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Preface

A word from the transcriber

This is a study memo of “Cohomology Theories” by Eldon Dyer. It is rather
amazing that this succinct account on the subject was published in 1969, more
than fifty years ago.

The preface by Dyer

Let & be the category whose objects are finite cell complexes and whose maps
are continuous maps. Let P2 be the category of pairs in P; i.e., pairs (X, A)
where X is a finite cell complex and A is a subcomplex of X , and maps are
continuous maps of pairs. Let G be the category of abelian groups and homo-
morphisms.

Let T : 9?2 — 92 be the covariant functor defined by

T(X,A) = (A,9) for (X,A) € P*extand
T(f) = flae) : (A,2) — (B, ) for

amap f:(X,A) = (¥,B) in P2.
A cohomology theory on & is a sequence of contravariant functors

H": 2?5 G
and a sequence of natural transformations
" :H" 'oT — H"
subject to the conditions

1) If fo, f1 € P and fy = f1, (= means “is homotopic t0”), then H"(fy) = H"(f1)
for all n;

2) If (X; A, B) is a triad in & (all possible pairs of X, A, B, AUB and AN B are
in #) and X = AU B, then for the inclusion map k : (A,AN B) — (X, B),

H"(k) : H*(X,B) — H"(A,AN B)

is an isomorphism for all n; and
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3) If (X,A) € ? andi: (A,2) — (X,2) and j : (X,®) — (X,A) are the
inclusion maps, then the sequence

n H"(j Hn(i
S HEY A ) S B x, A) Y i (x, o) 2 AL o) - -

of the pair (X, A) is exact.

These conditions are exactly the Eilenberg-Steenrod axioms for cohomology
except we omit the condition

H'(pt,0) =0 for i # 0.

Recall that with this extra condition, one has the singular cohomology groups
with coefficients in H°(pt,0). We shall speak of our cohomology theories as
having coefficients in the graded system {H"(pt, @)}.

In these notes we discuss such cohomology theories. It has been clear for the
past two or three years that they furnish a strong tool for analysing manifolds.

The notes are divided into four chapters. The first deals with generalities of
such theories: axiomatics, origins, spectral sequence of a fibration, multiplicative
structures, orientation of bundles, Poincare duality, and a type of generalised
Riemann-Roch theorem. The second studies the unitary group and character-
istic classes of complex vector bundles. The third discusses an example: the
Grothendieck ring K2 (). The fourth is concerned with applications: the J-
homomorphism, maps of Hopf invariant 1, and properties of stable homotopy.

There are also three appendices, discussing more briefly the cohomology
theory K7, and the J-groups.

The author wishes to acknowledge here his appreciation of Walter Daum for
assistance in preparing these notes.
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Chapter 1

Structure of Cohomology
Theories

1.1 Axiomatics

1.1.1 Eilenberg Steenrod axioms for (generalised) coho-
mology
A (genealised) cohomology theory h* on T ¢z? (or any nice subcategory like
compact pairs, pairs of CW-complexes, etc,) is a collection of
contravariant functors
W' T on® —dé, nel
where &/# denotes the category of abelian groups, and

natural transformations
6nljnOR—)hn+1
where R : Ton? — T o7? is the functor that sends (X, A) to (A, @) and
f to f|a, satisfying the following axioms:
(i) Homotopy invariance. If f ~ g then h"(f) = h"(g) for every n € Z.

(ii) Ezcision. For every pair (X,A) and U c A such that the closure U
is contained in the interior A°, the inclusion (X \ U,A\ U) — (X, A)
induces and isomorphism

' (X\U,A\U) = h"(X,A) forevery nc€Z.
(iii) Ezactness. For every pair (X, A), consider the inclusions i : A — X

and j: (X,2) — (X, A). Then there is a long exact sequence

n-1 7 i*
oA S A Do) S o)

i*

L o(x, A) D oo S otia) o -

1
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1.1.2 Three Theorems

The three theorems which follow can be proved just as in Eilenberg and Steen-
rod, but a simpler proof for the third due to M. Barratt and J. H. C. Whitehead
is indicated.

Theorem 1.1 (Exact Sequence of a Triple). If (X; A, B) is a triple, then the
sequence

¥
S HYYAB S HN X, A) D HN(X,B) S H'(A,B) — -
1s exact, where ® and ¥ are induced by the inclusion maps and A is the compo-
sition
H" Y(A,B) - H" Y(A, @) — H"(X, A).

Theorem 1.2 (Exact Sequence of a Triad). If (X;A, B) is a triad, then the
sequence

S HYYAANB) S HYX,AUB) D H'(X,B) 5 H'(A,ANB) — - --

is exact, where ® and ¥ are induced by the inclusion maps and A is the compo-
sition

H™ Y (A,ANB) 5 H" \(AUB,B) — H" '(AU B,2) > H"(X, AU B)

Theorem 1.3 (Mayer-Vietoris Theorem). Let (X;A, B) be a triad with X =
AU B. Then the sequence

¥
S H'Y(ANB,2) S HY (X, 0) D H'(A, 2)@H" (B, 2) - H"(ANB,2) — --- .
is exact, where the homomorphisms are defined as in the proof.

Lemma 1.4 (Barratt-Whitehead lemma). ! If the diagramme of groups and
homomorphisms

fi 8i h; fi+
A; B; Ci Ajp1 > Bis
ait lﬁi l%‘ laiﬂ lﬁnl
A/ ; By’ < G " Ajn . B

1s commutative, the horizontal sequences are exact, and the y; are isomorphisms,
then the sequence

i»fi ’ i—Bi s h,—yi‘lg;
._)Al(a—f))Al®Bli—ﬁ_)B____)Al+l_)

18 exact.

1See The First Non- Vanishing Group of an (n+1)-ad M. Barratt, J. Whitehead Published
1 July 1956 Mathematics Proceedings of The London Mathematical Society
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The Mayer-Vietoris Theorem follows by applying this lemma to the following
diagramme, in which the isomorphism is condition (ii) in the definition of a
cohomology theory (§§1.1.1).

o> HY(X,0) — H" Y (A,0) —— H"(X,A) — H"(X,0) — H" (A, Q) —> - --

| \ I= |

o> H"YB,2) > H"Y(ANB,2) = H"(B,ANB) > H"(B,?) = H'(ANB,2) > - -

1.1.3 Reduced Cohomology Theories

Let &) be the category of finite cell complexes with base point and continuous
base point preserving maps. A reduced cohomology theory is a sequence

H" : 90 - o
of contravariant functors and a sequence
0'":Hn+102—>Hn

of natural transformations subject to three conditions.

Construction of spaces

Before stating these conditions we recall some important constructions. Let
(X, x0) and (Y, yg) be in HAy.

The wedge (X VY,x*) € Py is the subspace (X X yg) U (xg XY) of X XY with
X Xy = as base point.

The smash (X#Y,x*) € P is the factor space (X XY)/(X VY) with base point
the image of X VY.

The reduced suspension For (X,xg) = (S',1), the unit circle {z € C||x| = 1},
X#Y = XY is the reduced suspension of Y. X is a covariant functor from
Py to Py with Z(f) =id#f, id : S' — S! being the identity map.

We define p : P? — Py by p(X,A) = (X/A,*), where for A = @ , X/o = X*

the disjoint union of X and a distinct point +, to be taken as the base point in

p(X,2) = (X,+). The reduced cone CA U X of a pair (X,A) with x € A c X

consists of X together with a cone over A with the interval from the base point
collapsed to the new base point (the “whisker construction”); i.e.,

CAUX ={(1,(0)#(A, %)} UX.
Note that p : (X, A) — (X/A, %) factors through (CA U X, *):

C(X,A
x.4) SEY (caux, o B (x/4, %)
where C is the cone functor and % identifies CA with the base point. As (X, A)
is a finite cellular pair, it has the homotopy extension property, so the map
(CAUX) — (X/A) is a homotopy equivalence.
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Axioms for a reduced cohomology theory

We are now ready to state the conditions for a reduced cohomology theory.
A reduced cohomology theory is a sequence

H": Py — o
of contravariant functors and a sequence
o B oy — |T
of natural transformations such that
1) If fo, f1 € Py and fy = f; in Py, then H™(fy) = H'(f,) for all n;
2) o™(X) : H"(£X) — H"(X) is an isomorphism for all X € Py; and
3) If (X,A) € P? and = € A, then the sequence

H" (P)

H"(X/A) —— H"(X) L B ()

is exact at H"(X) for each n, where p : X — X/A is the map collapsing A to
a point and i : A — X is the inclusion map.

The condition 3) for reduced theories appears weaker than the correspond-
ing condition for non-reduced theories. However, we may deduce the following
condition
3) If (X, A) € P? and * € A, then the sequence

i) 2 g xa) TP, gy 21O,

H"(A) —
is exact, where A" ! is the composition

on-1 1 H" (k - —
a1(A) % A za) 8 frcau x) - B (x/A)

and k : CAU X — XA is the map collapsing X to a point. _
_ To see the exactness at H"(X/A) we observe that H" 1(A) - H*(CAUX) —
H"(X) is equivalent to

H"(ZA) -» H'(CAU X) > H"(X)

and 3) applies since (CA U X)/X is homeomorphic to £A. To see the exactness
at H" '(A), we observe that H"(X) — H""'(A) — H"(X/A) is equivalent to

H'(2X) —» H'(ZA) » H'(CAUX)

and 3) applies since XA has the homotopy type of CX U (CA U X) and (CX U
(CAUX))/(CA U X) is homeomorphic to ZX.
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Theorem 1.5. There is a natural 1-1 correspondence between theories {H, 0}
and {H,o} given by the commutative diagramme

—>90

N

Proof. For (X,A) € 912 and a reduced_theory {H,o} define (aH"(X,A) =
H"(X/A); define 6 : (¢H" ") (A, @) — (¢H™)(X, A) to be the composition

H"(p)

H" 1(A*) & H”(EA*) H'(X*/A%) = H'(X/A).

This system satisfies the cohomology axioms; in particular, ¢ is the image of A

under a.
For (X, *) € & and a theory {H, ¢} define (BH™)(X) = H" (X, {*}) and define
o to be composition of the isomorphisms

H™"(X),{*}) = H"™"(CX, X) = H""' (X, {}),

where the first isomorphism is given by the exact sequence of the triple (CX, X, {x})
and the second is a special case of more general isomorphism

H'(X,A) = H"(X/A,{));
this is given by the composition
H"(X/A,{x}) > H"(CAUX,CA) - H" (X, A),

where the first homomorphism is an isomorphism since the pairs have the same
homotopy type and the second is an isomorphism by the exact sequence of the
triad (CA U X;X,CA). The system {BH, o} satisfies the axioms for a reduced
cohomology theory; in particular, axiom 3 is a consequence of the exact sequence
of a triple.

It is clear from the constructions that Ba{H,o} = {H,o} and oB{H,5} =
{H,5}. O

1.1.4 Spectra

A spectrum X is an indexed family {X;};cz of spaces with base point together

with a family of base point preserving maps f; : ZX; — Xji1.

Example 1.6. a) S is the spectrum with X; = S, the i-sphere and f; : S/ —
S*1 the identity.

b) For an abelian group G, # (G) is the spectrum whose i-th space is
K(G,i) i>0

pt i<0
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From the canonical homotopy equivalence K (G, i) 5 QK (G,i+1), we obtain
the maps ZK(G,i) —» K(G,i+1).

c) For X a space with base point, &(X) is the spectrum with i-th term XX.
Thus, §(S°) = S.

d) For X a space with base point, and % a spectrum, the spectra X#% and
Y #X are given by {X#Y;} and {Y;#X}. In particular, we have the spectrum

Y =S'HY.
e) For & a spectrum, 27 is the spectrum with i-th term (X9); = X 41.

We shall see that spectra define cohomology theories. Let [A, B] denote
the set of homotopy classes of base point preserving maps. For A € 9 define
{A, X} to be

li_I)n( [Z’nA7 Xn]7 ln)7

where for a € [Z"A,X,,] , i"(a) € [Z"T A, X,,,1] is the composition

syrA 2 sx I xo

For n > 1, [¥"A, X] is a group and i, is a homomorphism; for n > 2, [X"A, X]
is an abelian group. Thus, {A, 2’} is an abelian group.

Define the homomorphism o : {A, 2L} — {ZA, L'} to be the direct limit of
o [Z"A, X, ] - [E"2A, X,41], where o = i". We can take this limit since o,
and the i" commute. o only shifts {A, 2’} over one in itself; so we have clearly

Lemma 1.7. o : {A, 2} 5 {ZA, X1}

For g : A — B in %Py, composition defines a homomorphism g* : {B,Z'} —
{A, 2},

Lemma 1.8. (id)* =id; (go f)* = f*og*; if f =g in Py, then f* = g*.
Lemma 1.9. For € BCY, ¥"(CBUY) is homeomorphic to C(X"B) U (£"Y).

It suffices to prove this for n = 1, but that is clear from the definitions.

Lemma 1.10. For € BCY, and BLy 2L Y /B the inclusion and collapsing
maps, the sequence {Y /B, X} Lz, {Y, &'} 5 {B, X} is exact at {Y,X}.

Proof. For X a space with base point
[CBUY,X] — [Y,X] — [B,X]
is an exact sequence of sets. Thus, by Lemma 1.9
[Z*(CBUY), X,] — [Z"Y, X, ] — [Z"B, X,]

is an exact sequence of groups; but exactness commutes with direct limits and
CBUY and Y/B have the same homotopy type. The lemma follows. ]
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Theorem 1.11. For a spectrum and a space Y € Py, HI(Y;: ) = {Y, Xy} and
o HWYZY; ) — HY(Y; ), the inverse of the isomorphism of Lemma 1.7,
define a reduced cohomology theory.

A map F : X — ¥ of spectra is a collection f; : X; — Y; of maps of the
terms of the spectra which for i sufficiently large homotopy commute with the
defining maps of the spectra:

X, —= > 3Y,

|

Xiy1 —=Yi

Spectra have the role of coefficients in these cohomology theories and maps
of them induced “coefficient homomorphisms”; i.e., natural transformations of
theories.

We cite without proof the following result of E. Brown [18]:

Theorem 1.12. If H is a reduced cohomology theory on Py and HI(S®) is
countable for all g, then there is a spectrum % such that H*(-) and H*(-; Y) are
naturally equivalent. Furthermore, % can be found so that the map Y,, — QY41
induced by XY,, — Y,41, 15 a homotopy equivalence (% is an Q-spectrum).

1.2 Spectral Sequence of a Fibration

1.2.1 Exact Couples

Some familiarity with exact couples is assumed and we only review briefly the
basic definitions, notation and propositions.

For each pair (p,q) of integers we are given abelian groups AP9 and CP-4
and homomorphisms f, g and & so that the “p-sequence”

“1,q-1 h -1 8 1 f _1,q h 8
coe > APLa-1 I opia-l 25 pAPa-1l Ly pAP-la I oPd 25 AP 5 L

is exact.
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We arrange these sequences in the following diagramme:

APYrar Cp+r+1,q—r
f
Ap+r—1,q—r+1 h Cp+r,q—r+1
f

CPJ]*l % AP,Q*l

cra-l 8 _ pp-lg__h cPa g AP-4
S ﬂf

AP-2.q+1 h cr-1l.a+l 8 AP-La+l h=> cr-p+l
S S

Cpfr,q+r71 8 Apfr,q+r71

f

Cp—r—l,q+r g Ap—r—l,q+r

The sequence in the bold arrows is the p-sequence and the sum of the indices
in each column is constant.

