @ : M — N on the
manifold N, the curve is defined:

Yo = Poy.

From formula (4.79) of §4.6 it follows directly that for any ¢ € J the following
equality holds

Yo = d®y, (y(1)). (5.7)

Along with vector fields, we will also consider (smooth) tensor fields of any
given type (r, s) on the (smooth) curve y : J — M. Since we have not introduced
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an analogue of the manifold M, for arbitrary tensors, we are forced to give an
independent definition to this concept here. Namely, by a tensor field T(t) of
type (r,s) on a curve y(t) we will call an arbitrary function that associates with
each point # € J a certain tensor T(f) € Of (y(t). A tensor field T'(¢) of type (r, s)
on a smooth curve y(t) will be called smooth if for any linear differential forms
w', ..., w" € 0,(M) and any vector fields X;, ..., X; € 6'(M) the numerical
function
T ((@)y) - (@ )yrs (X)yo) -+ (Xs)y(e)

at a point ¢ € J is a smooth function on J. If the curve y(¢) is contained in
a coordinate neighbourhood U, then for any t € J the following decomposition
holds:

d d
T”):TﬁfﬁéﬂW00“a%«>®“'®Uﬁ&%w>®(———) ®“'®( ) ’
y() ¥ (1)

Oxk Oxkr
where x', ..., x™ are local coordinates in the neighbourhood U, and
0 0
Tyl () = T(@) [y - (d)y0); (_) ( ) ) '
b1y ey 51 v (1) y(1)s g > N
0xk |, 1) oxtr |y

é',;j"l (t) the components of the field T(¢) in the

system of local coordinates x', ..., x™. It is easy to see that the field T(¢) is

J.

When considering tensor fields on the curve y : J — M, we will generally
assume that (r,s) # (0,0), since tensor fields of type (0,0) are nothing more
than numerical functions defined on the interval J and therefore, essentially,
not connected in any way with the manifold M and the curve y.

A generalisation of the concept of a smooth curve is the concept of an n-
dimensional (smooth) surface, i.e., a smooth map of some connected open set
G c R" into a manifold M. As arule, we will consider the set G to be a rectangle
J1 X -+ X Jy, i.e., a product of n open intervals Ji, ..., J, € R". Furthermore,
to simplify the notation, we will assume that n = 2, although everything said
below will be true (with the appropriate obvious modifications) for any larger
n.

Let

p: 1 xXJo > M

be an arbitrary surface. By a vector field on a surface ¢ we mean an arbitrary
(smooth) surface
X : Jl X .12 — M,

of a manifold M, with the property that
HoX =g,

where y : M, — M is the natural projection. In other words, the vector field
X(t',1%) on the surface ¢(z',1?) is a function that associates with each point
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(t',t%) € J1 x Jo a certain vector X(¢t',¢%) € M1 42y and has the property
that for any function f that is smooth at the point p = ¢(¢!, %), the numerical
function g(z',#?) = X(¢',#?) f is smooth at he point (¢!, ¢2).

Similarly, we can define the concept of a tensor field on a surface ¢ of any
given type (r,s). We will not dwell on this, since we will not need this concept
further.

At each point (t1,7?) of the rectangle J; X Jo, two vectors (% and % are
defined, forming a basis for the space (J; XJ2)(;1 s2). The images of these vectors
under the map

d‘P(tl,t?) : (]1 XJQ)(tl,tQ) - M‘p(tl,t2)

We will denote them by the symbols %(1‘1, 2) and %(1‘1, t?) respectively and

will call them the basis tangent vectors of the surface ¢ at the point (¢!,7?).

Clearly, this gives us two vector fields % and % on the surface ¢.

We will say that a curve y : J — M belongs to a surface ¢ : J; X Jo — M if
there exist smooth functions t!(¢) € J1, t € J, and t?(t) € Jo, t € J such that

y(1) = o(t (1), (1))

for any r € J. It is easy to verify that, as in elementary analysis, the tangent
vectors of such a curve are defined by the formula

. _ ¢ 1 o . 0¢ 1 o0 .
Y(0) = o515 -0 (1) + 55 (0, 17) - 1a(1).
For any n the corresponding formula is:
. 0¢ 1 o9
1) = =112 - (0).
#(0) = SE( %) i)

where
y(@) =@t (1), ..., 1" (1))

Among the curves belonging to the surface ¢ : J; X Jo — M, the so-called
“coordinate curves’ are of particular importance.

0t Jo > M, @p2:J] - M.
The first of these curves is defined for each fixed ¢! € J; by the formula
e (%) = (t',1%), 1% e,
and the second is defined for each fixed 2 € J5 by the formula
@ (th) = (', %), e,
The tangent vectors of these curves are the base tangent vectors of the surface

(,DZ
dy

W(tl’ 1?).

0
Gu (%) = S5 gl =
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If the surface ¢ : J; X Jo — M is contained in the coordinate neighbourhood
U (i.e., if ¢(J1 X J2) c U), then then on the rectangle J; x Jo the functions

Xt = xt (et 1), ..., X2 = (et 12)).

are said to be implementing the parametric definition of the surface ¢ in the
neighbourhood U. Moreover, in this case, any vector field X (¢!, #2) on the surface
¢ has the form

a )

Ox' ) o2y

where X(¢1,12) = X(¢!,1?)x" are some smooth functions on J; X J (components
of the field X(¢!,#?) in the local coordinate system under consideration). In
particular,

X', %) = Xi(tl,t2)(

k)

0 oxi(tt, r? 0
99 1 g2y L L) (_)
@(tt,12)

ort ott oxt

(41 22
Gam = RO ()
ot ot x| 51 12

5.2 Extension of tensor fields

We will say that a tensor field T(¢) defined on a curve y(¢) of a manifold M is
extendable on a segment y|c of this curve if on M there exists a (smooth) tensor
field T - an extension of the field T'(z) - such that

T(1) =Ty

for any ¢ € C.

Moreover, we will say that a curve y : J — M (or its segment y|c) has
no self-intersections if y(¢1) # y(t2) for 11 # to (where 11,1 € J or t1,t5 € C,
respectively). We will call a finite segment y|c of a curve y elementary if it has
no self-intersections and is contained in some coordinate neighbourhood U of
the manifold M.

In this section, we will show that

Proposition 5.8. any tensor field T(t) on a regular curve y(t) is extendable on
each of its elementary segments y|c.

It is clear that to prove this statement it is sufficient to construct an extension
T of the field T'(¢) only on the coordinate neighbourhood U > y(C). Indeed, since
the segment C is finite and the curve 7y is continuous, the set y(C) is compact and
therefore has a neighbourhood V ¢ U with compact closure V c U. Therefore,
according to the local epimorphism property of the restriction map (see §4.8),
the field T defined on U coincides on V with some field defined on the entire
manifold M. This latter field will be the desired extension of the field T(z) on
the interval y|c.
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On the other hand, in order to construct an extension of the field T'(¢) to a
neighbourhood U, it is sufficient for each of its components Tél"""k’é (1) (in some

.

local coordinate system x!, ..., x™ defined in U) to find on M (dr at least on

U) a smooth function Tfkll’_":"gk’ such that

K1y oor Ky K1y oor Ky
Ty (=T, 7 (v (@)
for any ¢ € C. Indeed, then the formula

0 0
a--akr [1 . (s e N
A dx ® ®dx* ® Ak ® ® ke’
will define the extension T of the field T(¢) to the neighbourhood U.
Thus, to prove the statement under consideration, it suffices to prove that

Proposition 5.9. for any smooth function g(t) on C, there exists a smooth
function f on the manifold M such that

g() = f(y(1)
foranyteC.

Consider the functions

() =x(y (@), s X" = 2" (y (1),

that parametrically define the curve y(¢) in the neighbourhood U. Since the
curve y(t) is, by assumption, regular, then for any point ¢ty € C there exists
an index iy such that %% (zy) # 0. Therefore, according to the inverse function
theorem, the function x%(¢) is a diffeomorphism on some neighbourhood |t—fg| <
§ of the point ¢y onto some neighbourhood of the point x%(zy). In other words,
in the neighbourhood of the point x'(#y) € R there exists a smooth function y
such that (x’(¢)) =t for |t — o] < §. Consider the function

fo () = g(y(x™(p))).

This function is defined in some neighbourhood of the point po = y(70) and is
a smooth function at pg. Therefore, the point py has a neighbourhood Uy, in
which the function f, coincides with some smooth function f;, on M.

We can assume that for [t—1¢| < 6 the inclusion y(¢) € l~]t0 holds and therefore

Fo (D) = iy (1)) = g (3 (y(1)) = g(y(x° (1)) = g ().

Since the segment C is finite, the set C” obtained by removing from C the points
for which |r—1o| < 6 is compact, and therefore its image y(C") under the map v is
closed. Moreover, it does not contain the point pg, since the segment y|c has no
self-intersections, by assumption. Therefore, the point pg has a neighbourhood
U, such that

]

U, Ny(C) = @.
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Therefore, if a number 7 € C has the property that y(t) € Uy, then |t —#y| < 6
and therefore, according to what was said above,

Jio (v (1)) = g(1).

Now let Wy be an arbitrary neighbourhood of the point py = y(#p) whose
closure W, is compact and contained in the neighbourhood Uy,. Since the set
v(C) is compact, there exists a finite system of points 1, ..., f, on the segment
C such that the corresponding neighbourhoods

W1=W[1, “eny Wr=W,r
cover the set y(C). Then the neighbourhoods
UI:Utl» ey UrZUtr

form a covering of the set y(C) that satisfies all the conditions of the proposition
4.34 proved in §4.4. Therefore, there exists a partition of unity {41, ..., h,}
on the set y(C) subordinate to this covering. Let us consider the function

f=f1h1+°°'+frhr.

This function is smooth on M. Moreover, since, by construction, f;(y(z) = g(¢)
if y(t) € U;, and h;(y(t)) = 0 otherwise, then

fly(@®) =g().

for any t € C.
Thus, the above statement is completely proven.

Remark 5.10. A similar statement holds for any segment y|c of the curve y
that has no self-intersections. We will not need this fact, and therefore we will
leave it without proof.

To understand the generality of the proved statement, it is useful to note
that

Proposition 5.11. any point pg = y(tg) of the reqular curve y : J — M belongs
to some elementary segment y|c.

Proof. Indeed, let x', ..., x™ be an arbitrary system of local coordinates at
the point pg. As we have already seen, the regularity condition for the curve
v implies that among the functions x’(¢) that parametrically define this curve,
there exists a function x%(f) whose derivative % () is nonzero at the point f,
and therefore also on some closed segment C 3 tq. Since %% (¢) # on C, we have
i (1) # % (ty), and therefore y(t;) # y(t2) for any distinct points t1,1, € C.
Consequently, the segment y|c of the curve vy is elementary. O
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5.3 One-parameter diffeomorphism groups and in-
tegral curves

A smooth map
o:RxM-—->M

of the product R X M into a manifold M will be called a one-parameter diffeo-
morphism group of the manifold M if

1) ¢(0, p) = p for any point p € M;
2) o(t,¢(s,p)) = ¢(t + 5, p) for any point p € M and any numbers #,s € R.

For each fixed number ¢ € R, the group ¢ defines by the formula

¢i(p) =9t p), peM
some (obviously smooth) map
oM —> M.
Conditions 1) and 2), respectively, mean that
1) the map ¢g is the identity map of the manifold M;

2) for any numbers ¢, s € R, the following equality holds
Pt © Ps = Pr+s-

From these conditions it immediately follows that for any number ¢t € R, the
map ¢; has an inverse map ¢_; and is therefore a diffeomorphism.
For each fixed point p € M, the group ¢ defines by the formula

¢p(t) = ¢(t,p), r€R,

a smooth curve
¢op:R—>M

on the manifold M. We will call this curve the trajectory of the group ¢ defined
by the point p. For r = 0, it passes through the point p. We define a vector
field X on the manifold M by setting for any point p € M

Xp = ¢,(0).

According to formula (5.4) in §5.1, for any function f smooth at the point p,
the equality holds
X, f = lim fle(p) = f(p)

12
t—0 t (5 )

In particular, it follows directly that for every smooth function f on M, the
function g(p) = X, f is also smooth on M, i.e., that the field X is a smooth
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vector field on the manifold M. We will say that this field is generated by a
given one-parameter group ¢ of diffeomorphisms of the manifold M.

Generally speaking, not every vector field X € O'(M) is generated by some
one-parameter group of diffeomorphisms of the manifold M. However, it can be
shown that locally this is true. To give this statement a precise meaning, we
consider an arbitrary point po of the manifold M, some of its neighbourhood
Uy and some interval J of the axis R containing the point 0.

p: JXR—>M

of the product J X R into the manifold M will be called a local one-parameter
group of local diffeomorphisms if

1) ¢(0, p) = p for any point p € U;

2) o(t,9(s,p)) = @(t + s, p) for any point p € U of any numbers ¢, s € J with
the property that r + s € J and ¢(s, p) € U.

For every fixed number ¢ € J, the local group ¢ defines by the formula

ep(t) = ¢(t, p), peU,

a smooth map
o U—->M

of the neighbourhood U into the manifold M. Conditions (1) and 2 respectively
mean that

1) the map ¢q is the identity map of the neighbourhood U;

2) for any numbers ¢, s € J, and any point p € U with the property that t+s € J
and ¢, (p) € U the following equality holds

@1 (ps(P)) = @r+5(p).

Elementary considerations using the continuity of the map ¢ and the local
compactness of the real axis R show that there exists a neighbourhood Uy c U
of the point py and an interval Jy C J of the axis R centred at the point 0 such
that ¢;(Up) c U for any t € Jy. It follows that for ¢+ € Jy and for any point
p € Uy the equality following holds

o-1(@:(P) = @i (¢-:(p)) = p.

In other words, the restriction ¢;, |y, of the map ¢y, t € Jy, to the neighbourhood
Up has an inverse map ¢;, and therefore is a diffeomorphism of this neighbour-
hood onto the neighbourhood ¢, (Up) of the point ¢, (po)-

For each fixed point p € U, the local group ¢ defines by the formula

¢p(t) = o(t, p), tel,
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a certain smooth curve
op:J—> M.

As in the non-local case, we will call this curve the trajectory of the group ¢
defined by the point p. For ¢t = 0, it passes through the point p. We define a
vector field X on the neighbourhood U, setting for any point p € U

Xp = ¢p(0)-

As above, it is immediately verified that the vector field X constructed in this
way is smooth. We will say that it is generated by the local group ¢ of local
diffeomorphisms of the neighbourhood U.
We call a smooth curve y : J — M an integral curve of a vector field
X € 01 (M) if
(1) = Xy 1)
for any r € J. It is easy to see that

Proposition 5.13. every trajectory ¢, of a local group ¢ of local diffeomor-
phisms of a neighbourhood U is an integral curve of the vector field 01 (U) gen-
erated by this group.

Proof. Indeed, in view of condition 2), for any number 7 € J and any sufficiently
small (in absolute value) number s € R, the following equality holds

90¢p,,(t)(5) = ‘Pp(t +5).

Assuming here that ¢ is constant and the number s is a parameter on the curve
and moving to tangent vectors at the point s = 0, we immediately obtain that

X(pl,(t) = ¢g0,, (0) = ‘P(t)
O

Let us now assume that the neighbourhood U specified by the definition of
the local one-parameter group

p:JxU—->M

is a coordinate neighbourhood of the point pg. Without loss of generality, we
can assume that the local coordinates x!, ..., x™ defined in the neighbourhood
U are equal to zero at the point pg, i.e., that the corresponding coordinate
homeomorphism ¢ : U — R™ maps the point py to the point 0 € R™. Fixing
such a system of local coordinates and setting

eH(rt) =xH(e(t,E7HD), ...y @M (1) =X (@(1,E7H(D))),

we immediately see that defining a local one-parameter group ¢ : J XU — M is
equivalent to defining, in the neighbourhood U° = £(U) of the point 0, a system
of m smooth functions

oLt 0),...,o" (1), tel,telU’,

having the following properties:
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1) for any point ¢ = (%, ..., ™) € U°, the equalities
oM0,8) =11, ..., ™(0,8) =™
hold;

2) for any numbers t,s € J, and any point ¢ € UY with the property that
t+s € J and the point @(s,£) = ¢'(s,1),...,¢"(s,t) € R™ belong to the
neighbourhood U°, then

o (1, @(s.0) = @' (t +5,1)
foranyi=1, ..., m.

On the other hand, defining a vector field X € 61 (U) in a neighbourhood U
is equivalent to defining a system of m smooth functions in a neighbourhood U°

X)) = X1t o, LX) = XM, L,
related to the components X' = Xx!, ..., X™ = Xx™ of X by the relations
Xt=XYl oo XM, X = XM, L, XY

Moreover, the field X is generated by a local one-parameter group ¢ if and only
if, for each point ¢ € U°, the functions

e (1) =@ (1,0), ..., (1) = " (1,0)
satisfy the differential equations
') =X(' (1), ..., "), tel

expressing the fact that the trajectories ¢, () of the group ¢ are integral curves
of the field X.
From these considerations it easily follows that

Proposition 5.14. any vector field X € 6*(M) in some neighbourhood U of
each point pg € M is generated by one and only one local one-parameter group
p:JxU—>M.

Proof. Indeed, we choose a neighbourhood U; of the point py and a system of
local coordinates x', ..., x in this neighbourhood so that the corresponding
neighbourhood UY = ¢(Uy) of the point £(pg) =0isacube || <1,i=1, ..., m,
of the space R™. In this cube, we consider a system of differential equations

&H(t) = XN (), .y @), i=1, ..., m, (5.15)

with respect to the unknown functions ¢’(¢), ..., ¢™(t), where X'(¢!, ..., ™,
i =1,...,m, are functions on U? corresponding, as described above, to the
given vector field X. According to the fundamental theorem of existence and
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uniqueness of solutions of systems of differential equations, there exist positive

numbers & and § < 1 such that for any point ¢ = (¢!, ..., ™) of the cube U° c U?
defined by the inequalities |t < 1|,i =1, ..., m, on the interval J = (-&, &) of
the R axis there exists one and only one solution ¢1(¢) = @'(t,t), ... em(t) =

@™ (t,t) of system (5.15) satisfying the initial conditions

0 (0,6) =L, ..., @™(0,) = 1™,
Moreover, according to the theorem on the dependence of solutions of differential
equations on the initial condition, the functions ¢!(z,¢), ... ¢™(t,t) smoothly
depend on t,t!, ..., t"™.

Thus, on the interval J, we have found m smooth functions

el 0), ... ¢"(1,1), (5.16)

that smoothly depend on the point ¢ € U? and satisfy system (5.15) and the
above condition 1). Therefore, in accordance with what was said above, to
prove the existence of a local one-parameter group ¢ that generates a field X
on a neighbourhood U = ¢~1(UY), it is sufficient for us to show that functions
(5.16) also satisfy condition 2).

Let ¢ and s be integers in the interval J such that r + s € J, and let ¢ be a
point in the cube U° such that

o(s,t) = l(s,1),...,¢" (s, 1) € U°.

Consider the functions

vl = @ (t+s5,0), ..., ¥ (1) = ¢"(t + 5,1).

Clearly, these functions satisfy system (5.15) with the initial conditions

YH0) = @' (s, 1), ..., YM(0) = " (s,0).

Therefore, by the uniqueness theorem for solutions of system (5.15),

vit) = ' (t,0(s,8), i=1, ..., m.