We define

zZP? =g (im V) c €P4  and
BP? = p(ker f~V) c cPA.

Then we can define 6, : ZP*9 — CP+ra=r+l | pP¥ 4=+ ¢ 1o o (fr=1)=1o g
Letting EX*? = P9 /B29 | we see that 6, induces a homomorphism

. P4 p+r,q-r+l
d, : E." — Ef .

Furthermore, d, o d, = 0 and so the homology groups % (E,, d,) are defined as
usual. Exactness in the diagramme at AP ~1477+1 and AP~"4* =1 imply that
H(E,,d.)=EP1

r+l-
The sequence of groups {EF*?} and differentials d, is the spectral sequence
of the exact couple (A,C), A = @, 4AP? and C = &, ,CP9.



1.2. SPECTRAL SEQUENCE OF A FIBRATION 9

Define

zE =g () c e,
BYY = h(U, ker f))CP4,
Ep’q — Zp’q/Bp’q.

For p + g = n, define A" = liLn(Ap’q,f) and F,A" = ker(A" — AP>?). Then
Fp(A") 3 Fpyr (A7),
If the following two convergence conditions hold

1) AP-Ta*r L AP-r-Latr+l iq 0 for r > v(p,q), and

2) APHG=r L APTT—La-r+l g ~ for p > v(p.q),

then ZP? = zZP9 and B”? = BL? for large r and EP*? = EPY = Fp_1(A™)/F,(A™),
n=p+gq.

We note that the spectral sequence is a covariant functor on exact couples;
ie., if F:(A,C) - (A,C) is a map of exact couples, then there are induced
maps

E.(F):E, > E,

of spectral sequences with the appropriate functorial properties. If the conver-
gence conditions hold and some E,(F) is an isomorphism, then all succeeding
ones are and A, = A,

1.2.2 Spectral Sequence of a h*-fibration

Let 7 : E — B be a continuous map of spaces in &; assume B is connected. It
suffices to consider the case in which E and B are finite simplicial complexes
and 7 is simplicial, for this is equivalent to the general case up to homotopy.

If {h"} is a cohomology theory, define AP-4 = hP*4(x~*(BP))), where BP)
is the p—skeleton of B, and CP-9 = h?*4(x~1(B(P)), n=1(BP~1)). These groups
form an exact couple satisfying the convergence condition. Since E is finite
dimensional, A" = h"(E).

We shall say 7 is an h*-fibration if for each simplex A f B and each vertex
v of A, the homomorphism A*(n7(A)) — h*(n~1(v)) induced by inclusion is an
isomorphism. A Serre fibration is an H*-fibration, where H* is ordinary singular
cohomology, and we will see later that an H*-fibration is an A*-fibration for any
cohomology theory h*.

To simplify the notation in what follows, we will write {X, Y} for ' (z~1(X), 7' (Y))
when ¥ ¢ X ¢ B. We assume throughout the remainder of this section that x
is an h*-fibration.

Lemma 1.13. For simplices A ¢ A C B, the homomorphism {A}* — {A'}*
induced by inclusion is an isomorphism.
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Proof. The diagramme

(A} A’y

N

{v}"

commutes because the homomorphisms are induced by inclusion, and the two
lower homomorphisms are isomorphisms. O

Define a k-box to be either a k-simplex or the union of members of a non-
empty collection of (k — 1)-simplices of a k-simplex which does not include all
of its (k — 1)-simplices.

Lemma 1.14. If D' c D are bozes in B , the homomorphism {D}* — {D'}*
induced by inclusion is an isomorphism.

Proof. The argument is by induction on the dimension of the smaller box D’.
It suffices to give the proof when D is a simplex, because each box is contained
in a simplex. By Lemma 1.13 the conclusion follows if D" is also a simplex.
Suppose D' = Dq U Do, where Dy is a box and D5 is a simplex. hen D1 N D5 is
a box of lower dimension than that of D'. Hence, by the induction assumption
and Lemma 1.13, the indicated homomorphisms in the diagramme

{D} ———= (D'}

{D2} ——={D1 N Dy}"

are isomorphisms, and the diagramme commutes since all homomorphisms are
induced by inclusions. O

1R

Lemma 1.15. If v, is the last vertex of the p-simplex A, then {A,,,Ap}p+‘1
{Vp}q'

Proof. Let £i denote the box containing all (p — 1)-simplices of A, except A;,
the face opposite the i-th vertex. By the cohomology sequence of the triple
{Ap,Ap, 20} and Lemma 1.14,

{Ap, AP+ = (A, L0}PHIL,

By excision {A,, 20}P*471 = {A?,,A?,}P“f‘l. Continuing this procedure, we get

{Ap, A Y = (A, L0}P* 7 = = (v, 0}4.
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A system € of local coefficients over B is a function from simplices of B to
abelian groups, A — G, together with a function from pairs (A,A’), A" C A, of
simplices of B to homomorphisms

nAA, : GA' — GA
such that
1) gy =1if A=A" and
2) Naw ©Maar =an A" CA CA

A p-cochain fP with coefficients in & is a function which associates with
each p-simplex A an element of Gx; the p-cochains form an abelian group by
coordinate addition, CP(B;¥%). There is a homomorphism

§:CP(B;%) - CP*Y(B;%)

defined by
p+1

6fP)(Ap+1) = Z ”AmlA{,ﬂf”(AﬁAl)'
j=0

As usual one computes that 6 o § = 0 and defines cohomology H”(B;¥) with
local coefficients as ker 6/im § in dimension p.

In the spectral sequence arising from the exact couple of an A*-fibration one
has

E{Lq = (P4 = {B(P)’B(P—l)}l’ﬂ]

~ GBAPCB{AP,AP}””’, by excision

= ®p,c8{va,}’, by Lemma 1.15,

= CP(B; h(F)),
where h?(F) is the local coefficient system defined by the function A, — {va,}?
with v, the last vertex of A,. For Ay ¢ A, the homomorphism (in fact isomor-
phism)

Ny, vag 3t — {va, 4
is defined via the inclusion isomorphisms with {[va,,va,]}?, where [va ,va,]
is the l-simplex from v, to va,. That this is a local coefficient system then
follows from the first axiom in 1.1.1 for the cohomology system {h9}. Finally,

we note that since B is connected, {v¢} is the same group h9(F), F = n~1(v),
for all vertices v of B. Thus, we have defined an isomorphism

Apg: EP? S CP(B; h9(F)).
Theorem 1.16. A,.1 4 0dy =04, 4: that is, the diagramme

d
p.q 1 p+l.qg
E - — - FE

1 1

/117,11 j l’llﬂ'lﬂ

CP(B; h(F)) —5> CP*'(B; h (F))
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18 commautative.

Proof. By naturality of the spectral sequence of an exact couple and of the
isomorphisms A, 4, it suffices to prove the assertion in the case B = Apyq.
Consider the composition @it of

1 i . S .
}p+q ‘_> {Ap+1’A§+1 }p+q - {Ap+1} - {Ap+1,Ap+1}P+q+1~

{Ap+1’ p+1

By the cohomology sequence of the triple {Ap+1,Ap+1, ¢i} and Lemma 1.14, the
homomorphism A : {Ap+1, Li}P* — {Ap41,Aps1 }PTIYY s an isomorphism. By

p+ + : ;
excision, {Ap+1, p+1} 9 = {Ap+1 £i}P*4. From the commutative diagramme

{Ap+1’ p+1 }p+q — {Ap+1}

T

J1 {Ap+1, Ap+1}p+q+1

i

{A lp+1}p+q —— {Ap+1’ U-}p+q

p+1°

it follows then that gofv .1 Is an isomorphism.
The differential d; : E? — Ef“’q is the composition 6 o i*. For fP €
CP(B; h1(F)),

p+1
/lp+1,qd1/l;),1q (fp)(ApH) = Z ‘P;;pr (A;;+1)-
i=0

Thus, we wish to show that ¢’ i1 = (= 1! TN
For i = 0 consider the triad {Ap.1,

p+1

p+1,40}

0——{A°

{Ape1, L0} —————— (A }PH

0 + a A p+q+l
F R L |

By the proof of Lemma 1.15, a is 7, a0 5 it is also @01
Assume goi = (—1)i77A Iy for j<p+landforj=p+1andi<k. Let AZ’fl_l
k.k
dT(ilnote the (p — 1)-simplex opposite the edge (k,k —1). Let f? € CP~1(A" il -1,
en

k-1 1y ak k-1 k-1
(D gy PHAGSTD o AL

T e Lt P bk
o O g a7 A Do Ay
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Since dy o dy =0,

0= /lp+1,qd1/l]_g,lq/lp,qd1/l;,1_1,q(fp_l)(AI;’.fl_l)

_ k k-1 1/ ak,k=1 k k-1 1/ Ak,k=1
= 90p+1((_1) UA‘I;;:%A’;fl—lfp (Ap+1 ) + ‘)Dp+1((_1) UAZHA’;:fl—lfp (Ap+1 )
1, k. k— . —1 Ak k—
= altet ST A + @ (CD g i fP7HAET)
Thus,

1, Ak k-
‘P§+1(7]A£+1A’;;fl*1fp 1(Ap+1 1)) = (_1)k77Ap+1A;" (nAk

n+1 p+1

p—1 k,k—1
Af,fflf (A]H.l ))

Hence,

k _ k
Ppa1r = (C1a,at -

[m]

Corollary 1.17. The chain complezes E{?, di and {CP(B; h%(F)), 6} are nat-
urally equivalent.

Corollary 1.18. In the spectral sequence of the h*-fibration m : E — B, the term
Eg’q is naturally isomorphic with HP (B; h9(F)), where the latter is ordinary
cohomology with local coefficients.

To summarise the results of this section, there is a functor from the category
of h*-fibrations (f — E 5 B) to the category of exact couples; by composition,
then to the category of spectral sequences. There is a natural isomorphism
E% = HP(B;hi(F)), in which h?(F) is a system of local coordinates. Fur-
thermore, {EZ?} is the associated graded system to a filtration of 4*(E). The
spectral sequence is also natural with respect to transformations of cohomology
theories.

In particular, if 7 : X — X is the identity map, then E5? = HP(X; h?(pt))
and E2'? is associated to a filtration of 2*(X). This relation can sometimes be
exploited to compute or to deduce properties of A*(X).

1.2.3 Applications of the Spectral Sequence

Proposition 1.19. If v : hi* — k* is a natural transformation of cohomology
theories and T : h*(pt) — k*(pt) is an isomorphism, then t : h*(X,A) —
k*(X,A) is an isomorphism for all pairs (X, A).

Proof. The transformation 7 induces a homomorphism of the spectral sequence
ofid : X — X in the h*-theory into that in the k*-theory. The hypothesis implies
this is an isomorphism at the E5 level and thus for 2*(X) into £*(X). For a pair
(X,A), we consider CA U X. O

Proposition 1.20. If f : B — B’ so that f : H*(B') — H*(B) is an isomor-
phism for ordinary singular cohomology (integer coefficients), then f, : h*(B) —
h*(B) is an isomorphism for any cohomology theory h*.
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Proof. The map f induces a map f of the identity fibration B — B into B° — B’
and thus a map of the spectral sequences of these fibrations. In particular, the
naturality of the universal coefficient sequence and the five lemma imply

ED?(f) : HP (B, h(pt) — H” (B'; h* (pt))
is an isomorphism. The conclusion follows. O

Note that this implies our earlier remark that an H*-fibration is an h*-
fibration for any cohomology theory A*.

Proposition 1.21. If hi(pt) = 0 fori # 0, then the cohomology theory h* is nat-
urally equivalent to singular cohomology with coefficients h°(pt), H*(—; h°(pt)).

Proof. The spectral sequence collapses and we have

HP(B;h°(pt)) = E'? = EP* = F,,_1h”(B)/F,h? (B) = h” (B).

Proposition 1.22. H"(B;G) = [B,K(G,n)].

Proof. The groups {B, % (G)} give a cohomology theory k* in which k°(pt)
li_n)l[S”,K(G,n)]. The composition

R

[S".K(G,n)] = [S",2K(G,n+1)] — [E8™,K(G,n + 1)]

is the isomorphism [S",QK(G,n + 1)] — [ZS",K(G,n + +1)]. By definition
each of these groups is G. In other dimensions k’(pt) = 0. Thus {B, ¥ (G)"} =
H"(B;G). The object on the left is li_n>1[2"B,K(G,n +1)]. As seen above, these
groups are isomorphic and are mapped isomorphically. Thus [B, K(G,n)] =
{B,#(G)"} = H"(B;G).

ol

It is interesting to note this proof does not use obstruction theory.

1.2.4 The “Universal Cohomology Theory”
For pairs (X, A) and (Y, B), define

n;'.(X,A; Y,B) = li_r)n[Z”"(X/A),Z””(Y/B)].

n

For fixed j and (Y, B), this is a cohomology theory.
For an arbitrary cohomology theory h define

T: 75 (X, A;Y,B) x h*(Y[B) — h*"' 7/ (X/A)

as follows:
for f € [f] € [Z/*N(X/A),Z*N(Y/B)], the composition

hk(Y/B) N hk+i+N(2i+N(Y/B)) N hk+l+N(ZI+N(X/A)) N hk+i—j (X/A)
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defines the pairing 7 since it is independent of the representative f in the class
of the limit. The pairing is bilinear; and so, induces

T:75(X, A;Y,B) @ h*(Y/B) — W'~/ (X/A).

In particular, for j = 0 and (Y, B) = (S°, pt), nj.(X,A;Y, B) = 1'o(X, A), the
cohomology theory called stable cohomotopy. Then for each n

t@l: ) m(X,A)@h/(pt) ®Q — h"(X,A) 8 Q

i+j=n
is a natural transformation of cohomology theories.

Theorem 1.23. The transformation

Tel: Y x(X,A) @ (pt)®Q— h"(X,4) 8 Q

i+j=n

is a natural equivalence of cohomology theories, where Q denotes the rationals.
Thus, up to torsion rt'c is a “universal cohomology theory”.

Proof. By Proposition 1.19 it suffices to verify the conclusion for (X,A) =
(89, pt). But 7% (S?, pt) is a torsion group for i # 0 and is the integers Z for i = 0
by a theorem of Serre since the stable cohomotopy groups of spheres are isomor-
phic to the stable homotopy groups of spheres. Then 7 ® 1 is an isomorphism
for (X, A) = (S, pt). O

The maps S" — K(Z, n) generating the homotopy of K(Z, n) induce a map of
spectra & — F (Z). By Proposition 1.22 this induces a natural transformation
of cohomology theories ‘ 4

me(=1) = H'(-).

For a cohomology theory h* define the “generalised Chern character”

Ch: h"(X,A) — Z H (X, A; b (pt) ® Q)

i+j=n

to be the composition

WX A) - WX AR T N (X, el (p) - > H(X, A b (ph)®Q).
i+j=n i+j=n

Corollary 1.24. The transformation

Ch®l: h"(X,A)®Q — Z H (X, A; Y (pt) ® Q)

i+j=n

is a natural equivalence of cohomology theories. It is also natural under trans-
formations of cohomology theories h* — k*.
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Proof. Proposition 1.19 implies the result since it is clearly true for (X,A) =
(SO’ pt) O

Corollary 1.25. Let h and k be cohomology theories, with k a Q-module valued
functor. Then for
¢ : h"(pt) — k™ (pt),

there is a unique natural transformation
D:h(-) > k()
of cohomology theories extending .

Proof. Consider the diagramme

B (X, A) —= I"(X, A) € Q ——= > H*(X, A; " (pt) 8 Q)

) l‘f’
k(X A) — k" (X,A) @ Q — > H"(X, A; K" (pt) ® Q)

The homomorphism @ is defined by means of the diagramme; it is unique since
any such homomorphism must factor through 2* ® Q. O

1.3 Multiplicative Cohomology Theories

1.3.1 Preliminaries

A cohomology theory h* is multiplicative if for each (X, A) and (Y, B), there is
a homomorphism

®:h(X,A)®h (Y,B) » h"/(XxY,XXxBUAXY)

which is associative, (graded) commutative (i.e., u' ® v/ = (=1)¥v/ ® u') , nat-
ural under maps of pairs, has a unit 1 € #°(S°, pt), and makes the following
diagramme commute:

h(A)®h/(Y,B) ——=—> hi*/(AXY,A X B)

I

5x1 Wt (AXYUX X B,X xB)

|+

(X, A) ® W (Y, B) ——= h™/* (X x X X BUA XY)

The homomorphism 7y is excision and the ¢ on the right side is that of the
cohomology sequence of the triple (X XxY,A XY U X X B).
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If (X; A, B) is a triad, the external pairing just described defines an internal
pairing
h(X,A)®h/(X,B) —» " (X,AUB)

sending (u,v) into u U v. This pairing is the composition

W (X, A)® (X, B) S h*/ (X x X, X x BUAXY) 25, hi*i (X, AU B),

where A : X — X X X is the diagonal map.
This internal pairing has the properties

1. If A=B, h*(X,A) is a ring;
2. If A=B =g, h*(X) is a ring with unit;

3. If B=a, h(X,A) is an h*(X)-module; and

4. h*(A) > h*(X, A) is an h*(X)-module homomorphism.

Conversely, given an internal pairing U, there is an external pairing ® defined
by
xX®y=pxUqy,

where x € h*(X, A), y € h/ (Y, B) and p and g are the projections of (XxX, AXY)
onto (X,A) and (X XY, X x B) onto (Y, B), respectively.

Further, if we are given a natural internal pairing U on A*(X, A) for all pairs
(X, A) € P? which satisfies 1, 2, 3 and 4, we can define an external pairing by
the following device.

Let i1 and i» denote the injections of (X,*) and (Y, *) in (X XY, %) and p;
and ps the projections of (X x Y, *) onto (X, *) and (Y, *). For u € h'(X,*) and
v € W/ (Y,*), the element piuJpsv € hi*/(X x Y, ). Since pyoiy : (X,*) —
(#, %) € (Y, %),

i1 (pru U pav) = i1pu U (0) = 0.

Similarly, i3 (piu U piv) = 0. Thus, the element ptu U piv lies in h'*/ (X#Y, «).
We define u ® v = pjuUpiv € /(X XY, X x*Ux*xY). For (X,A) and
(Y, B) we make the same construction on (X/A, =) and (Y/B,*) and use the
homeomorphism (X/A)#(Y/B) = X XY /(X XBUA XY). It can be checked that
this is an external pairing.

We note that if X =Y and A : X — X x X is the diagonal map then since
p1A =p2A=id,

A" (u®v)=A"piuUA"ApLy = u Uv;

and so, the previous process for obtaining an internal pairing from an external
one when applied to this external pairing yields the internal pairing we started
with.

In A" (S", *) define a class ¥" to be (Z")*(1) where 1 is the unit of #°(SP, *)
and (X")* is the suspension isomorphism h°(S°, ¥) — A*(S™, *). In cohomology
with the dimension axiom, y is a generator of A" (S", x).
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Proposition 1.26. The diagramme

RS x X, S" X AU (%) x X)

hi(X,A)

R (EM (X A), %)

113

18 commutative, where y"x denotes external multiplication by y" and the vertical
homomorphism is an excision isomorphism.

Proof. Tt suffices to prove this for n = 1 for it will then follow that y" = y!xy"~ 1L,
Consider the following diagramme.

hO(S°, %) @ h (X, A) — = R (S"x X, () x X US" x A) ——— > K (X/A, %)

(€S, S%) @ hi(X,A) — h(CSY x X,SY x X U CS® x A) —— Wit (Z(X/A), %)

R (SY, ) @ W' (X,A) ——= h""(S' x X, (x) x X US! x A)

The upper line gives (Z')* and the lower line y'(-). Commutativity is clear
except possibly in the upper left-hand corner, where it holds by definition of the
external product. O

Proposition 1.27. Let h* and k* be multiplicative cohomology theories. If
kO(pt) is a Q-module, then k* can be made a Q-module valued functor. If
¢ : h*(pt) — k*(pt) and © is the unique extension of ¢ as in Corollary 1.25
of Theorem 1.23 and if ¢ is a multiplicative homomorphism, then ® is also
multiplicative.

Proof. k* can be made a Q-module valued functor because k%(X,A) ® k°(pt) —
ki(X,A).
In the diagramme

h*(X,A) ® h*(Y,B) ———= h* (X xY,X x BUA xY)

| |

(X, A)h"(Y,B) @ Q——=h"(XXY,XXBUAXY)®Q

00| |o

K*(X,A) ® k*(Y,B) ———= k*(X XY, X x BUA XY),
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for a fixed pair (¥, B) all terms in the lower square are cohomology theories in
(X, A) and all homomorphisms are natural. By Corollary 1.25 the two composi-
ties around the square will agree if they agree for (X, A) = (S% ). But with
(X, A) fixed, all terms are cohomology theories in (¥, B), and the same argument
holds. To prove commutativity it then suffices to prove it in the case (Y, B) is
also (SP, *), but this is just the hypothesis that ¢ is multiplicative. O

1.3.2 Dold-Thom-Gysin Theorem

Theorem 1.28. Let h* be a multiplicative cohomology theory and let F 4

E S B be an h*-fibration. Suppose there are elements aq,...,a, in h*(E)
such that (i*aq,...,i%a,) is an h*(pt)-base for h*(F) as an h*(pt)-module, then
(a1,...,ar) is an h*(B)-base for h*(E) as an h*(B)-module.

Proof. The h*(B)-module structure of 4*(E) is defined by 7* as the composition
h*(B) ® h*(E) =25 1h*(E) ® h*(E) > h*(E).

Let C and C’ be the exact couples of the fibrations id : B — Band 7 : E — B,
respectively. The homomorphism

p:CoCoCad---aC—C

defined by p(41 @ --- @ A,) = X/, 7°(;)a; is a map of exact couples since 7 is
a fibre preserving map of fibrations
B

]

B——B

T
—_—

and pis an h*(B)-module homorphism commuting with the coboundary operator
in the two couples.

Since (i*ay,...,i*a,) is an h*(pt)-base for h*(F), at the E;-level of the spec-
tral sequences, the homomorphism

CP(B;h*(pt)) ® ---® CP(B; h*(pt)) — CP(B; h*(F))

induced by p is an isomorphism. Thus, p induces isomorphisms on E, terms of
the spectral sequence and consequently we have the isomorphism

h*(B)® - @& h*(B) — h*(E),

defined by linear combination with the a;. Thus, (ai,...,a,) is an h*(B)-base
for h*(E). O

The Theorem 1.28 has a relative version. Conceptually, it involves nothing
new except complicated notation. Thus, we will only define the relevant exact
couples and state without proof the theorem for the relative case.
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Suppose E' € E and 7 : E — B such that for each vector v of a simplex A of
B
R (xY(A), pi T (M) NE') = h*(x ' (v), 7' (v) N E")
is an isomorphism. Then (E, E',x, B) is a relative h*-fibration with relative fibre
(F,F') = (n7*(v),pi"*(v) N E’). Let B" be a subcomplex of B. We can then
define an exact couple as follows:

AP = pP¥ ([ (B U (BH]/[(a M (B nEY un~ (B)])

with CP-? equal hP*4 of the corresponding pair based on the pth and (p — 1)th
skeletons. As before this leads to the spectral sequence of the relative fibration
and we have

Corollary 1.29. In the spectral sequence of the relative fibration (E,E ,n,B,B’),
the term EYY is naturally isomorphic with HP(B,B; h%(F,F')) and EX? is
the system of graded groups associated with a filtration of h*(E,E U n'(B)),
p+q=n.

In an analogous way we have the following relative version of the Dold-
Thom-Gysin isomorphism:

Theorem 1.30. Let h* be a multiplicative cohomology theory and let (E, E' 7, B, B')
be a relative f*-fibration. Suppose there are elements ai,...,a, in h*(E, E U
1 Y(B")) such that (i*ay,...,i*a,) is an h*(pt)-base for h*(F,F’) as an h*(pt)-
module. Then {a1,...,a,} is an h*(B, B )-base for h*(E,E U n~*(B")) as an
h*(B, B')-module.

The h*(B, B')-module structure of h*(E,E Un~'(B")) is defined by the com-
position

h*(B,B)Y® h*(E,E Un~"(B)) — h*(E,n Y (B)) ® h*(E,E' Un~*(B))
s W (E,E Uun~1(B)).
Actually, a slighyly weaker hypothesis describes h*(B,B) : if the classes
ai,...,ar in h*(E,E "), then
(7"h*(B,B))Ua,; &--- & (r"h*(B,B)) Ua, = h*(E,E Un~'(B)).

1.3.3 Orientability of Vector Bundles

Let 7 : E — B be an n-plane bundle.

Remark 1.31. We shall usually assume 7 is vector bundle, but in the following
Corollary 1.33 to Theorem 1.30 it is sufficient for the structure group to be
group of origin preserving onto-homeomorphisms of R"*, Euclidean n-space.

Let E' denote the complement of the zero cross-section. Then for any co-
homology theory h*, (E,E ,n, B) is a relative h*-fibration with fibre (F,F’) =
(R™,R™\0), which has the cohomology of (S", pt). Thus, h"*"(F,F') = hi*"(S", pt) =
h(pt); so h*(F,F’) is a free h*(pt)-module with one generator u, of degree n
corresponding to 1 € h°(pt).
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Definition 1.32. The n-plane bundle n is h*-orientable if there is a class u €
h"(E,E") such that i*u = u, € h"(F,F') for each fibre inclusion i : (F,F) —
(E,E"). Of course, if B is connected and i*u = u,, for one fibre, then it is so for
all fibres. A choice of such a class u is an h*-orientation of m and = is said to
be h*-oriented by u.

Corollary 1.33. [to Theorem 1.30] If the n-plane bundle n is h*-oriented by
the class u € h*(E,E’), then

¢ : h'(B) > h'*"(E,E)
defined by ¢(z) = 7*z U u is an isomorphism.

If the structure group of the bundle x is a subgroup of the orthogonal group,
or more generally of the group of auto-homeomorphisms on R" preserving dis-
tance from the origin, then associated with & are the unit disc bundle D(7) and
the unit sphere bundle S(x) of 7. The factor space D(x))/S(x) has a well deter-
mined base point and is called the Thom space of the bundle 7, herein denoted
B”.

The inclusion (D(x), S(r)) — (E, E") induces an isomorphism of cohomology;
thus,

W(E,E') S f*(B”,+).
Corresponding to each fibre inclusion (R",R"\ 0) — (E,E’) is the disc and
sphere inclusion
(D", §"™") —— (D(x), S())

| |

(R",R"\ 0) —— (E,E)

and D"/S"~! is homeomorphic to $”. Thus, we can equivalently define notions of
h*-orientation in terms of a class u € h"(B”, ) which restricts to the class y" €
h™(S", *) and the isomorphism of the Corollary becomes ¢ : h(B) — hi*"(B™, %)
defined by the composition

h'(B) —> K (D(rx)) ——— h'*"(B*, %)

T

R+ (D(x), S()).

Proposition 1.34. If a and B are vector bundles over X and Y, respectively,
then X YP is homeomorphic to (X xY)?*B, where a x 8 is the bundle with fibre
ax + 3, over the point (x,y).

Proof. The obvious map X% xY# — (X xY)®*B is a homeomorphism except on
the wedge, which goes to the base point. O
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Proposition 1.35. If u € (X, %) and v € h(XB,*) are h*-orientations of
the vector bundles @ and B over the space X, then A*(uXxv) is an h*-orientation

A
of the Whitney sum a ® B over X, where A* is induced by the map X8 =
(X x X)@xB,

Proof. The Whitney sum a @ 8 is the bundle over X induced from a X g over
X x X by the diagonal map. The conclusion then follows from the commutative
diagramme below, and the fact that y™ x y" = y™*",

R (X, %) ® W' (XP %) — K™ (X OHXP, ) —— W™ (X )
hm(Sm’ *) ® hn(Sn’ *) - hm+n(Sm#Sn’ *) — hm+n(Sm+n’ *)
O

Proposition 1.36. If y is a vector bundle over X oriented by the class u €
W' (Xvy,*) and A is a subcomplex of X, then

¢ (X,A) = " (D(y),S(y) UD(y]a)

defined by ¢(z) = n},(z) Uu, where np : D(y) — X is the projection map of the
associated disc bundle D(y), is an isomorphism.

Proof. This is an immediate consequence of Theorem 1.30. O

Theorem 1.37. If @ and B are vector bundles over X such that 3 is h*-oriented
by v € "(XP,+) and a ® B is h*-oriented by w € h"*™(X B %), then a is h*-
oriented by a class u € W (X?,*) characterised by the equation p*u U n*v = w
(p and © as defined in the proof) and w = A*(u X v).

Proof. Let m : D(a) — X, p : D(n*B) — D(a) and o : D(a ® B) — X be disc
bundle projections. Note that there is a disc-preserving homotopy equivalence

(D(a®p).S(a o p)) = (D(x°B),S(x"B) UD("Bls(a)))-

obtained by deforming the box-like discs on the right radially into the spherical
ones on the left. Since B is h-oriented by v € h'"(X,x*), n*B is h-oriented by
7*v € " (D(a)™ B, %). But this implies

¢reph™ (D(), (@) = K™ (D(x*B), S(n* ) UD(x*Bls(a)))
as in Proposition 1.36 is an isomorphism. Also
Paep : ' (X) = ™" (D(a @ B), S(a & B))

is an isomorphism. Identifying cohomologies by the homotopy equivalence ob-
served, we then have determined a class u € " (D(a), S(a)) by

u =@ s{Paep));
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i.e., u is the unique class of W"(D(a), S(a)) such that
pluUnv =w.

Restricting u to A" (D™, S™~1), we have that its product with y" is . Thus,
u is an h*-orientation for a.

By definition of the internal product, the class u X v in I ((X x X)@*8  x)
restricts to p*u U 7*v = w on the diagonal X*®F, O

Remark 1.38. Because of the previous results it is clear that if one representative
of a stable class of vector bundles (¢ — B if there are trivial bundles n and m
N

such that n ® @ ~ m @ B) is orientable in a given cohomology theory, then all
representatives are. However, there is no uniqueness to this construction, for
just as there may be a number of inequivalent homotopy equivalences between
two spaces, there also can be a number of inequivalent bundle equivalences.
Each of these yields a homotopy equivalence between the corresponding Thorn
spaces and consequent transport of orientation, but different equivalences may
yield different orientations. For purposes of naturality in some constructions,
this point will cause us to take some care in the next section.

1.4 Applications to Differential Manifolds

The object of this section is to establish a type of Riemann-Roch theorem for
general cohomology theories.