But this also means that functions (5.16) satisfy condition 2).
The uniqueness of the constructed local one-parameter group immediately
follows from the uniqueness of the solutions of system (5.15). ]

From the proved statement, in particular, it follows directly that

Proposition 5.17. for any vector field X € 6 (M) and any point p € M, there
ezists one and only one integral curve y : J — M of the field X, defined on some
interval J of the R axis containing the point 0, and possessing the property that

y(0) = p.

Moreover, according to formula (5.12),
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Proposition 5.18. for any function f € O0'(p), the following equality holds
X, f = lim L) =T 2).

lim ; (5.19)

In what follows, we will also need the following somewhat more general
proposition, which follows directly from formula (5.4) in §5.1:

For any vector C € M,,, any function f € 0'(p), and any curve y : J > M
defined on an interval J C R containing the point 0 and possessing the property
that y(0) = p, v(0) = C, the following equality holds

Cf = tim T = 1(2)

t—0 t

Consider now two points p'0 and pg of the manifold M and their neigh-
bourhoods U" and U”, in which the vector field X is generated by local one-
parameter groups ¢ :J xU — M and ¢” : J' xU" — M, respectively. From
the uniqueness of these groups it immediately follows that on the intersection
U NnU" the groups ¢ and ¢~ coincide, i.e., either this intersection is empty, or
@l au” = @1 Plyay for any number ¢ € J = J nJ". Therefore, putting

¢ (p), if U,

” . ” te‘,,
1¢/(p), it U,

¢:(p) = {

we define on U = U UU" a local one-parameter group ¢ : J x U — M, which
generates on U the field X.
This remark immediately implies that for any open set U ¢ M whose closure
U is compact (and therefore covered by a finite number of neighbourhoods in
which the field X is generated by some group), there exists one and only one
local one-parameter group
¢ IxU—> M,

where J is some interval of the R-axis containing the point 0, generating a given
vector field X € ' (M) on U.

For every vector field X € @'(M), the closure of the set of all points p € M
for which X, # 0 will be called the support of this field. From the above, it
easily follows that

Proposition 5.20. any vector field X € O'(M) whose support is compact is
generated by some one-parameter group

p:RxM—->M

of diffeomorphisms of the manifold M.

Proof. Indeed, by compactness, the support of the field X has a neighbourhood
U with compact closure. On the other hand, according to what was said above,
the field X on the neighbourhood U is generated by some local one-parameter

group
p:JxU—->M.
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We extend this group to the entire manifold M, setting

oi(p)=p

for all numbers ¢ € J and all points p € M \ V. Clearly, as a result we obtain a
local one-parameter group
p:JXM—> M.

generating the field X on the entire manifold M.

Let tg be a non-zero number in the interval J such that 7o € J. Any number
t € R can be written as the sum of some integer multiple of k#y of the number
to and a remainder r satisfying the inequality |r| < ¢ty and therefore belonging
to the interval J. We define a map ¢; : M — M by setting

1o O Pty O+ O Pgy O Py, if k=0,
$r = .
Pty O Pty O+ O Qs O Qp, if k<0,

where the map ¢;, (or, respectively, the map ¢_; ) is repeated k times (re-
spectively, —k times). A simple check shows that this gives us a certain one-
parameter group

¢or RxM—->M

of diffeomorphisms of the manifold M. Obviously, this group is an extension
(from J to R) of the local group ¢ : Jx M — M constructed above and therefore
also generates a vector field X.

Thus, the above statement is fully proven. O

In particular, we see that

Proposition 5.21. on a compact manifold M, any vector field X € 61 (M) is
generated by some one-parameter group

0:RXM—->M

of diffeomorphisms of the manifold M.

5.4 Submanifolds

We will call a smooth manifold N a (smooth) submanifold of a smooth manifold
M if it, as a topological space, is contained in the manifold M, its dimension
n does not exceed the dimension m of the manifold M, and the inclusion map
t: N C M is smooth and regular.

Remark 5.22. It can be shown that condition n < m follows from condition
NcCcM.

For each point p of a submanifold N in the space M), a subspace d,,(N)) is
defined that is isomorphic to the space N,. We will say that the vectors of this
subspace are tangent to the submanifold N at the point p. Furthermore, as a
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rule, we will identify this subspace with the space Np, i.e., we will consider the
monomorphic map d,, as an inclusion.

In the special case where N = M, we obtain, according to this definition,
that any vector of the space M), is tangent to the manifold M at the point p.
This explains the name “tangent space” for the space M.

Remark 5.23. The definition of submanifold adopted here differs in form from
the definition adopted in §4.3. However, it turns out that both of these defini-
tions are in fact equivalent, i.e., firstly,

Proposition 5.24. for any sub-premanifold N of M that is a manifold, the inclu-
sion map t: N C M is regular

and, secondly,
Proposition 5.25. any submaniold N of M is its sub-premanifold.

To prove the first assertion, we note that, according to the definition of
smoothness on a submanifold, for any point p € N, every function g smooth at
p on N is, near the point p, the restriction of some function f smooth at p on
M, i.e., near this point it has the form fo:. On the other hand, by the definition
of the map d,, for any vector A € N, the following equality holds

d, (A)(f) = A(f o).

Therefore, if d,,(A) = 0, then A = 0.
To prove the second assertion, we note that, due to the regularity of the

inclusion map ¢ : N ¢ M, for any system x!, ..., x™ of local coordinates on the

manifold M at an arbitrary point p € N, from the functions x' o¢, ..., x™ o1
we can choose n functions that form a system of local coordinates at the point
p on the submanifold N. Let these be the functions x' o, ..., x" or. Then, for
any function g smooth at the point p on the submanifold N near this point, the
equality

g=v(xtor ..., x" o),

where v is some smooth function of n real variables, holds. But then it is clear
that the function

f=v(xt, ..., ™

on the manifold M is smooth at the point p and has the property that f|y = g.
We have thus proved that any function on N that is smooth at some point of
the submanifold N is the restriction of some function on the entire manifold M
that is smooth at this point. Since the inclusion map ¢ : M C M is smooth, the
converse is also true, i.e., a function g on N is smooth at a point p € N if and
only if it is the restriction of some function f that is smooth on M near this
point. But this also means that the submanifold N is a sub-premanifold of M.
Note that along the way we also proved that
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m

Proposition 5.26. for any system of local coordinates x*, ..., x™ on the man-

ifold M at a point p € N, from the functions

xtor ..., xMou
one can choose n functions that form a system of local coordinates at a point p
on the submanifold N.

In particular,

Proposition 5.27. for any point p € N on the manifold M, there exists a
system of local coordinates x*, ..., x™ at the point p such that the functions

xllN’ AR xn|N
form a system of local coordinates at the point p on the submanifold N.

This property is possessed, for example, by every system of local coordinates

x1, ..., x™ for which the vectors (6%1) s e, (%) belong to the subspace
P P

N, (and therefore constitute its basis).
From the proposition proved above, it also easily follows that

Proposition 5.28. a smooth map
O:N—->M

of a manifold N into a manifold M is a diffeomorphism of the manifold N onto
the submanifold ®(N) if and only if this map is reqular and is a homeomorphism
of the manifold N onto the subspace ®(N) of the manifold M.

Proof. Indeed, let the map @ be a diffeomorphism of the manifold N onto the
submanifold ®(N), i.e., let
d=(0V¥

where ¥ : N — ®(N) is some diffeomorphism, and ¢ is the inclusion map
@®(N) c M. Since the sub-premanifold ®(N) is diffeomorphic to the manifold
M, it is a manifold and therefore a submanifold of M. Consequently, the map ¢
is regular. The map ¥, being a diffeomorphism, is also regular. Therefore, the
map @ is also regular.

Conversely, let @ be a regular map and let it be a homeomorphism of N
onto the subspace ®(N) of M. We introduce smoothness on the space ®(N) by
defining a function f on ®(N) to be smooth if and only if the function f o ®
on N is smooth. Clearly, this defines the subspace ®(N) as a smooth manifold,
and the map

¥:N — ®(N),

induced by @ is a diffeomorphism and therefore a regular map. Let ¢ : ®(N) c M
be the inclusion map. Since ¢ = ® o ¥~! and the map @ is, by assumption, reg-
ular, the map ¢ is also regular. Therefore, the manifold ®(N) is a submanifold,
and therefore a pre-submanifold of the manifold M. Thus, our proposition is
fully proven. O
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In particular, this proposition implies that for any coordinate neighbourhood
U on a submanifold N of a manifold M, the map

E U > M,
inverse to a coordinate diffeomorphism
&:U—->RY,

is a diffeomorphism of the open set U° = £(U) c R” into the manifold M and
is therefore an n-dimensional surface of this manifold. Conversely, for any n-
dimensional surface

0:G—> M, G cR",

that is a diffeomorphism of the set G onto the set ¢(G) c M, the set ¢(G) is
an n-dimensional submanifold of the manifold M. This submanifold is a coor-
dinate neighbourhood of each of its points, and the corresponding coordinate
diffeomorphism is the diffeomorphism ¢~*.

In particular, for every curve

y:J—->M,

that is a diffeomorphism of the interval J onto the set y(J), this latter set is
a one-dimensional submanifold of the manifold M. On the other hand, every
regular curve y : J — M that has no self-intersections on any closed interval
C c J is a homeomorphism of this interval into the manifold M (since the
interval C is compact, and the manifold M is Hausdorff) and therefore on every
interval Jy C C is a diffeomorphism of this interval into the manifold M. By the
results of point §5.2, it follows that

Proposition 5.29. for each point p = y(t9) of an arbitrary regular curve vy :
J — M there exists an interval Jy containing the point ty such that the set y(Jo)
is a one-dimensional submanifold of the manifold M.

It is clear that

Proposition 5.30. for each point p = y(t), t € Jo, the tangent space y(Jo)p of
the submanifold y(Jy) to the point p is generated by the tangent vector y(t).

In those cases where this will not cause misunderstanding, we will identify
each curve y : J — M that is a diffeomorphism with the submanifold y(J).

Clearly, every open submanifold of M has the same dimension m as M itself.
Conversely,

Proposition 5.31. every submanifold N of M whose dimension n is equal to
the dimension m of M is an open submanifold of M.

Proof. Indeed, since m = n and the inclusion map ¢ : N € M is regular, at each
point p € N this map is a local diffeomorphism (see §5.3). Therefore, in partic-
ular, every point p € N has a neighbourhood in N, which is its neighbourhood
in M. But this means that N is open in M. O
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We obtain an important example of an m — 1-dimensional submanifold by
considering an arbitrary smooth function f on the manifold M. For each real
number a, we will, following the accepted convention (and thereby admitting
some vagueness in terminology), call the sub-premanifold [f = a] of M consist-
ing of all points p € M for which f(p) = a the level surface of the function f
corresponding to the given number a. We will call a level surface [ f = a] regular
if the function f, considered as a smooth map M — R, is regular on [f = a],
i.e., if df,, # 0 for each point p € ([f = a]). We will show that

Proposition 5.32. any regular level surface [f = a] is an m — 1-dimensional
submanifold of M.

Proof. Indeed, let p be an arbitrary point on the level surface [ f = a] and let

x1, ..., x™ be an arbitrary system of local coordinates on the manifold M at
the point p. Since the level surface [f = a] is, by assumption, regular, at least
one partial derivative % of the function f is nonzero at the point p. Let, for
definiteness,

0

(a_fl) #0.

p

Then, by the theorem on the change of local coordinates, the functions f,x2, ..., x™

also form a system of local coordinates at the point p. Let U be the correspond-
ing coordinate neighbourhood and ¢ : U — R™ the corresponding coordinate
diffeomorphism. Let, further,

Y =2 p=als s YT =X (2
and
Vv=Un|[f=ad].
By definition, the functions y', ..., y™ ! are smooth at any point ¢ € V.
Moreover, every smooth function ¢ on [f = a] at g € V, being the restriction of
some smooth function ¥ = u(x!, ..., x™) to U at g, satisfies the relation
¢ =u(a,y, ..., y"h),

in some neighbourhood of point g, i.e., it depends smoothly on the functions
y!, ..., y" ! near ¢q. Finally, the map

n:V—-R"
defined by the formula
(@) = @) ... Y"HQ), qeV,
is related to the coordinate diffeomorphism & : U — R™ by the relation

£(q) = (a,n(q)), qe€V.
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Therefore, this map is a diffeomorphism of the neighbourhood V onto the section
of the set £(U) by the hyperplane t! = a. Thus, it is proved that the functions
yl, ..., ¥ 1 are local coordinates in the neighbourhood V of the point p on
the surface [f = a]. Since the point p is arbitrary, this proves that the sub-
premanifold [f = a] is a smooth manifold and therefore, by the statement
proved above, a submanifold of the manifold M. O

At each point p € [f = a], the space [f = a],, tangent to the submanifold
[f = a], is an m — 1-dimensional subspace of M,. Let ¢ : [f = a] — M be the
inclusion map. Since fot = a, we have d(f o), = df,odi, =0, ie., df,(A) =0
for any vector A € [f = a]. Since the covector df,, by assumption, is nonzero,
the vectors A € M, for which df,,(A) = 0 form an m — 1-dimensional subspace of
M. Since the space [f = a], is also m — 1-dimensional, it immediately follows
that

Proposition 5.33. a vector A € M), belongs to the subspace [f = al,, i.e., it
is tangent to the submanifold f = al, if and only if when

df,(A) = 0.

We obtain an example of a regular level surface by considering the function
on the space R™.
f=)? 4 (M,
For any a > 0, the corresponding level surface [f = a] is a sphere of radius va

centred at 0. Since
df =2trdet + - + 26" dr™,

this level surface is regular for all ¢ > 0. Thus,
Proposition 5.34. spheres of the space R™ are its submanifolds.

Now let f', ..., f" be an arbitrary finite system of smooth functions on
a manifold M and let al, ..., a" be arbitrary real numbers. Consider the
submanifold N of M consisting of all points p € M for which

fip)=d', ..., ff(p)=d",
holds, i.e., the intersection
[f'=aln--n[f =a]

of the level surfaces [f! =a'], ..., [f =d"].

We call functions f!, ..., f" independent at a point € M if the covectors
de}, ..., dfy, are linearly independent elements of the space 01(p). It turns out
that

Proposition 5.35. if functions f', ..., f" are independent at each point p of
the submanifold
N=I[f =a'ln-nlf =dl,
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then this submanifold is an m — r-dimensional submanifold of M, and at any
point p € N the subspace N, of M, is defined by the equations

dfy(A) =0, ..., dfj(A) =0, A€M, (5.36)

For r = 1, this statement reduces to the proposition about regular level
surfaces already proven above. Arguing by induction, we assume that for r — 1,
the statement in question has already been proven and that, consequently, the
submanifold
N =[ft=d'ln-n[ft=a",
is an m — r — +1-dimensional submanifold of M. Consider the restriction f of
the function f” to the submanifolds N'. Since at each point p € N the subspace
N;, of M), is defined, according to the induction hypothesis, by the equations

dfy(A) =0, ..., df; ' (A) =0, AeM,, (5.37)
then (by the independence condition) the covector
dfp = d(fr © L)p = dfr|N]’)

is not identically equal to zero, and therefore the level surface [f = a"] of the
function f on the manifold N' is regular. Consequently, this level surface (which
obviously coincides with the set N) is an m — r-dimensional submanifold of the
submanifold N, and therefore of the manifold M. To complete the proof, it
remains to note that the vector A € M, satisfies equations (5.36) if and only if
it satisfies equations (5.37) and the equation df,(A) = 0.

It is clear that if the functions f!, ..., f" are independent at a point p €
M, then they are also independent at any point in some neighbourhood U of
the point p. Applying the just proven statement to the manifold M = U, we
immediately obtain from here, that

Proposition 5.38. For any smooth and independent functions ', ..., f" at
a point p € M, there exists a neighbourhood U of this point such that the set N
of all points g € U for which

flg)=a', ..., (g =d",

where a' = f1(q), ..., a” = f"(q), is an m —r-dimensional submanifold (of the
neighbourhood U, and therefore of the manifold M) containing the point p.

Generally speaking, not every n-dimensional submanifold N of M can be
represented as an intersection [f! = a']n--- N [f" = a’] of level surfaces
r = m — n independent functions on N. This can only be done locally, i.e.,

Proposition 5.39. for any point p € N, there exists on the manifold M a
system of r = m — n functions f', ..., f" independent at the point p and
a neighbourhood U of the point p such that the point g € U belongs to the
submanifold N if and only if

fl(Q) :al’ B fr(q) =a’,
where a* = f1(q), ..., a" = f"(q).
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In this case, we will say that the submanifold N in a neighbourhood U is
defined by the equations
fr=at, ..., ff=d".
We will prove even more, namely, that

Proposition 5.40. at any point p € N, there exists on the manifold M a system
xt o, ™ (5.41)

of local coordinates such that in the corresponding coordinate neighbourhood U,
the submanifold N is defined by the equations

=0, ..., X" =0.
Proof. To this end, we consider an arbitrary system of local coordinates x!, ..., x™
on the manifold M at a point p such that the functions
yi=xty, o Y =X N

are local coordinates at the point p on the submanifold N. Let

yn+1 — xn+1|N, .., ym — xm|N
Since the functions y™*!, ..., y™ are smooth at the point p € N, they depend
smoothly near this point on the functions y!, ..., y", i.e., there exist smooth
functions w1, ..., u™ of real variables ¢!, ..., #" such that near the point p on
the submanifold N the following equalities hold:

yn+1 — un+1(y1 yn) ym — um(yl yn)
Let
x/l — xl’
x;n _ xn’
x"‘“ — xn+l _ un+1(y1, S,

X=X —um ().
The theorem on the change of local coordinates immediately implies that in
some neighbourhood U™ of the point p, the functions X", ..., X" are local

. . . . m+1 rm .

coordinates on the manifold M. Consider the functions x , ..., x . Since

these functions are obviously independent at the point p, the equations

m+1

X=0, ..., X" =0. (5.42)

define in the neighbourhood U’ an n-dimensional submanifold N of the manifold
M. From the above, it immediately follows that N ¢ N'. Since dim N = dim N,
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this is possible only when the submanifold N is open in the submanifold N', i.e.,
in other words, when the submanifold N and N' coincide in some neighbourhood
U of the point p. Thus, in the neighbourhood U, the submanifold N is defined
by equations (5.42). To complete the proof, we can denote the coordinates
x", ..., x™ by the same symbols x!, ..., x™. ]

The construction of local coordinates (5.41) contains considerable arbitrari-
ness and therefore, in certain specific situations, they can be further specialised.

For example, let us assume that, along with the submanifold N, we are
given another submanifold N* (of dimension n'), also containing the point p
and possessing, in addition, the property that its tangent space N;, at this point
intersects the space N, only at zero. Then, as we will now show,

Proposition 5.43. the local coordinates (5.41) can be chosen such that they
additionally possess the property that the manifold N' in a neighbourhood U is
defined by the equations

xt=0, ..., x"=0, x""*l=0, ..., xX"=0.

Proof. Indeed, by changing, if necessary, the numbering of the coordinates
X .., x™, we can assume, without loss of generality, that, the coordinates
(5.41) have the property that the functions x"*1|-, ..., x"* |\ are local co-
ordinates on the submanifold N* at the point p. But then, repeating the argu-
ments already used above in relation to the submanifold N, we immediately see

that there exist smooth functions vt, ..., v*,v* +L ™ of real variables
t', ..., t" such that, firstly, the functions defined by the formula
’i Xt if n+l<i<n+n,
X = . . ’ ,
xE =i L X)) ifeither 1<i<n or n+n+<i<m,

are local coordinates on the manifold M at the point p and, secondly, near this
point the submanifold N is defined by the equations

’
1 m m+n +1 rm

x =0, ..., x =0, x =0, ..., x =0.
It is clear that, with respect to the submanifold N, the coordinates A
still have the properties of coordinates (5.41). Therefore, our assertion is com-
pletely proven. O

In the particular case when the submanifold N is one-dimensional and has
the form y(J), where y : J — M is some regular curve on the manifold M, the
condition

N, NN, =0.

means that at the point p the curve vy is not tangent to the submanifold N, i.e.,
that its tangent vector at this point does not belong to the subspace N. Thus
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Proposition 5.44. for any submanifold N of manifold M, any point p € N
and any regular curve y : J — M passing through the point p and not tangent
to submanifold N at this point, there exists on the manifold M a system of local
coordinates x', ..., x™ at the point p such that in some neighbourhood of the
point p the submanifold N is defined by equations x*™' =0, ...,x™ =0, and the
curve y is defined by equations x' =0, ..., x" =0, x"" =0, ..., X" =0 (or, if
you prefer, by equations x' =0, ..., x* =0, x"1 =0, ..., x"1=0).

In conclusion of this section, to avoid possible misunderstandings, we note
that in the theory of smooth manifolds, the term “submanifold” is often un-
derstood in a somewhat more general sense than ours. Specifically, in many
questions, it is convenient not to assume that submanifolds are subspaces of the
ambient manifold M. It can easily be shown that all the fundamental properties
of submanifolds are fully preserved if by submanifolds of M we mean smooth
manifolds N, located as sets in M and possessing the property that the corre-
sponding inclusion maps ¢ : N ¢ M are smooth (and therefore continuous) and
regular. We will not need this general understanding of the term “submanifold”
(since, in essence, we will henceforth only deal with compact submanifolds), and
therefore we will not dwell on it further.

5.5 Submanifolds of Euclidean spaces

The study of submanifolds is especially simple in the case where the enclosing
manifold is Euclidean space R". For each submanifold M of the space R", the
tangent space M, at an arbitrary point p € M is a subspace of the tangent
space (R"),. But the latter space is naturally identified with the space R" itself
(see §4.6). Thus, for each manifold M c R", all spaces M, corresponding to all
possible points p € M can be considered as subspaces of the same space R".

This fact, while significantly simplifying the study of manifolds M embedded
in the space R", simultaneously significantly enriches their theory.

Let pg be an arbitrary point of the manifold M c R" and let ey, ..., e, bea
basis of the space R" such that the first m of its vectors eq, ..., e, form a basis
of the subspace M), c R". According to the results of §5.4, the coordinates
t', ..., t" of points in the space R" in the basis e1, ..., e, have the property
that the constraints

x1:t1|M, e xmztmlM (545)

of the first m of these coordinates constitute a system of local coordinates at the
point po on the manifold M. In this section we will call each neighbourhood U
of the point pg in the manifold M, on which functions (5.45) constitute a system
of local coordinates, a normal neighbourhood of the point poy (with respect to
the given basis ey, ..., e, of the space R").

For each such normal neighbourhood U we consider the set U of all pairs
(p,u), where p is an arbitrary point of the neighbourhood U and u is an arbitrary
vector of the space R" orthogonal to the subspace M, c R" (we will call such
vectors u € R" vectors orthogonal to the manifold M at the point p). By
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definition, a vector u is orthogonal to the manifold M at the point p if and only

if
0
Y p
for any i =1, ..., m. But, according to the formula in §3.6, the vectors (%) ,
P
i =, ..., m (considered as vectors of the space R"), are related to the vectors
e; = (a%) ,J =1, ..., n, by the relations
p

J
(%) =(a—tl) cej, i=1,...,m j=1, ..., n
X'/, Ox »

On the other hand, according to relations (5.45),

(?i =g
ox! i
p
for any i,j =1, ..., m, so that

a) $ (aﬂ)
i =ej+ i -ej,
(ébc » _Z: oxt],

Therefore, the vector u € R” is orthogonal to the manifold M at the point p if

and only if
n )
ot/
(ei,u) + Z (%) ~(ej,u)=0
j=m+1 p
foranyi=1, ..., m.
To simplify the formulae, let us assume that the basis eq, ..., e, of the space
R”™ under consideration is orthonormal. Then the numbers (e, u), ..., (e,,u))
are the coordinates u!, ..., u" of the vector u in this basis and therefore the
previous relations will be rewritten as follows:
n )
; ol ;
W (—) w =0, i=1, ..., m. (5.46)
. ox!
j=m+1 p
Now let
E:U—-U°

be the coordinate diffeomorphism corresponding to the local coordinates (5.45),
and let

n:R*—>R'"™
be the natural projection of the space R" onto its subspace R"~" spanned by the

vectors €11, ..., €,. From relations (5.46) it immediately follows that being
defined by the formula

Eu(pou) = (£(p),n(u))
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the map
& U, —» R

is a bijective map of the set U, onto an open subset U° x R"™™ of the space
R™. We introduce into the set U, the identification topology defined by the map
&«. By definition, this topology depends on the choice of an orthonormal basis
e1, ..., e, of the space R". However, it is easy to see that for any other choice
of this basis (subject only to the condition that the neighbourhood U is normal
with respect to it), we obtain the same topology on the set U,. In other words,
the topology of the set U, under consideration does not actually depend on the
choice of the basis e;, ..., e,. Note that in this topology, the map &, is a
homeomorphism.

Let N, be the set of all pairs of the form (p,u), where p is an arbitrary point
of the manifold M, and u is an arbitrary vector of the space R" orthogonal to
the manifold M at the point p. This set is the union of subsets of the form
U, corresponding to all possible normal (with respect to some neighbourhood-
dependent basis of the space R") neighbourhoods U of points of the manifold M.
Since the topologies of sets U, constructed above do not depend on the choice of
bases of the space R", it follows directly that for any two normal neighbourhoods
U,V Cc M the topologies induced by the topologies of sets U, and V, on the set
(UNYV), =U., NV, coincide with each other, i.e., the intersection U, NV, is a
subspace of each of the spaces U, and V,. Therefore (see §1.1) on the set N,
there exists a unique topology with respect to which this set is the free union
of all subspaces of the form U..

A real function F defined on the space N, is considered smooth if, for any
normal neighbourhood U c M, the function o£! on the product U° x R"™™,
where &, is the homeomorphism U, — U%xR"~" constructed above, is a smooth
function on U° x R"™™, It is easily verified that the set O(N.) of all smooth
functions on N, is a smoothness on N, and that the space N, endowed with this
smoothness is a smooth manifold. For example, we can take subspaces of U, as
coordinate neighbourhoods in N,, and maps

& U, - R

as coordinate diffeomorphisms. The local coordinates corresponding to this
diffeomorphism

Xl o, X (5.47)
are defined by the formula
xi(p,u) =x'(p), ..., X(p,u) =x"(p), X" (pou) =u™, L Xl (pou) =u,
(p,u) € U,

(5.48)
where x!, ..., x™ are the local coordinates (5.45), i.e., the first m coordinates
in the basis e, ..., e, of the point € M, considered as a vector in the space
R and u™*!, ..., u" are the last n—m coordinates of the vector u# (in the same

basis e1, ..., €,).
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We will call the constructed n-dimensional smooth manifold N, the manifold
of vectors orthogonal to the manifold M. Tts points of the form (p,0), p € M,
obviously form a submanifold that is naturally diffeomorphic to the manifold
M. We will identify this submanifold with the manifold M and, thus, assume
that M c N..

Remark 5.49. The construction of the manifold N, is very similar to the con-
struction of the manifold M, presented in §4.6. It can be shown that both of
these constructions are special cases of a certain general construction related to
arbitrary vector bundles. We do not need this construction in its full generality,
and therefore we will not present it here.

Consider a map
p:N,—>R"

of the manifold N, into the space R" that associates to each point (p,u) € N, a
vector

p(p,u)=p+u,

i.e., the vector u, measured from the point p. Clearly, the map p is smooth. On
the submanifold M c N,, this map is the identity. Let us express the map p in
local coordinates.

Let x!, ..., x” be the coordinates (5.47) of the point (p,u). According to
the above, the point p, considered as a vector of the space R", has (in the basis
e, ..., €,) coordinates

1 1 m m m+1 m+1l,.1 n n ne.l n
t=xg, .., =Xt =" (xy, o, XD, =y, L, X)),

where ™+t = gmrl(xL o x™), L0 = (xL, ..., x) are some smooth
functions, and the vector u are the coordinates

n n

Atk ark

ul = — Z (ﬁ b, o oum=— Z prr uk, ™t = Xt = X
k=m+1 X p k=m+1 X p

Therefore, the coordinates v!, ..., v" of the point v = p(p,u) are expressed by
the formulae

n k
ot
1 1 1 my .k
Vi =X, — E —al(x*,...,x*)x*,
k=m+1 X
n k
ot
m m 1 my k
vt =Xt — c')x’”(x*’ cey XUOXL,
k=m+1 *
m+1 m+1l,.1 m m+1
v =" (xy, L, XY 0T,

V= (xk, L XM
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These formulae represent the map p in local coordinates. Differentiating them,
we immediately obtain that

6;—22‘:m+1% XL xMxk, if 1<i,j<m;
ovi |-l L, xm, if 1<i<mandm+1<j<n
5)61_ —gj’g(xi,...,x:"), if m+l<i<nandl<j<m;
5;, if m+1<i,j<n.
Thus,
dt@vi A T
© @"’T’ Enml|’

where A is a matrix of order m X m with elements

n k
; 8%t
i 1 my _k
6] axlax-] Kys vons Xy )'x*a
k=m+1 it

T is a matrix of order m X (n — m) with elements

ot
—(xy, ..., x,

oxt

T’ is the transpose of T and E,_,, is the identity matrix of order n — m.
Multiplying this determinant on the right by the determinant

En 0 |_
T En_m| L,
we obtain that
vl S
det _v _ A+TT T ’
ox] 0 En-m
i.e, that
8 l ’
det | 22| = A+ 1T (5.50)
ox!

In particular,

avi ,
det|[Z] | = |E+ 7T
ox! »

at each point p = (p,0) € M. But it is easy to see that
|E+TT| >0

(since a quadratic form with matrix E+77T", being the sum of a positive-definite
form with matrix E and a non-negative-definite form with matrix 77, is a
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positive-definite form). Thus

o'
det || — # 0.
ox!
P
This means that at each point p € M, the map p is regular and therefore is
a diffeomorphism near this point. We have thus proved that

Proposition 5.51. the map p : N. — R" is a smooth map that is the identity
on the submanifold M C N. and, at each point of this submanifold, is a local
diffeomorphism from the manifold N. to the space R".

We call an open set V c R tubular if there exists an open set V° in the
manifold N, such that the map p takes the set VO to the set V and, considered
as a map VY — V, is a diffeomorphism of this set onto the set V. For each such
set, a diffeomorphism is defined

0':V—>V0,

inverse to the diffeomorphism p|yo. It is clear that any open set V' c V contained
in some tubular set V is also a tubular set, and the corresponding diffeomorphism
o is the restriction of the diffeomorphism o. The intersection V3 N Vs, of two
tubular sets V1 and Vs is, generally speaking, not a tubular set. However, if the
intersection VY N'VJ of the corresponding subsets Vi and VJ of the manifold N,
is non-empty, then the set V = p(V10 N VQO) (contained in the intersection V; N'Vs)
is open in R" and is a tubular set. The corresponding diffeomorphism o : V —
V2N VY is then the restriction of each of the diffeomorphisms o : V; — V! and
oo : Vo — Vg (so that, in particular, the diffeomorphisms o and o5 on the set
V coincide).

It is clear that a similar statement holds for any finite number of tubular
sets.

According to the assertion proved above, every point p € M has at least one
tubular neighbourhood in R". If M is closed (i.e., is a closed subset of R"), then
the tubular neighbourhoods of all its points, together with the set R" \ M, form
an open covering of R". Since R" is paracompact, some locally finite covering
I" can be inscribed in this covering. Since the space R" is normal, there exists
an open covering A of it that has the same index set as the covering I' and is
such that the closure of each element of A is contained in the corresponding
element of I (see §1.3). Let {V, : @ € A} be the subfamily of A consisting of all
its elements that intersect the manifold M, and let {U, : @ € A} be the family
of corresponding elements of I'. It is clear that all sets U, are tubular sets.
We denote the diffeomorphism U, — U% c N, corresponding to the set U, by
the symbol o,. Since, by hypothesis, V, C U,, the set V, is also a tubular
set, and the corresponding diffeomorphism V, — VO is the restriction of the
diffeomorphism o,.

Consider the set W of all points ¢ in the space R", belonging to the set

V =UgeaVa
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and possessing the property that for any indices o', @” € A the following equality
holds

o () =0, (t)

whenever t € V,, NV . Tt is clear that M c W.
We will show that

Proposition 5.52. the set W is open in the space R".

Proof. Indeed, let ty be an arbitrary point of this set. Since the family {V,}
is locally finite, the point ¢y has a neighbourhood that intersects only finitely
many elements of this family. Therefore,

firstly there are only finitely many elements ‘_/al, ey Va, of the family {V,}
containing the point #y, and

secondly the point ¢y has a neighbourhood U(#() that does not intersect with
any other elements of this family.

In this case, we can obviously assume that U(ty) c V. Let

US =00,(Uay)s ..., Uy =04, (Ug,).

a

Since tg € W and ¢t € Val, .o.s Va,, then oy, (tg) = -+ = 04, (o) and therefore
the intersection U, N ---NUY is not empty. Let

V(to) = U(to) N p(Uy, N---NUY, ).

The set V(ty) is open in R" and contains the point ¢y, i.e., t is a neighbour-
hood of it. Moreover, it is contained in the set V. intersects only the ele-
ments Val, ey ‘_/(,,_ of the family {V,}, and has the property that all maps
Oay- --.» 0q, on this set coincide (since V(¢g) C p(U?X1 n-- -ﬂU(O,r)). Let ¢ be an
arbitrary point in the neighbourhood V(#y) and let a’,&” € A be indices such
that € V, NV . Since the neighbourhood V (#o) intersects only the elements
Va» --+» Va,, the indices @ and @” must necessarily be contained among the
indices a/(l) ..., @. Since all maps 0q,, ..., 0q, A onto neighbourhoods V()
coincide, it follows that o, (t) = o, (¢). Consequently, £ € W. We have thus
proved that V(ty) ¢ W. Thus, every point tg € W has a neighbourhood V()

contained in the set W. Therefore, the set W is open. O

It is clear that all maps oo, @ € A, on the set W are compatible with each
other, i.e., they are restrictions of some single map o : W — N,. This map is
obviously a diffeomorphism of the set W to some open subset W° of the manifold
N.. In this case, p(W°) = W and the map p|w,, considered as a map W" — W,
is inverse to the diffeomorphism o. This means that the set W is a tubular set.

Thus, we have proved that

Proposition 5.53. every closed submanifold M of the Euclidean space R" has
a tubular neighbourhood.
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Together with the constructed neighbourhood W, any neighbourhood of the
manifold M contained in the neighbourhood W will also be a tubular neighbour-
hood. Consequently,

Proposition 5.54. the tubular neighbourhoods of a closed submanifold M c R"
constitute a fundamental system of its neighbourhoods.

Let W be an arbitrary tubular neighbourhood of M in R", and let W° be a
neighbourhood of M in N, whose image is the neighbourhood W. For any point
p € M, we consider the set ,W of all points in R” that have the form p(p,u),
where (p,u) € WO, Clearly,

1) the set ,W is diffeomorphic to some open set (depending on p) in R"™
(containing the point 0);

2) the sets ,W corresponding to distinct points p € M are pairwise disjoint;

3) the union of the sets ,W corresponding to all possible points pinM coincides
with the neighbourhood W.

Properties 2) and 3) mean that the neighbourhood W is in some sense “foli-
ated” into sets ,W. Therefore, for each point p € M, we will call the set ,W a
fibre of the tubular neighbourhood W over the point p.

5.6 Embedding compact manifolds into Euclidean
space. Sard’s theorem

In order for a smooth manifold M to be diffeomorphic to some submanifold of
the Euclidean space R", it is necessary that this manifold be separable. It turns
out that this necessary condition is also sufficient, i.e.

Proposition 5.55. any separable smooth manifold M is diffeomorphic to a
submanifold of the space R, where n is some sufficiently large integer (depending
on the manifold M ).

We will first prove this embedding theorem for the simplest, but at the same
time most important case, when the given manifold M is compact.

To this end, we note that due to the compactness of the manifold M, it can
be covered by a finite number of coordinate neighbourhoods Uy, ... U. Let
xl.l, R x{” be local coordinates defined in a neighbourhood U;, i =1, ..., s,
and let & : U; — R™ be the corresponding coordinate diffeomorphism. As is
easy to see, we can assume without loss of generality that each diffeomorphism
&; maps the neighbourhood U; onto the unit ball |¢] < 1 of the space R™ and
is the restriction of some coordinate diffeomorphism (which we will also denote
by the symbol &;, and the local coordinates corresponding to it by the symbols
xl.l, ..., x"), defined in some larger neighbourhood V; and mapping this neigh-
bourhood onto the ball |¢| < 3 of the space R™. (In this section we will call
coordinate neighbourhoods U; that have these properties special.)
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Let F(t) be a smooth non-negative function on the space R™, equal to one
on the ball |¢| < 1, less than one outside this ball and equal to zero outside
the ball |¢| < 2. Assuming that xl.1 =1lon U;, foreachi =1,..., s, we define
numerical functions 0, f, ..., f/" on the manifold M by setting

) {xﬂp)F(f(p)), it pev

0, if peV,
for any point p € M and any number £ = 0,1, ..., m. Clearly, these functions
are smooth on M.
The functions fl.k, i=1,..., s5k=0,1, ..., m, taken in an arbitrary (but

fixed) order, define a certain smooth map ® of the manifold M into the space
R", where n = s(m+1) is the total number of all functions fik. We will show that
this map is a diffeomorphism of the manifold M onto the submanifold ®(M) of
the space R". As we know (see §5.4), for this it is sufficient to show that the
map @ is regular and is a homeomorphism of the manifold M onto the subspace
O (M) of the space R".

Let p be an arbitrary point of M, and let i be a number such that p € U;.
Consider the map ®@; of M into the space R" defined by the functions ft.l, co S
Clearly, @ is regular at p if ®; is regular at this point. But on the neighbourhood
U;, ®; obviously coincides with the coordinate diffeomorphism &; and is therefore
regular. Thus, the regularity of ® on M is completely proved.

Since the manifold M is compact and the space R" is Hausdorff, to prove that
the map @ is homeomorphic it is sufficient to prove that this map is injective.

Let p and ¢ be points of M such that ®(p) = ®(g). Consider the neighbour-
hood U; containing the point p. Since fio < 1 outside U;, and fio(q) = fl.o(p) =1,
we have g € U;. Since ®(p) = ®(g), we have, in particular, ®;(p) = Phi;(q).
But ®;|y, = &;. Consequently, & (p) = &i(g) and therefore p = g.

Thus, the embedding theorem for compact manifolds is completely proved.