1.4.1 Orientations of Manifolds and the “Umkehr” Homo-
morphism

First, we recall some results from differential topology. If f : M™ — R™" is
a differentiable imbedding of a differentiable m-manifold into Euclidean space,
let v(f) denote the normal r-plane bundle of f. If also g : M™ — R™" is a
differentiable imbedding and r > m + 1, then f and g are homotopic by a differ-
entiable homotopy through differentiable imbeddings; hence v(g) is equivalent
to v(f). If, moreover, r > m + 3, then two such regular homotopies are them-
selves regularly homotopic through regular homotopies, and the two resulting
bundle equivalences are homotopic through bundle equivalences. Thus, we have

Proposition 1.39. If f and g are differentiable imbeddings of M™ in R™",
r>m+3, then there is a disc preserving homeomorphism of M¥) onto M”(8)
which is unique up to the isotopy class of disc-preserving homeomorphism.

Proposition 1.40. If f : M™ — R™" and f : M™ — R are differentiable
imbeddings, then for some pair of integers (s,s) there is a uniquely determined
isotopy class of homeoorphisms

Ms@v(f) N Ms’eav(f’) .
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Proof. By Proposition 1.34, with ¥ a point and 8 = n, we have " (X%)=X (for
= read “is homeomorphic to”). Let i : R™*" — R™**! he the usual inclusion;
then

sz prevH=pvief)

since v(io f) = 1@ v(f). Choose s and s such that r+s =7 +s >m+3. Then
there are well determined isotopy classes of homeomorphisms

S YN Zpr oDz of N zss v ),
where ¥ stands for the iterated inclusion

m+r 1 mtr+l L i m+r+s.,
R™ - R — > R ;

the second homeomorphism in the series is given by Proposition 1.39. Thus,
we have determined a unique isotopy class of homeomorphisms M*®¥(/) —
Ms’®v(f’)‘ O

Definition 1.41. A differentiable manifold M™ is h*-orientable if for some
differentiable imbedding f : M™ — R™*" the bundle v(f) is h*-orientable; an
h*-orientation of M is determined by such an f and a specific orientation class
ueh (M) %),

Proposition 1.42. Each h*-orientation f : M™ — R™" and u € h" (M*) %)
determines for any differentiable imbedding f : M™ — R™ g unique orienta-
tion class u’ € h” (M"(f’), *).

Proof. The unique isotopy class of homeomorphisms of Proposition 1.40 to-

gether with the s'-desuspension from h’”(Zsl M"(fl), %) of the s-suspension of
u into A"+ (Z5MY) %) determines the orientation class u . O

Proposition 1.43. If M is h*-oriented by f and u, then

1) @p: (M) — W (MY, %) is an isomorphism defined by ¢ ¢(z) = ﬁ:(f) (x)U
u,

2) the diagramme
h (M) o R (MY )

hj+r+1 (Mv(iof) , *)

is commutative, and
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3) the isomorphism
e W (M) = W+ (M) %)

is well determined for any differentiable imbedding f : M™ — R+

Proof. (of 2)) By Proposition 1.26 we have the equalities

Zep(2) =yVep(2) =y U (" () Vu) = (-1)/7*(2) U (y Vu)
= (-7 (2 V' = (1) giof (2).

O

We have seen in Proposition 1.42 that the possible h-orientations of a mani-
fold are determined by those of any one of its normal bundles. In fact, they are
also determined by its tangent bundle 7.

Proposition 1.44. For any differentiable imbedding f : M™ — R™*" there is
a well defined 1 — 1 correspondence between the h*-orientations of v(f) and the
h* -orientations of T(M).

Proof. By Proposition 1.42 it suffices to prove this for any f and r; we choose
r > m+3. Then the triviality of the total space (m+r)-bundle over M is assured
for all imbeddings. The conclusion then follows from Theorem 1.37. O

Definition 1.45. Let M™ and N" be differentiable manifolds and f : M — N be
a continuous map. For d > 2m+3 there is a differentiable imbedding i : M — D4
into the interior ofinterior of the d-dimensional disc such that the imbedding
f=fxi:M — NXD is homotopic to a differentiable imbedding. If the normal
bundle v(f) is h-orientable, then i together with a choice of orientation class
u € W+ a=m(Mv) %) is said to determine an h*-orientation of the map f. The
usual considerations of isotopies of imbeddings show the determination of u is
in fact independent of the imbedding and homotopy.

Proposition 1.46. Let M™ and N" be differentiable manifolds and f : M —
N be a continuous map. The h*-orientations of f are in a well defined 1 —
1 correspondence with the h*-orientations of the bundle v(M) & f*t(N). In
particular, if M and N are h-oriented and f is any continuous map, then f has
a well defined h*-orientation.

Proof. Let j be a differentiable imbedding of N X D in a Euclidean space R" of
dimension r > 2(n+d) + 3 and let 7 : N XD — N denote the projection map.
We shall write a number of bundle equivalences; note that in each case they are
uniquely defined.

T(NxD) ~x*(r(N)) @ d.
FF(NXD) = fr*(¢(N)) ® f*(d) = f*(r(N)) @ d.
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V(M) =v(jo f) =v(f)® fv())
v(M)® frr(N)@d=v(f)® fv(j)® f(r(N x D))
=v(f) @ f*(r)
~ v(f) Dr.

The first conclusion follows by suspension and desuspension. The second con-
clusion is then obvious by Proposition 1.44. O

Definition 1.47. Suppose that f : M™ — N" is h*-oriented by f: M" —
N" x D4 and u € K*4=m(M”) ). The collapsing map (“Thom construction”)

N = (Nx D) /(N x 547 L n(D)sv(7) = 7D
can be used to define a homomorphism
hl(M) _:> hi+n+d—m(Mv(f)’ *)

J’c‘*

hi+n+d—m(Nd *) (Zd)*il

R (N);
this homomorphism is denoted

fis W (M) — BN
and is determined by f and the h*-orientation of f.

Theorem 1.48. If f : M — N is an h*-oriented map, then for classes x € h* (M)
and y € h*(N),

A () Ux) =y U filx).
Proof. We first prove the identity

P f ) Uem () = 7y () U From(x).

Consider the diagramme:
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h*(N) ® h*(Dv(f), S(vf))

my,®1
M
frel \

n(M) ® h*(Dv, Sv) h*(N xD) ® h*(Dv, Sy)

I

T ®1

h*(Dv,Sv) ~<—— h*(NxD® h*(N xD,N xD \ Dv)

i
c* C*

h*(Dv,Sy) =<—— h*(N xD,N xD \ Dv) (N xD)®h*(NxD,NxS)

i*
\ /

h*(N xD,N x S)

The upper quadrilateral commutes because f = an; the remainder commutes
because all maps are excisions, inclusions, or products. Thus, the diagramme
commutes. An element y ® gpx at the top is mapped into f*(7}, /"y U ¢x)
following the arrows on the left and into 7y y U f *onx following the arrows on
the right: thus these elements are equal as we asserted. Since

(O [ yUemx) = ff(my, [Ty Unyx Uy (l))
= FH(m (fy Ux) Upn(1))

= from(f'y Ux),

we have R R

From(ffyux) =nyyU ffom(x).
Thus,

Ay Ux) = o From(fyUx) = gt (ayy U From(x))

= o5 (T y Uy (3 from (%) Un (1))

=y U fom(x)

=y U fi(x).
(¢n = 24 since the bundle over N is trivial.) o

Next, we establish a functorial property of the “umkehr homomorphism” f;.

Given K ERN LS M, we seek a theorem of the sort gy o fi = (g o ). Since these
homomorphisms clearly depend on the h*-orientations used, in order for there
to be such equality the three orientations must be chosen in some compatible
way. If we assume f and g have specified orientations, we can then orient g o f
as follows:
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by Proposition 1.46, both
v(K)e f'z(L), v(L)e®g't(M)
are h*-oriented; thus, by Proposition 1.35
v(K)o f'r(L) o f*(v(L) ® g"1(M)) =~ v(K) & f* o g"t(M) & (trivial bundle)

is h*-oriented. This determines an orientation of g o f.
Equivalently, given f: K — LxD? and g: L — M xD? | the composition

KL L xnd ZL x D x D9 = M x D
is ;,73? Then
v(go ) =v(@x1)of)=v(f)® [F(rEx1).

This defines the same A*-orientation for g o f.

Note, in particular, that if K, L, and M are h*-oriented, and f, g, and
g o f are given the induced h*-orientations, then the two A*-orientations, i.e.,
the composition orientation and the induced orientation, of g o f agree. This is
clear from the first definition of the composition orientation.

Theorem 1.49. If f : K — L and g : LtoM are h*-oriented maps, the com-
position g o f : toM has an induced h*-orientation and with this orientation
gro fi =(go fn. Further, if K, L, and M are h*-oriented and f, g, and go f
are oriented by Proposition 1.46, then the orientation of g o f induced by those
of f and g agrees with that given by Proposition 1.46.

Proof. By the comments preceding the statement of the theorem we need only
prove that gy o fi = (g o f)1. To this end consider the diagramme below.

R'(K)

hi+t’—k+d(KV(f)’ ) = pitm—k+d+d (Kv(é?)’ %)

_ L W\
F F

hi+t’—k+d(Ld)’ ¥ > hi+m—k+d+d’ (Ldeav(g)’ %) 8 hi+m—k+d+d’ (Md+d”*)

=| @) 4(2") (2‘1)T \

hi+l’—k(L) _ hi+m—k+d'(Lv(§)’*) _ hi+m—k+d'(Md’,*) _ hi+m—k(M)
= 2 > =

All isomorphisms are given by suspensions or Proposition 1.43. The two corner
triangles and the corner square commute by Theorem 1.37. The lower right
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hand square commutes because G = X o g. The map F is pICERS f, and so, the

upper left hand square commutes. The collapsing map M d+d _, gv(2°f) factors
through F®v(®) which implies the commutativity of the central triangle. The
left hand column defines fi, the bottom row g, and the diagonal (g o f); thus,
glofi=(go w

1.4.2 Multiplicative Transformations; Riemann-Roch The-
orem

Let h* be a multiplicative cohomology theory. For (X, A) € %2, h**(X, A) is the
set of formal Laurent series

+00
DA A€ h(X,A), A=0foralli< some g.

i=—00

Define addition and multiplication in A2™ (X, A) as follows: if 4 = A; and
u =, then 1+ p = >(A; + ;) and A U u is the power series product

(AU = Z Ai Uy
i+j=k

h*™*(X,A) is a (non-commutative) ring under these operations, and a map f :
(X,A) — (Y, B) induces a ring homomorphism f** : h**(Y,B) — h**(X, A) by
taking f* on each coordinate. Similarly, we define

8 h(A) = B (X, A)

coordinate-wise.
Suppose h* and k* are multiplicative theorems. Then ¢ : h* — k™ is a
(normed) multiplicative transformation if

1. ¢ is a natural, additive transformation between the functors A** and k** with
respect to maps f**,

2. t(uUA) = t() Ut(A), and

3. If 1, € (S, %) and 1; € k**(SY, #) are the units in #™ and k**, respectively,
and a = 21, € h** (S, ) and B = 21} € k™ (S!, %), then t(a) = 5.

Proposition 1.50. For classes u1 € (X1, A1) and us € h**(Xs, As), the prod-
uct uy X ug 18 in h**(Xl X Xo, X1 X A U Ay X XQ) and t(u1 X MQ) =1fuy Xtus.

Proof. As in §1.3,
uy Xug = pyug Upsus and

t(ur X uz) = t(py"ur U p3uz) = t(py'ur) Ui(psuz)
= pY (tur) U p5* (tug) = tuy X tus.
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Proposition 1.51. If u; € h**(X,A1) and us € h**(X,As), then u; Uus €
/’l**(X,Al U Ag) and t(u1 Uug) = tug U tis.

Proof. In the following diagramme,

B (X, A1) ® B (X, Ag) —2= 1™ (X X X, X X As U A1 X X) =2 1™ (X, A1 U As)
t®tj ll jl‘
k**(X,Al) ® k**(X,AQ) T‘ k**(X XX, XXAsUA; X X) ? k**(X,Al U A2)
the first square commutes by Proposition 1.50 and the second by naturality. O

Proposition 1.52. to X, =X, 0k; i.e., t is stable,

Proof. By Proposition 1.26, X, (u) = @ @ u and X (tu) = B tu. Thus, tX,(u) =
ta®tu =L tu=Zi(tu). O

Proposition 1.53. r00," =6,  ot.
Proof. The homomorphism ¢;" is the composition

B (A, @) — s B (SA*, +) —2= 1™ (CA* U X*) —2= 1™ (X, A)

El

R (CAU X, *)

11

All these homomorphisms commute with ¢.

Suppose « is a vector bundle over X with orientations u € h"(X?,*) and
v € k"(X?, %); we can regard u and v as lying in A™(X?, %) and k™ (X?,x)
respectively. Then u and v induce isomorphisms

op (X)) > (X% %) and ¢ K7(X) > K7(X9, )
For x € h**(X), define t(a,x) = go,;ltgoh(x) € k™ (X). O

Lemma 1.54. Let a be an h- and k-oriented vector bundle over X. Then for
x € ' (X), t(x) Ut(a,1) = t(a,x).

Proof.

e (t(x) Ut(a, 1) = g (1(x) U g 191 (1)
= 71 (1(x) U g M tn(1)) U v
= 7 (1(0) U (g o5 1 (1) U v)
=t (x) Utep(1)
= 1(m, (x) U @n(1))
=1tpx.
Thus, t(x) Ut(a,1) = tp;ltgoh(x) = t(a, x). O
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Theorem 1.55 (A generalised Riemann-Roch Theorem). If f : X —» Y is a h*-
oriented map of compact, closed manifolds and t : h** — k** is a multiplicative
transformation of cohomology theories, then for x € h**(X),

tf(x) = R vt (), 1)).

Proof. We note first that an A*-orientation u € h" (X%, =) of a vector bundle
determines a k*-orientation (tu), € k" (X%, *) since

i'u=a" e h"(8",%x) and ta" =pg" € k"(S", *);

thus, 8" = i*(tu), and « is k*-oriented. Hence we need not assume additionally
that f : X — Y is k*-orientable; however, in the statement and proof of this
theorem the specific k*-orientation of f is irrelevant.

The right-hand side of the asserted equation is

EH ™o [ er(t(x) Ut(v(f),1))
which equals
EH ™o frrer(x)

by the Lemma. By the naturality of ¢ this equals

H(ED ™ o fFon(x) = 11 (x).

Theorem 1.56. Let f : X — Y be a continuous map of h*- and k*-oriented
manifolds. Let t(X) = t(v(X),1) and t(Y) =t(v(Y),1). Then for x € h**(X),

tfl(x)ue(Y) = fF((x) U E(X)).
Proof.

K@) ut(X) = ¢ fer(t(x) U (X))
= ‘P]:lﬁj*t‘ﬁh(x)
= o tfy eon(x)
= o [ton (e i en ()]
= o Lo (£ () U 1(Y))]
=tf'(x) UL(Y).
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1.4.3 Wu Formulae

As applications of the above theorems we present here a proof of the Wu formu-
lae; in a later section we will derive the Atiyah-Hirzebruch differential Riemann-
Roch Theorem.

Let h™* = k™ = H*(—;Z/pZ) and let t = P = 3 P!, the sum of the Steenrod
reduced power operations. For p = 2, t = Sq. The Cartan formula implies ¢ is
a multiplicative transformation. For a vector bundle a over X, Sq(a, 1) is the
total Stiefel-Whitney class W(a) of the bundle a.

Lemma 1.57. Every vector bundle is H*(—;Z/2Z)-orientable; a vector bundle
a is H (—;Z)- or H* (—;Z/pZ)-orientable if and only if the first Stiefel-Whitney
class Wy (a) = 0.