When trying to extend this proof to the case of an arbitrary separable man-
ifold M, we immediately encounter the impossibility of finding a finite covering
{U;} with the properties we need. However, since any separable manifold is para-
compact and has a countable base, it is easy to see that there exists a countable
and locally finite covering {U;} consisting of special coordinate neighbourhoods
U;,i=1,2, .... The functions fik, k=0,1, ..., m;i=1,2, ..., constructed
for this covering define (taken in an arbitrary but fixed order) a certain map
@ of the manifold M no longer into the space R", but into the space R®, the
points of which are infinite sequences (¢!,¢2, ..., ¢, ...) of real numbers, only
a finite number of which are non-zero. It is clear that this map is

smooth in the sense that for any i = 1,2, ..., the function ¢’ on the manifold
M, taking at the point p € M a value equal to the i-th coordinate ¢’ of
the point ®(p) € R, is a smooth function on M (since this function is
nothing other than one of the functions f;‘);

regular in the sense that for any point p € M there exists a neighbourhood
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U and a set i1, ...,in of indices i, such that the functions ¢ |y, ..., ¢
constitute a system of local coordinates on the neighbourhood U;

coordinate bounded in the sense that for any i = 1,2, ... ... the function ¢;
is bounded,;

locally finite-dimensional in the sense that for any point p € M there exists
a neighbourhood U on which only finitely many functions ¢' are non-zero.

Furthermore, it is proved verbatim, just as for compact manifolds, that the
map @ is injective. Thus, instead of an embedding theorem, we obtain for now
only that

Proposition 5.56. for any separable manifold M, there exists a smooth, requ-
lar, coordinate-bounded, locally finite-dimensional, and injective map of it into
the space R™.

To derive the embedding theorem from this proposition, we need a statement
about smooth maps of manifolds into manifolds of higher dimensions, which is
of independent interest. On the other hand, in what follows, we will need a
similar statement about maps of manifolds of the same number of dimensions.
To avoid unnecessary repetition, I have presented both of these statements here.

Let M and N be two smooth manifolds of dimensions m and n, respectively,
and let

Od: M —>N

be an arbitrary smooth map of M into N. We will show that

Proposition 5.57. if m = n and if M is separable, then the image of the set
of all its critical points under ® (see §4.6) is a set of the first category (in the
sense of Baire-Hausdorff) in N.

We will first prove this statement (known as Sard’s theorem) for the special
case where the manifolds M and N are the Euclidean space R™. Since the space
R™ can be represented as a union of a countable number of cubes, to prove
Sard’s theorem in this particular case it suffices to prove that

Proposition 5.58. for any smooth map ¢ : R™ — R™ the image ¢(K) of
the set K of all its critical points belonging to the unit cube I : 0 < t' < 1,
i=1, ..., m, is nowhere dense in the space R™.

Moreover, since the set K is obviously closed and therefore compact, its
image ¢(K) is closed in the space R™. Therefore, it suffices for us to prove that

Proposition 5.59. the subset ¢(K) of the space R™ has no interior point.

To this end, we note that, due to the smoothness of the map ¢ and the com-
pactness of the cube I, the map ¢ uniformly satisfies the Lipschitz condition
on this cube, i.e., there exists a number a > 0 such that

le(v —p(u)| < aly —ul (5.60)
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for any points u,v € I'". Moreover, it follows directly from Taylor’s formula that
for any point u € R™, the differential dy, of the map ¢ at this point, considered
as a linear map R”™ — R™_ has the property that for every point v € R, the
following estimate holds:

le(v) — @(u) —deu (V)| < b(lv —ul), (5.61)
where b(7) is a positive monotone function of the variable 7 > 0 such that

b@

T

—0 as 7—-o0.

In the case when u € K, all vectors ¢(u) + dg, (v), v € R™, belong to some
m—1-dimensional hyperplane L of the space R™ passing through the point ¢(u),
and for each point v € R the distance of the point ¢(v) from this hyperplane
does not exceed the number b(|v — u|). On the other hand, the distance of the
point ¢(v) from the point ¢(u) does not exceed the number a(|v—u|). Therefore,
if [v—u|) < &, then the point ¢(v) belongs to a body cut out from a ball of radius
ae with centre at the point ¢(u) by two hyperplanes parallel to the hyperplane
L and separated from it by a distance b(e). It is obvious that the volume of
this body does not exceed the volume of a cylinder of height 2b(¢), the base
of which is an n — 1-dimensional ball of radius ae, i.e., it does not exceed the
number ¢ - b(g) - ™!, where ¢ is some constant (depending on a and m).

Let us now partition the cube I, m by systems of parallel hyperplanes into
h™ cubes with edge 1/h and diagonal € = vm/h. According to what has just been
proved, each cube of this partition, containing at least one point of the set K, is
mapped to some solid whose volume does not exceed the number ¢ - b(g) - g™ L.
Therefore, the image ¢(K) of the entire set K is certainly contained in a solid
whose volume does not exceed the number

b(e)
e

c-b(e)-e™ L nm = cm™? (5.62)
Since this number tends to zero as € — 0, it follows that the set ¢(K) cannot
contain any even arbitrarily small balls of the space R™, and therefore none of
its points can be its interior points.

Therefore, in the special case when M = N = R™, Sard’s theorem is com-
pletely proven.

Let us now consider the general case. Let pg be an arbitrary point of the
manifold M and let V,,, be an arbitrary coordinate neighbourhood of the point
®(pg) in the manifold N. Since the map ® is continuous, the point pg has a
coordinate neighbourhood Up, such that ®(U,,) C Vp,. Let £ : Up, — R™ and
n :Vp, = R™ be coordinate diffeomorphisms of the neighbourhoods U,, and
V,, into the space R™, respectively. Without loss of generality, we can obviously
assume that the diffeomorphism & maps the neighbourhood U, onto the entire
space R™. Consider the map

p=no®oé¢  :R™ - R™.
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It is clear that a point p € Up,, is a critical point of the map @ if and only if the
point £(po) € R™ is a critical point of the map ¢. Similarly, a point g € V,,, is
an image under the map ® of some critical point of this map belonging to the
neighbourhood U, if and only if the point n(g) € R™ is an image under the
map ¢ of some critical point of the latter map. By the already proven special
case of Sard’s theorem, it follows that the image ® (K, ) of the set K, of critical
points of the map Phi belonging to the neighbourhood U, is a subset of the
first category (the neighbourhood V), and therefore of the manifold N). On the
other hand, since the manifold is, by assumption, separable, it has a countable
base and therefore one can find in it a countable system of points p; € M such
that the corresponding neighbourhoods U, cover the entire manifold M. But
then the set of all critical points of the map ® will be the union of all sets of
the form K, and, consequently, its image under the map ® will be the union
of all sets ®(K,,). Thus, Sard’s theorem is completely proven, since the union
of a countable number of subsets of the first category is also a subset of the first
category.
Let us now consider the case m < n. It turns out that

Proposition 5.63. if m < n and if the manifold M is separable, then the image
D(M) of the manifold M under the map ® is a subset of the first category of
the manifold N.

To prove this assertion, we must essentially repeat verbatim the proof of
Sard’s theorem given above. Namely, the reduction to the special case of Eu-
clidean spaces (M = R™ and N = R") proceeds completely without any changes.
Inequalities (5.60) and (5.61) remain valid for the maps ¢ : R™ — R" (m # n).
The hyperplane L (now, of course, n — 1-dimensional) will now exist for any
vector u € I and therefore nowhere dense in R will be not only the set ¢(K),
but the entire set ¢(I™) (for the volume of which, instead of estimate (5.62),
the estimate ¢ - b(g) - "1 - h = ecm™? - b(g) - 7).

Remark 5.64. The statements proved in this section are special cases of a certain
general theorem of Sard, which applies to any dimensions m and n. We will not
need this general theorem, and therefore we will neither prove nor formulate it
here..

5.7 Embedding separable manifolds into the Eu-
clidean space

To prove the embedding theorem formulated in the previous paragraph in the
general case, we must more carefully study the structure of the space R*.
This space is naturally defined as an (infinite-dimensional) linear space (with
respect to the coordinate-wise operations of addition and multiplication by a real
number). We will assume that its finite-dimensional subspaces are equipped
with the Euclidean topology and smoothness (note that we do not introduce
either the topology or the smoothness into the space R® itself). Among the
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finite-dimensional subspaces of R®, of particular importance for us will be
the subspaces R”, h > 1, spanned by the first & vectors of the natural basis
e, es, ..., e,, ..., and the subspaces RZ“, h > k, generated by the subspace
R" and the vector ey, (Thus, R/*! = R"*! for any h > 1.) Among the infinite-

h+1
dimensional subspaces of R®, we especially note the subspaces R®®,, k > h, h >0

)
spanned by all vectors of the natural basis, with the exceptior}ll ’lz)f the vectors
€n+1, ..., €g. (Thus, in particular, th =R*® and R® = R" x Rg‘jh.) It is clear
that each of the subspaces Riy ¢ is naturally isomorphic to the entire space R®.

In what follows, we will consider some integer n fixed, no less than 2m + 1,
where m is the dimension of the manifold M under consideration. A unit vector
u of the space RZ“, k > n, will be called a projector if its last coordinate u*
is non-zero. Each such vector defines a linear map m, of the space R;‘i k_1 onto
the space R, (projection along the vector u), which maps an arbitrary vector
te R;’ik_l to the vector

/K
Tyt =1t — u—ku.

Let © be an arbitrary smooth and locally finite-dimensional map of the
manifold M into the space R® and let p be an arbitrary point of the manifold
M. To each vector A € M, we associate a vector d®,(A) of the space R¥,
setting

d®,(A) = (Ap', Ap®, ..., A¢', ...),

where ¢f, i = 1,2, ..., are functions on the manifold M that define the map ®
(at the point ¢ € M, the function ¢, i = 1,2, ..., takes a value equal to the i-th
coordinate of the point ®(g) € R™). It is clear that the map d®,, is linear, and
therefore its image d®,(Mp,) is an (at most m-dimensional) linear subspace of
R*. We will say that the vectors of this subspace are tangent to the set ®(M) at
the point ®(p). Clearly, if the map @ is regular, then the map d®,, is injective.
It is easy to see that, conversely,

Proposition 5.65. if for any point p € M the map d®,, : M,, — R™ is injective,
then the map @ is reqular.

Proof. Indeed, by hypothesis, the point p has a neighbourhood U in which
only a finite number of functions ¢’ are nonzero. Let these be the functions
¢, ..., ¢'s. Then, on the neighbourhood U, the map ® can be viewed as a
map of this neighbourhood into the finite-dimensional subspace R’ spanned by
the vectors e;,, ..., e; , and, accordingly, the map d®, can be viewed as a map
M, — R Thus, the map ® under consideration will be a smooth map of the
smooth manifold U into the smooth manifold ﬁs, and the map d®, : M,, — R
will (via the usual identifications) be its differential in the sense of §4.6. The
injectivity of this latter map means that the map ® : U — R is regular at
the point p. But then, as we know, from the functions ¢, ..., ¢’ we can
choose m functions that constitute a system of local coordinates at this point.
To complete the proof, it remains to note that, by definition, this means that
the map @ : M — R® is regular. O
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Let us now assume that the image ®(M) of the map ® belongs to the sub-
space R, ,. Then, for any projection u € R;{‘“, the map ¥ = 7, o ® of the
manifold M into the subspace R, is defined. This map is defined by functions

i

lpi:(pi—gak-—k, i:1,2,...,
u

and therefore is also smooth and locally finite-dimensional. Moreover, since for
any vector A € M), the following equalities hold:

i=12, ...,

i
Ayt = Agf - Agk - 2,
u

then
d¥, =y 0 d®,,.

By the proposition proved above, it immediately follows that

Proposition 5.66. if the map ® is regular, and the projector u does not touch
the set ®(M) at any of its points, then the map ¥ = m, o d® is also regular.

A non-zero vector u € R* will be called a secant vector for the set ®(M) if
there exist two distinct points p and g of the manifold M such that the vector
u is proportional to the vector ®(g) — ®(p). Clearly,

Proposition 5.67. if the map ® : M — R, | is injective, then for any

projection u € RZ“ that is not a secant vector for the set ®(M), the map
Y = 1, o d® is also injective.

Let @ be an arbitrary smooth, locally finite-dimensional, regular, and injec-
—n+l
tive map of a manifold M into R®, and let R"" bean arbitrary n+ 1-dimensional

— —n+1
linear subspace of R®. Let, furthermore, S" be the unit sphere of R Tt is
easy to see that

Proposition 5.68. the set D of vectorsu € gn, eithgrfl' tangent to ®(M) at some
point or intersecting this set, is of first category in S .

Proof. Indeed, let M, be the manifold of vectors tangent to M. We define a
map @, of this manifold into R™ by setting

®.(A) = dD,(A),

if A € M),. Clearly, this map is smooth. Let 7 be an arbitrary projection of the

space R* onto the subspace ﬁnﬁ. Consider the map ro @, : M, — ﬁnﬂ. This
map is smooth and therefore continuous. Therefore, the set W of all vectors
A € M, for which (mo®,)(A) # 0 is open in M, and therefore is either empty or
a 2m-dimensional manifold. We define the map

Y.-W-o>S,
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by setting (0 Bu(A)
mod,

|(7r 0 @.(A)]
for any vector A € W. Clearly, this map is smooth and its image W(W) contains

P(A) =

all unit vectors of the space ﬁnﬂ that are tangent to the set ®(M) at at least
one of its points. On the other hand, since, by hypothesis, n > 2m + 1 > dim W,
then, by the results of the previous section, the set ¥ (W), and therefore the set
D7 of all unit vectors of the space R"! that are tangent to the set ®(M) at
least at one of its points, has the first category in the sphere S

Let us now consider the product M x M of the manifold M with itself and
its map @ into the space §n, defined by the formula

@ (p,q) = 1(®(q) —@(p)), (p,q) € M XM,

where, as above, 7 is the projection of the space R* onto the space §". This
map is smooth and therefore continuous. Therefore, the set W of all points
(p.q) € M x M for which @ # 0 is open in M x M and therefore is either empty
or is a 2m-dimensional smooth manifold. We define the map

v =W - gn,
by setting
4 T(p9 Q)
¥ (p.g) = —L21
(P9 = 55 ]

for any vector (p,q) € W. Tt is clear that this map is smooth and its image
W' (W) contains the set Dy of all vectors u € §" secants for the set d(M).

To complete the proof, it remains to note that the set D is the union of the
sets D1 and D4 and, therefore, is also a set of the first category. O

Since the sphere S” is a Hausdorff locally compact space, we, by comparing
the proved propositions, immediately obtain that

Proposition 5.69. for any smooth, locally finite-dimensional, reqular, and in-

Jective map @ of the manifold M into the space R} the set of all projections

k=17
of the space R;{”l for which the map m, o ® is regular and injective is everywhere

dense in the unit sphere of the space R’;*l .

We will call the map ® of the manifold M into the space R®, defined by the
functions @', @2, ..., bounded with respect to the k-th coordinate if the function
¢* is bounded (in absolute value).

Let @ be an arbitrary map of M into the space R:Z w1 bounded by the k-th

coordinate, u € RZ” be a projection, and
Y=mo®:M—->R,

be the composition of ® and the projection 7. Further, let @', ..., ¢", ...,0,¢%, ...

be functions defining the map ®. Consider the maps

no®d,ro¥Y: M — R",
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where 7 is the natural projection of the space R® onto the space R". these maps
are defined, respectively, by the functions ¢', ...,¢" and @' —@*, .. " -
c,okZ—:. Therefore, for any point p € M, the relation

(1o W)(p) - (1o ®))(p) = —¢*(p) - ”—k

where u' = 7(u) is a vector of the space R” with coordinates (u', ...,u").
Denoting by K the maximum modulus of the function ¢ on the manifold N
and setting |u¥|| = cos @, we immediately obtain from this that

|(ro¥)(p) — (m 0 ®))(p)| < K tana

for any point p € M.

We will call maps ®; and ¥; of a manifold M into the space R" e-close,
where ¢ is some positive number, if |1 (p) — D1(p)| < € for any point p € M. It
follows directly from the estimate just proved that

[e9)

Proposition 5.70. for any map ® of a manifold M into the space R 1
bounded in the k-th coordinate and any € > 0, in every everywhere dense subset
of the unit sphere of RZ” there exists a projector u such that the maps m o @
and 7o ¥, where ¥ = 1, o @, are e-close maps of the manifold M into the space
R™,

Comparing this assertion with the previous one, we obtain, in particular,
that

Proposition 5.71. for any smooth, locally finite-dimensional, reqular, injec-
tive, and bounded in the k-th coordinate map ® of the manifold M into the
space Rzk_l and any & > 0, there exists a smooth, locally finite-dimensional,
reqular, and injective map ¥ of the manifold M into the space R« of the form
m, o ®, where u € ]RZ” is some projection, such that the map pi o ® and m o ¥
are e-close maps of the manifold M into the space R".

Let us now prove that

Proposition 5.72. For any smooth, locally finite-dimensional, reqular, injec-
tive, and bounded in all k-th (k > n) coordinates map ® of the manifold M into
the space R, any € > 0, and any integer i > 0, there exists a smooth, locally
finite-dimensional, regular, injective, and bounded in all k-th (k > n) coordinates
map ©; of the manifold M into the subspace RS . that

n,n+i
1) if a point p € M has the property that ®(p) € R"™!, then ®;(p) € R" and
®;(p) = @i(p) for any j = i;

2) the composition o ®; of the map ®; and the natural projection m : R® — R"

1S @ map (1 - %) e-close to the map mo ®.
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We will construct the map ®; by induction on the number i, assuming that
@) = ©. Let the map ®; have already been constructed. We set ®;41 = 7, o D;,
where u € RZI}H is some projection. According to the proposition just proved,
the projection # can be chosen such that the map ®;,; is regular and injective
and such that the map 7 o ®;,1 is 2%—close to the map m o ®;. It is easy to see
that the map ®;,; constructed in this way will have all the required properties.
(Note that R+ 0 Ry ris1 = R" and 7y (1) = ¢ for any vector t € RY ...
From this proposition it follows easily that

Proposition 5.73. for any smooth map ¢o : M — R" and any € > 0, there
exists a smooth, reqular, injective, and e-close to ¢g map ¢ : M — R".

Proof. Indeed, in the previous section we proved that for the manifold M there
exists a smooth, locally finite-dimensional, regular, injective, and coordinately
bounded map into the space R®. Since the space R® is isomorphic to the space
R{,; we can assume that this kind of map exists not into the space R®but into
the space Ry, . Multiplying this map by the given map ¢o (and using the fact
that R" xRy, = R*), we obviously obtain a smooth, locally finite-dimensional,
regular, injective and bounded in all k-th (k > n) coordinates map @ of the
manifold M into the space R®, which has the property that 7 o ® = ¢q. Having
constructed for this map the maps ®; envisaged by the previous proposition, we
define a map ¢ of the manifold M into the space R" by the formula

¢(p) =®i(p), peM,

where i is a number such that ®;(p) € R™. According to property 1) of the
maps Phi;, this definition is correct, and according to 2) the map ¢ constructed
in this way is e-close to the map ¢y = 7 o ®. We will show that it is smooth,
regular, and injective.

Since the map @ is locally finite-dimensional, for any point p € M there exists
a neighbourhood U and an integer i > 0 such that ®(U) c R™*. Consequently,
on the neighbourhood U the map ¢ coincides with @; and is therefore smooth
and regular. Similarly, for any two points p,q € M there exists an integer
i > 0 such that ®(p), ®(¢) € R™, and therefore ¢(p) = ®;(p), ¢(q) = ®;(q).
Consequently, if ¢(p) = ¢(q), then ®;(p) = ®;(g) and therefore p = g. Thus,
the map ¢ is injective.

Thus, the above statement (known as the approximation theorem) is com-
pletely proven. O

The approximation theorem does not cover the embedding theorem, because
the map ¢ it implies may not be a homeomorphism. Nevertheless, deriving the
embedding theorem from it is no longer difficult. To do this, we first prove that

Proposition 5.74. for any separable manifold M, there exists a smooth map
of compact character to the real azxis R, and therefore to the space R™.

For this purpose, we will again consider the functions fik ,k=0,1, ..., m;
i=1,2, ... constructed at the beginning of the previous section. We will now
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need not all of these functions, but only the functions

0 0 0
0 A

These functions are smooth on M, have compact supports, take values from the
interval [0, 1], and have the property that in the neighbourhood of each point
p € M, only a finite number of them are non-zero. Therefore, the formula

fp)=fAp)+2f(p)+---+fP(p)+--, peM,

defines a smooth non-negative function f on M, with the property that for any
integer i > 0, the set [f <i] = f~([0,{]) is compact. But it is clear that any
such function realises a smooth map of the compact nature of the manifold M
onto the real axis R.

We further note that

Proposition 5.75. any mapping ¢ : M — R" that is e-close for some € > 0 to
a map ¢y : M — R" of compact character is also a map of compact character.

Proof. Indeed, for any set A ¢ R”, the set ¢ ' (A) is obviously contained in the
set (pal(gs(A)), where S, (A) is the closure of the e-neighbourhood S, (A) of A.
On the other hand, if the set A is compact, then the set S.(A), as is easily seen,
is also compact. O

Thus, applying the approximation theorem to an arbitrary smooth map
@o : M — R" of compact character, we obtain a smooth, regular, injective, and
compact map ¢ : M — R". However, since the space R" is a compactly generated
(or “kaonic”) Hausdorff space, every injective map of compact character from
an arbitrary Hausdorff space to R" is a homeomorphism onto a closed subset.
Consequently, in particular, the map ¢ is also a homeomorphism. Since this
map is also regular, it is a diffeomorphism of the manifold M onto some (closed)
submanifold of the space R".

Thus, the embedding theorem is completely proven.

Remark 5.76. We have proved even more than the embedding theorem asserted.
First, we have proven that the dimension n of the Euclidean space into which a
given m-dimensional manifold M is embedded can be any integer n > 2m+1, and
in particular, the number 2m+1. Second, we have proved that M can be realised
in the space R" (in particular, in the space R?"*1) as a closed submanifold.

It is also worth noting that the embedding theorem directly implies the
theorem in §4.10 on the possibility of defining any separable manifold as a
Riemannian space. Indeed, the space R" is obviously a Riemannian space, and,
on the other hand, each submanifold M of a Riemannian space N is obviously a
Riemannian space with a metric tensor field ¢*g, where ¢ : M C N is an inclusion
map and g is the metric tensor field of the space N.



Chapter 6

Critical points of smooth
functions

We finally turn to an exposition of Morse’s results on the relationship between
the topological structure of a smooth manifold M and the critical points of
smooth functions defined on M. We also present a generalisation of these results
(obtained by Bott), as well as some of their simplest applications.

§6.1 introduces the basic concepts of a critical point, a Hessian, a non-
degenerate critical manifold, and a non-degenerate critical point. Here we also
prove Morse’s fundamental lemma on the representation of a smooth function
in a neighbourhood of its non-degenerate critical point.

§6.2 proves, in two different ways, that on any separable smooth manifold
there exists a smooth function all of whose critical points are non-degenerate.

§6.3 is devoted to Morse’s fundamental theorem.

§6.4, based on Morse’s theorem, proves that any separable smooth manifold
is homotopy equivalent to some countable cellular decomposition.

The complex projective space CP" is considered as an example.

In the final section, §6.5, Morse’s theorem is generalised to the case where
the critical points of a given function are only weakly nondegenerate.

The appendix derives classical Morse inequalities for the Betti numbers of
the manifold under consideration. This appendix is the only place in the book
where the reader is required to be familiar with homology theory.

However, all the necessary properties of the Betti numbers are explicitly
formulated in this appendix.

6.1 Critical points and non-degenerate critical man-
ifolds

In accordance with the general definition (see §4.6), a point p of a smooth
manifold M is called a critical point of a smooth function f € O(M) if df, =0,

229
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m

i.e., if in some (and therefore in any) system of local coordinates x!, ..., x™ at

the point p the following equalities hold

(22) o (22) o
p P
A number a € R is called a critical value of the function f, if there exists a
critical point p € M such that a = f(p).

Since for every smooth function f on the manifold M and any vector field
X € 0' (M) the expression df (X) is a smooth function on M, we can talk about
its differential d[df(X)]. For any two vector fields X,Y € O (M), we set

HF(X,Y) = dldf (010Y) - SdF (X, V).

Obviously, the function H f of the pair of fields X,Y € 0 (M) defined in this way
is linear in each argument, i.e., it is a bilinear form on the linear space 6'(M).
(However, this function is not ©'(M)-linear, i.e., it is not a tensor field.) In
local coordinates x!, ..., x™, the form Hf is defined, as is easily seen, by the
equality

Hf(X.Y) = Ox? oxt

From this, in particular, it follows that the value Hf(X,Y)(p) of the function
Hf(X,Y) at an arbitrary critical point p € M of the function f is expressed by

the formula )
o°f iyJ
Axidx] ) » XY
and therefore depends only on the vectors X, and Y),.
Therefore, the formula

HPf(A7B) = Hf(X,Y)(P)9

where A,B € M), and X and Y are vector fields on the manifold M such that
X, = A and Y, = B, uniquely defines a certain (obviously symmetric) bilinear
form H, f on the space M,. The corresponding quadratic form

H,f(A) = Hpf(A,A)
will be called the Hessian of the function f at the point p. In an arbitrary
system of local coordinates x', ..., x™ on the manifold M at the point p, the
Hessian H,, f is expressed by the formula
2
O ) ins
oxtoxJ »

02 .. 190 Yyl . axJ .
.fAX‘YJ+——f. —X'+ —Y').
oxtox/ 2 0x/J

Hf(X,Y)(p) =(

Hpf(A) = (

where Al,..., A™ are the components of the vector A in the basis (66xi)p,
i=1, ..., n.

Let us emphasise that the Hessian H), f is defined only for critical points p
of the function f.

It is clear that the Hessian depends linearly on the function f, i.e.
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Proposition 6.1. For any functions f,g € O(M) that have a critical point
p € M and any real numbers a,b € R, the following equality holds:

Hy(af +bg) =aH,f +bH,g.

Let ® : N —» M be an arbitrary smooth map, and let the point p € M be
a critical point of some function € O®(M). Clearly, any point ¢ € N for which
®(gq) = p is a critical point of the function o® € O(N) (since d(f o @) = ®*(df)).
Moreover, as is easy to see,

Hy(f o ®) = ®'H,f.

In particular, let N be an arbitrary submanifold of M and let a critical point
p of f belong to N. Then this point, considered as a point of N, is a critical
point of |y, the restriction of f to N, and

Proposition 6.2. the Hessian H,(f|n) of the restriction f|n is the restriction
Hp f|n, of the Hessian Hp, f of f to the subspace N, of M),:

H,n(f|N) = pr|Np~

We will use these simple but important properties of the Hessian repeatedly
in the future.

The corank of a quadratic form defined on a finite-dimensional linear space
is the difference between the dimension of that space and the rank of the form
in question, i.e., the rank of its matrix in an arbitrary basis. From the elements
of linear algebra, it is known that the corank of a quadratic form can also be
defined as the dimension of the form’s nullspace, i.e., the maximal subspace on
which the form is identically equal to zero.

We will call the index of a quadratic form its negative index of inertia,
i.e., the number of negative terms in its representation as an algebraic sum of
squares. This number can be characterized as the dimension of the maximal
subspace on which the given form is negative definite.

We will call the corank and index of the Hessian H), f of a function f at a
critical point p the corank and index of p, respectively, and will denote them
by the symbols ¢() (or c¢¢(p)) and h(p) (or hy(p)). Sometimes we will also use
the rank r(p) = ry(p) of a critical point pp, i.e., the rank of the Hessian H), f
at this point.

A system of local coordinates x', ..., x™ at a critical point p of a function
f will be called associated with the function f if

1) all coordinates x!, ..., x™ are equal to zero at the point p;
2) in the neighbourhood of the point p, the following equality holds
m
F=Fp) =D = = M2+ P2 (0P Y hyadad, (6.3)
i,j=r+1
where h;; = hj; are some smooth functions equal to zero at this point:

hij(p) =0, i, j=r+1, ..., m.
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Differentiating equality (6.3) and setting x* = 0, ..., x™ = 0, we immediately
obtain that
-2, if 1<i=j<h,

62
( f) =13+2, if h+l<i=j<r,
p

Oxidx/ .
0, in all other cases.

Therefore,

Proposition 6.4. the numbers h and r involved in formula (6.3) coincide with
the index h(p) and the rank r(p) of the critical point p.

The foundation of the entire theory of critical points is the remarkable fact
that

Proposition 6.5. for any smooth function f on a manifold M, at each of its
critical points p there exists a system of local coordinates associated with this
function.

Proof. Indeed, let x', ..., x™ be an arbitrary system of local coordinates at
the point p, equal to zero at this point. According to formula (4.50), In some
neighbourhood of the point p, the following equality holds

f=f(p)+gx',
where g1, ..., gm are smooth functions at the point p such that
af .
gilpp=—= =0, i=1, ...,m.
(9x’ §2
For the same reasons, there exist smooth functions h?jx"' ,i,j=1, ..., mat
p such that .
8i = h?/'x]
foranyi=1, ..., m, and
9g
0 =
hij (p) - (9x/ »
foralli,j =1, ..., m. We symmetrise the “coefficients” h?}, setting

1
hU=§M%+@J

Since h? x'x/ = h;jxx'x/, then in a sufficiently small neighbourhood of the point
p the following equality holds

f=f(p)+ hijxix<". (6.6)

Let not all functions A;; be zero at point p. After performing a linear coordi-
nate transformation (known from the elementary theory of reducing quadratic
forms to a sum of squares), we can assume that

hi1 #0.
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Therefore, the function
g = Vlhu|

will be smooth at point p. Following the standard algorithm for reducing
quadratic forms to sums of squares, we set

1 o h
4 1 1 i
x =|x + —Xx g,

X =2 (6.7)
X=X,
1 m
Since H = g(p) # 0, then, by the theorem on the replacement of local
coordinates, the functions xll, ..., x" are local coordinates in some neighbour-

hood of the point p (equal to zero at the point p). On the other hand, it is
easily verified that near the point p the equality holds

F=rp) =G+ ) hxiad,

i,j=2

where hl] = hj;,i,j =2, ..., m, are some smooth functions.
Continuing this process of “splitting off squares,” we will eventually obtain
at the point p a system of local coordinates associated with the given function

f. O

A closed submanifold N of a manifold M is called a non-degenerate critical
manifold of the function f if

1) the submanifold M is connected;
2) all its points are critical points of the function f;

3) in some neighbourhood of it there are no other critical points of the function
f;

4) for any point p € N, the null space of the quadratic form H,, f coincides with
the subspace N, tangent to the submanifold N.

According to this definition, all points p € N have the same corank c(p),
equal to the dimension n of the manifold N. On the other hand, by obvious
continuity considerations, the index of a point p € N, as this point moves
continuously along the manifold N, can change only at the points where the
corank jumps. Therefore, all points p € N also have the same index h(p). We
will call it the index of the non-degenerate critical manifold N and denote it by
the symbol A(N).

We will call critical points belonging to non-degenerate critical manifolds
weakly non-degenerate critical points of the function f.
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A non-degenerate critical manifold N containing a weakly non-degenerate
critical point p is defined in some neighbourhood of this point by the equations

of 0 of
axt 7 T gxm 7
where x!, ..., x™ is an arbitrary system of local coordinates at the point p. In
the system of local coordinates x', ..., x™ associated with the function /, these
equations have the form
u h S 6hij i j
—2x! + Z 6 xixl =0, -, 2"+ Z o Xl =0,
i,j=r+1 e 0%
m
ol 4 Z Xxl =0, -, %+ Z %xixj—o
h+1 - ’ ox" -
i,j=r+1 Ox i,j=r+1
2 Z hr+1]x + Z 6 r+1 20, e, 2 Z hm,jxj'f' Z a—mx’xJ:O.
j=r+1 i,j=r+1 j=r+1 i,j=r+1 X
Let’s put it this way
m m
S +1 6hul, yh:_xh_l_l Z Ohij ;
2 ox! ’ 2 £ Hxh ’
i,j=r+1 i,j=r+1
m m
h+1 _ h1+l Z 6hi} ij r_xr+1 ah’]z] (68)
YT oxh+1™ 77 YT S L GxT ’
i,j=r+1 i,j=r+1
yr+l — xr+1’ , ym — xm

The theorem on the change of local coordinates immediately implies that the
functions y', ..., y™ on the manifold M are local coordinates at the point p,
equal to zero at this point. Therefore, the equations

yi=0, ...,y =0 (6.9)

define, in the corresponding coordinate neighbourhood U, a certain m — r-
dimensional submanifold N* of the manifold M containing the point p. Clearly,
this submanifold has the property that

NNUCN..

Since m — r = n, it follows that near the point p he submanifolds N and N’
coincide, i.e., near the point p the submanifold NN is defined by equations
(6.9).

Furthermore, as is easy to calculate, the system of local coordinates y*, ..., y”
is still associated with the function f. A system of local coordinates at a point
of a non-degenerate critical manifold that has these two properties will be called
rigidly associated with the function f. Thus, we have shown that
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Proposition 6.10. at any point p of an arbitrary non-degenerate critical mani-
fold N, there exists a system of local coordinates rigidly associated with the given
function f.

In any associated system of local coordinates x!, ..., x, the function f in
some neighbourhood U of the weakly non-degenerate critical point p™ under
consideration is given by the formula

F=r) = DR = @ IR ()2 Y g,

i,j=r+1
where h;j = hj;, i,j =r+1, ..., m, are some smooth functions at the point p
that are equal to zero at this point. If the coordinates x*, ..., x™ are rigidly as-

sociated with the function f, then the form of these functions can be specialised.
Specifically, it turns out that

Proposition 6.11. without loss of generality, we can assume that the functions
hi; have the form

,
k.t . o
hij = Z hijeex™x", I,j=r+1, ..., m,
k=1

where hjjre are certain smooth functions.

Proof. Indeed, using formula (4.50) twice, we can write each of the functions
hj; in the following form:

—h0+Zh X +Z ,Jkgxkx[, Lhj=r+1, ..., m,
K.Z=1
where the functions ho and h?., depend only on the coordinates x"*!, ..., x™.

ijk
Without loss of generahty, we can assume that the functions hO hl > and hyjre
are symmetric with respect to the indices i and j, and the functlons hijke are
symmetric with respect to the indices k and £. Thus

Ohijre Kl ) xixd i )
+2x° +le =r+l (h +22k 1 lesx +Zk¢> 1 6;5 xtx) if 1<s<r

of m

_ .,A r Ohijre k. e\ i i
x5 | i (axs Dk=1 gxs +Zk,€:1 aes X x| xtxd

+230 (h + 2 h kx + D= 1hl]kgxkxf)x if r+l<s<m.

Setting here x! = 0,..., x” = 0, we immediately obtain that on the set NN U
the following equalities hold:

m
Z hijxix! =0, s=1, ..., (6.12)

i j=r+1



236 CHAPTER 6. CRITICAL POINTS OF SMOOTH FUNCTIONS

m

0 m
lj . . .
ﬁx‘xj +2 Z Wx'=0, s=r+1, ..., m. (6.13)

i,j=r+1 i,j=r+1

But, by hypothesis, the functions h?j and h?js depend only on the coordinates
X", x™. Therefore, the left-hand sides of equality (6.12) and (6.13) depend
only on these coordinates and, therefore, are identically equal to zero, i.e., on
the entire neighbourhood U.

Since
m aho m 9 m
i . o
— Y xix 42 Z W xi = Z KO xix/
8xs LS 6xs L]
i,j=r+1 i,j=r+1 i,j=r+1
and since the functions h?j do not depend on the coordinates xt, ..., x" and

are equal to zero at the point p, it follows from relations (6.13) that in the
neighbourhood U the following equalities hold:

mn . .
Z h?jx’x] =0.

i,j=r+1
In view of relations (6.12) we obtain from here that

r

m m
Z hijx'x) = Z Z hijkgxkx[x’x/.

i,j=r+1 k,t=11i,j=r+1

Thus, the above statement is completely proven. O

This proposition immediately implies, in particular, that at all points of the
manifold N belonging to a neighbourhood U, the function f takes the same
value f(p). Since the manifold N is connected, it follows that f(p) = f(q) for
any points p,q € N. In other words,

Proposition 6.14. on every non-degenerate critical manifold N, the function
f s constant.

A critical point p of a function f is called non-degenerate if its corank c(p)
is zero. In the neighbourhood of any point p € M, one can define a smooth
function f for which the point p is a non-degenerate critical point of any given
index h. Such a function can be defined, for example, by the formula

=2 = = M2+ M2+ (M)? (6.15)
where x!,..., x™ is an arbitrary system of local coordinates at the point p that
vanish at this point. Up to an arbitrary constant, this is the general form of
smooth functions that have p as their non-degenerate critical point. Indeed, any
such function f in normal (with respect to this function) coordinates x!,..., x™
has the form (6.15) (up to a constant term f(p)). Thus,
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Proposition 6.16. a point p € M is a non-degenerate critical point of index h of
a smooth function f if and only if at p there exists a system of local coordinates

xt o, ™ (equal to zero at this point) such that in some neighbourhood of this
point the following equality holds
=P -GH2 = = (@2 M+ (2

From this statement (known as Morse’s lemma) it follows directly, in partic-
ular, that

Proposition 6.17. every non-degenerate critical point of the function f is iso-
lated in the set of all critical points of this function, i.e., it has a neighbourhood
free of other critical points.

Thus, each non-degenerate critical point p, considered as a zero-dimensional
submanifold of M, satisfies the isolation condition (condition 3) of the definition
of a non-degenerate critical manifold. The remaining conditions of this definition
are obviously satisfied. Thus,

Proposition 6.18. any non-degenerate critical point is a weakly non-degenerate
point.

Consider again an arbitrary non-degenerate critical manifold N of the func-
tion f. Let p be an arbitrary point of it, and let N# be an arbitrary r-
dimensional (r = m —n) submanifold of M complementary to the submanifold N
at the point p (i.e., having only one common point p near the point p with the
submanifold N and possessing the property that its tangent space N intersects
the space N, only at zero).

By hypothesis, the subspace N, is the null space of the quadratic form
H, f. Therefore, on the complementary space Nf, this quadratic form is non-
degenerate. But we know that the restriction pr'Nf of the Hessian H, f to

the subspace Nf is nothing other than the Hessian of the restriction f|y# of
the function f to the submanifold N#. Thus,

Proposition 6.19. the function f|y+ on the submanifold N# has the point p
as its mon-degenerate critical point.

Remark 6.20. It can be shown that, conversely, any connected submanifold N
of M consisting of critical points of f is a non-degenerate critical manifold if, for
any point p of N and any submanifold N# complementary to the submanifold
N at p, the latter point is a non-degenerate critical point of f|y#. We will not
need this fact and therefore we will leave it without proof.