Proof. If « is an n-plane bundle, consider the n-sphere bundle S(a & 1) 5 X
and the Gysin sequence with Z/2Z-coefficients:
S H(X) S H (S(ee1) S HN(X) - HYY(X) —

S(a®1) has a cross-section i : X — S(a®1); and so, the Gysin sequence reduces
to

0— H' (X) 25 H (S(@® 1)) 25 H™"(X) — 0.

Thereis a class v € H*(S(a®1)) such that 1*v = 1 € HO(X). Let w = v—m#i*v.
Then A*w =1 and i*w = 0.
The sequence X5 S(a® 1) 5 X is coexact and so

0— H* (X%, %) —~ > H*(S(a ® 1)) == H*(X) — 0.

is exact. There is a unique u,, € H"(X?, %) such that c*u, = w.
Since the diagramme
S" ——=S(a® 1))

|

pt —X

is commutative, so also is

H™ (X, %)

|

H'(S(a @ 1)) —2= HO(X)

| |

H"(S") —— H°(X),

and it follows that u, restricts to the generator of H"(S", ).



1.4. APPLICATIONS TO DIFFERENTIAL MANIFOLDS 33

To prove the second part of the lemma, note that wq (@) = ¢! Bun, where S
is the Bockstein homomorphism associated with

0> Z/2Z —» Z]AZ — Z/2Z — 0
Thus,

wi(a) =0 © u, is the reduction of a mod 4 class
S « is H*(—;Z/4Z) — orientable.
This is equivalent to 71 (X.xg) operating trivially on H*(S";Z) which then by the

Gysin sequence implies the H*(—;Z)- and H*(—;Z/pZ)-orientability of @. The
converse is clear. O

The Wu formula asserts there is a class V € H**(X) such that SqV W(X)(—
Sq(7(X),1)) and [« UV](X) = [Sqa/](X) for all @ € H*(X). Let Sq™! = Wq‘l)

as formal power series; then SqSq™! = Sq™' Sq = 1 and Sq is multiplicative, Let
f: Xtopt. By Theorem 1.56,

fi: H'(Sq™ () USq™ (v(X), 1) = Sq™ 1(fi(x))

where fi : H*(X) — H*(pt) is given by fi(x) = [x](X), the value of the cohomol-
ogy class x on the top homology class of the manifold X (with Z/2Z coefficients).
For x = Sq a, we then have

[ USq™ (v(X), DI(X) = [Sqa](X).

We claim that Sq(Sq~ ! (v(X), 1)) = Sq(7(X),1) = W(X). Then V = Sq' (v(X), 1)
is the Wu class and satisfies the formulae above.

Since Sq(7,1) USq(v,v) = Sq(r @ v, 1) = 1 [Appendix B], to verify the claim
we need only prove that

Sq(Sq~' (v(X), 1)) USq(v, 1) = 1.
To this end we compute

¢(Sa(Sq~ ' (v(X),1)) USq(v,1)) =" Sqe~" Sq~ (1) Un* ™' Sqe(1) U (1)
7 Sqae ' Sq! ¢(1) USqe(1)
Sa(ee™ ' Sa ! p(1))

=¢(1).

But ¢ is an isomorphism.






Chapter 2

Complex Vector Bundles and
the Bott Periodicity Theorem

2.1 Bott Periodicity Theorem

2.1.1 Homology of the Unitary Groups

For the complex n-dimensional space C" equipped with a positive definite Her-
mitian inner product, the unitary group U(n) is the group of linear transforma-
tions preserving this inner product. Consider C"~! as a linear subspace of C"*
and choose a vector e; € C" such that (e1,e1) =1 and e; LC*1 ((e1,x) =0 for
all x € C*~1). This defines an inclusion U(n — 1) — U(n) whereby the elements
of U(n — 1) are those transformations of U(n) which leave e; fixed.

The group U(n) acts effectively on the unit sphere $2"~! of C" and U(n—-1) is
the subgroup of U(n) whose elements leave e; € $2"~! fixed. Thus, U(n)/U(n-1)
is homeomorphic to S$2"~! and the fibration U(n — 1) — U(n) = §2"1 is a
principal U(n — 1)-fibration.

The boundary homomorphism 0 : m9,_1(S?""!) — m9,_2(U(n — 1)) of the
homotopy sequence of this fibration defines an element 9(i2,-1) € m2,—2(U(n —
1)), where t9,_; is the canonical generator of mo,_1(S?"!), and its Hurewicz
image v € Ho,—o(U(n — 1)), coefficients being Z throughout this section.

The homology of an H-space has a product structure (the “Pontrjagin prod-
uct”) defined as follows:

if 4 : XxX — X is the multiplication of the H-space X, then the composition

H.(X)® Ho(X) > H.(X x X) 25 H.(X)

defines a bilinear product with identity which is associative if u is homotopy
associative and is (graded) commutative if u is homotopy commutative.

Theorem 2.1. IfG—i> E 5 sk is a principal right G-bundle (G is a connected
topological group acting freely on E on the right and S* is the orbit space) and

35
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17
v € Hy_1(G) is the image of tx € mi(S¥) under the composition mi(SK) —
mi-1(G) LN Hi_1(G), h being the Hurewicz map, then the (Wang) sequence

= Hi(G) 5 Hy(E) % Hih(G) 55 Hy_y(G) — -

is exact, where v* is Pontrjagin product on the left with v. If a € Hy(E) is such
that m.(a) generates Hy(S¥), then A.(a) is a unit of Hy(G).

Proof. The sphere S* is the union of two hemispheres, S¥ = DX U D, with
DX ND* = §k~1. The bundle x|y« is trivial since DX is contractible; thus, 7|px =
DK x G. For each p € S¥7! there is a translation fp:G—G, fp(g) = fple) g,
such that the map « : (DX, K1) x G — (E, G) defined by DX x G — n~1(Dk)
and on k"' x G — G by (p,g) — fp(g) is a relative homeomorphism (we have
identified DX to a point and 77!1(DX) to G). The map S¥=! — G defined by
p = fp(e) is homotopic to the image of iy in mx_1(G).
Consider the diagramme below.

Hi(G) H,(E) Hi(E,G) — H;-1(G) —— - -

T

o= H(S*'x G) = H;(DX x G) = H;(DX, s*" Y x G) = H;_1 (K1 xG) = - -~

Let v be the generator of Hy (DX, S¥1) corresponding to iy € m(S*) and
w € Hy(E,G) be a(v®1). Then a.(v®x) =w *x and

O.(w*x) = 0. (v®x) = B.0:(v®x) = B.((d%v) ®x) = v *x,
since v = 0.v.
There is an isomorphism ¢ : H;_;(G) — H;((DX,S*71) x G) given by ¢(x) =
v ® x which yields the Wang sequence
= Hi(G) 5 Hi(E) %5 Hi_(G) 25 Hi 1 (G) — -
To determine A, consider the diagramme

Hy(E) — = H/(E,G)

% /}//m%

Hi(S¥, %) <o H; (DY, §571) X G) <—— H;_1(G)

A= ¢ toa toj, If a € HY(E) is such that m.(a) generates Hy (S, ), then
a;'j.(a) = +v ® 1, which is the image of +1 under ¢. Thus, A.(a) = +1. ]

Theorem 2.2. As Hopf algebras
H.(U(n);Z) = E(v1,...,vn),

the primitively generated exterior Hopf algebra on generators v; of dimension
2i — 1.
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Proof. The theorem is true for n = 1 since U(1) is topologically a circle. The
proof is by induction on n; and so, we assume the conclusion for U(n — 1).

Consider the principal U(n — 1)-fibration
U(n-1)5 Un) 5 g1

and its Wang sequence. The element v is of dimension 2n — 2; it is spherical
and hence primitive. By the inductive hypothesis it is thus 0. Thus, the Wang
sequence breaks into short exact sequences

05 Hy(U(n-1)) 5 H;y(Un) 25 H;_20-1)(U(n - 1)) — 0.

It follows immediately that H,(U(n)) is torsion-free and is additively isomorphic
to H,(U(n - 1)) ® H.(S>" ). Let v, € Hs,_1(U(n)) be in the preimage of
1 € Hy(U(n — 1)) under A,. Then no multiple of v, is decomposable, for if it
were, it would be in im(i,) and 1 would be of finite order in Ho(U(n — 1)).

Since H*(U(n); Q) is a connected, associative, commutative, finite dimen-
sional Hopf algebra, it is an exterior algebra and thus has a commutative co-
product; i.e., H*(U(n); Q) has a commutative product. Since H H*(U(n);Z) is
torsion-free, H*(U(n);Z) — H*(U(n); Q) is a monomorphism. Thus H*(U(n);Z)
has a commutative product.

To see that vq,..., v, generate H,.(U(n)) as an algebra, let x € H;(U(n)) and
y = A(x). Also, A,(vp-y)=1-y=y. Thus,if x =x-v, -y, 1.(z) = 0; and so,
7z € H;(U(n-1). Since both z and y are in E(v,...,v,-1), they are polynomials
in the variables vi,...,v,-1, and x = z+ v, - y is a polynomial in vy, ..., v,.

We need only show that a v, can be chosen which is primitive. We will
then have demonstrated that H,.(U(n);Z) is a connected, associative, commuta-
tive, coassociative, cocomutative, primitively generated, finite dimensional Hopf
algebra. The conclusion follows.

To do this we make a geometric construction which will have later applica-
tions. Assume the v;, 1 <i < n have been chosen primitive (in H.(U(n - 1);2Z)).
Define f, : 3, P,-1(C) — SU(n) as follows:

for 0 £ x € C", let (x) denote the equivalence class of x in P""1(C); for
(4, (x)) € S' x P*~1(C), a unitary transformation A € U(n) is uniquely deter-
mined by the conditions

)y if yix
ay if y = ux for some u € C;

A is unitary since |1] = 1. Map U(n) — SU(n) by taking a transformation A

into A - M(I,_1 ® o), where o~ ! = det(A) and I,,_; is the (n — 1) X (n — 1) unit

matrix. The composition S' x P""1(C) — U(n) — SU(n) carries the wedge

St x (e,) U (1) x P*~Y(C) into I,,; and so, f, : S'#P"1(C) — SU(n) is defined.
It is a computation to verify that
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a)
stapt1(c) s suk)

L

st#p1(C) — SU(n)
commutes for k < n, and

b) in the commutative diagramme

SY#P"1(C) ——= SU(n),SU(n — 1) —— (S?"71, %)

(U(n),U(n-1))

the composition of the top is a relative homeomorphism.

Let v, be the image in Ha,_1(U(n);Z) of the top class of H,(X"(C);Z).
Then 7.(v,) is a generator of Hy,_1(S?*71, %), and so, A.(v,) = =1 € Hy(U(n -
1)). Also, v, is primitive since every homology class in a suspension is.

We note this also proves

c)
Sns H*(Sl#Pn_l(C)) — H.(SU(n))

is a monomorphism, and im( f,,.) generates H,(SU(n)) as an algebra. O

2.1.2 The Universal Base Spaces By,

Let E be an acyclic U(n)-free space; e.g., E = li_r)nm U(n + m)/U(m), but the
specific method of construction of E is unimportant. Collapsing E under the
action of U(n) produces a principal U(n)-bundle

U(n) - FE - BU(n)'

Since E is acyclic, there is a homotopy equivalence QBy ) = U(n) preserving
the H-space structures.

For an inclusion C*~! — C" with e; an orthogonal unit vector, we have
the monomorphism j; : U(n — 1/) — U(n). There is also the monomorphism
U(1) — U(n) obtained by multiplying e; € C" by A, |1] = 1. The product
U(1) xU(n - 1) — U(n) is also a monomorphism. These induce maps

Bym-1) = E/j1(U(n—-1)) =» E/U(n) = Bum), Bu@) X Bum-1) = Buwm)-

Similarly, for an inclusion C"~2 — C" with unit orthogonal vector e, we
have

By1) X Bun-2) = Bu@m-1)-
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A sequence of such inclusions defines monomorphisms and maps:
k k
U(l) X U(n — k) — U(I’Z) BU(l) X BU(n—k) — BU(n)

The bundle E Xyn)) C" — By(s) is the universal n-plane bundle, where for
A € U(n) pairs (e, Ax) and (eA,x) are identified; and for $?*~! c C" the unit
(2n — 1)-sphere,
E Xy §2n=1 By

is the associated sphere bundle. The map
1:E—>E XU (n)) §2n-1

defined by A(e) = ((e, e1)) is onto, and A(e) = A(f) if and only if (e, e1) ~ (f, e1);
ie., if and only if there exists B € U(n — 1) such that e(j, B) =, since e is left
fixed. Thus, A factors through By,-1) :

E/Un-1)

TN

E E Xy §2n-1

A

The map A is a homeomorphism. Thus, By(,-1) is the total space of the asso-
ciated (2n — 1)-sphere bundle over By,); we have the fibration

S 5 Bum-1) = Bum)-

With the loop space identifications QBy k) = U(k), we recover the fibration
U(n-1) - U(n) — S2 L
used earlier.

Theorem 2.3. The integral cohomology ring H*(Byn);Z) is a polynomial ring
P(Cy,...,Cy) on generators C; of dimension 2i; the classes C; can be chosen
for all n so that n*(C;) = C;, <n—1, and C, is the Gysin class of the fibration
S2n_1 — BU(n—l) 1) BU(n)'

Proof. The argument is by induction on n. Since By(1) = P*(C, the conclusion
is true for n = 1. Suppose the resut is correct for By,—1). In the homotopy
sequence of the fibration m, m;(7r) is an isomorphism for i < 2n — 2 and is onto
for i = 2n — 1; thus, the same is true in homology by the Whitehead theorem.
Since Han-1(Bun-1)) = 0 by the inductive hypothesis, H;(x) is an isomorphism
for < 2n — 1; and thus, H'(x) is an isomorphism for i < 2n — 1.

The Gysin sequence

. * . . (g UCn i
-+ = H' (By)) == H' (By(n-1)) = H™ "D (By(n) —= H* (By(n) — - -

implies that
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(1) ker(n*) is the ideal generated by C,, and

(2) for all coefficient rings, H°44(By,)) = 0, and consequently, H*" (By y)) is
torsion-free integrally.

Let Cq,...,C,-1 be the classes in H*(By(,)) such that 7°C; = C; in H* (By(n-1))-
We claim that H*(By(,)) is a polynomial ring in (Cy,...,C,). To see that
these classes generate H*(Buymn)) let y € H*(By(y)). Then n*y is a polynomial
w(C1,...,Cy). This same polynomial w is in H*(By(,)) and n*w = w. Thus,
7*(y—w) =0 and y —w is in the ideal generated by C,. The conclusion follows.

Next, suppose there is a polynomial relation Zf-‘zo Ciw; = 0, where the w;

are polynomials in the Ci,...,Cy_1. 0 = & (Zf-‘zo Ciw,-) = wgy. Thus, C, -

Sk Ci-Yw; = 0; but this implies Y%, Ci-'w; = 0 since 7* is onto, which in turn
implies wy = 0, etc. Finally, there is no relation among the Cy,...,C,_1 since
by assumption there is none among 7*Cy,...,71°C),_1. |

The decomposition C"*" = C" @ C" defines a monomorphism U(m)xU(n) EN
U(m + n) and a map

Bu(m) X Bun) = E/j(U(m) x U(n)) 5 E/U(m +n) = By (msn)-

For the bundle y™*" = E Xy (mn+n) C™",

<k Mm+n

Jy =y" xy" over Buy@m) X Bu@m)-

Lemma 2.4. If j : Buim) X Bu(n) = Bu(m+n) 5 the map induced by the decom-
position C™ @ C" = C"™*" | then

JA+Cr+ +Chpin) =1 +Cr+ +Cp) X (1+Cy + -+ Cp).