6.2 Functions all of whose critical points are non-
degenerate

In this section, we prove that
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Proposition 6.21. on any smooth separable manifold M, there exists a non-
negative smooth function f of compact character (i.e., representing a map of the
compact character of the manifold M onto the real axis R), all of whose critical
points are non-degenerate.

In proving this statement, by the embedding theorem proved in the previous
chapter, we can, without loss of generality, assume that the manifold M under
consideration is realised as a closed submanifold of some Euclidean space R".

Let u be an arbitrary vector R". Consider on the manifold M the function
f defined by the formula

1
f(p)=glu=pl, peM. (6.22)

Clearly, this function is smooth, non-negative, and has the property that for
any a € R", the set [ f < a] (being a closed and bounded subset of the space R")
is compact. On the other hand, it is obvious that a non-negative function on a
manifold M has the latter property if and only if it maps the compact character
of the manifold M onto the real axis R. Thus, to prove the above statement,
it suffices to show that for at least one vector u € R", function (6.22) has only
non-degenerate critical points.

Let p be an arbitrary point of M. Formula (6.22) immediately implies that
for any system x!, ..., x™ of local coordinates on the manifold M and the point

p, the following equalities hold:

a—fz—u—p,i , i=1, ..., m,
oxt axlp

where the vectors (%) € M,,i=1, ..., m, are considered as vectors of the
p

space R". Therefore,

Proposition 6.23. a point p € M is a critical point of function (6.22) if and
only if the vector u — p is orthogonal to the manifold M, i.e., when the pair
(p,u — p) belongs to the manifold N, constructed in §5.5.

Further, if the local coordinates x!,..., x™ are defined by formulae (5.45),
then
.\ otk
Friald FRAL
ox Pt 0x

(To simplify the formulae, we omit the reference to the point p here) and there-
fore

of R T
@z—u’—xl+2—.~(u —t)

(We use the notation and conventions introduced in §5.5; in particular, we

assume that the basis e, ..., e, of the space R" is orthonormal). Therefore,
otk otk

) oxt OxJ’

% f . Ly 9%k P
S st A 7 g
Ox'ox7 J Oxi0x7 ( )+
k=m+1

k=m+
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Using the matrices A and T introduced in §5.5, we can, as is easily seen, rewrite
these relations as a single matrix equality

KR f
Oxiox/

=A+TT

(meaning that the matrices A and T are calculated at the point (p,u —p) € N,).
Comparing this equality with formula (5.50), we immediately obtain that
Proposition 6.24. the determinant

o2 f

det e
¢ oxtoxJ

of the Hessian of function (6.22) at the critical point p € M coincides with the
Jacobian
o'

ox!

det

of the map p : N, — R" at the point (p,u — p) € N,.
Therefore

Proposition 6.25. A critical point p € M of function (6.22) is degenerate if
and only if the point (p,u — p) € N, is a critical point of the map p.

Since p(p,u — p) = u, it follows that

Proposition 6.26. if the vector u € R" is not the image under the map p of
any critical point of this map, then all critical points of the corresponding vector
and function (6.22) are non-degenerate.

Since the set of vectors u € R"™ possessing the latter property, being - by
Sard’s theorem - the complement of some set of the first category, is not empty,
the existence of functions (6.22) having only critical points is thereby completely
proven.

Although functions (6.22) are analytically quite simple, they do not have a
simple, visually understandable geometric interpretation. We will now present
another method for constructing functions with only non-degenerate critical
points that avoids this drawback. However, the functions obtained by this
method are, generally speaking, unbounded below and are not compact maps
onto the real axis. Nevertheless, for the most interesting case of compact mani-
folds, this circumstance is unimportant, since any function on a compact mani-
fold is automatically a compact map and bounded below (and therefore can be
converted into a non-negative function by adding some constant).

Let L""! be an arbitrary n — 1-dimensional linear subspace (hyperplane) of
R™. (We still assume that M c R"). Consider on the manifold M a numerical
function f whose value f(p) at an arbitrary point p € M is (taken with a certain
sign) the distance of the point p from the hyperplane L" 1. Considering the
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hyperplane L"~! as horizontal, we can visualize the number f(p) as the “height”
of the point p above the hyperplane L" 1.

Let L' be a one-dimensional linear space (line) orthogonal to the hyperplane
L™ ' and let 7 be the projection of the space R" onto the line L'. Then we can
define the function f by the formula

n(p) = f(p)u, peM,

where u is a unit vector located on the line L', i.e., a unit vector orthogonal to
the hyperplane L"~!. Tt is clear that

f=&omoy, (6.27)

where ¢ is the inclusion map M c R, and & : L' — R is the coordinate diffeo-
morphism corresponding to the vector u (which is a basis for the space L%).
Therefore,

dp=dép, odn,ody,

for any point p € M. Since the map d¢, is isomorphic, this formula immediately
implies that df,, = 0 if and only if dx), o di, = 0, i.e., when dn,(Mp,) = 0. On
the other hand, it is clear that, by standard identifications, the linear map
n:R" > L' coincides with its differential drx,, : (R"), — (Ll),r(p). Therefore,
dn,(Mp) =0 if and only if 7,(M},) = 0, i.e., when the vector u is orthogonal to
the subspace M, C R".

Let ¢ be a smooth function on the manifold N, that associates with each
point (p,u) € N, the length |u| of the vector u. Consider the level surface N =
[¢ = 1] of ¢, i.e., the set of all pairs (p,u) € N, for which |u| = 1. Obviously, this
level surface is regular and therefore represents an n—1-dimensional submanifold
of the manifold N,. We will call this submanifold the manifold of unit vectors
orthogonal to the manifold N.

Let (po,uq) be an arbitrary point of the manifold N. According to what
was said in §5.5, in order to construct local coordinates on the manifold N,
at the point (pg,ug), we should choose in the space R" an orthonormal basis
ei, ..., e, with the property that its first m vectors ey, ..., e,, form a basis
of the space M,,. Moreover, since the vector u( is orthogonal, by hypothesis,
to the space Mp,,, we can, without loss of generality, assume that e, = ug.

Let x!, ..., x* be the local coordinates at the point (p, ) of the manifold N,
corresponding to the basis ey, ..., e,_1, €, = ug (see formula (5.48)). Consider
the subset of the neighbourhood U, consisting of all its points (p,u) for which
x(p,u) > 0, i.e., for which u" > 0. Clearly, this subset is open and contains the
point (pg,ug). Let V be its intersection with the submanifold N and let

L | L xm+1 L xn—l
* - *
Vo oExANs s Y=l N YT = N s YT = e (6.28)
Xy X

Tt is easy to verify that functions (6.28) are local coordinates of the manifold N
at the point (pg, ug) with coordinate neighbourhood V.
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In explicit form, coordinates (6.28) are defined by the formulae

y'(p.u)=x'(p), ..., y"(p.u) =x"(p),
m+1 n—1

u _ u
yWHl(p’u): n yn 1([]’”): n (P,u)ev’
u u

where, in particular, ¥™*!, ..., u" are the last n — m coordinates of the vector

u in the basis ey, ..., e,. From this and from relations (5.46) it immediately
follows that for each point (p,u) € V the coordinates u', ..., u™ of the vector
u are connected with the coordinates y', ..., y"~! of the point (p,u) by the
formulae:

n—1 P n—1 P
o’ : ort" o’ : or"
=1 _ _ Jj_ am o _ _ J —
. Z (6x1)py (Bxl)p’ A Z (6xm)py ((9xm)p’

Jj=m+1 Jj=m+1

(6.29)

_ 1 o n-1 . J .
where ' = % ..., @' = . In these formulas, the functions 2%, i =
u u ’ ox

i
1, ..., m;j=m+1, ..., n,should be considered as functions on the manifold
N and, accordingly, considered as functions of the local coordinates y!, ..., y"!
(in fact, only the coordinates y!, ..., y™).
Let us now consider the map

v:N — §*!

of the manifold N into the unit sphere $"~! of the space R", defined by the
formula

v(p,u) = u.
Since the quantities b, ..., @ ! can obviously be taken as local coordinates
on the sphere "~ at the point ug = e,,, then formulae (6.29) represent nothing
more than expressions of the map v in the local coordinates y!, ..., y" ! and

w', ..., w"'. Differentiating these formulae and taking into account the identi-

ties y'(p,u) = x'(p), ..., y™(p,u) = x™(p) and the fact that the functions %’
i=1,...,m;j=m+1, ..., n, do not depend on the coordinates y', ..., y"71,
we immediately obtain that

n-1 92! j 9%t" : .
f:m+1(axiaxk)pyl__(axiﬁxk)p’ if 1 Sl,kSm,

6_ﬁl: ork if . k
By _(W)p’ if 1<i<m m+1<k<n-1,

6}'{, in other cases.
Since at the point (pg,uo) the coordinates y™*!, ..., y*~! are equal to zero,

then, in particular,

_ [ _o*m . .
(—axfaxk)p’ if 1<i,k<m,

o' "
oF =i-(2) . if 1<i<m m+l<k<n—1,
Y™ ) (po.uo) p

St in other cases.
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It follows that the point (pg,ug) is a critical point of the map v if and only if

( o ) |=0. (6.30)

det || ———
¢ Oxioxk

On the other hand, it is clear that the function " is nothing other than function
(6.27) corresponding to a hyperplane orthogonal to the vector ug, so equality
(6.30) represents a condition for the degeneracy of the critical point pg of this
function. We have thus proved (we drop the index 0 in the notation of the point
po and the vector ug) that

Proposition 6.31. a critical point p € M of function (6.27) is non-degenerate
if and only if the pair (p,u) (which is a point of the manifold N) is not a critical
point of the map v : N — S"1.

Therefore,

Proposition 6.32. if the vector u € S"~! is not the image under the map v
of any critical point of this map, then all critical points of function (6.27) are
non-degenerate.

Thus, according to Sard’s theorem, we can always choose the hyperplane
L"1 (or, equivalently, the vector u € $"7!) so that function (6.27) has only
non-degenerate critical points.

6.3 Morse’s theorem

Let M be an arbitrary separable smooth manifold and f an arbitrary smooth
function on M. In this section, we describe the evolution of the sets [f < a]
as the parameter a increases. Although this evolution can, generally speaking,
be traced up to a diffeomorphism, for simplicity we restrict ourselves to the
more elementary problem of studying the evolution of the sets [f < a] up to
homotopy equivalence.

First, we consider the case where the parameter a does not pass through any
critical value of the function f. It turns out that in this case, the set [f < a] is
essentially unchanged. Specifically, as we will now show,

Proposition 6.33. if the numbers a and b > a have the property that the set
[a < f < b] is compact and does not contain any critical point of the function
f, then there exists a diffeomorphism @ of the manifold M onto itself that maps
the set [ f < a] onto the set [f < b].

Moreover,

Proposition 6.34. in this case, the set [ f < a] is a deformation retract of the
set [f < b].
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Since the manifold M is, by assumption, separable, we can define it as a
Riemannian space (see §4.10) and therefore introduce the gradient field grad f
of the function f. This field, and hence the function (grad f,grad f), is zero
at the critical points of f and only at these points. In particular, on the set
[a < f < b], which, by assumption, does not contain critical points of f, the
function (grad f,grad f) is positive. Therefore, the function 1/(grad f, grad f)
is smooth on the set [a < f < b]. Since the set [a < f < D] is, by assumption,
compact, there exists a positive smooth function 4 with compact support on
the manifold M, which is an extension from the set [a < f < b] of the function
1/(grad f, grad f) (see §4.4). Let

X =h-grad f.

It is clear that the support of this vector field, being, obviously, a subset of
the support of the function A, is compact. Therefore, on the manifold M there
exists a one-parameter group of diffeomorphisms

p:RxM—->M

generating the field X (see §5.3).
Let p be an arbitrary point of M and let

8(1) = flep(®), 1€R,

where, as in §5.3,
ep(t) = ¢(t,p)

be the trajectory of the group ¢ passing through the point p. Since this trajec-
tory is an integral curve of the field X, then

8(1) = X, f = (X, grad f)(¢p (1)) = (h- (grad f, grad f)) (¢, (1)).

Since h = 1/(grad f,grad f) on [a < f < b], it follows that g(r) = 1 if
pp(t) € [a £ f < b], ie., [a < g(t) < b]. Furthermore, the function g is
obviously monotone. Therefore, denoting by ¢y the value of the parameter ¢ for
which g(#9) = a (if it exists), and setting d = b — a, we obtain that

<a, if <1,
g()3=t-t+a, if tg<t<ty+d,
> b, if rp+d<t.

Now let p € [f < a], i.e., let g(0) < a. Then
either g(¢) <a for any t € R and, in particular, for ¢t = d,

or there exists ¢ € R such that a < g(¢) < b.
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In the latter case, the function g(z) has the form described above, and the
corresponding number fg is obviously non-negative. Therefore, d < ty + d and,
consequently, either g(d) < a (if d < 1g), or g(d) =d—-to+a=b—1ty < b (if
to < d). Thus, in all cases g(d) < b, i.e., ¢,(d) € [f < b].

Conversely, let a point p € M have the property that ¢,(d) € [f < b], i.e.,
that g(d) < b. Then either g(¢) < a for any ¢ € R and, in particular, for t = 0, or
the function g(¢) has the form described above, and the corresponding number
fo is non-negative (since if g(d) < a, then d < 19, and if a < g(d) < b, then
d—to+a=b-ty<bg). Therefore, in this case too, g(0) < a, i.e., € [f < a].

Let us now consider the diffeomorphism

Ya:M—- M,
defined by the formula

va(p) =¢(d,p), peM.

Since for any point p € M the following equality holds

ea(p) = ¢p(d)
then, according to what has just been proved, this diffeomorphism maps the set
[< a] onto the set [< b]. Therefore, we can take it for the desired diffeomorphism
D.
Next, for any point p € [f < b] and any number ¢ € I, we set

2 if pelf<al,
r,(p)z .
ep(tla—f(p))), if pela<f<b].

It is easy to see that this gives us a homotopy

re[f bl = [f <b],

for which the map rq is the identity map of the space [f < b], and the map ry
is a retraction map of this space onto the subspace [f < a].

The homotopy r; can be visually described as a “shift” of the set [f < b]
onto the set [f < a] along the “flow lines” of the function f.

Thus, the above statements are completely proven.

Let us now consider an arbitrary critical value ¢ of the function f. Let this
critical value

1) be isolated in the sense that for some &y > 0, the interval [c — &g, ¢ +&¢] does
not contain any other critical values of f;

2) be compact in the sense that for some g9 > 0, the set [c —go < f < c+¢g] is
compact (clearly, under both conditions, we can consider the number g > 0
to be the same);
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3) be non-degenerate in the sense that all critical points p1, ..., p, of f located
on the level surface [ f = ¢] are non-degenerate. (By condition 2, the number
of these points is finite.)

Remark 6.35. It is easy to see that condition 1) follows from conditions 2) and
3). Perhaps it is also worth noting that, generally speaking, it does not follow
from condition 3) alone (even if the number of critical points of the function f
on the level surface [f = c] is finite).

It is clear that the points pi, ..., p, have pairwise disjoint coordinate

neighbourhoods Uy, ..., U, such that

a) for any i = 1, ..., n, the local coordinates on the neighbourhood U; are
restrictions of some smooth functions x*, ..., x™ on M (and independent of
i);

b) on each neighbourhood U;, i =1, ..., n, the coordinates xb, ..., x™ satisfy

the conditions of the Morse lemma, i.e., in this neighbourhood the following
equality holds

f =c— (x1)2 L (xhi)Q + (xhi+1)2 +eeet (XM)Q,
where h; is the index of the critical point p;;

c¢) the coordinate homeomorphism of the neighbourhood U;, i =1, ..., n, into
the space R™, corresponding to the local coordinates x!, ..., x™, maps the
neighbourhood U; onto the open ball |t|> < 2g¢, where gy is the positive
number stipulated by conditions 1) and 2) above.

To simplify further calculations, it is convenient to introduce on the set
U=U,VU---UU,
smooth functions defined on U;, i =1, ..., n, by the formulae
a=hH2+ o+ ()2 = M2 e ()2
According to the above, the function f on the set U; is expressed by the formula:
f=c—a+p.

Let & be an arbitrary positive number less than g3. We will henceforth
assume this number to be fixed. Since € < g, the inequality

a+p <2

obviously defines, in each neighbourhood Uj;, a subset homeomorphic to a closed
n-dimensional ball.
Let us now introduce the function g, defined by the formulae:

o(p) = f(p) —ula(p) +B(p)), if peU,
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where u is a smooth numerical function such that
u(0)>e, u()=0fort<e, -1<pu (1)<0forallseR.

For example, we can assume that

ev (£1), if r<2e,
u(r) = (=) .
0, if t>2e,

where v(1) = £ exp (% - %2) It is clear that the function g constructed in this
way is a smooth function on M (since for a(p) + B(p) > 2¢ it is necessary that
a(p) +2B(p) = 2¢ and therefore u(a(p) + B(p)) = 0). Let us show that
Proposition 6.36. the set [f < ¢ + €] coincides with the set [g < ¢ + €].

Proof. Indeed, by definition, we have g < f. Therefore, [ f < c+¢&] C [g < c+€].
Conversely, let p € [g < c+¢], i.e, let g(p) <c+e. If a(p) +2B(p) <2< ¢,

then
) =c-ap)+Bp) s e+ W s ppy<cre.

i.e.,
pelf<c+e]
If a(p) + 28(p) = 2¢, then f(p) = g(p) and therefore again pe [f <c+¢e]. O

Further, it is easy to see that

Proposition 6.37. the critical points of the function g coincide with the critical
points of the function f.

Proof. Indeed, since f = g outside the set U, to prove this statement it is
sufficient to show that the points pi, ..., p, are critical points of the function
g and that in U; for any i =1, ..., n this function has no other critical points.
But in this neighbourhood

dg =d — i (a + 2B)(da + 2dB)
= (-1 -4 (@ +2B))da + (1~ 24 (a + 2B))dp
=2(=1 =g (a +2B))(xdx! + - + (x"dx")
+2(1 =24 (a +28)) (e o (XM ™),
Moreover, du,e to the conditions irI}posed above on the function u, the expres-
sions =1 — u (@ + 2B8) and 1 — 2u (a + 2B) are everywhere nonzero. There-

fore, the point p € U; is a critical point of the function g if and only if
xt(p)=---=x"(p) =0, i.e., when p = p;. O

Now consider the set [c —e < g<c+¢]. Since f <c+e]=[g<c+¢] and
g <, we have
[c—e<g<c+e]cClc—-e<f<c+e]
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Therefore, the set [c —& < g < ¢+ €] is compact. Furthermore, since g(p;) = ¢ —
u(0) < c—g, this set does not contain the points p1, ..., pn, and, consequently,
does not contain any critical points of the function f, and hence of the function
g. Therefore, according to what was proved above,

Proposition 6.38. the set [g < €] is a deformation retract of the set [g <
c+el=[f<c+e].

Remark 6.39. By similar considerations, the set [g < c] is also a deformation
retract of the set [f < ¢ + €].

This is also true in the case when conditions 1) and 2) are satisfied only
“from above”, i.e., if there exists &g > 0 such that the segment [c, ¢ + g¢] does
not contain critical values of the function f different from x, and the set [¢ <
f < ¢+ gg] is compact.

Let Q be the set of points p € U for which

a(p) <e, PB(p)=0.