Proof. The Gysin class of y™*" is Cy1pn and j*Cppn = Cpy X Cy, by Theorem 1.37.

The proof of the lemma is inductive. j*(1 + Cy + -+ + Cpqp) is a Poly-
nomial P, n(1,C1,...,Cn;1,C1,...,Cy). By the inductive hypothesis and the
commutative diagramme

Bum) X Bu(n) — = Bu(nn)

T T

Buy(m-1) X Bu(n) — Bu(m-1+n)
we have that
Pun=(1+Ci+--+Cp)Xx(1+Ci+:-+Cy) mod Cy,.
Similarly

Pun=(1+Ci+--+Cp)Xx(1+Cy+--+Cpy) mod C,.
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Thus,
Pun=(1+Ci+---+Cp)Xx(1+Cy+---+Cy) mod Cy, X C,.
and
Pun=(1+Ci+--4+Cp)X(1+C1+---+Cp)+Cp XCp.
Since j*Cyon = Cy X Cp, k = 0. O

Theorem 2.5. For j : B%u)) — By, J*(C;) = O'i(")(ul,...,un), the i-
th elementary symmetric function in uy,...,u,, where u; is the generator of
H?(By(1);Z) in the j-th factor.

Proof. Again the argument is inductive. For the composition

_ k 4
B?J(i) X Buy(1) = Bu(n-1) X Bu) = Bu(n),

we have j =
ell ok and

K*oel'"(1+C1+-+-+Cp) =k™((1+C1+ -+ Cpq) X (1 +uyp))

D)X (14 up)

=1+0'1(n))+~~+a',(ln>.

=(1+0" Y4 i vo

2.1.3 Bott Periodicity Theorem for By
In the proof of Theorem 2.2 we defined maps
fe : ST#PFL(C) - SU(k).
Passing to the limit using the weak topology, we thus determine a map
£ S'#P™(C) > SU,

which induces a monomorphism in homology such that im( f.) generates H.(SU;Z)
as an algebra.
The adjoint of f is the composition

P~ 5 axpec) 2L asu.

The map f induces a map of the path-loop fibration of ZP*(C) into that of
SU. Let A; denote an additive generator of Hs;(P*(C);Z) and o, homology
suspension in the homology spectral sequences of the fibrations. Then X1, =
+0,i,(1;), where 2, : H,(P®(C)) = H,(ZP>(C)) is the suspension isomorphism.
Since the classes

+ £, 2. = fuoin () = 0 0 (Qf )i 0is(A;)

generate H,(SU), it is transgressively generated. The comparison theorem for
spectral sequences then shows the
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Lemma 2.6. H.(QSU;Z) is a polynomial algebra P(A4,...), with dimA; = 2i
and A; = (Qf )« (4;).

We next define a map b : By — Q SU, which we will later show is a homotopy
equivalence. We proceed by defining

b U(m+n)/(U(m) x U(n)) —» QSU(m + n).

As before, let C"™*" = C" @ C". For x € C"*" x = x1 + x9 with x; € C" and

x2 € C". For a real number 6, let ¢, ,(8)(x) = x1€"% + x9e7 7.

For A € U(m + n), let Em,n(A) be the loop in SU(m + n) defined by the
commutator

b (A)(0) = [omn(8),Al, 0<O<n.
For A € U(m) x U(n), Em,” (A) is the trivial loop. Thus, Zm,n induces
b Um +n)/(U(m) x U(n)) - QSU(m + n).
For (m,n) < (m',n") the inclusion
™ =Cm@C - C" @C =C

induces a commutative diagramme

Ulm +n)/(U(m) x Un)) —"~ QSU(m + n)

l |

Um +n)/(U@m") x Uxn)) —Q SU(m +n).

The lattice of pairs

(n+1L,n+1)
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yields a commutative diagramme

P'C \ QSU(n+1)
pic ‘ QSU(n +2)
U(2n)/(U(n) x UK \ QSU(n +2)\A

U2n+2)/(Un+1)xUr+1)) QSU(2n + 2).

and letting By = h_r)nU(Qn)/(U(n) x U(n)) and passing to the limit we obtain
the commutative diagramme

Po(C) 2 QSU

By ——=QSU

The map C* @ C* — C* carrying (x;,0) into xo; and (0,x;) into xo;41 induces
a map By X By — By. This product is homotopy commutative and homotopy
associative (such operations involve sequences of permutations of coordinates,
but the permutation matrices lie in SU and, as it is connected, are homotopic to
the identity; furthermore, for any element only finitely many permutations are
involved; and so, the operation is continuous in the weak topology). By similar
reasoning the map b preserves this product up to homotopy.

Theorem 2.7. b : By — QSU is a homotopy equivalence.

Proof. f bok ~ Qf oi : P°(C) —» QXP*(C) — QSU, then by the previous
lemma and the fact that b is a map of H-spaces, H.(b) is an epimorphism. Our
computations show that rank Hs,(By) = rank Hs, (QSU) for all n; thus, H.(b)
can have only 0 kernel. Hence H,(b) is an isomorphism and since By and Q SU
are simply connected, the Whitehead theorem then implies » is a homotopy
equivalence.

Since b1 = b o k, it thus suffices to show that Qf oi = b,1. This we will
do by direct computation. The map En,l can be regarded as the composition

U(n + 1) b
U(n) x U(1)

St x P(C) - S x SU(n+1)

where P"(C) — U(n+ 1/(U(n) x U(1) is the homeomorphism taking the class
(x) € P*(C) into the class of any matrix B, with Be; = x, x of unit norm, where
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as before cn+l =C"e C! and e; e_Cl. This is well defined for if x = Ay and
Beq, =y, then ABey = x. But B™' - AB € U(n) x U(1). In the above composition

(e*'?, (x)) goes into [¢,.1(0),B] =T(0,x), 0<6<n.

T(60,x)(x) = ¢n1(0) - B-¢,1(6) - B™'x
=¢n1(0)-B-e1 -et?
= ‘)Dn,l(e) x-el?
= ("% +e7%xy) - '
=% + (1 - €%)x,.
If y1x, then y = B -y for some y_Lle;. Then
T(6,x)(y) = ¢n,1(0) - B- ¢, 1(6) - By
= ¢n1(0) B¢, 1(0) -y
= ¢n1(0)-B-y-e’
= ona(0) -y - e’
= (e"y1 + e %yy) - '’
=y+ (e =1) .
Let f,,, denote f,.1, before normalised. Then
T(0,x)(x) = fr1(6,%) - M(I, ® +e*7).
But 7(6,x) € SU(n + 1); and so, det(f) - e~2¢ = 1. Thus
T(97 x) = fn+1(9»x)'

We have shown that f : 2P*(C) — SU is the adjoint of b1 : P*(C) —
QSU, which completes the argument. O

2.2 Complex Vector Bundles
2.2.1 Characteristic Classes
As we have seen earlier, the decomposition C"*" = C™ @ C" induces a map
J 1 Bum) X Bun) = Bu(min)-
There is a similar decomposition involving tensor products over C
cm=C_c"ecC",
which induces a monomorphism U(m) x U(n) — U(mn) and a subsequent map

k: BU(m) X BU(n) - BU(mn)o
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By the map i : B — By) we define a class ch(n) € H”(By()); Q)

n
u(1)
by the formula i**(ch(n)) = XJ_, €, whose u, is the image in H*(By();Z)
of the generator u, of HQ(BU(l);Z) in the ¢-th factor (strictly, i**(ch(n)) =
Yroalx1x--x1xe" x1x---x1). The class ch(n) is called the Universal
Chern Character.

Proposition 2.8. For j : Bygm) X Bum) = Bun+n), J™ ch(m + n) = ch(m) x
1+ 1 xch(n).

Proof. The composition

J
Bgzrln) —> Br{;(l) X B{lj(l) — Buy(m) X Bu(n) = Bu(m+n)

is the map i : Bga”) —, used to define ch(m + n). But ch(m) x 1+ 1 X ch(n) is

the unique class in H**(By(m) X By (), Q) which pulls back to

m]
Proposition 2.9. For k : Buym) X Bu»n) — Bunn), k™ ch(mn) = ch(m) xch(n).
Proof. The following diagramme is commutative:

Bu@m) X Bu(n) — Bu(mn)

| |

By X By — Buy
where ¢ is the composition
(An)" X (D)™ u
Bl 1) X By > (B ()" X (Bj(1)" = (Bua) X Bua))™ = B,

with u : By1) X Buq1) — By the canonical H-space structure.
For 1 <i < mn, i can be written uniquely asi = (k—1)-n+j with 1 <k <m

and 1 < j <n. The class ¢" in H**(B’L’I"Z‘l);Q under u**, maps as follows

00 Wf 00 t
R

=0 ’

4

p l-p _ w; wi
(p wip Xw, =e% xe'.
£=0 p=0

Thus, **(e") = e+ x €7, with k and j as above. Finally,

5**(§n: evi) = (i ") x (Zn: Wi
1 1 1

since all combinations of k and j occur. The commutative diagramme then
implies the conclusion. O



46 CHAPTER 2. COMPLEX VECTOR BUNDLES AND THE BOTT PERIODICITY THEOREM

For each map f : X — By, there is defined the induced U(n)-principal
bundle f*(y") over X. The spaces By ) are called universal base spaces because
of the following theorem.

Theorem 2.10 (Bundle Classification Theorem). Let X be a (normal) paracom-
pact Hausdorff space. There is a 1-1 correspondence between equivalence classes
of n-plane complex vector bundles over X and homotopy classes [X, Byp)] given
by the equivalence class of the associated n-plane complex vector bundle of the
principal U(n)-bundle f+(y") for f: X — Bywm).

If only the equivalence class of a bundle 7 over X is relevant, we shall fre-
quently identify t with its map 7 : X — By()-

Definition 2.11 (Sum and Product of Plane Bundles). The equivalence class
7" + 1" of the sum of m-plane and n-plane complex vector bundles v and 7"
is the associated (m + n)-plane complex vector bundle to the principal bundle
induced by the composition

A "X J
X > XXX — By(m) X Bum) = Bu@nn)-

The equivalence class 7" ® " of the product of m-plane and n-plane complex
vector bundles v and 7" is the associated (m - n)-plane complex vector bundle
to the principal bundle induced by the composition

A X" k
X = X x X —— Bu(m) X Bumn) = Bu(mn)-

Definition 2.12. For an n-plane complex vector bundle y over X, let vy : X —
By (n)) be a representative of the homotopy class determined by y. The Chern
classes, {Ci(y)}, of y are

Ci(y) =v"(Ci) € H*(X; 2);
the Chern character, ch(y), of y is
ch(y) =y ch(n) € H(X; Q).

There follows immediately from the Lemma 2.6, and the above Propositions
2.8 and 2.9 and the

Proposition 2.13. For m-plane and n-plane complex vector bundles y™ and
y" over X,

(a)
A+C M+ +Cu(Y")) VA + (YY) + -+ Ca(¥") =
1+ Cl(ym @ (,yn) L Cm+n(7m @ (,yn)’

(b) ch(y™) +ch(y") = ch(y" & "), and

(¢) ch(y™) Uch(y") = ch(y" @ y").

From this proposition it appears that if a cohomology theory can be con-
structed with elements of the groups being complex vector bundles, then ch will
furnish a multiplicative transformation of this theory in H**(—; Q). We shall see
in the next chapter that this is indeed the case.
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2.2.2 Complex Vector Bundles over Spheres

From the homotopy equivalences By — QSU and QBgy — SU and the fact
that topologically S! x SU is homeomorphic to U, we can immediately deduce
that for all i > 1, n;(By) & mi+2(By). It is easy to compute that 71 (By) = 0
and 71'2(BU) =Z.

It is a general result (called the Eckmann-Hilton argument) that if X is a
co-H-space and Y is an H-space, then the two group structures on [X,Y], due
respectively to the co-H-space structure of X and the H-space structure of Y,
coincide and are in fact abelian. For a proof, see Appendix D.

If we use the H-space structure on By defined by the map j : By X By — By
inducing sums of bundles and the usual co-H-space structure on S, we have
then that if A : $?" — By is in the class of a generator of ma,(By), then the
sum of k copies of the bundle induced by A is equivalent to the bundle induced
by kA € mo,(By)- It follows then that ch(kd) = k ch(2). The class ch(2) has a
component ch, (1) in dimension 2n in H?"(S$?"; Q); this class has value a rational
number on the generating homology class of Hs,(S?";Z). We shall show this
number is +1, establishing the

Theorem 2.14. Lety be an m-plane complex vector bundle over the sphere S*",
then (ch,(y),S?") is an integer; if m > n and y : S*" — By is a generator of
Ton(Bu(m)), then (ch,(y),$*") = £1.

In the previous discussion we considered only maps into By; however, the
fibrations S*"~* — Byu-1) — By show the homomorphism 71(By (m)) — mn(By)
is an isomorphism for n < 2m — 1. For m < n, we add enough trivial bundles to
get in this “stable” range and the conclusion follows (it is not very interesting
in this case, however, as the integer obtained is always 0).

We wish, then, to determine the Chern character of the generating bundle
over $?". To this end we need a good bit of technical preparation, and the
remainder of this section is concerned with that.

Proposition 2.15. Let A = Pluy,us,...,] be a polynomial Hopf algebra over
the integers generated by elements u; of dimension 2i with diagonal

(u,) = Z up ®ug.

ptg=n

Then the dual A* of A with respect to Z is a polynomial Hopf algebra Play, as, . . .|
generated by elements a; of dimension 2i with diagonal

Y(ay) = Z ap ®ag.

p+q=n

Furthermore, the generators a; may be taken to be ﬁ’i, the duals of uil; in this
case

ix = (-1)* kay + decomposable elements.
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Proof. Let C be a coalgebra with generators {e1, e, ...}, dime; = 2i, and diag-

onal
ey = Z ep®ey.
p+q=n

Define f : C — A by f(e;) = u;. Then f is a morphism of coalgebras. Let
gk be the composition

k
®kC ﬂ) QKA - A
where ® X denotes the tensor product of k copies of X and the homomorphism
on the right is given by the algebra structure of A. Then
k
gk(el(ll) X oo Xel(k)) = uil .. .uik.
Thus, gx is epimorphic in dimensions less than 2k + 2.

C* is the polynomial algebra in one indeterminate of dimension 2, and (®*C)*
is the polynomial ring in k indeterminates x1, . .., xg, each of dimension 2, which
can be chosen so that )

e([) — x‘j
i e
The dual of g
g AT = (@F0)*
is a homomorphism of algebras and is a monomorphism in dimensions less than
2k + 2. In particular,

* e _ (1) Lo (k)
g(uil'”uik)_ le ®"‘®xk 5

oeSk
where o ranges through the symmetric group Si on k symbols. Then the image

of g* is generated by o4, ..., 0%, elementary symmetric functions in x1,...,xg,
in dimensions less than 2k + 2. Define a; € A* by

g'(a;) =0i, i<k,

Then a; = ﬁil, and the a; generate A* as an algebra in dimensions less than or
equal to 2k + 1.
The diagonal map is given by

1 if i=p+gq,
<A(al-),uf®u;1>=<a,-,uf+q>={ Hor=pTe

0 otherwise.
Thus; A(ai) = Zp+q=i ap ® ag.
Finally, ¢*(ux) = x'{ + e +x,’j =vy-0x + F(o1,...,04-1) for some integer y
and polynomial F over Z. To evaluate y, let x1,...,x; be the k™™ roots of 1.