It is clear that for any i = 1, ..., n the intersection Q N U; is homeomorphic
to the unit open ball E™ of the space R™. Its closure Q N U; consists of points
p € U; for which

a(p) <&, pB(p)=0.

and is therefore homeomorphic to the closed ball E". Thus, the set Q is the
union of n disjoint cells

em=0nU, ..., " =0nU,

of dimensions hi, ..., hy, respectively. For any i = 1, ..., n, the boundary ¢’
of the cell e’ consists of points p € U; for which

a(p)=¢, PB(p)=0,
and therefore coincides with the intersection [f < ¢ — €] Ne". This means that

Proposition 6.40. the set [f < c—&]UQ can be viewed as the result of gluing
n closed balls of dimensions hy, ..., hy to the set [f < ¢ —&] by means of some
continuous maps of their boundaries into the set [f < c —¢g].

Since 8 =0 on Q, then
g=c—a-pu(a)on Q, where 0 < a <e.

On the other hand,
o+ u(a) = p(0) + / (L4 1 (1)di > u(0) > &,
0

since, by hypothesis, 1 + u (f) > 0. Therefore,

g<c—¢gon(Q,
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i.e., O C [g < ¢ — €]. Therefore,
[f<c-€el]UuQclg<c—g].
We now show that

Proposition 6.41. the set [f < c — €] U Q is a deformation retract of the set
[g <c—e].

Proof. To this end, we consider the intersection F of the set [g < ¢ — ] with
the set @ + B < 2¢ (which, as we know, is the union of n disjoint closed m-
dimensional balls). This intersection is contained in the set U and is defined by
the inequalities

a+pB<2, a-B+ule+2p)=e.

We can represent the set F as the union of three sets Fy, Fy, and F3, the first
of which is defined by the inequalities

a<eg, a-B+ula+2B)=e¢,
the second by the inequalities
e<a<B+e, a-B+ula+2p)=c¢,
and the third by the inequalities
B+e<a, a+pB<2

(see Fig. 6.1).

Figure 6.1:
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Let 0 <t < 1. To each point p € F we assign a point g = r,(p) € U, located in
the same neighbourhood U; as the point p, whose coordinates x'(g), ..., x™(q)
are related to the coordinates x'(p), ..., x™(p) of the point p by the relations:

xH(g) =x(p),
(q) = x"(p),

A (q) = sx"™ (p),

x"(q) = s:x"(p),

where
1-1, if pE Fi,
st =91—t+¢ “/(3’855, if pekry,
1, if peF;.

As is easy to see, despite the fact that for @ = & and B = 0 the function s, has a
discontinuity, the point r;(p) depends continuously on ¢ and p, i.e., the family
of maps

r:F—->U

is a homotopy.
Since for any point p F the following equalities hold:

a(ri(p) = a(p), B(ri(p)) = s;B(p),

then

a(ri(p)) + B(ri(p)) = a(p) + s;B(p) <= a(p) + B(p) < 2¢,
a(ri(p)) — B(ri(p)) + u(a(r(p)) +2B8(r:(p))) =

a(p) - s;B(p) + u(a(ri(p)) +25;B(p)B(ri(p)) =

a(p) - B(p) + u(a(p) +2B(p)) z &,

since 0 < s? < 1. Thus, r,(p) € F for any t € I, i.e., in other words, the
family r, is a homotopy of maps of the set F into itself. Since r,(p) = p for
a(p) + B(p) = 2, we can extend this homotopy to a homotopy

rrilgsc—g]l - [g<c—¢g],

assuming that r,(p) = p for p ¢ F.

It is clear that for + = 0 the map r, is the identity map of the set [g < ¢ — €],
i.e. the homotopy r; is a deformation of the set [g < ¢ — &]. Consider the map
Ve

Let p € F. If p € F; then s; = 0, and therefore B(r1(p)) = 0. Since,
in addition, a(ri(p)) = a(p) < &, then, therefore, ri(p) € Q. If p € Fs,
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then s? = “g@,—)s and therefore B8(ri(p))) = a(p) — ¢, ie. f(ri(p)) = ¢ -
a(ri(p)) + B(ri(p)) = ¢ —e. Finally, if p € F3, then s; = 1 and therefore
f(ri(p)) = c—a(p) + B(p) < ¢ —e. Thus, for any point p € F, the inclusion
ri(p) € [f < ¢c—¢€]UQ holds. Since the sets [g < ¢ —¢] and [f < ¢ — €]
coincide outside the set F, this inclusion remains valid for p ¢ F. Moreover, if
peElf<c—eluQ,ie., if either f(p) <c-¢eor a(p) <e and B(p) =0, then,
as is easy to see, r1(p) = p. Consequently, the map r; is a retraction of the set
[¢ < ¢ — €] onto the set [f < ¢ —&]UQ. Thus, the statement formulated above
is completely proven. O

Remark 6.42. Similarly, one can prove that the set [f < ¢] is a deformation
retract of the set [g < c].

Indeed, it suffices to set & = 0 in the proof given above. In this case, the set
F; can be ignored (since it will consist of only one point). The set Fy will be
defined by the inequalities

a<pfB, a-B+ula+2B)=0,
the set F3 by the inequalities
B<a, a-B+ula+2p) =0,

and the numbers s, by the formula

_ a(p) :
s,:{l t+t,/ﬁ(p), if pekF,,

1, if p € Fs.
Comparing the assertions proved above, we immediately obtain that

Proposition 6.43. under assumptions 1), 2), and 3), the set [f < ¢ + €]
contains a subset [ f < c—&] U Q, which is obtained from the set [f < c —&] by
gluing n balls of dimensions hy, ..., h, (via certain maps of their boundaries)
and is a deformation retract of the set [f < c + €].

In particular,

Proposition 6.44. under assumptions 1), 2), and 3), the set [f < ¢ + €] is
homotopically equivalent to the set [f < ¢ — &], to which n balls of dimensions
hi, ..., hy, respectively, are glued.

This statement was first proved by Morse and is known as Morse’s theorem.

Remark 6.45. Combining the above remarks, we similarly obtain that under
assumptions 1), 2), and 3), the set [f < c] is a deformation retract of the set
[f <c+e].

Moreover, in accordance with the above, we can assume that conditions 1)
and 2) are satisfied only from above.
By Morse’s theorem, it follows directly that
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Proposition 6.46. under assumptions 1), 2), and 3), the set [ f < c] is homo-
topy equivalent to the set [f <c—¢€]UQ.

Proof. Indeed, as proved above, the set [ f < ¢] is homotopy equivalent to the
set [ f < c—g], which in turn is homotopy equivalent to the set [ f < c—e]UQ. O

6.4 Smooth manifolds and cellular decompositions

It follows from the results of the previous subsection that

Proposition 6.47. if a smooth function f on a separable smooth manifold M
and a number a € R" have the property that

1) for some € > 0, the set [f < a+ €] is compact;
2) the set [a < f < a+ & does not contain critical points of f;
3) all critical points of f belonging to the set [f < a] are non-degenerate,

then the set [f < a] is homotopy equivalent to some cellular decomposition
K whose cells are in one-to-one correspondence with the critical points of f
belonging to the set [f < a], where the dimension of each cell is equal to the
index of the corresponding critical point.

Proof. Indeed, it is clear that the function f has only a finite number of critical
values not exceeding a given number a, and all of these critical values

cp<c1<---<¢Cy

are isolated, non-degenerate, and compact (see §6.3). Therefore, according to
Morse’s theorem, there exist numbers

g0 >0,1>0, ..., &,>0,

such that for any i = 0,1, ..., n, the set [f < ¢; + &;] is homotopy equivalent
to the set [f < ¢; — &;], to which some number of closed balls are attached.
Moreover, without loss of generality, we can obviously assume that for any
i=0,1, ..., n—1, the inequality

Ci + & <City1 — Ei+l,
and for i = n, the inequality
Cht+ep<a+eg

Then, by what was proved in the previous paragraph, the set [f < ¢; + &;] for
i=0,1, ...,n—1 will be a deformation retract of the set [c;+1 — €;+1], and the
set [f < cn + &,] will be homotopy equivalent to the set f < a].

We now show that
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Proposition 6.48. there exists an increasing sequence
KocKyC---CK,

of finite cellular decompositions K;, i = 0,1, ..., n, each of which is a sub-
decomposition of the next decomposition, and homotopy equivalences

goi:[fSCi+85]—)Ki, i=0,1, ..., n,

such that for anyi =0,1, ..., n—1, the equivalence ¢; is the restriction of the
equivalence @41 :

¢i = Qistl[f<citail-

To this end, we note that since the number cq is obviously the minimum of
the function f, the set [f < co — &¢] is empty. Therefore, the set [f < c¢o + &g]
is homotopically equivalent to the topological sum Ky of some (finite) number
of closed balls. Let

%o : [f <co+&0] = Ko
be the corresponding homotopy equivalence.

Arguing by induction, suppose that for some /=!, ..., n the partition Kui and
the homotopy equivalence

i1 [fScici+ei-1] = Ko

have already been constructed.

Since, according to what was said above, the set [f < c¢;—1 + &-1] is a
deformation retract of the set [f < ¢; — &;], we can extend the equivalence ¢;_1
to some homotopy equivalence

Vit lf<ei—g] > K

On the other hand, according to Morse’s theorem, the set [f < ¢; + &;]
contains a subset of the form [f < ¢; — &;] U Q, where Q is the topological sum
of some number of closed balls, which is its deformation retract. Let

rii[f<ci+e] = [f<ci—-&lUQ

be the corresponding retracting map.
Consider the union Q of the boundary spheres of all balls whose sum is the
set Q. Let
Ui 0 — K

be the restriction of the map y; to the subspace QO C [f < ¢; — &;]. According
to the results of §2.3, we can extend the homotopy equivalence ¥; to some
homotopy equivalence

Ei:[fﬁci—si]UQ_’Ki—lulZGQ’



6.4. SMOOTH MANIFOLDS AND CELLULAR DECOMPOSITIONS 253

On the other hand, according to the results of §3.4, the space K;—1U,, Q is homo-
topy equivalent to some cellular decomposition K;, containing the decomposition
K;—1 as a subdivision. Moreover, we can choose the homotopy equivalence

w;  Ki_q U¢i 0 — K;.

such that it is the identity map on the decomposition K;_i.
We set
pirwioyor;:[f<ci+eg]— K.
Clearly, this map is a homotopy equivalence, coinciding on the sub-decomposition
K;—1 with the equivalence ¢;_1. Thus, the existence of decompositions K; and

equivalences ¢; is proven for all i = 0,1, ..., n and, in particular, for i = n. To
prove the proposition formulated at the beginning of this section, it remains to
set K = Kj,. O

From the proved proposition it easily follows that

Proposition 6.49. every smooth function of compact character bounded below
on a smooth separable manifold M, having only non-degenerate critical points,
defines a homotopy equivalence of the manifold M with some cellular decompo-
sition K, whose cells are in one-to-one correspondence with the critical points
of the function f, where the dimension of each cell is equal to the index of the
corresponding critical point.

Proof. Indeed, it is clear that every number a € R satisfies (together with the
function f) the conditions of the previous proposition. Therefore, for any n > 0,
there exists some homotopy equivalence

gi : [f <n] > Ky,

where K, is a finite cellular decomposition whose cells are in one-to-one corre-
spondence with the critical points of the function f belonging to the set [f < n].
Moreover, it is clear that the decompositions K, can be chosen so that

KhcKgc---cK,CcKy4q1 C---

and so that for any n > 0 the decomposition K, is a sub-decomposition of
the decomposition K,+1, and the homotopy equivalence ¢, coincides with the
restriction ¢, |k, of the homotopy equivalence ¢,41 to the decomposition K.

Let K be the free union of decompositions K,,, n > 0. By the results of
§3.2, this union is a cellular decomposition containing the decompositions K,, as
sub-decompositions. We define the map

p: M —>K,

assuming that
(;0|[fSn] = ®n

for any n > 0. Clearly, this map is uniquely defined and continuous.
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Since the manifold M is paracompact and is the union of the interiors [ f < n]
of sets [f < n], it is a homotopy limit of sets [ f < n]. The decomposition K is
also a homotopy limit of the decompositions K;. Since for any n > 0 the map
is, by construction, a homotopy equivalence, it follows from the results of §2.5
2 that the map ¢ is also a homotopy equivalence. O

Since, according to §6.2, a function f satisfying the conditions of this propo-
sition exists on any separable smooth manifold, we, in particular, obtain from
this that

Proposition 6.50. every separable smooth manifold is homotopy equivalent to
some countable cellular decomposition.

In the case where the function f is defined in a more or less observable way
on the manifold under consideration M, one can, from the proved proposition,
obtain quite complete information about the homotopy type of the manifold.

Ezample 6.51. Example. Let C"™! be a complex n + 1-dimensional arithmetic
space whose points are n+1-tuple (z°, z%, ..., z") of complex numbers. Consider
the unit sphere S?"*! of this space, i.e., the set of all points (z°,z', ..., z") €
C"*+! for which

|ZO|2+|ZI|2+"’+|Zn|2 =1.

On this sphere, we define an equivalence relation by considering two points
%z ..., 7Y and (2% 2%, ..., 7" are equivalent if and only if there exists a
complex number A # 0 (whose modulus is necessarily equal to unity) such that

7' =7

for alli = 0,1, ..., n. The corresponding quotient space of the sphere $?"*1 is
called the complez projective space of complex dimension n. We will denote it by
the symbol CP". The point of this space containing the point (z°,z%, ..., 7)€
S2+1 will be denoted by the symbol (z% : z' : ---: z"). Clearly, the space CP"
is a compact Hausdorff space.

Let U;, i = 0,1, ..., n, be the set of all points (z% z%, ..., z%) e C™!
for which 7@ # 0. (Clearly, this condition is invariant, i.e., it does not de-
pend on the choice of the representative (z°,z%, ..., %) € S$?**! of the point
(2% : z' s --- ")) Each point (% : z! : --- : z") € U; has one and only
one representative (z0,z%, ..., z*) € $?"*! for which z/ = 1. This establishes
a one-to-one correspondence between the points of the set U; and the points
of the space C". Tt is easy to verify that this correspondence is a homeomor-
phism. Since the space C" is naturally homeomorphic to the space R?" (the
corresponding homeomorphism maps each point (z', ..., z*) € C" to the point
(x',yt, ..., 2™, y") € R?", where x! is the real part and y! is the imaginary part
of the complex number z', i = 1, ..., n), thereby a homeomorphism is defined

&:U—»R™ =01, ..., n



6.4. SMOOTH MANIFOLDS AND CELLULAR DECOMPOSITIONS 255

For example, the homeomorphism & : Uy — R?* maps the point (z°:z' : - :

Z") € U;, to the point x%,', ..., x* y" € R?", for which
1 n
. Z . Z
xt+iyt = o x"+iy" = g
Let
Pl S2n+1 — CPn
be the natural projection (associating the point (z°,z%, ..., z") € S?"*! with
the point (z° : z! : --- : 7") €€ CP"). We call a function f on the space CP"

smooth if oxr is a smooth function on the sphere S?"*!. It is easily verified that
the set O(CP") of all functions smooth in this sense is a smoothness on the
space CP" and that the space CP" equipped with this smoothness is a smooth
2n-dimensional manifold. (The homeomorphisms &;,i =0,1, ..., n constructed
above are diffeomorphisms with respect to this smoothness and can therefore
be taken as coordinate diffeomorphisms.)

Consider the function f on the manifold CP" defined by the formula

FEb e =l Pl P+ YR

where co,', ..., ¢,, are some pairwise distinct real numbers. Clearly, this
function is uniquely defined and is smooth on the manifold CP".

On the coordinate neighbourhood Uy, this function is expressed through the
local coordinates constructed above

according to the formula

FE@ izt = co+ (e =co) (A + (7)) + -+ (en = co) (") + (™)),

Consequently, in the neighbourhood Uy, the function f has one and only one
critical point
po=1:0:---:0).

This point is non-degenerate, and its index is equal to twice the number of
coefficients ¢;, with the property that ¢; < c;.

Similarly, in the coordinate neighbourhood U;, j =1, ..., n, the function f
has one and only one critical point

pj=0:--:0:1:0:---:0), i=1, ..., n

This point is non-degenerate, and its index is equal to twice the number of
coefficients ¢; with the property that c; < c;.

Thus, the function f has n+1 critical points, all of which are non-degenerate.
Moreover, among the indices of these points, each even number from 0 to 2n
occurs (exactly once).

By the above remark, it is thus proved that
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Proposition 6.52. the manifold CP" is homotopy equivalent to some cellular
partition containing n + 1 cells

of dimensions 0,2, ..., 2n, respectively.

Remark 6.53. A closer examination of the structure of the manifold CP" reveals
that it is not only homotopically equivalent, but even homeomorphic to the
indicated cellular decomposition. In general, by way of refining the general
proposition proved in this section, it can be shown that

Proposition 6.54. any smooth separable manifold is the body of some countable
cellular decomposition.

However, as long as we are only interested in the homotopy properties of
manifolds, this refinement is useless. For this reason, and also because its proof
is quite difficult, we will not dwell on it.

6.5 Bott’s theorem

In all the preceding discussions, the assumption of non-degeneracy of the crit-
ical points of the function f under consideration played a significant role. In
this section, we will show that, in a somewhat weakened form (more sufficient
for most applications), the main result of §6.3 remains valid even under the as-
sumption that the critical points of f are only weakly non-degenerate. Namely,
we will show that

Proposition 6.55. if a critical value ¢ of f is isolated, compact, and has the
property that all critical points of f located on a level surface [ f = c] are weakly
non-degenerate, then for some € > 0, the set [f < ¢ + &] contains a subset of
the form [f < ¢ —&] U Q, where Q is the topological sum of a finite number of
closed balls, which is its deformation retract; moreover, the dimension of the
balls that make up the set Q is not less than the smallest of the indices of the
critical points p € [f = c].

Clearly, to prove this assertion (first proved by Bott), it suffices to prove
that

Proposition 6.56. on the manifold M there exists a smooth function g such
that

1) for some € > 0, the following equalities hold:

[g<c—¢e]l=[f<c-¢€], [g<sc+e]l=[f<c+e];

2) the set
[c—e<g<c+e]l=[c—-e<f<c+eg]

is compact and contains only non-degenerate critical points of g;
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3) all these critical points are located on the level surface [f = c], and the
index of each of them is not less than the smallest index of the critical points

pelf=cloff.

The condition of weak non-degeneracy of critical points p € [f = c¢] of
the function f means that each of these critical points belongs to some non-
degenerate critical manifold. Since the set [f = c] is compact, each of these
manifolds is compact and their number is finite. Let

Nl, R NS

be all non-degenerate critical manifolds of the function f located on the level
surface [ f = c], and let
hi, ..., hs

be their indices. We set
h=min(hy, ..., hy).

According to the Whitney embedding theorem (see §5.6 and §5.7), we can
assume without loss of generality that the manifold M, and therefore the man-
ifold

N=N;U---UNg

are closed submanifolds of some Euclidean space R’.

By hypothesis, for the function f there exists a number & > 0 such that
the set [c — & < fc + €] is compact and does not contain any critical points of
this function that are different from the points of the manifold N. Let W be an
arbitrary tubular neighbourhood of N in the space R’ with the property that

WﬂMc[c—gsfSc+g].

Furthermore, let W; and Wy be (necessarily tubular) neighbourhoods of N in
the space R? with compact closures W, and W5, such that Wy ¢ Wo and W C W.