Then oy = (=1)*"! and oy = 0 for i # k. Thus, k = (=1)*"'y, as asserted. Since
g* is a monomorphism,

i, = (-1)*'kay + decomposable elements.
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Corollary 2.16. For b : By — QSU,

b*(/_lil = +C; + decomposable elements.

The following construction is due to Hopf. Given a base-product preserving
map f: X XY — Z, there is a map

Sf:XoY >3XZ
of the join of X with Y to the suspension of Z given by

Sf(x,t,y) = (t, f(x,y)).

This carries (x,0,y), (x,1,y) and (x,1,*) into the base point; and so, it induces
the map asserted.

As examples, two of the Hopf maps S? — $? and §7 — $* are given by
complex and quatemionic multiplications S!' x $' — S!' and $3 x §2 — §2 of
their respective unit spheres.

We note also the homotopy equivalence X oY 5 S(XH#Y).

For X = CP®, since X is an H-space with multiplication m : X X X — X,
there is defined

(:XoX — ZX.

If A,, denotes the generator of Hoy,(X;Z), then

m*(/_11)=711®1+1®/_11; and so

k
e k\=i —k-i
m ()= (l,)/ll ®1 .
i=0

Equivalently,
k

m*(zk) = Z (]l{)jl ® Zk,,-.

i=0

If we restrict the map ¢ to S2 o X, the 2-skeleton of X being S?, we obtain
33X - 32X

and
(k) = k- 23—, fork > 2.

Theorem 2.17. The group mo,+1(SU) is generated by the composition

2n-4

g+t yan-igps 214 wamssgpe L wicpe £ wepe L su

The image of the generator under the Hurewicz homomorphism mou41(SU) —
Houy1(SU) is nlvyyg.
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Proof. Consider first 3CP® LN >Cp> L SU. By Proposition 2.15, H*(QSU) =
P[/_ll,/_l?, ...], and Ax = (—1)k’1k/_llf+ decomposable elements. Let

£:Q33CP> - QSU
be the loop map of the composition f o and
i : X’CP> — QE¥?CP®

the canonical inclusion of space in QX of it.
We shall first show that

o0& () = (~DFLED Ve, k=2.3,....
Since the A; generate H,(QSU),
(€00 Ak-1 =y - Ak + F(A1, ..., dio).
Taking homology suspension,
0(£00), X2 k1 = Yo dx,
since o, annihilates decomposable elements. We have seen earlier that
0w di = Vi1 € H, (SU).
Also,
0 (£ 00) X2k 1 = filu0 (.22 2p-1)
= felu(Zi k1)

= fi(kZedg)
=k Vi

Thus, yvi+1 = kvis1 and y = k. Then dually, we have
(€0 i) Ak = k- () A1
Since i* annihilates decomposable elements,
o % - =k *
(€ 00)" ((-D""kdy) = k(2%) -,
and as sought
. * —k — *
o0& () = (-1 (EH) A
Taking loops once more, we obtain the following diagramme where to con-
serve notation we have written the previous i o & simply as &.

H(@x2cP™) 22 g2 su)

N

H*(ZCP*) Sy H*(Z%CP®) ~— H*(QSU)
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Fori> 1, let o*(1,) = ¢, € H*(Q2SU). Then for f = Q¢ oi, we have
e, = (-1)'2"A;.

By the comparison theorem for spectral sequences', H*(Q? SU) is an exterior
algebra generated by e'1 and the e;.. Thus, H.(QSU) is an exterior algebra

generated by &, and the g; and
FUEA) = (D).

Since SU is the simply connected covering space of Q2 SU (up to homotopy),
we have the commutative diagramme

SU

2

ICPY —=Q*SU =T
f

for which f1). is a monomorphism in homology and im(f(1).) generates H,(SU)
as an exterior algebra. Iterating this process, we then see that if the lift in the
diagramme

SU

o]

ICP® — Q¥ ?SU=~U

is a monomorphism in homology with image generating as an algebra, then for

SU

o]

TICPY —— ZCP® —— Q*"2 39U,
the construction can be repeated to obtain

SU

]

SCP® —=Q?"SU=U

with f(,) inducing a monomorphism in homology with image generating.
Then by the Hurewicz Theorem, the composition

§? 5 3,CP® — Q228U

1Zeeman, Erik Christopher (1957), “A proof of the comparison theorem for spectral se-
quences”’, Proc. Cambridge Philos. Soc., 53: 57-62
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generates m3(Q2"~2 SU). This composition is adjoint to the one asserted in the
theorem; and so, the conclusion follows.
In homology, the class (S?**!) is mapped successively into

IR FINEED Yollut sy PYSNENNNN /15 0 BURRNY /1 (VS
which is the second part of the conclusion. O

Corollary 2.18.

0 for i even,i<2n
m;(Un)) =32 for i odd, i<2n
Z/nZ for i=2n.

Proof. The computations of the homotopy groups of U by Theorem 2.7 together
with the sequence of fibrations SU(k — 1) — SU(k) — S?k~! establish the first
two assertions. To see the third consider the fibration

SU(n) —=SUn + 1)

|-

S2n+1 .

In the proof of Theorem 2.2, the class v,+1 was chosen so that . (v,.1) generated
Hy,41(S?"1:Z). Since the generating map g, : S¥**! — SU of Theorem 2.17
factors through SU(n + 1), by the above comments, and if ¢ is a generator of
Hopy1(S?1:7), g4i(t) = nlvpyr, the composition o g, : 21 — §27+1 hag
degree n!. As 75, (SU(n + 1) = 0, the homotopy sequence of the above fibration
then shows 75, (SU(n)) = Z/nZ. O

Corollary 2.19. If h: S*" — By generates mo,(By), then
(h#(Cy), S = £(n - 1)!

Proof. Consider the commutative diagramme

Ho (52— > (s 29 b (@ su)

SO

H.(S*+) —— H.(SU),

where g : §27+1

— SU generates m9,.1(SU) as in Theorem 2.17. Then
o0 (Qg)« 0 i*(S2n) = g*(E*S2") = g*(Serl) =nlvpsr.
As we observed in the proof of Theorem 2.17,

0 (An) = Vps1
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and o, annihilates decomposable elements. The map h = Qg oi : $2* — QSU
generates mo,(Q SU) and we have

h(S?™) = nld, + decomposable elements.
Thus (h*A,, $*") = n!, and since 1, = (=1)""'n -1T+ decomposable elements,
(W A,8%y = (-1)" ' (n - 1)\
Corollary 2.16 completes the proof. O

To complete the proof of Theorem 2.14 we need to relate chy, (y) to the Chern
classes of y. This is an exercise in symmetric function theory. Recall that the
i-th Chern class C; is defined in terms of the elementary symmetric function
o-t.(n") in n indeterminates uy,...,u,, i < n, and ch; = 3}, uj(/i!. We derive a
formula known as the “Newton formula’

n
1—[(1+u,~t)=1+0'1t+0'2t2+---+0'nt"

i=1

d n n —uy
—_ 1—u;t) = 1—wut)-

dtg( uit) !:1[( u;t) ;1—%”

- _ ﬁ(l —u;t) - ii(u{:lt})
i=1 k=1 j=1
i=1 J=1

where p = u{ +--- +u;. Thus,
—0 + 209t =303t + - = —(L— oyt + 0912 — ) (p1 + pat + pat® +---).
Equating the coefficients of !, we have

(D" -n-0y ==[pa=pa-101+---+ (=1)"'p1oy1] or

pn—Pna01+-+ (=) proyg + (1) 0oy = 0.
Thus, since n!ch, = p,,
(n—=1)!ch, = £C, + decomposable elements,
By this remark and Corollary 2.19, we see
(n —1)!(h* ch,, $*") = £(h*C,,, $*") = £(n — 1)!

and
(h* chy, Sy = +1.






Chapter 3

The Cohomology Theory K

3.1 Basic Properties of K

3.1.1 Definition of Ké

The groups K(g are a special case of the universal enveloping abelian group of a
monoid. Let G be a set of objects with an associative operation @ and a unit
0. Let A be the free abelian group on the objects of G modulo the subgroup
generated by elements of the form

@ ®B] - [a] - [B]
Then A is an abelian group and the the transformation
e:G—o A

defined by e(g) = [g] € A, preserves sums and unit element. A is characterised
by the property if f : G — B is a transformation of G to an abelian group
B preserving sums and unit, there is a unique homomorphism f:A—> Bof
abelian groups such that the diagramme

commutes.

For the case where G is the set of equivalence classes of complex vector
bundles over a space X, @ is sum of vector bundles, and 0 is the identity map of
X into itself, the abelian group A is denoted K¢ (X) and called the Grothendieck
group of X. Throughout much of this chapter we consider only complex vector
bundles and will write K(X) instead of Kc(X). (Later we consider also real
vector bundles and wish to use both K¢ and Kg). It is a simple verification that

35
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the product of vector bundles induces a commutative ring structure on K(X),
with unit the trivial line bundle over X. The construction K is a contravariant
functor from spaces to commutative rings with unit via induced bundles.

Proposition 3.1. K(X) = [X,Z X By], for X € P.

Recall that & is the category whose objects are finite cell complexes and
whose maps are continuous maps.

Proof. 1t suffices to prove this isomorphism for connected spaces X. For
f:X —> ZX By,

im(f) C nx By since X is connected, and since X € P, im(f) C n X Bym) C
n X By. Thus, f induces a complex m-plane bundle {f} over X. Define

0:[X,ZxBy] — K(X)

by 6([f]) = [{f}] & [n] ® [-m] € K(X).

To define an inverse map for & € K(X), ¢ = [a] — [B], where a and B are
vector bundles over X. By the Lemma which follows, there is a vector bundle y
over X such that 8@ vy is the trivial g-plane bundle; i.e., in K(X) we have

-[Bl=1[y]l-lq], and &=[a®y]-[q].

We define the image of £ in [X, Zx By] to be the class of a map X — nXBy(n+q),
which induces the bundle @ @ y over X, where a @ y is an (n + ¢)-bundle. This
is inverse to 6. O

Lemma 3.2. If B is a complex vector bundle over X, there is a complex vector
bundle y over X such that 8@y is a trivial bundle.

Proof. The bundle g is induced by a map of X into some G, ,, the Grassman
manifold of n-planes in C, with the bundle of orthogonal n-frames over it. The
orthogonal bundle of m-frames of G, , induces y; and as the sum of the two
frame bundles is trivial, so is S & y. O

For (X,x0) € Py, let K(X) be the kernel of K(X) — K(xo) induced by the
inclusion x — X. K(x¢) = Z and K(X) is an ideal in K(X). For X, A) € P2, we
define

K(X,A) = K(X/A).

Then K(X,2) = K(X/2) = K(X*) = K(X).
Using Proposition 3.1, we now define a cohomology theory K(= K{) such
that K9(X) = K(X). Let By be the spectrum

(Bv)an = ZX By
(Bv)ans1 = U,
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with maps £(Z x By) — U and XU — Z X By adjoint to the homotopy equiva-
lences Zx By — QU and U — Q(Z X By); the base point of Z X By is chosen to
lie in (0) X By. Then

K9(X) = {X,Zx B}

for (X, x) € & defines a cohomology theory. For g = 0, K°(X) = hm[E X, (Bv)il-
Since the compositions

[X,ZXBU] — [EX,E(ZXBU)] - [ZX,U]

and
[ZX,U] - [2%2X,2U] — [2%X,Z x By]
are adjoint to
[X,Z x By] = [X,QU]
and N
[X,QU] = [X,Q%*(Z x By)],
respectively, K°(X) = K(X), for connected spaces X and thus for all (X, *) € .
Further, because of Theorem 2.7, Z x By — Q?(Z x By); and so,

K"(X,A) = K"™?(X, A)
for all (X, A) € 22. Thus, all information in this cohomology is contained in

K°(X) = K(X) and
K(X) = K(ZX).

We next observe that the theory K* is a multiplicative cohomology theory.
By §1.3 it suffices to define an internal natural pairing ® on K*(X, A) for all
pairs (X, A) € 2 such that

1) K*(X,A) is a ring,

2) K*(X,@) is a ring with unit,

3

)
)
) K*(X,A) is a K*(X, @)-module, and
)

4) 6: K*'(A,2) » K*(X,A) is a K*(X, @)-module homomorphism.

For @ and B in K(X) = K(X,®), a ® 8 € K(X) has been defined and makes

K(X) a ring with unit. If pt Sx 4 pt are the inclusion and projection maps
on the base point, then for y € K(X), y — p*i*y € ker(i*) = K(X). ker(i*) is an
ideal in K(X); i.e., K(X,#) is a ring and is a K (X, @)-module. For « € E(X) and
B € K(Y), a®pB e K(X#Y). For a € K/(X) and B € K/ (Y), let @ € K(2'X)
and B € K(X/Y) be their suspensions. Then a ® B € K(Z‘X#E/Y), and e ® B €
K77 (X#Y) is defined to be the desuspension of @ ®B. Of course, we need only
consider the values 0 and 1 for i and j. The usual permutations of S'#S/ into
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ST#S' show @ ® 8 = (-1)B® a. Finally, to verify condition 4) of the pairing ®
we note the homotopy commutative diagramme

T (X, A) ——————— S (A, x) —— ZIVTHAH#A, %)

| |

TH(Xx X, AXx X UX X %) THL(A, %) x 27 (A, %)
THX,A) x 2/ (X, %) THLA, ) x 2/ (X, *)

Proposition 3.3. K( is a multiplicative cohomology theory.

3.1.2 The Multiplicative Transformation ch : K& — H™(—; Q)

The domain of definition of the Chern character ch can be extended from com-
plex vector bundles over a space X to K(X) by linearity. _

For @ € K?(X), let ch(a) equal ch(@), where @ is the element of K(X)
equivalent to @, and for @ € K%*1(X), let ch(a) = (£*)~! ch(a), where @ is the
equivalent element of K(2X) and (£*)~! : H*(£X; Q) — H™(X; Q) is desuspen-
sion.

Proposition 3.4. ch: K — H™(—;Q) is a multiplicative transformation.

Proof. Since ch on (S° #) is a multiplicative, Q-module valued functor, by
Proposition 1.27, ch has a unique natural extension, which must be then the
Chern character as above, and the extension is multiplicative. Furthermore, ch
is normed as it preserves the units for S'. O

Proposition 3.5. ch : KA(X,A)xQ — ¥, ;—, H (X, A; K/ (pt) ®Q) is a natural
equivalence. In particular,

(a) ch: KA(X,A) ®Q = H™*(X,A;Q) and

(b) ch: KX(X,A)® < Q = H*(X, A; Q).

Proof. This is an immediate consequence of Corollaries 1.24 and 1.25 of §1.2.
We note that the equivalence (a) is multiplicative. i

Let EP? and "EP*? be the spectral sequences of the identity fibration id :
X — X in the K{ -, and H*(—; Q) - cohomology theories, respectively. Since ch
is a ransformation of cohomology theories, it induces

ch?? . EP9 gD
a morphism of spectral sequences. At the Es-level,

ch? - HP (X; K (pt)) — HP (X; HY (pt; Q)
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is trivial except for g = 0, where it is induced by the coefficient homomorphism
Z — Q since there it is a natural transformation of ordinary singular cohomology
theories, and does this for X = pt.

The exact couple for the spectral sequence EF* is given by AP-4 = KP+4(X(P))
and CP*4 = KP+a(X(P) Xx(P=1)). Thus AP9 = AP-4*+2 and CP4 = CP+9*2; and
so, there is an isomorphism of spectral sequences EF*Y = EP'9*?. Thus, in
(EP9}, a9 = gP9%2 We also observe that d, : EP*? — EP™97"* ig trivial
for all even r since EF*? = 0 for all odd ¢ and one of g and g —r +1 is odd when
r is even.

Lemma 3.6. If X € & and H*(X;Z) is torsion-free, then the spectral sequence
in the Ki.-cohomology theory of the identity fibration id : X — X collapses; i.e.,
all differentials d, are trivial.

Proof. In this case (:hg7 Yisa monomorphism. The 'E sequences obviously col-
lapse. Since dy = 0, chg’0 = chg’0 : Eg’o — 'Eg’o is again a monomorphism.
The differential d?* is trivial for odd ¢ (EL°%! = 0) and for ¢ even, 27 is

. 2 P2 3,0 p2 _ 1 P2 o p2 .
equivalent to d5'*. But 'd}”” = 0 and chf™?al? = """ chl? = 0; since
3,0 . . , 2 0 0 .
ch?™" is a monomorphism, d7"? = d¥"* = 0. Then ds = 0 and ch?"” = ch}" is
. . , A
a monomorphism. df? =0 for ¢ odd and d2? = d" for g4 even, etc. mi

By the lemma, Eé”o = EPC and
HP(X;Z) = Fp_1(K?(X))/Fp(K? (X))
is mapped monomorphically into H? (X; Q) by ch, where we recall that
F;(KP(X)) = ker(K?(X) — KP(XD).
This establishes
Theorem 3.7. Suppose, for X € P, that H* (X;Z) is torsion-free. Then

1) n € Ki(X) is in ker(KA(X) — K(*:(X(P‘l))) if and only if ch(n) = 0 in all
dimensions less than p,

2) Ki(X) is torsion-free and ch : K.(X) — H*(X;Q) is a monomorphism, and

3) im(HP (X;Z) — HP(X;Q)) is the set of Chern characters of elements of
K*(X) in ker(K*(X) — K*(X(P~D)).

We note that 2) is a special case of a theorem of F. Peterson; we also note
that Theorem 2.14 is an immediate consequence of 3) and is not used in its
proof.
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3.1.3 Cohomology Operations in K;

We describe operations in the KZ-theory first used by Atiyah and Hirzebruch in
[9] and developed and applied by Adams in [2]. The most effective way of doing
this is by means of unitary representations, and we shall indicate this later on
in another connection. For the purpose of the operations in K:-theory we have
adequate equipment to proceed directly.

Theorem 3.8. Let (CP")* denote the Cartesian product of k-copies of CP". If
A € Kc((CP™)K) is such that ch(A) € H* ((CP™)*; Q) is in the ring of symmetric
functions (in ui,...,uy), then A is the restriction of one and only one element
of Kc(Gk.kn), where

Giin = Uk + kn)/(U(k) x U(kn)) and j: (CP)* — G pn
is induced by the decomposition

(CoCH®---®(CaoC") = (CK e (Ck).

Proof. The cofibration (CP™)* ER Gr.kn 2, E induces the following ladder of
exact sequences

KY(E) < KO((CP")) —L KO(Gppn) —2—— KO(E)

ch L ch L ch L ch j

HOW (3 Q) <= HY ((CP") Q) <= H ™ (Gotns Q) <—— HO ™ (E; Q)

in which all the ch’s are monomorphisms by 2) of Theorem 3.7. As ch(4) is
symmetric, by Theorem 2.5 it lies in im(j*); and so, §* ch(2) = 0. This implies
chod*(1) = 0, but since ch is a monomorphism, §*2 = 0. Thus, there is a
1 € K(Gg kn) such that j*u = A. Since j* on H®V*™*(Gy, kn) is @ monomorphism
and H°d*((CP™M)%) = 0, H®*™*(E;Q) = 0. ch being a monomorphism then
implies KY(E) = 0; and so, u is unique. O

We now apply Theorem 3.8 to obtain a system of operations {¢,} in K& with
properties to be stated. For ¢ a positive integer, let A, : U(1) — U(1)" be the
t-fold diagonal. The composition

k
U 25 (U = (U@ — Ulkn)
is a monomorphism, which induces a map
A (CPn)k - BU(kt)

Let A, also denote the element of Kc((CP™)¥) determined by the map A;. Since
ch(A;) = exp(tuy) +- - - +exp(tuy), there is a well-defined element y; € Kc(G kn)
with ch; (u,) = ' ch;(k), < k.
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For —t a negative integer, we let A_; be the composition of A, with com-
plex conjugation. Then ch(Ad_;) = exp(—tuy) + - -+ + exp(—tuy), and ch; (u—;) =
(=1)" ch;(k), < k. For the map G knXGe,em — G, (k+6)(m+n) the class y, pulls
back/ to /,t; X1+1x u;', and similarly for tensor products, with u, pulling back
to p; X ,u;,.

For a k-plane complex vector bundle A over X, there is an n such that A is
induced by a map

A:X - Gr.kn-

The composition
A t
X5 Grn 25 Zx By

determines an element ¢, (1) € Kc(X). It follows from the above paragraph that

V(Ao u) =y (1) @ ¢, (1) and ¢, (A1 ® 1) = ¥, (1) ® Y, (). For the trivial line
bundle 1 over S1, ¢,(1) =1 for all r. We extend the operations ¢; to Kc(X) bv
linearity and define ¢, on KZ'(X) to be ¢, on Kc(EX).

Theorem 3.9. For each t € Z, there is a multiplicative transformation ¥, :
Kc — K¢, such that

1) chi(y: (1)) =1 ch; (1) and
2) Ui (Ys) = s

The conclusion 2) is a consequence of ch;(u,) = t' ch;(k) and the fact that
ch is a monomorphism on Kc (G kn).

3.1.4 K;-orientation of Complex Vector Bundles

We have restricted ourselves throughout to consider cohomology only of finite
cell complexes; we shall continue to do so, but we frequently write limit com-
plexes in place of skeletal approximations of suitably high dimensions.
Earlier we discussed the fibration
§2"1 5 By(m-1) = Bun),

where 7 is induced by the standard inclusion U(n — 1) — U(n). The mapping
cylinder M (x) of n is equivalent to the unit disc bundle D(y") associated with
the Universal n-plane bundle over By ), and By(,-1) is the associated boundary
sphere bundle S(y™). Thus

M”/BU(n—l) = D()’")/S(V'l) = B%}(n)-

We seek an orientation “bundle” on Bly;zn). The process will be to find
an element of K (B{‘J(l)) which restricts trivially in K (B{‘J‘(i)). Its extension to
K(Bu(n)), by Theorem 3.8, or equivalently to K(M(n)), then restricts trivially
in K(By(n-1)); and so, it comes from an element of K(B%’;;n)), which in turn is

uniquely determined since K*(By,-1)) = 0.
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Let a € K(B{’J(l)) be the element with ch(e) = [ (1 — exp(—u;)). (The
virtual bundle @ is the tensor product of a number of copies of the trivial line
bundle minus the conjugate canonical line bundle.) Restricted to B%(%), the
symbol exp(—u,) becomes 1; hence, this restriction of @ has 0 Chern character
and is itself the 0 of K(B%‘(i)

Let A be the extension of a to K*(By)) = K*(ID)()/")) Since ch(A]g(yn)) =0
Als(yny = 0. Hence, A is the image of an element u € K(B ). As stated above,
u is uniquely determined by a.

Let ¢y denote the Thom-Gysin isomorphism in the H*(—; Q)-theory. Then

U()

er(1) =" ([ Ju).
i=1

We note this is a relative class; i.e., it lies in H*(B

Utn)? ; Q). Also,

ch(u) = (ﬂ(l - exp(—u»)) .
i=1
Thus,
n
exp(—u;) — 1
ch(u) = on (ﬂ —) :
n —Uj
i=1
We observe that ch(u|gzn) =1 ~SW; and so, p is a KZ-orientation class. Also
ch(yr,1) = [ [ 2R 2
i=1 i

with this orientation.
Since y" is the Universal n-plane bundle, it follows that for any n-plane
complex vector bundle a over X, X € &, « has a canonical K¢ -orientation and

ch(a, 1) l_[ exp(= u) ,  where

i=1
n
ﬂ(+u,-t) =1+ Ci(@)t +Co(a@)® + - + Cy(a)t™,
i=1

where C;(a@) is the i-th Chern class of the bundle a.
If @ ® B is a trivial bundle, then ch(e, 1) Uch(B,1) = ch(a @ B,1) =1 and

h(B, 1
ch(p.1) = !_[exp(u)—l
Define polynomials with rational coefficients

(-1)*

x ~—B™M (1. up), for k<n,

Tk (Cy,...,Ck) =
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where C; = a'l.(") (u1,...,u,) and

n o P
u;x x/ (n)
||—: —B " (u1,...,un).
exp(uix) —1 Zj! J (11 )

i=1 j=0

Then
Chi(ﬁ, 1) = T,'(Cl, ey Ci),

where the C;’s are the Chern classes of a. The polynomials Ti(Cy,. .., Cy) are
called the Todd polynomials. As a shorthand we write

ch(a,1) =1+Ti(-a) + To(—a) + T3(-a) +... .
Note that
14T (@) +Te(@)+.. )UA+Ti(B)+Ta(B)+...) = 1+T1(adp)+To(adp) +... .

A manifold is weakly almost complex if for some trivial bundle n, the struc-
ture group of 7®n has a specific unitary reduction. In particular, almost complex
manifolds, i.e., smooth manifolds equipped with smooth linear complex struc-
tures on tangent spaces, are weakly almost complex.

If M is weakly almost complex, then it has a canonical KZ-orientation, as
described above, and

ch(M, 1) =1+Ti(7)+To(7) +...
=T, (7).

Theorem 3.10. If f : M — N is a continuous map of weakly almost complex
manifolds, then for A € K.(M)

£ (ch(Q) UT.(r(M)) = ch(fE (1) UT.(x(N)).

Of course, if v(f) is Ki-orientable, there is a similar result, using Theorem
1.55 instead of Theorem thm:1-D-10. We will later describe a more general
result involving orienting real vector bundles with ; = wg = 0. This will yield
the best form of the above theorem.






Chapter 4

Some Geometric Applications

4.1 Vector Bundles over Cell Complexes S" U e

4.1.1 Two technical lemmas

4.1.2 Divisors of Orders of Stable Homotopy Classes, J-
homomorphisms

4.1.3 Maps of Hopf Invariant One
Theorem 4.1.

4.2 Toda Brackets

In homotopy theory, as in cohomology theory, higher order operations play an
important role. In homotopy, composition is the primary operation. Secondary
operations are “Toda brackets” defined when in the diagramme

A>B—>C—->D,

gof=0and hog=~0.

This then defines a recurrent family of elements in the stable stems. M.
Barratt has used a refinement of this process to determine completely the image
of the real J-homomorphism [to appear].
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Appendix A

A.1 The Cohomology Theory Ky
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Appendix B

B.1 A Multiplication Formula

This appendix presents a proof of the following technical proposition which was
used a number of times throughout the text:
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Appendix C

C.1 Fibre Homotopy Equivalence of Bundles, The
Groups J(X)
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Appendix D

D.1 The Eckmann-Hilton argumment

The Eckmann-Hilton argument shows that a monoid or group object in the cat-
egory of monoids or groups is commutative. In other words, if a set is equipped
with two monoid structures, such that one is a homomorphism for the other,
then the two structures coincide and the resulting monoid is commutative.

Proposition D.1. Let X be a set equipped with two binary operations, which
we will write o and ®, and suppose:

1. o and ® are both unital.
2. (a®b)o(c®d)=(aoc)®(bod) foralla,b,c,d € X.
Then o and @ are the same and in fact commutative and associative.

Remark D.2. The operations ® and o are often referred to as multiplications,
but this might imply they are associative, a property which is not required for
the proof. In fact, associativity follows. Likewise, we do not have to require
that the two operations have the same neutral element; this is a consequence.

First proof

Proof. First, observe that the units of the two operations coincide:

lo=1o0lo=(lg®1) 0 (1o ® 1g)
:(1®Olo)®(1ool®):1®®1®:1®.

Now, let a,b € X. Then

aob=(1®a)o(b®1)=(1lob)®(acl)=b®a
=bol)®(loa)=(h®1)o(1®a)=boa.

This establishes that the two operations coincide and are commutative.
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For associativity,

(a®b)®c=(a®b)®(1®c)
=@®1l)®(b®c)=a®(b®c).

Alternate proof

Proof. For this version of the proof, we write the two operations as vertical and
horizontal juxtaposition, i.e., % and a b. The interchange property can then be
expressed as follows:

For all a,b,c,d e X (a b) _(a)(b

) , SO we can write 4P without ambiguity.

"(cd) \c)\d cd
Let e and o be the units for vertical and horizontal composition respectively.
Then o = : = : (: = o0 o =0, so both units are equal.
a e a e qa b e b .
Now, for all a,b € X, a b = = = =ba-= =, so horizontal
e b b b o e a a
composition is the same as vertical composition and both operations are com-

= (a b) ¢, so

mutative. Finally, for all a,b,c € X, a (b ¢) = a (b) = b

c e ¢
composition is associative. o



Appendix E

Historical Comments

The general idea of obtaining cohomology theories by maps into spectra can be
traced to Barratt [12], in that the track groups of maps from a cofibration yield
an exact sequence. This was made explicit by Puppe [28]. The converse that
cohomology theories are representable in this way was established by Brown
[18].

The material in Chapter 1 on reduced and non-reduced cohomology theories
is described in the fashion of Whitehead [30], while the spectral sequence of
a fibration is presented along lines suggested by Dold [19]. The proof given
of the Dold-Thom-Gysin Theorem also follows Dold (ibid). The approach to
orientability of vector bundles, multiplicative transformations and the Riemann-
Roch Theorem for differentiable manifolds is essentially folk-lore; it was first
presented in [20] but its ideas lie in the work of Atiyah and Hirzebruch as
expounded, for instance, by Hirzebruch in [24]. The proof given here of the Wu
formulae is essentially that of Atiyah and Hirzebruch in [10].

Through the use of Spanier-Whitehead duality [29] one can view the coho-
mology of the Thom space of a normal bundle as being the homology of the
manifold under consideration. An alternate procedure is developed by White-
head in [30]. Various of the constructions of Chapter 1 then appear as versions
of Poincare duality, umkehr homomorphism, etc.

The development of the topology of the Unitary Group and associated spaces
presented in Chapter 2 follows that given by the authour in a course at the
University of Chicago in the Winter of 1960. A similar but substantially more
complicated approach works for the Orthogonal and Symplectic Groups [22].
The explicit description of the maps generating mo,+1(SU) given in Theorem
2.17 is due to Toda.

Atiyah is credited with initiating study of the theory X7, as a cohomology
theory. The material of §§3.1.1 and §§3.1.2 is taken from a paper by Atiyah and
Hirzebruch [10].

The technical lemmas of §4.1 are found in Atiyah and Hirzebruch [10] and
Hirzebruch [23]. The material of §§4.1.2 and §§subsect:4-A-3 follows the au-
thour’s exposition in [21], although it must be noted that Adams found [3] a
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proof similar in spirit to that given here of Theorem 4.1 some time earlier than
the authour; its differences are that he uses results from [1] while the proof given
here uses results on complex cobordism [25].

The Appendix A on the K*-theory essentially follows Atiyah and Hirzebruch
as in [24]. The proposition of Appendix B is very basic, leading in various
roles to the theorems on Stiefel-Whitney and Chern classes of sums of vector
bundles and to the theory of multiplicative sequences. The Appendix C is very
incomplete and is a presentation of material presented by Adams in various
lectures.

Spring 1963.
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