According to the definition of non-degenerate critical manifolds, the man-
ifold N has a neighbourhood U in the manifold M such that no point of this
neighbourhood, distinct from points of the manifold N, is a critical point of the
function f. Consider the set

V=UOW10M.
This set

1) contains the submanifold N;

)

is open in the manifold M;

<

)
) is contained in the compact set [c — £ < f <c+ £];
)

4) 1is the union of sets

pV=Un,W,NnM pEeN,
where ,W, are the fibres of the tubular neighbourhood W;.
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We will call the sets ,V the fibres of the neighbourhood V. Clearly, each
fibre ,V is a submanifold of M complementary to the submanifold N at the
point p.

By construction, for each point ¢ € V'\ N, the differential df, of the function
f is nonzero. Furthermore, it is easy to see that (reducing the neighbourhood
U if necessary) we can, without loss of generality, assume that this differential
is non-zero already in the subspace (,V) of M,, where , is the fibre of the
neighbourhood V containing the point g.

Assuming that the manifold M is defined as a Riemannian space, consider
the gradient grad f of the function f. By hypothesis, this gradient is non-zero
at every point of the set [c —& < f < ¢+ €] \ V. Therefore, since the set
[c—e < f<c+e]\Vis compact, there exists a number K > 0 such that

lgrad f|>K onf[c—-e<f<c+e]\V.

According to the theorem proved in §6.3, on the manifold N there exists
a smooth function p with only non-degenerate critical points. We extend this
function to the neighbourhood W, assuming that on each fibre of this neighbour-
hood the function @ is constant. Since the set W is compact and is contained
in the neighbourhood W, c W, there exists a smooth function i on the space
R’ that coincides with the function ¥ on the neighbourhood W; and vanishes
outside the neighbourhood W,. The restriction

v =9lm

of the function g on the manifold M is a smooth function on M with the following
properties:

a) the function ¢|n has (on N) only non-degenerate critical points;

b) on each fibre ,V, p € N, of a neighbourhood V, the function ¢ is constant;

c) the support [¢ # 0] of the function ¢ is compact and contained in the set
[c-5<f<c+i];

From property b) it follows directly that

d) at any point ¢ € ,,V, the differential dg,, of the function ¢ is equal to zero
on the subspace (,V), of My;

e) the point p € N is a critical point of the function ¢ if and only if this point
is a critical point of the function ¢|y (on the manifold N).

Moreover, in view of property a)

f) for any critical point p € N of the function ¢, the maximal subspace of M),
on which the Hessian H,¢ is identically zero coincides with the space (,V)
tangent to the fibre ,V at the point p.
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Finally, since, in view of property c) the function ¢ on the manifold M is
bounded, we can, without loss of generality, assume (multiplying, if necessary,
the function ¢ by some constant) that

g) for any point p € M the following inequality holds

i

N M

le(p)] <

Furthermore, by similar considerations, we can assume that

h) on the entire manifold M the following inequality holds
K
lgrad ¢| < 5

Let us now consider the function
g=f+e.
Let p be a point of the manifold M such that
g(p)<c+e.
Ifpé¢lc-%<f<c+%], then g(p) = f(p) and therefore
f(p) <c+e.

If c— £ < f<c+ £, then even more so

f(p)<c+e.

Conversely, let
f(p)<c+e.

If c- £ < f<c+ %, then in view of property g)
g(p)<c+e.
If pgfc—%5 <f<c+%,then in view of property c) ¢(p) = 0 and therefore
g(p) <c+e.
[g<c+e]l=[f<c+e].
Similarly, it is proved that

[g<c—-€]l=[f<c—¢g]
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By construction, for any point g € V\ N, the differential df,, of df is no-nzero
on the subspace (,V), of M,, where ,V is the fibre of the neighbourhood V con-
taining the point ¢. By property c), it immediately follows that the differential
dgq of g is also non-zero on the subspace (,V),. Therefore, it is non-zero on the
entire space M,. Thus, no point g € V\ N is a critical point of g.

Similarly, by the inequality h), no point g € [c—e < f <c+¢]\Vis also a
critical point of the function g. Consequently, all critical points of the function g
belonging to the set [c—& < f < c+¢&] are located on the manifold N C [f = ¢].

On the other hand, since df, = 0 for any point p € N, this point is a critical
point of g if and only if it is a critical point of ¢. Moreover, at any such point,
the following equality holds

Hpyg=Hpf +Hyop.

Since the maximal subspaces N, and ( pr) of M, on which the quadratic
forms H), f and H,¢ are identically zero are mutually complementary subspaces
of M, it follows immediately that the quadratic form Hp,g is non-degenerate
and that its index is equal to the sum of the indices h(p) and hy,(p) of Hp f
and Hp¢ and is no less than the number & < hy(p).

This proves that the function g satisfies all the conditions listed above.

Remark 6.57. The theorem just proved admits of a refinement that is completely
analogous to Morse’s theorem and transforms into this theorem when the critical
value c¢ is non-degenerate. However, in practice, this refinement is essentially
useless. Therefore, we will not present it here.

Bott’s theorem applies to the problem of describing the homotopy type of
smooth manifolds in exactly the same way as Morse’s theorem (see §6.4). For
example, we immediately obtain from it that

Proposition 6.58. every smooth function f of compact character bounded be-
low on a smooth separable manifold M, having only weakly non-degenerate crit-
ical points, defines a homotopy equivalence of M with some space obtained from
the set N of all minimum points of f (which, by assumption, is a submanifold
- generally, not connected - of M) by successively gluing together a countable
number of closed balls whose dimensions are no less than the smallest of the
indices of the critical points of f that are not minimum points.
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Morse inequalities

Strictly speaking, the fundamental theorem of §6.3 was only implicitly contained
in Morse’s research. In fact, Morse described the relationship between the topol-
ogy of a smooth manifold M and the critical points of a smooth function f on
M using so-called Morse inequalities. Although these inequalities convey signif-
icantly less information than the theorem of §6.3, we will nevertheless present
them here, since it is often sufficient to use only these inequalities without re-
sorting to the more complex theorem of §6.3. Furthermore, these inequalities
have a certain historical interest.

Morse inequalities involve the so-called Betti numbers of the manifold M
(the ranks of its homology groups). Referring the definition and proof of the
basic properties of these numbers to any algebraic topology textbook (see the
historical and literary commentary at the end of the book), we will only recall
here that

1) The definition of Betti numbers involves a certain field, called the coefficient
field; all results of this section remain valid regardless of the choice of this
field;

2) Betti numbers are defined for certain pairs (X, A) consisting of a topological
space X and its subspace A and are non-negative integers; we will denote
them by the symbols

bn(X, A),

where n = 0,1, ...; for A = @, we will write b,,(X) instead of b, (X;@);

3) if the number b, (X, A) is defined for the pair (X, A), then it is also defined
for any pair (X', A") that is homototically equivalent to the pair (X, A), and

ba(X',A') = by(X, A);

4) the number b, (X, A) is a priori defined if the pair (X, A) is cellular and the
number of n-dimensional cells of the decomposition X that do not belong to
the sub-decomposition A is finite;

5) if the number b, (X, A) is defined for a cellular pair (X, A), then it is also
defined for any pair of the form (X™ U A, A), where X,, is the n-dimensional

263
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skeleton of the decomposition X, and
bn(Xm ) A’ A) = bn(X’ A)9
if n <m;

6) if the space X is obtained from the space A by gluing & closed m-dimensional
balls (via some maps of their boundaries), then

k, if n=m,

b,(X,A) =
( ) {0, if n#m.

We'll need another property of Betti numbers, usually not specifically mentioned
in textbooks.

Let s(X,A) be an arbitrary numerical invariant defined for some pairs (X, A)
of topological spaces. We will call this invariant subadditive if, for any three
nested spaces X D A D B, the relation

s(X,B) <s(X,A) +s(A,B) (6.59)

(provided, of course, that all numbers involved in this relation are defined). In
the case where equality always holds in relation (6.59, we will call the invariant
s(X,A) additive.

Using the so-called “exact homotopy sequences of pairs”, one can easily prove
that

7) for any n > 0 the number b,(X, A) is subadditive
and, moreover, that

8) for any n > 0 the following number is subadditive
Cn(XaA) = bn(XaA) - bn—l(X’ A) +--- (_1)nb0(X’ A)
For every pair (X,A) with the property that b,(X,A) = 0 for all sufficiently
large n, there is a number
X(X,A) =bo(X,A) = b1(X,A) + -+ (=1)"bp(X,A) + -+,

called the Euler characteristic of the pair (X, A). Similarly to property 8), it
can be easily proved that

9) the Euler characteristic y(X, A) is additive.
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Let K be an arbitrary cellular decomposition such that for any n > 0, the
number a,(K) of its n-dimensional cells is finite. Then (see Property 4) for any
n > 0 and m > 0, the number b, (K™, k™ 1) and also the number b,(K) are
defined. Moreover, according to Property 6), for any n > 0 and m > 0, the
equality holds
ay(K), if m=n,

b Km, km—l —
n( ) {0, if m#n.

Summing these equalities over m, we obtain that for any n > 0, the equality

n+l

D ba(K™, k") = an(K). (6.60)
m=0

Applying the subadditivity relation to this equality the required number of
times and taking into account that b,(K™*',K~') = b,(K), we immediately
obtain that

b,(K) < a,(K). (6.61)

Similarly, taking the alternating sum of relations (6.60) and using the addi-
tivity property of the Euler characteristic, we obtain (assuming that dim K = m,
i.e., that a,(K) =0 for n > m) the relation

bo(K) = b1(K) + -+ + (=1)"bm(K) = ao(K) — a1 (K) +--- + (-1)"am(K) (6.62)

More precise relations can be obtained using the subadditivity of the in-
variants ¢, (X, A). Indeed, taking the alternating sum of the first n relations in
(6.60), we immediately obtain that

Proposition 6.63. for any n > the following inequalities hold:
bp(K)=bp-1(K)+---+(-1)"bo(K) < an(K)—an-1(K)+---+(-1)"ao(K). (6.64)

It is clear that inequalities (6.61) are immediate consequences of inequali-

ties (6.64). (To obtain inequality (6.61) for n = k, it suffices to add together
inequalities (6.64) corresponding to the values n = k and n = k — 1.) Equality
(6.62) also follows from inequalities (6.64) (it suffices to compare inequalities
(6.64) corresponding to the values n = m and n = m + 1, and to use the fact that
am+1(K) = bypp1(K) = O)
Remark 6.65. Inequalities (6.61) follow directly from the definition of Betti num-
bers as the ranks of homology groups. Equality (6.62) is known as the “topolog-
ical invariance theorem for the Euler characteristic,” and its proof (essentially
identical to the above) can be found in any algebraic topology textbook. In con-
trast, inequalities (6.64) are much more profound and are usually not presented
in topology textbooks.

Let M be an arbitrary smooth separable manifold, and f an arbitrary
smooth, lower-bounded function of compact character on M with only non-
degenerate critical points. By §6.4, this function defines a homotopy equiva-
lence of M with some cellular decomposition K, whose cells are in one-to-one
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correspondence with the critical points of f, where the dimension of each cell is
equal to the index of the corresponding critical point. Suppose that the number
of critical points of f is finite (this condition is necessarily satisfied, for exam-
ple, if M is compact). Then the decomposition K has the above property, and
therefore all the results obtained above are applicable to it. Given that the
numbers b,(K) are equal to the numbers b, (M) (by Property 3) of the Betti
numbers) and that for any n = 0,1, ..., m, where m = dim M, the number
a,(K) is equal to the number a,(f) of critical points of the function f with
index n, we immediately deduce from this that

Proposition 6.66. for any smooth separable manifold M, any smooth function
f bounded below of compact character on M, having only a finite number of
critical points, all of which are non-degenerate, and any n > 0, the following
equalities hold

bu(M) = bu-1 (M) + -+ + (=1)"bo(M) < an(f) = an-1(f) +--- + (=1)"ao (/).

where b, (M) are the Betti numbers of M, and a,(f) is the number of critical
points of f with index n.

In particular,

Proposition 6.67. for any n > 0, the following inequalities hold

bp(M) < an(f).

Furthermore, the following equality holds

bo(M) = b1(M) + -+ -+ (=1)"bpu(M) = ao(f) —a1(f) + -+ (=1)"am(f).

These relations sometimes allow us to quite accurately estimate the Betti
numbers of a given manifold M (or, conversely, to obtain information about the
number of critical points of the function f from knowledge of its Betti numbers).
For example, it easily follows from them that

Proposition 6.68. if a,_1(f) = an+1(f) =0, then b,—1(M) = b,+1(N) =0 and
bn(M) = an(f).

Remark 6.69. We emphasise that all these results are valid only for functions
of a compact nature that are bounded below.



Chapter 7

Elements of Riemannian
Geometry

This chapter contains a strictly selected minimum of information from the the-
ory of Riemannian spaces (and spaces with affine connections) necessary for
the subsequent chapters. Therefore, this chapter does not contain any specific
theory. However, the entire presentation is conducted with complete rigor, with
particular attention to details that are usually overlooked in classical exposi-
tions.

The first six sections are devoted to spaces with affine connections.

§7.1 introduces the basic concepts of the theory of spaces with affine con-
nections.

§7.2 - §7.4 construct the formal apparatus of covariant (absolute) differenti-
ation.

§7.5, after a few simple remarks on geodesics, proves the existence of neigh-
bourhoods normal with respect to each of their points (Whitehead’s theorem).

Section 6 derives the well-known Cartan equations for differential connection
forms.

The remaining sections (sections 7.7 - 7.12) consider proper Riemannian
spaces.

§7.7 proves the existence and uniqueness of a Riemannian connection.

§7.8 constructs and studies the Riemannian curvature tensor. In this same
section, the metric tensor is expressed in terms of differential connection forms
of the corresponding Riemannian connection.

In §7.9, the intrinsic metric of a Riemannian space is introduced and its
simplest properties are considered.

In §7.10, the existence of normal convex neighbourhoods is proved. A con-
vergence lemma, needed in the next section, is also proved here.

In §7.11, it is proved that in a complete Riemannian space, any two points
can be connected by a shortest arc (the Hopf-Rinow theorem).

Finally, in §7.12, it is proved that a Riemannian space is complete if and
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only if it is metrically complete.

7.1 Affine connections

7.2 Covariant differentiation of vector fields
7.3 Parallel translation along a curve

7.4 Covariant differentiation of tensor fields
7.5 Geodesic. Normal neighbourhoods

7.6 Differential forms of connection

7.7 Riemannian connections

7.8 Riemannian curvature tensor and connection
forms

7.9 Curve lengths and intrinsic metrics
7.10 Geodesic. Normal neighbourhoods

7.11 Complete Riemannian spaces

Remark 7.1. It is impossible to assert that the function p?(p,q) is smooth at
all points (p,q) € M X M: this is not true even for such simple manifolds as
spheres.

7.12 Conditions for the completeness of Rieman-
nian spaces

Quite unexpectedly, complete Riemannian spaces, in the class of all Riemannian
spaces, can be characterised by extremely simple, essentially purely topological
properties. Specifically, it turns out that

Proposition 7.2.

From the proven statement, in particular, it follows that any compact con-
nected Riemannian space is complete.



Chapter 8

Variational theory of
geodesics

This chapter presents the fundamental analytical-geometric Morse index theo-
rems, which reduce the calculation of the number of conjugate points located
on an arbitrary interval to the calculation of the negative index of inertia of a
certain quadratic form.

After the introductory §8.1 - 8.2, §8.3 - 8.4 present the basic concepts of a
Jacobi field and a conjugate point and prove their simplest properties.

In sections §8.5 - 8.7, it is established that Jacobi fields are nothing more
than fields that minimize a certain quadratic functional.

In sections §8.8 - 8.10, the fundamental Morse form is constructed.
In sections §8.11 - 8.12, the fundamental Morse theorems are proved.

In section §8.13, Morse’s theorems are reformulated in a more convenient
form.

In the appendix, the main results of the chapter are extended to the case of
a problem with a moving end.
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8.1
8.2

8.3
8.4
8.5
8.6
8.7
8.8
8.9
8.10
8.11

8.12

8.13

CHAPTER 8. VARIATIONAL THEORY OF GEODESICS
Geodesics as lines of fixed length

The second variation of the length of the geodesic
arc

Jacobian variations and Jacobian fields
Conjugate points
Piecewise smooth and discontinuous vectors
Minimal vector fields
Existence of minimal fields
Jacobi’s broken fields
Isomorphism Theorem
Quadratic Morse form

Calculating the index of a point using Morse
form

Calculating the interval index using Morse
form

Bott’s Quadratic Form: A Final Statement
of Index Theorems



Appendix
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Focal Points

8.A The second quadratic form of a submanifold
8.B Focal points
8.C Calculating the index Ay

12(X (1)) > 0. (8.1)

8.D Proof of inequality (8.1)
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Chapter 9

Path Space Exploration.
Applications

This chapter presents the fundamental theorems of Morse theory concerning the
structure of path spaces on smooth manifolds. They are obtained by a fairly
simple synthesis of the results of the previous chapters. The last two sections of
the chapter present the simplest applications of Morse theory to the topology
and geometry of Riemannian spaces.

§9.1, which is purely topological in nature, studies the space of all paths of
a given path-connected space X. The main result is that the homotopy type
of the space of paths connecting two given points of X does not depend on the
choice of these points.

§9.2 compares the space of piecewise smooth curves with the space of paths
for an arbitrary Riemannian space. The main result is that the space of piecewise
smooth curves connecting two given points of a Riemannian space is homotopy
equivalent to the corresponding space of paths.

Section 3, based on the results of Chapter 8 proves the fundamental reduction
theorem, which reduces the study of the space of curves to the study of certain
finite-dimensional manifolds.

In Section 5, the general results of Section 4 are applied to the study of
loop spaces on spheres. As an application, Freudenthal’s theorem on homotopy
groups of spheres is proved.

In §9.6, Morse inequalities are proved that relate the numbers of geodesics of
a given index to the Betti numbers of the loop space. In particular, Morse’s the-
orem on geodesics on manifolds homotopically equivalent to a sphere is proved.
In this same section, as a fundamentally different application of Morse theory,
Cartan’s theorem on simply connected complete Riemannian spaces of non-
positive curvature is proved.
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9.1 Path spaces

9.2 Spaces of piecewise smooth curves

9.3 Reduction theorem

9.4 Homotopy type of spaces ﬁ(p, q)

9.5 Applications to Topology. Freudenthal’s The-
orem

Remark 9.1. It can be shown that the generalized Freudenthal theorem is valid
even without the above-mentioned conditions (ensuring weak nondegeneracy of
geodesics). However, such a strengthening of this theorem is of little interest,
since these conditions are satisfied in all known applications of it to date.

9.6 Applications to the Geometry of Riemannian
Spaces. Theorems of Morse and Cartan

Remark 9.2. Using powerful methods of modern algebraic topology, Serre proved
that for any manifold M not contractible to a point, the Betti numbers b, of
its loop space are nonzero for an infinite number of values of n. Consequently,
Morse’s theorem holds not only for spaces homotopy equivalent to a sphere, but
also for any Riemannian complete space not contractible to a point. A proof of
Serre’s theorem is beyond the scope of this book.

This remarkable theorem is due to E. Cartan. It is one of many theorems
linking the topological properties of Riemannian spaces with the properties of
their curvature tensor. The reader can find other theorems of this type in the
relevant literature.



History and literary
commentary

Chapter 1
Chapter 2
Chapter 3
Chapter 4
Chapter 5
Chapter 6
Chapter 7
Chapter 8
Chapter 9
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